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1 Introduction

Theory of large deviations in mathematical statistics and statistics of stochastic pro-
cesses deals with the asymptotic behaviour of tails of distribution functions of para-
metric and nonparametric statistical estimators. Concerning parametric estimators it
is necessary to refer to the monograph of Ibragimov and Has minskii [6] where the
exponential convergence rate of probabilities of large deviations for maximum likeli-
hood estimator was obtained. This result led to the appearance of a large number of
publications on the subject of large deviations of statistical estimators.

Further we will speak about least squares estimators (l.s.e.’s) for parameters of
a nonlinear regression model. In the paper of Ivanov [8] a statement was proved on
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the power decreasing rate for probabilities of large deviations of Ls.e. for a scalar
parameter in the nonlinear regression model with i.i.d. observation errors having mo-
ments of finite order. Prakasa Rao [13] obtained a similar result with the exponential
decreasing rate in the Gaussian nonlinear regression.

In the paper of Sieders and Dzhaparidze [15] a general Theorem 2.1 on proba-
bilities of large deviations for M-estimators based on a data set of any structure was
proved that generalizes the mentioned result in [6] with an application to Ls.e. for
parameters of the nonlinear regression with pre-Gaussian and sub-Gaussian i.i.d. ob-
servation errors (Theorems 3.1 and 3.2 in [15]). Some results in this direction are
obtained by Ivanov [9].

The results on probabilities of large deviations of an l.s.e. in a nonlinear regres-
sion model with correlated observations can be found in the works of Ivanov and
Leonenko [11], Prakasa Rao [14], Hu [4], Yang and Hu [16], Huang et al. [5].

Upper exponential bounds for probabilities of large deviations of an l.s.e. for a
parameter of the nonlinear regression in discrete-time models with a jointly strictly
sub-Gaussian (j.s.s.-G.) random noise were obtained in Ivanov [10]. In the present
paper we extend some results of [10] to continuous-time observation models.

Consider a regression model

X(t) =a(t, 6)+e@), t>0, 1)

where a(t, t), (t, T) € Ry x ©®F, is a continuous function, a true parameter value
0 = (61,...,0,) belongs to an open bounded convex set ©® C R? and a random
noise ¢ = {e(¢), t € R} satisfies the following condition.

N1. ¢ is a mean-square and almost sure (a.s.) continuous stochastic process de-
fined on the probability space (§2, §, P), Ec(t) =0,t € R.

We shall write [ = fOT.

Definition 1. Any random vector 67 = (67, ..., 047) € O having the property

Qr(Or) = inf Or(r). Qr(r) = /[X(t) —a(t, t)]zdt-

is said to be the l.s.e. for an unknown parameter 6, obtained by the observations
{X@), tel0,T]}.

Under assumptions introduced above there exists at least one such random vector
or [12].

In the asymptotic theory of nonlinear regression in the problem of normal approx-
imation of the distribution of an l.s.e., the difference 67 — 6 is normed by diagonal
matrix [11]

2
dr(0) = diag(di (0), i =1, q), dfr(e)Z/ (a%_a(t, 9)) dr.

Further it is supposed that the function a(¢, -) € C L(©) for any t > 0.

The paper is organized in the following way. In Section 2 an upper exponential
bound is obtained for large deviations of d7(8)(6r — 0) in the regression model (1)
with a j.s.s.-G. random noise ¢. In Section 3 the results of Section 2 are applied to a
stationary j.s.s.-G. noise €. Section 4 contains examples of regression functions a and
noise ¢ satisfying the conditions of our theorems.
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2 Large deviations in models with a jointly strictly sub-Gaussian noise

Definition 2. A random vector &€ = (£, ..., &) € R" is called strictly sub-
Gaussian (s.s.-G.) if for any A = (Aq, ..., A,) € R"

Eexp{(€, A)} < exp{%(BA, A)},

where (§, A) =", &4, B = (B(, j))l'.',j:1 is the covariance matrix of &, that is
B(, j) = E&é&;,i, j=1,n,(BA, A) = er‘l,jzl B(i, j)A;A;.

Note that we obtain from Definition 2 the definition of an s.s.-G. random variable
(r.v.) &€ taking n = 1.

Definition 3. {£(¢), r € R} is said to be jointly strictly sub-Gaussian (j.s.s.-G.) sto-
chastic process, if for any n > 1, and any #;, ..., t, € R the random vector &, =
&), ..., £@1y)) is s.8.-G.

These definitions and a more detailed information on sub-Gaussian r.v.’s, vec-
tors and stochastic processes can be found in the monograph [1] by Buldygin and
Kozachenko.

Concerning the random noise ¢ in the model (1) we introduce the following as-
sumption.

N2(i) ¢ is a j.s.s.-G. stochastic process with the covariance function B(¢,s) =
Ee(t)e(s), t,s € R.

(ii) Forany T > 0, A(-) € L»([0, T])

(BA, AYr = // B(t, s)A(t)A(s)dtds < d0||A||2T 2)
for some constant dy > 0, |All7 = (f Az(t)dt)%.
For a fixed T the exact bound in (2) is
(BA, A)r < ||BlirllAllF,

where ||B||7 is the norm of a self-adjoint positive semidefinite operator B in
L>([0, T]). Note that || B||7 is a nondecreasing function of T > 0, so there exists

lim [|Bllr <dp < oo,
T—o00

if (2) is fulfilled.
Example 2.1. Assume the covariance function B(¢, s) is such that
oo o0 oo
1) b= // B(t,s)dtds <oo  or 2) by= s%p / |B(t, 5)|ds < cc.
0 0 Tt

Then using condition 1) and the Fubini theorem we get

(BA, Ay =/</ B(t,s)A(s)ds)A(t)dt

2 L
< (/(/ B(t,s)A(s)ds) dt)2||A||T < b1l All},
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and we can take do = by. On the other hand,
(BA, Ay < f/ |B(t, 9)| A2()drds < b Al

and we can take dy = by.

Let A(t), t € Ry, be a continuous function. Then condition N1 implies the
existence of the integral

1(T) = / Alt)e(t)dt, 3)

determined for almost all paths of the process (¢), ¢ € [0, T], as the Riemann inte-
gral. Consider partitions r (n)

Ozté”)<tf")<-~-<t,(,n)=T

of the interval [0, T'] such that maxlikin(tlgn) — ,E”_)l) — 0, as n — oo, and the

corresponding integral sums

n

LD =3 e ) = A6 ), k=T
k=1

Then
I,(T) — I(T)as., asn — oQ. (@)

It is obvious also that
EIX(T) — EI*(T) = (BA, A)y, asn — oo. 5)
Lemma 1. Under conditions N1, N2 integral (3) is an s.s.-G. r.v., for any T > 0.

Proof. From Definition 3 it follows that the process e(¢), t € [0, T], isj.s.s.-G., if for
anyn > l,andty, ..., t, € [0, T], uy, ..., up e R, A € R,
n 1 n
Eexp{kz uks(tk)} < exp{zkz Z B(t;, tj)u,-uj}.

k=1 i,j=1

Taking t; = t,i"), Up = u,((n)

,k =1, n, we obtain
1
Eexp{AL,(T)} < exp{EszInz(T)}.

Due to (4) and (5) by the Fatou lemma (see, for example, [3])

Eexp{AI(T)} = E lim exp{kln(T)} < liminfEexp{Aln(T)}
n—oo n— o0

. 1, 0 _ Lo 2
< lim expy{=A“El (T); =expyzA“EI“(T)¢. O
n—00 2 2
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The following statement on the exponential bound for distribution tails of inte-
grals (3) plays an important role in subsequent proofs.
Lemma 2. Under conditions N1 and N2 for any T > 0, x > 0,
P{I(T) = x} < Gr(x), P{I(T) < —x} < Gr(x), ©)
P{|I(D)| = x} <2Gr (),

where

x2
Grix) = exp{—i}.
2do| A%

Proof. The proof is obvious (see, for example, [1]). For any x > 0, A > 0 by the
Chebyshev—Markov inequality, (2), and Lemma 1
1., 1.5 2
P{I(T) = x} < exp{—Ax}exp EK (BA, A)r ¢ <exp 5,\ dollAlF —rx . (D)

Minimization of the right-hand side of (7) in A gives the first inequality in (6). The
proof of the second inequality is similar. The third inequality follows from the previ-
ous ones. 4

We need some notation to formulate conditions on the regression function a(z, 6)
using the approach of the paper [15] (see also [9, 11]). Write

Ur(9) = dr(6)(0° —0), I'ro,r =Ur@) N{u : R < |lull = R+ 1},

u = (ur, ..., ug)" € R?. Denote by G the family of all functions ¢ = g7 (R),
T > 0, R > 0, having the following properties:

1) for fixed T, gr(R) 1 00, as R — 00;

2) for any r > O,

R" exp{—gT(R)} —- 0, asR, T — oo.

Let y (R) be polynomials of R (possibly different) with coefficients that do not de-
pend on values T, 6, u, v. Set also

Alt, u)y =al(t, 0 +d; ' O)wu) —a(t, 0), tel0,T],

Dr(u,v) = /(A(t, u) — Alt, v))zdt, u,v € Ur(0).

Assume the existence of a function g € G, constants § € (0, %), »x>0,p€(0,1]
and polynomials y (R) such that for sufficiently large 7', R (we will write T > Ty,
R > Ry) the following conditions are fulfilled.

R1(i) For any u, v € I'r ¢ g such that |u — v|| < s

&7, v) < y(R)|lu — v||*; (8)

(ii) forany u € I'r . @7(u,0) < y(R).
R2.Forany u € I't o r

@7 (u,0) > 2dod g7 (R). )
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Theorem 1. If conditions N1, N2, R1 and R2 are fulfilled, then there exist constants
By, bg > 0 such that for T > Ty, R > Ry

P{|dr©)©@r —0)|| = R} < Byexp{—bogr(R)}, (10)

where for any B > 0 the constant By can be chosen so that

bozﬁ—ﬁ. (11)

Proof. Set
I(T, u) = / A(t, u)e(t)dt, cr(w) = I(T, u) — %@T(u, 0).

To prove the theorem it is sufficient to check the fulfilment of assumptions (M1) and
(M2) of the Theorem 2.1 in [15], reformulated in the manner similar to that used in
the proof of Theorem 3.1, ibid.:

(M1) for any m > 0 and u, v € I'r ¢ g such that |[u — v|| < s,

El¢r@) — r)|™ < y(R)Ju — ]| 12)

(M2)

1
P{mu) —r(0) = —(5 = 8>¢T<u,0>} <exp{—gr(R)}.  (13)

From the first inequality in (6) of Lemma 2 for A(t) = A(¢, u), x = §@71(u, 0),
condition R2, taking into account that ¢7(0) = 0 in our particular case, we obtain

1
P{ET(M) —¢r0) = _<§ - 5)@T(u,0)} = P{I(T, u) = §&7(u,0)}

< exp{—52(2d0)_1¢T(”’ 0}

ie. (13)is true.
On the other hand,

E|tr @) — ¢r@)|"

<max(1,2" ") - (E|I(T, w) — I(T, v)|" +27"|@7(u, 0) — D7(v,0)|"),
(14)

| @7 (u, 0) — D7 (v, 0)|
5[ |A(t, u) — A(t, v)| - |AG@, w) + A, v)|dt
< qbé (u,v) - (CDT%(M, 0) + @é(v, 0))

<2(y(R)?lu — v]” (¥ (R))?
< (YR + yR)lu — v]l? = y(R)[lu — v]|”



Large deviations of regressionparameter estimator 197

according to R1 (polynomials y (R) are different in the last two lines). Thus we obtain
the bound

| @7, 0) — Dr,0)|" < y(R)Ju —v|". (15)

By the formula for the moments of nonnegative r.v. (see, for example, [2] and
compare with [4]) and the third inequality of Lemma 2 being applied to A(t) =
A(t, u) — A(t, v), t € [0, T], it holds

o
E|I(T;u,v)|m =m/ xm_lP{|I(T;u,v)| zx}dx
0
T X2 (16)
§2m/ xmflexp - ldx
2d0<DT(u,v)
0

= V2amd} &} (u, v)E|Z|" ",

where I (T; u,v) = I(T, u) — I(T, v), Z is a standard Gaussian r.v.,

m—1 1 _m-1 m
E|Z| =n222T(—=), m=>0. 17)
Relations (16), (17), and (8) lead to the bound
E|I(T;u,v)|" < ﬁmF(%) § P (w,v) < y(R)u—v|™.  (18)

From (14), (15), and (18) it follows (12). O

Suppose there exist a diagonal matrix sy = diag(s;r, i = 1, g) with elements
that do not depend on 7 € ®, and constants 0 < ¢; < ¢; < 00, i = 1, g, such that
uniformly int € ® for T > Ty

¢ <Spdir(t) <a, i=1.4q. (19)

Then instead of the matrix dr (f) (at least in the framework of the topic of this paper)
it is possible to consider, without loss of generality, the normalizing matrix s7.

The next condition is more restrictive than R1 and R2, however it is simpler due
to requirement (19).

R3. There exist numbers 0 < ¢gp < ¢; < oo such that for any u, v € Ur(0) =
sT(O€ —0)and T > Ty,

collu —v|> < @7, v) < cillu —v|> (20)

It goes without saying that in the expression for @7 (u, v) in (20) we use the
matrix s;l instead of aVT_1 ).

A condition of the type (20) has been introduced in [8] and used in [13, 15, 4] and
other works. The next theorem generalizes Theorem 3.2 from [15].
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Theorem 2. Under conditions N1, N2 and R3 there exist constants B, b > O such
that for T > Ty, R > Ry

P{|s70r —6)| = R} < Bexp|—bR?}, @1

moreover for any B > 0 the constant B can be chosen so that

€0

b> ——— — 8. 22
ZSd()(l-i-q) p 2

Proof. We will show that R3 implies conditions R1 and R2. Inequality (8) of the
condition R1(i) follows from the right-hand side of inequality (20), if we take p = 1,
y(R) = c;. Inequality of the condition R1(ii) follows as well from the right-hand
side of (20), if we take v = 0, y(R) = ¢1 (R + 1)%.

To check the fulfilment of condition R2 we should rewrite the left-hand side of
(20) for v = 0:

1
®r(u, 0) > collul® > 2d05_2<§52d0_1601?2),

i.e., in the inequality (9) one can take gr(R) = %82(10_1COR2. In this case for the
exponent in (10) we have

1 _
—bogr(R) = — (552190510 1c0) R?.

Now, since p = 1 in (11), for any 8 > 0 in (21) we can take

82¢o

co> ——— — Dp.
0= 2401+ q) P

1
b=bs = ~8body "

2
By R3 and N1, N2, inequality (9) with g7(R) = 182d;'coR? holds for any & €
O, %). We get inequality (22) as § — % U

3 Large deviations in the case of a stationary jointly strictly sub-Gaussian noise

We impose an additional restriction on the noise process €.
N3. The stochastic process ¢ is stationary with the covariance function B(f) =
Ee(0)e(t), t € R, and the bounded spectral density f(1), A € R:

fo=sup f() < .
reR

Under assumption N3 the following corollaries of the theorems proved in Section

2 are true.

Corollary 1. If conditions N1, N2(i), N3, R1 and R2 are fulfilled, then the statement
of Theorem 1 is true with dy = 27 fy.
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Proof. We just need to show that condition N2(ii) is fulfilled. Indeed, by the
Plancherel identity,

% 2
(BA, A)p = / f(/\)‘ f M Adt| dr < 2 foll A7 O

—0o0

Corollary 2. Under conditions N1, N2(i), N3 and R3 the statement of Theorem 2 is
true with inequality (22) rewritten in the form

€0

T T 2

Our next assumption is a particularization of the requirements N2 and N3.
N4(i). The random noise ¢ is of the form

t o0
o(t) = / it — $)dE(s) = / Y (s)dE — ), (24)
—00 0

where £ = {£(¢), t+ € R} is a mean-square continuous j.s.s.-G. stochastic process
with orthogonal increments, E£(t) = 0,

Elgt+s) - =s, 1€R, s>0;
Y(t)=0ast < 0and

/ w2 (1)dt < co.
0

The stochastic integral in (24) is understood as a mean-square Stieltjes integral
[3]. The process £ is an integrated white noise, € can be considered as a stationary
process at the output of a physically realizable filter with the covariance function (see
ibid.)

B(t)=/ Yt +u)y (u)du
0

and the spectral density

fO) = |h(in)

2 h(iA):(Zn)’%/ W (t)e M dr.
0

N4(ii). fo = sup; g |h(i1)|* < oo.
Obviously N4(ii) holds, if [~ |y (1)|dt < oco.

Lemma 3. If condition N4(i) holds, then ¢ in (24) is a j.s.s.-G. process.
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Proof. Letn > 1 be a fixed number and ¢, ..., #,, Ay, ..., A, be arbitrary real
numbers. It is necessary to prove that
n

Eexp{z Aks(tk)} < exp{% Z B(t; —tj)AiAj}. (25)

k=1 ij=1

Formula (24) can be rewritten in the form
(0.¢]
e) = / Yt —s)dé(s), Y(@)=0, ast <O.
—0o0

Denote Y (s) = ¥ (tx — s), k = 1, n. Then

e(tk>=/ Vi(s)dE(s), k=Tom.

Let a sequence of simple functions

r(k,m)

(m) _ (m)
v (s) = ; e Ky (8), m =1,
where nlg;”) = [a,ﬁ'l"), ,3,5'1")), k=1,n,1=1,r(k,m), xa(s) is indicator of a set A,
approximate the function ¥ (s) in L, (R):

/ [i(s) — ™ (9)|’ds > 0, asm — oo.

Then the sequences of random variables

r(k,m)

=S AP — ) = [ 9w

=1

mean-square converge to &(f;) in Lo (£2):

Els() —e™ > >0, k=T,n, asm— oc. (26)

For any fixed m, the random vector with coordinates slgm), k = 1,n is s.s.-G.

Indeed,
r(k,m)

m m
YA =3 Ay i EBGY) - E()
k=1 k=1 =1
n'(m)
= > uMe(mn"),

k'=1
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where u,(;,") are real numbers and n(m) are different real numbers. By condition N4(i)

the random vector with coordinates & (nk, )) k' =1,n’(m), is s.s.-G., and therefore,

m n'(m)
Eexp{z Akslgm)} = Eexp{ Z uk, E( (m))}

k=1 k=1

n'(m) 2
1 m
< exp{E < E uk’ g("/(c/ ))> } 27)

. P .
From (26) it follows that slgm) — &y, k = 1,n,as m — oo, and thus there exists
some subsequence of indexes m’ — 00, independent of k, such that 5,?” N &g A8,
k=1,n,asm — oco.

Finally, by the Fatou lemma and (27)

Eexp{z Aks(tk)} E hm eXP{Z Ake(m)}

k=1 k=1
< hmmf Eexp{z Aks(m)}

< lim_ exp{ (Z A e“”) }
—exp{ (Z Akeak)) }

n

:exp{% Z B(t; —tj)A,'Aj}.

ij=1
So, we have obtained (25). O

Corollary 3. If conditions N1, N4(i), N4(ii), R1 and R2 are fulfilled, then the con-
clusion of Theorem 1 is true with dy = 2 fy.

Corollary 4. If conditions N1, N4(i), N4(ii) and R3 are fulfilled, then the conclusion
of Theorem 2 is true with a constant b satisfying (23).

Assume

liminf T~ 2si7 >0, i=1,q. (28)

T—o00

Corollary 5. Under conditions of Theorem 2 or Corollaries 2, 4, and (28) for any
p>0vel0, 1), andT > Ty

P{|T 25707 —0)|| > pT™"} < Bexp|—bpT'~?"}. (29)
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Proof. To show (29) it is sufficient to take R = pT%_” in (21). O

For v = 0 we arrive at a quite strong result on the weak consistency of l.s.e.
Similarly, in the conditions of Corollary 5 the following result on probabilities of
moderate deviations for l.s.e. holds: forany 2 > 0, T > Ty

P{|sr®r —0)| = hIn> T} < BT,

Obviously, Gaussian stochastic processes ¢ are j.s.s.-G. ones, and all the previous
results are valid for them.

4 Two examples

In this section, we consider an example of a regression function satisfying the condi-
tion R3 and an example of the j.s.s.-G. process & from expression (24) in condition
N4().
Example 4.1. Suppose

a(t, t) = exp{(r, y(t))},

where (7, y(1)) = Y| 7yi (1), regressors y(t) = (y1(1), ..., y4(1)), 1 > 0, take
values in a compact set ¥ C RY.
Let us assume

T
q
Jr = (T—I/yl(t)y](t)df> - - J = (J,])lj 1> as T — o0, 30)
i,j=
0

J is a positive definite matrix. In this case the regression function a(¢, t) satisfies
condition R3. Indeed, let

i g ool ol L= pn el o]

Then forany § > Oand T > Ty

L*(Jii = 8) < T7'd%(0) < H*(Jii +8), i=1,4q,

and according to (19) we can take s7 = T 2 I, with the identity matrix I, of order g.
For a fixed ¢

exp{(y(1), 0 + T~ 2u)} — exp{(y(1), 0 + T~ 20)}

1

q

=773 yi@exp{(y (). 0 + T2 (u+ 10 — w))} i —vi). 7 € O, 1),
i=1

and therefore forany § > Oand T > Ty

®r(u,v) < HZ(T1 / ||y(t>||2dt)||u —vl? < H*(Tr J +8)llu — v,
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So we obtain the right-hand side of (20) with the constant ¢ > H 2Tr J.
On the other hand, for a fixed ¢

(A(t, u) — Az, v))°
= (exp{(y(t), 0+ T_%u>} — exp{(y(t), 0+ T_%v>})2
= exp{2(y(1), 0 + T~ 20)} (exp{(y(1), T2 (u — v))} — 1)*.

Since (e — 1)2 > x2, x > 0, and (¢* — 1)? > ¢**x2, x < 0, it holds
_1 2 _ 2
(exp{(y(®), T"2(u — v))} = 1) = L, T y(t), u — v)",
with L; = min{1, exp{2(y(¢), T_%(u —v))}}, and

(A@t, 1) — A, v))°
> min{exp{2(y (1), 6 + T_%v>}, exp{2(y(1), 0 + T_%u)}}T_l(y(t), u— v)2
> LZT_1<y(t), u— v>2.

Thus forany § > Oand T > Tj
®Or(u,v) = LAJr(u —v), u—v) > L*(Amin(J) — 8)[lu — v|%,

and we have obtained the left-hand side of (20) with the constant cg < LZAmin(J),
where Anin (J) is the least eigenvalue of the positive definite matrix J.

The next fact is a reformulation of Corollary 4 for the regression function a(¢, 1)
of our example.

Corollary 3.4'. Under conditions N1, N4(i), N4(ii) and (30) there exist constants B,
b > 0 such that for T > Ty, R > Ry

P{|T26r —6)| > R} < Bexp{—bR?}.
Moreover for any B > 0 the constant B can be chosen so that

L2 min (J)

ZTenfodtq) P

Example 4.2. Here we offer an example of the j.s.s.-G. stochastic process & with
orthogonal increments in the formula (24) using the Ito—Nicio series (see [7] and
references therein).

Consider any orthonormal basis {¢x, k& > 1} in L,(R4) and a sequence {Zg,
k > 1} of independent N (0, 1) r.v.’s. Then

t
o0
mm=2m/mwm t>0,
k=1 0
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is a standard Wiener process with covariances Ewq(t)wo(s) = min{t, s}. We need
some kind of the Wiener process on the real line R. Let {w(¢), t > 0}, {wa(¢), t > 0}
be two independent Wiener processes of the following form:

k=1

t
o
w; (1) = Z Zikf oruydu, t>0,i=1,2,
0

and {Z;j;, k > 1, i = 1,2} be independent N (0, 1) r.v.’s. Then the required Wiener
process on R can be defined as w(t) = wy(¢),t > 0, and w(t) = wy(|t]), t < 0. For
anyrealt) <th <3 <14

E(w(r2) — w(t))(w(ta) — w(t3)) =0, €19}

i.e. increments are orthogonal. On the other hand, for any # > s
E(w(t) — w(s))2 =t—s.

Let {&x, Kk = 1, i = 1,2} be i.i.d. s.s.-G. r.v.’s (and non-Gaussian!) with unit
variance. Some examples of s.s.-G. r.v.’s can be found in [1]. Thus the Bernoulli r.v.
and the r.v. uniformly distributed in [—\/5 , «/5] are s.s.-G. and have unit variances.

Let us introduce the stochastic processes

t

0= & [ eodu, 120.i=1.2
k=1 0

E(t) =&(t),t = 0,and £(t) = & (|t]), t < 0. Then & = {£(¢), t € R} is a process
with orthogonal increments and is not a Gaussian one.

However, it is a j.s.s.-G. process. To prove this statement consider arbitrary num-
bers t; < --- < t,, where the first m numbers, 0 < m < n, are negative and the rest
n — m numbers are positive. Let A = (A1, ..., A,) € R" be any vector. Then

It

N m m
Ty=) Szk(z Ai/ wk(u)du> - Y Ai&(ul)as., asN — oo,
k=1 =1 i=1

n i n

N
= =Zslk( > A,-/ mu)du) - > Agi)as., asN — oo.
k=1

i=m+1 0 i=m+1

By the Fatou lemma

n
EeXP{Z Aif(h‘)} = ENh_r)nC>o exp{X2 + X}
i=1

m l2i1

N
< llivminf 1_[ Eexp{&zk (Z A,-/ (pk(u)du> }
k=1

i=1 0
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H Eexp{slk( Z /<pk(u)du>} <

i=m+1
[%]

< Jim_ exp{ (Z <ZA f (pk(u)dl,t)z

1

(5 o))

i=m+1
L/ I 21
ZNIEHOO eXP{E(Z < /wk(u)du/ wk(u)du>A,-Aj
i,j=1 k=1 | 0
N 1 tj
+ Z (Z/wk(u)du/wk(u)du>A,-Aj>}.
i,j=m+1 “k=1 0 0
By Parseval’s identity
1] Itj1
li
NI_I)HOOZ/fﬂk(M)dM/ or(u)du
k=1 0 0
oo X 00
:Z/X[O, |t,-|](”)<Pk(”)dM/ X100, 11,11 (W) gk (u)du
k=1 0 0

o0
=/ X10. 1511 xq0, ;1 du = min{|5;|, [;]}.
0

Similarly

lj

11m Z/(pk(u)du/ or(u)du = min{t;, t;}.

0
It means that
n
1
Eexp{z; A,-su,-)} < exp{5<BA, A)}
1=

with

Where By = (min{|t], |tj|})§”’j:1, By = (min{z;, tj})?,j:m—i-l’ and the process & is
j-s.s.-G.
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