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1 Introduction

The field of temporal and contemporaneous aggregations of independent stationary
stochastic processes is an important and very active research area in the empirical and
theoretical statistics and in other areas as well. The scheme of contemporaneous (also
called cross-sectional) aggregation of random-coefficient autoregressive processes of
order 1 was firstly proposed by Robinson [16] and Granger [4] in order to obtain the
long memory phenomena in aggregated time series. For surveys on papers dealing
with the aggregation of different kinds of stochastic processes, see, e.g., Pilipauskaité
and Surgailis [13], Jirak [8, page 512] or the arXiv version of Barczy et al. [2].

In this paper we study the limit behaviour of temporal (time) and contempora-
neous (space) aggregations of independent copies of a strictly stationary multitype
Galton—Watson branching process with immigration in the so-called iterated and si-
multaneous cases, respectively. According to our knowledge, the aggregation of gen-
eral multitype Galton—Watson branching processes with immigration has not been
considered in the literature so far. To motivate the fact that the aggregation of branch-
ing processes could be an important topic, now we present an interesting and rele-
vant example, where the phenomena of aggregation of this kind of processes may
come into play. A usual Integer-valued AutoRegressive (INAR) process of order 1,
(X1 ) k>0, can be used to model migration, which is quite a big issue nowadays all over
the world. More precisely, given a camp, for all £ > 0, the random variable X can be
interpreted as the number of migrants to be present in the camp at time k, and every
migrant will stay in the camp with probability & € (0, 1) indepedently of each other
(i.e., with probability 1 — « each migrant leaves the camp) and at any time k > 1 new
migrants may come to the camp. Given several camps in a country, we may suppose
that the corresponding INAR processes of order 1 share the same parameter @ and
they are independent. So, the temporal and contemporaneous aggregations of these
INAR processes of order 1 is the total usage of the camps in terms of the number of
migrants in the given country in a given time period, and this quantity may be worth
studying.

The present paper is organized as follows. In Section 2 we formulate our main
results, namely the iterated and simultaneous limit behaviour of time- and space-
aggregated independent stationary p-type Galton—Watson branching processes with
immigration is described (where p > 1), see Theorems | and 2. The limit distri-
butions in these limit theorems coincide, namely, it is a p-dimensional zero mean
Brownian motion with a covariance function depending on the expectations and co-
variances of the offspring and immigration distributions. In the course of the proofs of
our results, in Lemma 2.3, we prove that for a subcritical, positively regular multitype
Galton—Watson branching process with nontrivial immigration, its unique stationary
distribution admits finite o™ moments provided that the branching and immigration
distributions have finite o™ moments, where & € {1,2,3}. In case of « € {I,2},
Quine [14] contains this result, however in case of @ = 3, we have not found any
precise proof in the literature for it, it is something like a folklore, so we decided
to write down a detailed proof. As a by-product, we obtain an explicit formula for
the third moment in question. Section 3 is devoted to the special case of generalized
INAR processes, especially to single-type Galton—Watson branching processes with
immigration. All the proofs can be found in Section 4.
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2 Aggregation of multitype Galton—Watson branching processes with immi-
gration

Let Z4, N, R, Ry, and C denote the set of non-negative integers, positive integers,
real numbers, non-negative real numbers, and complex numbers, respectively. For
all d € N, the d x d identity matrix is denoted by I;. The standard basis in RY is
denoted by {eq, ..., es}. Forv € R, the Euclidean norm is denoted by ||v]|, and for
A € R?*4 the induced matrix norm is denoted by ||A|| as well (with a little abuse of
notation). All the random variables will be defined on a probability space (£2, F, IP).

Let (X = [Xk.1,---, Xk,p]T)kez+ be a p-type Galton—Watson branching pro-
cess with immigration. For each k,£ € Z, and i, j € {1,..., p}, the number of
j-type individuals in the k™ generation will be denoted by Xy, j» the number of j-
type offsprings produced by the ¢ individual belonging to type i of the (k — 1)
generation will be denoted by E,Ef’/ ), and the number of immigrants of type i in the

k™ generation will be denoted by 8,5”. Then we have

(1,1 (p,1) (1
Xk—1,1 ‘%_k,li Xk—1,p Sk,@ &k Xp_1,i _
Xe= Y | 0 [+ Y ] s =YY g e
=1 S(l,p) =1 (p,p) (p) i=1 (=1
k.0 €t o

for every k € N, where we define Z?:l := (. Here {Xo,g,(({;,ek k., e NJi €
{1, ..., p}} are supposed to be independent Zi-valued random vectors. Note that we
do not assume independence among the components of these vectors. Moreover, for
alli e {1,..., p}, {§(i), 81?’)[ 1k, ¢ € N} and {e, e; : k € N} are supposed to consist
of identically distributed random vectors, respectively.

Let us introduce the notations m, := E(e) € Rﬁ, along with M := IE([’.;‘(I), R
£P]) e RZ*P and

vy = [Cov(E1D, £0D), . Cov(e® 7D Cov(e®, e)]T € RPDX!

fori, j € {1,..., p}, provided that the expectations and covariances in question are
finite. Let o (M) denote the spectral radius of My, i.e., the maximum of the modu-
lus of the eigenvalues of M¢. The process (Xj)rez, is called subcritical, critical or
supercritical if (M) is smaller than 1, equal to 1 or larger than 1, respectively. The
matrix M¢ is called primitive if there is a positive integer n € N such that all the
entries of M are positive. The process (X )kez, is called positively regular if M
is primitive. In what follows, we suppose that

EED)eRE, iefl,....p}, meeRI\ {0},

2
p(Mg) <1, Mg is primitive. @

For further application, we define the matrix
I,— M) 'm. ]\’
V= (Vi,j)fj:1 = (v(Ti’j) |:( p 1‘;‘) e]) e RP*P, 3)
i,j=1

provided that the covariances in question are finite.



56 M. Barczy et al.

Remark 1. Note that the matrix (I , — M 5)71, which appears in (3) and throughout
the paper, exists. Indeed, ). € C is an eigenvalue of I, — Mg if and only if 1 — X is
that of M. Therefore, since p(Mg) < 1, all eigenvalues of I, — Mg are non-zero.
This means that det(I , — M¢) # 0, so (I, — MS)_l does exist. One could also refer
to Corollary 5.6.16 and Lemma 5.6.10 in Horn and Johnson [6]. |

Remark 2. Note that V is symmetric and positive semidefinite, since v(; jy = v(j i),
i,jell,...,p}, andforall x € R?,

p

p p p _
x'Vx = ZZ Vi jxixj = (Zngva(Ti’j)> [(IP B Afé) lme] i

i=1 j=1 i=1 j=1

where

p P
Z inxi ”51’)
i=1 j=1
= [xT Cov(’g(l), 5(1))x, ox! COV(E(”), ‘;‘(”))x, x ' Cov(e, e)x].

Here xT Cov(V, &x > 0,i € {1,...,p}, x" Cov(e,&)x > 0, and (I, —
M,g)_lme € Rf_ due to the fact that (I, — M,;:)_lme is nothing else but the ex-
pectation vector of the unique stationary distribution of (Xy)rez, , see the discussion
below and formula (14). O

Under (2), by the Theorem in Quine [14], there is a unique stationary distribution
7 for (Xy)rez, - Indeed, under (2), M is irreducible due to the primitivity of Mg,
see Definition 8.5.0 and Theorem 8.5.2 in Horn and Johnson [6]. For the definition of
irreducibility, see Horn and Johnson [6, Definitions 6.2.21 and 6.2.22]. Further, M ¢
is aperiodic, since this is equivalent to the primitivity of M, see Kesten and Stigum
[10, page 314] and Kesten and Stigum [9, Section 3]. For the definition of aperiodicity
(also called acyclicity), see, e.g., the Introduction of Danka and Pap [3]. Finally, since
mg € Ri \ {0}, the probability generating function of e at 0 is less than 1, and

p p p p
E<10g<28(i)>ﬂ{s¢0}) < E(Z S(i)]l{e;ém) < E(Z e<i)> =Y E(?),
i=1 i=1 i=1 i=1

which is finite, so one can apply the Theorem in Quine [14].
For each @ € N, we say that the o™ moment of a random vector is finite if all of

its mixed moments of order « are finite.

Lemma 1. Let us assume (2). For each o € {1, 2, 3}, the unique stgtionary distribu-
tion v has a finite «™ moment, provided that the o™ moments ofS(’), ie{l,...,p}
and e are finite.

In what follows, we suppose (2) and that the distribution of X¢ is the unique
stationary distribution 7, hence the Markov chain (Xy)iez, is strictly stationary.

Recall that, by (2.1) in Quine and Durham [15], for any measurable function f :
R? — R satisfying E(] f(X9)|) < 0o, we have

1 ¢
- D f(Xp) =5 E(f(X0)) asn — oo 4)
k=1



On aggregation of multitype Galton—Watson branching processes with immigration 57

First we consider a simple aggregation procedure. For each N € N, consider the
stochastic process SN = (S,(CN))kez .+ given by

N

N) . /) i
sV =Y (x)) —E(xY). kezy,

j=1
where X)) = (X ,({j ))keZ +»J € N, is asequence of independent copies of the strictly
stationary p-type Galton—Watson process (Xy)rez, with immigration. Here we point

out that we consider so-called idiosyncratic immigrations, i.e., the immigrations be-
longing to X, j € N, are independent.

We will use —> or Dj-lim for weak convergence of finite dimensional distri-

butions, and 2) for weak convergence in D(R, R”) of stochastic processes with
cadlag sample paths, where D (R, R”) denotes the space of R”-valued cadlag func-
tions defined on R .

Proposition 1. If all entries of the vectors S(i), i € {l,...,p}, and & have finite
second moments, then

N7%S(N) E) X as N — oo,

where X = (X)rez, Is a stationary p-dimensional zero mean Gaussian process
with covariances

E(XoX]) = Cov(Xo, Xx) = Var(Xo)(Mg)", keZy, (5)

where

Var(Xo) = Y MEV (M), (6)
k=0

We note that using formula (16) presented later on, one could give an explicit
formula for Var(Xg) (not containing an infinite series).

Proposition 2. If all entries of the vectors & Dieq,..., p}, and & have finite third
moments, then

|nt] [nt]
() = (el -E)) D, -mp s
k=1 teRy teRy

k=1

asn — oo, where B = (B;)er, is a p-dimensional zero mean Brownian motion
satisfying Var(B1) = V.

Note that Propositions 1 and 2 are about the scalings of the space-aggregated

process §V) and the time-aggregated process (Z,E":t{ S,(Cl))teR +» Tespectively.

For each N, n € N, consider the stochastic process SN — (SgN’")),eR , given
by
N |nt]
N, i i
SV =33 (X)) —E(X)). reRy.

j=1k=1
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Theorem 1. If all entries of the vectors E(i), i €{l,..., p}, and € have finite second
moments, then

Dp-lim Dp- lim (nN)" 28N = (I, — M¢)™'B, )
n—oo N—o0
where B = (B;);cr, is a p-dimensional zero mean Brownian motion satisfying

Var(B1) = V. If all entries of the vectors E(i), i € {l,...,p}, and & have finite
third moments, then

Dy- lim Dy-lim (nN)" 28N = (I, — M¢)™'B, ®)
N—oo n—oo

where B = (B;);cr, is a p-dimensional zero mean Brownian motion satisfying
Var(B1) = V.

Theorem 2. If all entries of the vectors E(i), i €{l,...,p}, and e have finite third
moments, then

mN)"2sN By (1, — My)'B, ©)

if both n and N converge to infinity (at any rate), where B = (B;);cr, is a p-
dimensional zero mean Brownian motion satisfying Var(B1) = V.

A key ingredient of the proofs is the fact that (X —E(X¢))kez, can be rewritten
as a stable first order vector autoregressive process with coefficient matrix Mg and
with heteroscedastic innovations, see (24).

3 A special case: aggregation of GINAR processes

We devote this section to the analysis of aggregation of Generalized Integer-Valued
Autoregressive processes of order p € N (GINAR(p) processes), which are special
cases of p-type Galton—Watson branching processes with immigration introduced in
(1). For historical fidelity, we note that it was Latour [11] who introduced GINAR(p)
processes as generalizations of INAR(p) processes. This class of processes became
popular in modelling integer-valued time series data such as the daily number of
claims at an insurance company. In fact, a GINAR(1) process is a (general) single
type Galton—Watson branching process with immigration.

Let (Zy)r>—p+1 be a GINAR(p) process. Namely, for each k, £ € Z, and i €
{1,..., p}, the number of individuals in the k™ generation will be denoted by Zj, the
number of offsprings produced by the ¢ individual belonging to the (k — i)™ gen-
eration will be denoted by Ek(f;zl), and the number of immigrants in the k™ generation

will be denoted by 8,((1). Here the 1-s in the supercripts of E,ff;jl)

in order to have a better comparison with (1). Then we have

and e,({]) are displayed

Zi—1 Zi—p
1,1 1 1
Zr = Zé,ie R Zé,ipe "4e), kel
=1 =1
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Here {Zy, Z_1, ...,Z_p+1,§,§f;zl),e,(cl) k. € N,i € {1,..., p}} are supposed
to be independent nonnegative integer-valued random variables. Moreover, for all
ie{l,...,p} {E("*l),élft’ﬁl) : k, ¢ € N} and {8(1),8151) : k € N} are supposed to
consist of identically distributed random variables, respectively.

A GINAR(p) process can be embedded in a p-type Galton—Watson branching
process with immigration (Xy = [Zg, ..., Zx— p+1]T)k€Z , with the corresponding
p-dimensional random vectors

(1D (p—1,1) (p, D (1
&t €t €t €
1 0 0 0
( _ (p—1) _ . (p) _ _
Ek’[— O ’ s Ek’[ - : ’ Ek’(_ O ’ €k— 0
: 0 :
0 1 0 0

for any k, £ € N.
In what follows, we reformulate the classification of GINAR(p) processes in
terms of the expectations of the offspring distributions.

Remark 3. In case of a GINAR(p) process, one can show that ¢, the characteristic
polynomial of the matrix Mg, has the form

o) i=det I, — Mg) = AP —E(gTD)ar~t — .. —E(gP~ D)L —E(EPD)

for any ) € C. Recall that (M) denotes the spectral radius of Mg, i.e., the max-
imum of the modulus of the eigenvalues of M. If EE®DY > 0, then, by the proof
of Proposition 2.2 in Barczy et al. [1], the characteristic polynomial ¢ has just one
positive root, g(Mg) > 0, the nonnegative matrix My is irreducible, o(M¢) is an
eigenvalue of Mg, and Zf’zl E(é(i’l))Q(Mg)’i = 1. Further,

< p <
oMg) 1= 1 — Y EECY) 1= 1. O

> i=1 >

Next, we specialize the matrix V, defined in (3), in case of a subcritical GINAR(p)
process.

Remark 4. In case of a GINAR(p) process, the vectors

vy = [Cov(E1D, £0D), . Cov(e®D) £PD), Cov(e®, eD)]T € RE+DX!

fori,je{l,..., p}areall zero vectors except for the case i = j = 1. Therefore, in
case of 0(Mg) < 1, the matrix V, defined in (3), reduces to
T [U,— Mg EED)e, T
V=uv), | (ere)). (10)

O
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Finally, we specialize the limit distribution in Theorems 1 and 2 in case of a
subcritical GINAR(p) process.

Remark 5. Let us note that in case of p = 1 and E(E1V) < 1 (vielding that the
corresponding GINAR(1) process is subcritical), the limit process in Theorems | and
2 can be written as

’

1 E(®) Var(¢1.D) 4+ (1 — EE QD)) Var(eD)
w
1 -EEOD) 1 —E@EWD)

where W = (Wp):er, is a standard I-dimensional Brownian motion. Indeed, this
holds, since in this special case Mg = EE 1Y) yielding that I, — M;)fl =(1-
EE11))71, and, by (10),

T ED) (1,0 (¢))
Cov(e(:D gD e ) Var(¢'"V) E(e'Y) 1
- —EETD) | = M
v [Cov(s(l),s(l)) (f ) 1 —EELD) Var(e ). O

4 Proofs

Proof of Lemma 1. Let (Z;)rcz, be a p-type Galton—Watson branching process
without immigration, with the same offspring distribution as the process (X )kez, »

and with Z 2 €. Then the stationary distribution 7 of (Xy)rez, admits the repre-
sentation
o0
* 23z,
r=0

where (Z,({"))kez# n € Zy, are independent copies of (Zi)kez, . This is a conse-
quence of formula (16) for the probability generating function of 7 in Quine [14]. It
is convenient to calculate moments of Kronecker powers of random vectors. We will
use the notation A ® B for the Kronecker product of the matrices A and B, and we
put A®? .= A®Aand A®? ;= AQ A® A. Foreacha € {1, 2, 3}, by the monotone
convergence theorem, we have

00 Ra n—1 Ra
/ x®% 7 (dx) = E[(Z Zﬁ”) ] = lim E[(Z zﬁ”) ]
R? r=0 e r=0

For each n € Z,, we have
n—1
> 2,
r ’
r=0

where (Y)kez, is a Galton—Watson branching process with the same offspring and
immigration distributions as (X)xez, , and with Yo = 0. This can be checked com-
paring their probability generating functions taking into account formula (3) in Quine
[14] as well. Consequently, we conclude

/ x® 7(dx) = lim E(Y2Y). (11)
RP n— 00
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For each n € N, using (1), we obtain

p Yuo1i
E(Ya | Fi) =D Y By I Fioy) +E(en | £y

i=1 j=I
p

:ZYn 1,i (g(l))"'E(s) (12)
i=1
p .

= Z]E(E(’))eZTY,,_1 +me=MgY,_| +m,,
i=1

where 7Y | := 0(Yo,...,Y,—1),n e Nyand Y,_1; := €] Y,_1,i € {1,..., p}.

Taking the expectation, we get
EX¥,)=MgEXY, )+m,, neN. (13)

Taking into account Y = 0, we obtain

n n—1
E(Y,) = ZMZ_kmg = ZMgme, neN.
k=1 =0

For each n € N, we have (I, — MS)ZZ;é Mg =1, - Mg By the condition

0(M¢) < 1, the matrix I, — M is invertible and ) ;2 Mg =, — Mg, see
Corollary 5.6.16 and Lemma 5.6.10 in Horn and Johnson [6]. Consequently, by (11),
the first moment of 7 is finite, and

/ xw(dx) = (I, — M) 'me. (14)
RP

Now we suppose that the second moments of & @ ), i e{l,..., p},and ¢ are finite.
For each n € N, using again (1), we obtain

14
ZZ (& @&y 1 7)

i=1 j=1 '=1

.
+3 E(Efj), ®en+en®EL | FY ) +E(E? | FY )

+ 3 Vot i = D[E(ED)]® +Zyn1 E[(69)®]

i=1

+ZYn LEEY @e+eE?) +E(®)
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p P
ZZYn 11 n— 1:’E(§(l))®]E(§(’ )

i=1i'=1

#3 Bl - [
o
ZYn 11 E(Z) ®m€ +ms®E(§(1))}+E(€®2)
= (MEYH>®2 + A1, 1 + E(e%7).
with

P
Ay = Z{E[(g(i))®2]+E(§(i))®m€+me®E(§(i)) — []E()‘;'("))]Qaz}eiT e RP¥P,
i=1

Indeed, using the mixed-product property (A ® B)(C ® D) = (AC) ® (BD) for

matrices of such size that one can form the matrix products AC and B D, we have

Yoot Yoot = Yoo1i ® Yao1. = (¢] Yue1) ® (e, Yu1) = (¢ @ ¢;)YE?

n—1°

hence

p
ZYn 11 n— lt’EE(l))®E(E(l )

i'=1

.

p
i=1i
p

2

im1

-

1

I
FME

mu

[ (E(i))®]E(§(i/))]( ®e} )Y®2
(B

p ®2
(€)@ @6 )N = (LB )er) ¥

1 i=1
= (M) Y S = (MY, 1)®.

Consequently, we obtain
E(YP? | FY_y) = MPY P2 + A21 Y, +E(e®?), neN.
Taking the expectation, we get
E(Y$?) = MPE(YS) + A BV, 1) +E(€®?). neN. (15

Using also (13), we obtain
EY,)] _, [EQ.-D me
[margh] = 2o gy |+ [stesn |- nem

M; 0 2 2
A, e R@+pIx(p+p7)
=L ]

with
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Taking into account Yy = 0, we obtain
E(Y,) _ . n—k me l me
[E(Yf?z)} = ]; A2 | EEe®?) ;) A |peey | "EN

We have 0(A2) = max{o(My), o(M§?)}, where o(M§?) = [o(Mg)]?. Taking into
account o(M¢) < 1, we conclude that 9(A2) = o(M¢) < 1, and, by (11), the second
moment of 7 is finite, and

Jrp x T(dx) —1| Mg
[fR]Sx@’Zn(dx) = Upip = A2 o2 |- (1o
Since
- (I, — Mg)™! 0
( ptp? 2) (I M?z)_lAz,l(Ip —Mg)_l (Ipz —M?Z)_l

we get that [p, x®2 7(dx) equals
(I, = ME) ™ Ay — Me) ' me + (1,2 — ME?) ™ E(e%?).

Now we suppose that the third moments of E(i), i €{l,...,p}, and ¢ are finite.
For each n € N, using again (1), we obtain

E(YS? | FY ) = Su1 + Su2+ Sus +E(ES | FY))
with
p Yao1i p Yaori p Yaoiw
SEDIDIDID DD Z (&) @& ©& )1 7).
i=1 j=1 i'=1 j'=1 i"=1 j'=1
p Yuo1i p Yuoiw
ZEDIDID DML GVETAETES AT -2 )
i=1 j=1 i'=1 j'=1
F (e @8 080 1 7)),
p Yu_1i
Suzi=y. > EE, @ +e, @8, ®en+el @& | FY ).
i=1 j=I
‘We have
P P . ./ -1
Sp1 = ZZ Z Yoot,iYuo1i Y1, E(ED) E(ET)) @ E(£)
= ll/’;: ;{lll "}

p
ZZYn 1I(Yn 1,i — I)Yn—l,i’

/;ﬁl
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< {[E(ED)]” e BE(EV) +EE) 0 E(ED) @ E(E?)
+E@ED) o [E(E)]7)

P

p
+ZZYn—l,iYn—l,i’
i
« {E[(g(">)®2] ® IE(a;("’)) + ]E(g("> ®§(i’) ® E(i))
+ E(g(i’)) ® E[(,g("))@z]}
E3 Tt = D0y~ D[EED)] +ZYn L E[(ED))

i=1

14
+ Z Yp1i(Yn-1i =1

i=1
< [E[(?)®) @ E(EV) + E(EY, @8, @ £
+E(E?) @ E[(£7)]),

which can be written in the form

p P P
Sn1= Z Z Z Yo1,i¥n10Yu1.n EED) ® E('S(i/)) ® E(’s'(i”))
i=1i'=1i"=1
p 5 , . .
+ 33 Y iYu i {E[ED) ] 0 E(ED) + EED @ £ @ @)
i=1i'=1

+EE") @ B[(67) 7] - [E(E)]” @ BE")
_ E(E(i)) ® E(E(i’)) ® E(g(i))
~E(EY) ® [B(ED)]*)
+Zyn L{E[(ED)®] - E[(69)®°] o E(EP) - E(?, 06, @81)

~E(E7) o E[(67) %] + 2[E(ED)] 7).

Su1=MPYE + ALY + A}y, (17)

p P
Al = Y ()P o EE) + BE 08 050)

+EED) @ E[(§V)%] - [E(ED)]* @ B(ED)
~EG) @E(E") @ BE) - BEY) o [E6)])
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3 2
x(e?@e;)eR” xpT,
p

AL = S (E[E0)™] - E[6) ) 9 BE®) - B 081 o)

i=1
BE®) @ (7)) + ()] Je] < 7.

Moreover,
P P _ )
Si2=>_ Y Yo 1Y 1 {E(ED) QE(ED) @ m,
i=1i'=1
i'#i

+EED) @m, @E(ED) + m. @ E(EV) @ E(§))
p
F 3 F i — D{[BED)] ©m, + BED) @ m, 0 5(E")
i=1
+me ® [E(ED)]**)

+ZY,, LE[ED) ) @ me + E(ED ® ¢ © ) + m. @ E[(§7) ]},

. . . . . . 2 2
where E(§) @ e ® £©) is finite, since there exists a permutation matrix P € RP" <7

such thatu ® v = P(v ® u) for all u, v € RP (see, e.g., Henderson and Searle [5,
formula (6)]), hence

BE” 8 e5") ~E(P(e£7)] @60) = E(Pe 0 £7)]® (1,6"))
—E(P o105 9")
— (P @ 1)(me S E[(E"))).

Thus
p p _ )
=ZZ 11 [E(EY) @ E(ET) @ me
+EED) @m, @E(ED) + m. @ E(EV) @ E(§))
+2Yn LE[ED) ] @ me +EED e ©50) + me @ E[(§9) %]
_ [E(E(l))]®2 Qmy — ]E(E(l)) Qme @ E(E(l))
—me @ [E(ED)]*).
Hence
Sn2 = A%Y?_zl + A%YH (18)
with

p P

A = I {BED) 8 BE) £ me -+ EE) © me 9 E(E)

i=1i'=1
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+m ®E(EV) @ E(ED)}(e] @ef).
and

p
AR = Y (EE) ) o m, +EED @ e 080) +m, @ B[(E))
i=1

~[EED)]* @me —EEY) @ m 9 E(E?)
—me @ [E(ED)]* e/,

. 3 2 3 . .
which are RP"*P"-valued and R”" *?-valued matrices, respectively. Further,

S = ZYn L{EED) @E(e®?) +E(e @87 @) + E(e®?) @ E(§)}
a0,
with
AL, = Y [BEY) 8 B(s) + B(e 080 0e) + E(e) @ BEV)]e] € R,
i=1
where E(e @ £ ® ) is finite, since

E(e®t" ®e) =E([P(§" ®¢)|®e) =E([P(V ®¢)]® (I,8))
=E((PRI,)(EY ®e®e)) = (PoI,)(EEY) @ E[?]).

Consequently, we have

E(YP | FY_y) = MPYP | + 430722 4+ A31Y -1 + E(e®)

with A3 = A(l) + A(z) and A3 ] 1= Agli + A(z) (3) . Taking the expectation,
we get

E(Y$®) = MPE(YE) + A3  B(YS2) + A3 | E(Y, ) + E(e®).  (19)

Summarizing, we obtain

E(Y ) E(Yy-1) me
E(Y®?) | = A; |[EXY®?) |+ |E€®) |, neN,
E(Y$?) EY®,)| [Ee®)

with
M; 0 0
Az = | A2 Mgm 0 | c RPHPHPIX+P*+pY)

Az Asp Mgm
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Taking into account Yy = 0, we obtain

E(Yn) n me n—1 mg
E(Y®?) | = Z Agz—k E(e®?) | = ZA% E@E®) |, neN.
E(Y$) | k=1 E@e®) | =0 |E@e®)

We have Q(M?Z) = [o(M)]? and Q(M§’3) = [o(Mg)]®, and hence o(A3) =

max{o(M¢), Q(M?z), Q(M?3)}. Taking into account o(M¢) < 1, we conclude that
0(A3) = o(M¢) < 1, and, by (11), the third moment of r is finite, and

Jrp X 7(dx) me
Jop X2 m(dx) | =T,y 2y 5 — A3)7' [ E(e®?) | (20)
Sy X3 7 (dx) E(e®3)
Since
(I, — Mg)™! 0 0
Upipip —AD"'=| B I =M™ 0 :
B, B3, I =M™
where
—1 —
Boi=(I,~ M?Z) A (I, — M),
Bsi= (I, — M) (As1, — Mg)™' + A32B11),
®3)~1 ®2\—1
Bip= (1, — M) Asp(l,, — M%),
we have

f x® w(dx) = B3 ime + B3 E(e®?) + (1,5 - MP) 'E(e®}). O
RP

Proof of Proposition 1. Similarly as (12), we have
E(Xi | FE)) =MeXi—1 +me, keN,
where .7-",5( =0 (Xo, ..., Xr), k € Z+. Consequently,
E(Xy) = M E(Xi—1) +me, k€N, (21)
and, by (14),
E(Xo) = (I, — Mg) ' m,. (22)
Put

U = Xi — E(Xi | FiL)) = Xi — (Mg X1 +me)

=3 3 (€0, —E(ED)) + (ex —Een). kel
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Then E(Uy | ]—',g(_l) = 0, k € N, and using the independence of {E,((’)Z, er -k, L €
N,i e{l,..., p}}, we have

p . B .
E(UiUcj | Fy) = D Xio1.4 Cov(E%”, £47) + Cov(el, )

=1 (23)
= () [Xkl_l}
fori,j e {1,..., p}and k € N, where [Uy 1, ..., Uk,p]T := Uy, k € N. For each
k € N,using Xy = M¢Xy_| +m, + Uy and (21), we obtain
X —E(Xy) = Mg(Xp—1 —E(Xi—1)) +Ur, keN. (24)
Consequently,

E((Xx —E(Xp)(Xx —EXp)" | FX)
= B((Mg(Xx_1 — E(Xx_1)) + Ux) (Mg (Xi—1 — EXi_)) + Ui) " | FX))
= E(UU] | FX)) + Me(Xim1 — EXam)) (Xaor — EXae) ' MY

for all k € N. Taking the expectation, by (22) and (23), we conclude that
Var(Xy) = E(U U} ) + Mg Var(Xk_l)Mg =V + M; Var(Xk_l)M;I

for all £ € N. Under the conditions of the proposition, by Lemma 1, the unique sta-
tionary distribution 7 has a finite second moment, hence, using again the stationarity
of (Xp)rez, , foreach N € N, we get

Var(Xo) = V + Mg Var(Xo)M;r
— (25)
N
Z MV (M) Ky M Var(Xo) (M )
k=0
Here limy_ oo Mgf Var(XO)(Mg)N = 0 € RP”*P. Indeed, by the Gelfand formula

o(Mg) = limg_ ||M'§‘||1/k, see, e.g., Horn and Johnson [6, Corollary 5.6.14].
Hence there exists kg € N such that

—oMg) 1+0(Mg)
2 - 2

1/k

HMIg 1'% < o(Mg) + ! <1 forallk >ky, (26)

since o(M¢) < 1. Thus, forall N > ko,
| M Var(xo) (M) | <[ M || Varxo || (m])" |

1+0(Mg)\*N
= | | varcxo | aag | < (ZFGHE)

2
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hence ||Mév Var(Xo)(Mg)NH — 0 as N — oo. Consequently, Var(Xgp) =
Y, M’g V(Mg)k , yielding (6). Moreover, by (24),

E((Xo — E(X0)) (X —E(Xp) ' | FX))
= (Xo — E(X0)) E((X, — E(X0) " | FX))
= (X0 — E(X0))(X4m1 —E(X4—p)) ' M]. keN.
Taking the expectation, we conclude
Cov(Xo, Xi) = Cov(Xo, Xi-)M{, keN.
Hence, by induction, we obtain the formula for Cov(Xg, X). The statement will fol-

low from the multidimensional central limit theorem. Due to the continuous mapping
theorem, it is sufficient to show the convergence N -l 2(S(()N), S EN), el S,EN>) £>
(Xo, Xl,' e, X)) as N — 00 for all .k € Z. For 2_111 k € ZJ_F, the random vec-
tors (X" —EXNT, @V —EXV)T, ..., XY —EXY)N)T, j e N, are
independent, identically distributed having zero mean vector and covariances

Cov(X{, X\) = cov(xy. X, ) = Var(xo)(Mg)KH‘

for 'j e N, 41,0, € {0,1,...,k}, £1 < £, following from the strict stationarity of
XY and from (5). O
Proof of Proposition 2. It is known that

Up= X —E(X¢ | FX)) = Xx — MgXeo1 —m,, keN,

are martingale differences with respect to the filtration (]-"kX )kez., - The functional
martingale central limit theorem can be applied, see, e.g., Jacod and Shiryaev [7,
Theorem VIII.3.33]. Indeed, using (23) and the fact that the first moment of X exists
and is finite, by (4), foreacht € R4, andi, j € {1, ..., p}, we have

Lnt]

1 E(X

S E(UkilUcj | FE) =5 o ) [ (1 0)] F= Vit asn— oo,
k=1

and hence the convergence holds in probability as well. Moreover, the conditional
Lindeberg condition holds, namely, for all § > 0,

[nt] |nt]

1

p Y BV yy, ssym | Filr) < 5372 SCEULR 1 FE)
k=1 k=1 o (27)
Cy(p+1)° Z

a.s.
Sn3/2

|:Xk_1:| ’ -0
1
with C3 := max{E(|§" — E&D)3),i € {1, ..., p}, E(le — E(e)||*)}, where the

last inequality follows by Proposition 3.3 of Nedényi [12], and the almost sure con-
vergence is a consequence of (4), since, under the third order moment assumptions in

k=1
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3
) as n — OQ.

( 1 SE% D
— Uy — B asn — oo,
vn >

k=1 reRy

where B = (B;);cr, is a p-dimensional zero mean Brownian motion satisfying
Var(B1) = V. Using (24), we have

Proposition 2, by Lemma | and (4),

= (Y]

1 Lnt]

.2

k=1

Hence we obtain

k
X — E(Xy) = M§(Xo — E(X0)) + ZM’g‘ij, k e N.
j=1

Consequently, foreachn € Nand ¢t € R,
7 Z(Xk —E(X)
1

[nt] nt] k
= 7| (ZM") (X0 — E(Xo)) +ZZM" jU}

k=1 j=1

i nt) o]
1 . _;
= |- My~ (Mg — M{") (X0 — E(X0) + Z(Z M -’)U,}
1
n

=1 “k=j

(I, — Mg)™" (M Mg”’J“)(XO—E(XO))

L)
+ Iy — M)~ 12 - M f“)U,],

(28)
which implies the statement using Slutsky’s lemma, since p(Mg) < 1. Indeed,

1imy— 0o Mg””“ = 0 by (26), hence

1 .
7(1,, — M) (Mg — Mé"’JH)(XO —E(Xp)) =50 asn — oo.
n

Moreover, n_l/z(l — Mg)™ 1 ZLM MémJ ]HUJ- converges in L and hence in
probability to 0 as n — o0, since by (23),

E(1U, ;1) < 1/]E(U,f’j) = /v(Tj’j) [E(‘f‘))] =Vj; (29)
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for j € {1,..., p}and k € N, and hence

1 [nt]
lnt]—k+1
E(HﬁzMs 2

Lnt
TZ ||Mém_k+lUk||)
k

=1
[nt ] |nt]

Z M|_ntj k+lHIE ”Uk” Z”MLMJ k+1”ZE |Uk]|

S\

=

| M "“HZ‘/ =0 asn— oo, (30)

since, applying (26) for |nt] > ko, we have
|nt]

Z HM\E_ntJ —k+1 H
k=1

Lnt] ko—1 Lnt]

= Z | M) = Z EAEDMIH

k=ko

5\

ko—1 Lnt] ko—1

< 3o+ 30 (LMY <3 a3 (HEEMRY.

k=ko k=ko

which is finite. Consequently, by Slutsky’s lemma,

Lo
(ni 3 (xk - E(Xk))> L2 (I, ~Mg)"'B asn — oo,
teRy

k=1
where B = (B;);cr, is a p-dimensional zero mean Brownian motion satisfying
Var(B1) = V, as desired. O
Proof of Theorem 1. First, we prove (8). Forall N,m € Nand all 7y, ..., t, € R4,

by Proposition 2 and the continuity theorem, we have

N
1
(S;N,n), s n)) D, (I, — Mg~ Z(Bif)» . B(“)
=1

ﬁ tm tm
as n — oo, where B = (B;e))t€R+, ¢e{l,..., N}, are independent p-dimensional
zero mean Brownian motions satisfying Var(B (115)) =V, lef{l,...,p} Since

N
%Z(Bﬁ%. B)Y2(B,,....B,), NeN meN,

we obtain the convergence (8).
Now, we turn to prove (7). For alln € N and for all #1,...,%, € Ry with#; <
- < tym, m € N, by Proposition 1 and by the continuous mapping theorem, we have
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1 N T N [t ] L1ty |
ﬁ((slgl ’n)) 7""(ng ol (ZXI(’ Zxk)

D [nt1] [ntm ]
=Npm(0,Var<(Z X,j,.. Zé\:'k> )) as N — oo,
k=1

where (X)ez., is the p-dimensional zero mean stationary Gaussian process given
in Proposition 1 and, by (5),

[nt] [ntm ]
ar<<ZXkT,.. ZXk> )
) |nt; | [ntj] m
(COV(Z Xk, Z Xk>>
k=1 i,j=1

|nt;] Lnt;]

(Z > Cov(Xy, X@) .

k=1 (=1
|nt;] (k=D)A|nt;]
- (Z Z M’g—‘ Var(Xo) + (Lnt;] A [nt;]) Var(Xo)
k=1 =1
lnt; | Lnt;]

+Var(Xo) Y. S (M) ") ,
y

k=1 £=k+1

where ZZZZ o = 0 for all g2 < q1, q1, g2 € N. By the continuity theorem, for all
01,...,0,, € R?, m € N, we conclude that

m
. . T, —1/2 pr—1/2 ¢(N,1)
Nh_r)r(l)g]E(ﬂp{lZ;ﬁ’jn N St })

]:

Lnt; ] Lnt; ]

_ exp{__ ZZ"T[Z 3 Covxy, Xe)] }

i=1 j=1 k=1 (=1

1 m m B
— exp{—5 D> 6 At)8] (M, — M)~ Var(Xo) + Var(Xo)
i=1j=1

+ Var(Xo) (I, — Mg)lM;]oj}

asn — oo. Indeed, for all s, € Ry with s < ¢, we have

LnsJ |nt]
- Z Y Cov( Xy, Xo)
=1 =1
\_nYJ k—1 L J 1 |ns| |nt]
= —ZZM" “Var(Xo) + —= Var(Xo) + — Var(Xo)Z Z MS

k=1 £=1 k=1 {=k+1
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LnsJ |_ J
== Z Mg — M), — Mg)~" Var(Xg) + —= Var(Xo)

Lns]
1 —1 Lnt]—k+1
+ - Var(Xo) (I, = M{) ™ Y (M — (Mg)"" ™)

k=1
1 ns — —
= —(Lns]Mg — Mg(1, = M), — M), — M)™! Var(Xo)
+ % var(xg) 4 Varxo) (1, - MJ) !

(LnsJM)S — (I, _ME) 1( I,- (M;r)LnsJ)(MET)LmJ—LmJH)
_ Ins]
==

Mg(I, — Mg)~" Var(Xo) + Var(Xo) + Var(Xo) (I, — M;)_IM;)

1
——(M¢(1, — M), — Mg)~? Var(X)
-2 T\ Lns) T\ Lnt|—[ns]+1
+Var(Xo)(1p—Mg) (Ip_(Mg) )(Mg) )
s(Mg(I, — Mg)™" Var(Xo) + Var(Xo) + Var(Xo) (I , — M{)”M{)
as n — 00, since lim, oo Mé"sj = 0, limn%oo(M;)L"” = 0 and
limn_mo(MET) lnt]=lnsl+1 — by (26). It remains to show that
M(I, — Mg)~" Var(Xo) + Var(Xo) + Var(Xo) (I, — M{) ™' M] an
=, - M V(I - M)
‘We have
Mg, — M)~ = (I, — (I, — M), — Mg)™' )
=, - ME)_I —1,,

and hence (I , —Mg—)_lME I, —MT) _ I, thus the left-hand side of equation
(31) can be written as

(I, — Mg)~" —1,) Var(Xo) + Var(Xo) + Var(Xo)((I — M;r)*1

-1

—1,)
= (I, — Mg)™" Var(Xo) — Var(Xo) + Var(Xo) (I, — M;)

By (25), we have V = Var(Xo) — M Var(Xo)M |, hence, by (32), the right-hand
side of the equation (31) can be written as

(I, — Mg)~ ' (Var(Xo) — Mg Var(XO)M;I)(I o= Mg)‘1

= (I, — Mg)™ Var(Xo) (I, — M{) ™
_ —1
— (I, — M) ' Mg Var(Xo))M{ (1, — M)

= Iy~ Mg) " Var(Xo) (I, — M{) ™"
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— (U, - Mg)_l —1,) Var(Xo)((I, — M;)_l —1,)
=, - ME)*I Var(X() — Var(Xy) +Var(X0)(1p _ M;‘I')fl,

and we conclude (31). This implies the convergence (7). O

Proof of Theorem 2. As n and N converge to infinity simultaneously, (9) is equiva-

D
lent to (nN,,)_%S(N"’") — I, — ME)_l B as n — oo for any sequence (N,)neN
of positive integers such that lim,_..c N, = 00. As we have seen in the proof of
Proposition 2, for each j € N,

v = x —EXY | FXe) =X - MeX | —m., ke,

are martingale differences with respect to the filtration (.F,;Y (j))kez .- We are going to
apply the functional martingale central limit theorem, see, e.g., Jacod and Shiryaev
[7, Theorem VIII.3.33], for the triangular array consisting of the random vectors

my . ~L M N M CARTO) (N)
(V) oy = @Np 72O, oM™ o® o o, o)

in the n™ row for each n € N with the filtration (F,S"))kez+ given by ]—",En) = ]_—,3’“” =
a(¥§, ..., Y"), where

(Vi )ez, = (X7, xg™), x{0, o x™, x(D, xS ),

Hence ]—'é") = U(X(l), ...,X(()N”)), and for each k = ¢N, + r with £ € Z, and
ref{l,..., Ny}, we have

F = o (U Fi) v (0, FE)).

where U;VLN”H := (). Moreover, Y(()n) = (X(()l), R X(()N")), and for k = ¢N, +r

with € € Zy andr € {1,..., Ny}, wehave ¥ = X0, and V" = (aN,) 20",

Next we check that for eachn € N, (V,({"))kEN is a sequence of martingale dif-

ferences with respect to (Flfn))keZ+~ We will use the equality E(¢ | (G U Gp)) =
E(& | G1) for a random vector & and for o-algebras G; C F and G, C F such that
o (o (&) UG)) and G, are independent and E(||&]|) < oo. For each k = £N,, + 1 with

¢ eZy, wehave (V™ | F")) = aN) 2 E@Y | | FXY) = 0, since

B | F) =B, 1o (U 7)) =B, 1 7X7) =o.

In a similar way, for each k = ¢N,, +r with £ € Z, andr € {2, ..., N,}, we have
BV | R = (nNy)~? E(U@iﬁ] | FZ‘“)) = 0, since

BU 1 R

1 xD 0
B, Lo (GFET) L (U FE))

=E(UY)

(r)
v | FET) =0.
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We want to obtain a functional central limit theorem for the sequence

1 lnt] Ny,
(n) (")

E Vi ) = ( E E > , neN.
< teRy VinNy = teRy

First, we calculate the conditional variance matrix of V,(("). If k = ¢N,, + 1 with
£ € Z4, then

BV (V)1 FD) = aNpy B, 0D o (U, FX))
D
)T IFE).
In a similar way, if k = £N,, + r with £ € Zy and r € {2, ..., N,}, then
SV 17
=N E@Y), W) 1o (U= LEXY U (0 FX))

= (N ' E(UY,

+1 £+1 j=r
_ -1 (r) (r) X"
= (nNy) E(U€+1(UZ+1) | F )
Consequently, for each n € N and r € Ry, we have
[nt] Ny
(n) (yy (T (n)
Y EWVIWE) TFED)
k=1
[nt] N,
_ (n) (n) T (n)
- ZZE(V(Z—l)Nn+r(V(E—l)Nn+r) | ‘F(Z DN, +r— l)
=1 r=1
[nt] N, -
(r) (r) X r
]E U, U
= - Nn BB | Fr)-
=1 r=1
Next, we show that foreachr € Ry and i, j € {1, ..., p}, we have
LntJ Ny Lntj Ny )
(") (r) X(r) Xg 1
o, 01 = o DY wi
=1 r=1 =1 r=1
P |EXo |, _
—>v(i,j)|: ) t=Vjt

as n — oo. Indeed, the e?uality follows by (23), and for the convergence in probabil-
ity, note that limy,_ o0 - = =1t € Ry, and, by Cauchy-Schwarz inequality,

Lnt] Ny )
X —E(Xo)
((LnrJNMZX; <'”[ a ]))
lnt] N, )
st EE[ )
n

Li=1r=1
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lnt] Ny - T
< Z Z |:X1522)1 - E(XO):| v(i,j)))

lh=1r=1
1
lnt |2 N2
\nt] |nt] N, N,

E(X', —EX)X"? —EXo)T) 0
wizzzz[“ - B - B O,

=1 l=1r=1rn=1

lnt] |nt] T
o j)z Z [E((X£1—l - E(Xo))o(Xez—l —EXo) ) 0] Y6 p

L’”J Ny G=1Lr—=1 0
|nt] |nt]
< ———lwapl? Y D E([(Xer—1 — E(X0) (X1 — E(X0) " |)
|‘ tJ N li=11tr=1
1 2
g ..
nt Jan ”v(l,])”
[nt] [nt] p

D3I Z E(|(Xe,—tmy — EXom)) (Xer—1.my — EXomy))]|)

=1 =1 m =1 mp=1
|nt] |nt] p

< N J ~llvg, MEIIN Z VVar(Xe, “1my) Var(Xe,—1.my)

21 1 =1 mi=1my=1

= —||v(, 2 Z Z VVar(Xo ) Var(Xom,) — 0 as n — o0,

mi=1mp=1

where we used that | @ < Y7, i'):l |g;, j| for any matrix Q = (ql',j)szl e RP*P,

Moreover, in a similar way, the conditional Lindeberg condition holds, namely,
forall§ > O,

[t IN,
,; E(|v]? Ly =5 | 7))
353 ") x<r>
;;E 10150015 g, | FET)
— 1) a.s.
5 3/2N1/2 Z]E ”UU)H X( =0 as n— oo,

where the almost sure convergence follows by (27). Hence we obtain

[nt | Ny

nt] N,
(r) (n) D
— U ) = ( Vi > — B asn — oo,

where B = (B;);cr, is a p-dimensional zero mean Brownian motion satisfying
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Var(B1) = V. Using (28), foreachn € Nand r € Ry, we have

1 Lnt] Ny

e 3~ E(x)

t=1r=1

N,
1 _ n 1 - r r
_ ﬁ[(l,, — Mg)~ (Mg — M| ”“)m > (xy” —]E(Xé)))}

=1

| Ln1] | Ny
— |nt]—m+1 r)
——|Up—My) M U ]
\/ﬁ[ g ”121 Nn r=1 "
1 [nt] Ny
+ I, — Mg)™! ZZUS,?,
m=1r=1

which implies the statement using Slutsky’s lemma, since p(Mg) < 1. Indeed,
limy,—s o MEWHI — 0 by (26), thus

. — 1 —
lim (I, — My) "(Mg - M =, - My M,

and, by Proposition 1,

X(r) Xér))) N Ny (0, Var(Xp)) asn — oo,

}1r1

where NV, (0, Var(X()) denotes a p-dimensional normal distribution with zero mean
and covariance matrix Var(Xy), and then Slutsky’s lemma yields that

1 -1 L tJ+1 ) (r) P
Lt S sy o

as n — oo. Further,

1 [nt] 1 Ny
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[nt]

\/_ Z ”Ml_ntj m+lH Z / Uril)j

Lnt]

\/_Z ||ML'”J m+1“2,/V” — 0 as n— oo,

by (30), where for the last inequality we used (29), completing the proof. O
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