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Abstract A one-dimensional stochastic wave equation driven by a general stochastic mea-
sure is studied in this paper. The Fourier series expansion of stochastic measures is considered.
It is proved that changing the integrator by the corresponding partial sums or by Fejer sums we
obtain the approximations of mild solution of the equation.
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1 Introduction

In this paper we study the Cauchy problem for a one-dimensional stochastic wave
equation driven by a general stochastic measure. We consider solution of this problem
in the mild sense (see (12) below). Our goal is to show the convergence of solutions of
equations using the approximation of stochastic measures by partial sums of Fourier
series and Fejer sums.

Existence and uniqueness of the solution of our equation are obtained in [2]. The
wave equation driven by stochastic measure defined on subsets of the spatial variable
was considered in [1]. Similar equations driven by random stable noises are studied
in [9, 10], where the properties of generalized solutions are investigated.
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Convergence of solutions of stochastic wave equation by using the approximation
of stochastic integrator was studied in [3, 4]. Mild solutions of equations driven by
the Gaussian random field in dimension three were considered in these papers.

Approximation of stochastic measures may be obtained by using Fourier and
Fourier—Haar series, the corresponding results are given in [15, 17]. The partial sums
of the resulting series generate random functions of sets, which are signed measures
for each fixed w € £2. The resulting equations can be solved as a nonstochastic
equation for each w. The results of our paper imply that we obtain in this way an
approximation of the solution of (12).

Papers [15, 17] contain examples of applying Fourier series of stochastic mea-
sures to the convergence of solutions of the stochastic heat equation. A similar appli-
cation of the Fourier transform is given in [18]. Continuous dependence of solutions
of wave equation upon the data was studied in [1, 2]. In this paper we obtain a con-
tinuous dependence upon the values of stochastic integrator of the equation.

The paper is organized as follows. In Section 2 we recall the basic facts about
stochastic measures and Fourier series. Important auxiliary lemma concerning con-
vergence of stochastic integrals is proved in Section 3. The formulation of the Cauchy
problem and theorem about approximation of the solution by using Fourier partial
sums are given in Section 4. The similar approximation that uses Fejér sums is ob-
tained in Section 5. Section 6 contains one example with comments about the conver-
gence rate.

2 Preliminaries

Let X be an arbitrary set and let 3(X) be a o -algebra of subsets of X. Let Lo($2, F, P)
be the set of (equivalence classes of) all real-valued random variables defined on
a complete probability space (§2, F, P). The convergence in Lo($2, F, P) is under-
stood to be in probability.

Definition 1. A o-additive mapping p : B — Ly is called a stochastic measure
(SM).

We do not assume positivity or moment existence for p. In other words, u is a
vector measure with values in L.

For a deterministic measurable function g : X — R and SM p, an integral of
the form fx g du is defined and studied in [6, Chapter 7], see also [11, Chapter 1]. In
particular, every bounded measurable g is integrable with respect to any ©. Moreover,
an analogue of the Lebesgue dominated convergence theorem holds for this integral
(see [6, Theorem 7.1.1], [11, Corollary 1.2]).

Important examples of SMs are orthogonal stochastic measures, «-stable random
measures defined on a o-algebra for o € (0, 1) U (1, 2] (see [19, Chapter 3]). Con-
ditions under which a process with independent increments generates an SM may be
found in [6, Chapter 7 and 8].

Let the random series ) .| &, converge unconditionally in probability, and m,, be
real signed measures on B, [m,(A)| < 1. Set u(A) = Y n>1EnM,(A). Convergence
of this series in probability follows from [21, Theorem V.4.2], and p is a SM by [5,
Theorem 8.6].
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Many examples of the SMs on the Borel subsets of [0, T] may be given by the
Wiener-type integral

= [ Lamax. M)
[0.7]
‘We note the following cases of processes X, in (1) that generate SM.
1. X; — any square integrable martingale.

2. Xy = W,H — the fractional Brownian motion with Hurst index H > 1/2, see
Theorem 1.1 [8].

3. X, = Stk — the sub-fractional Brownian motion fork = H — 1/2, 1/2 < H <
1, see Theorem 3.2 (ii) and Remark 3.3 ¢) in [20].

4. X; = Z’;{(t) — the Hermite process, 1/2 < H < 1,k > 1, see [7].

We will give another example. Let ¢ be an arbitrary SM defined on Borel subsets
of [a, b] C R, function % : [0, T'] x [a, b] — R be such that 2(0, y) = 0, and

|h(t,y) —h(s,x)| <L(lt —s|+1y—x|"), y>1/2, LeR Q)

Then A (-, y) is absolutely continuous for each y, |
SM

W| < L a.e., and we can define

dah(t,
= [ aco) [ 5 ar aes(o.1), 3)
[a,b] A t

see details in [16, Section 3]. Note that Theorem 1 of [16] implies that the process

e = p((0, 11) =/ h(t, y)dg(y), t€l0,T], “

[a,b]

has a continuous version. In this case the process X; = u; in (1) defines an SM.

Let B be a Borel o-algebra on (0, 1]. For arbitrary SM u on B we consider the
Fourier series in the following sense.

Denote

Sk :/ exp{—2mikt}du(t)
0,1]

= / cosRmkt)du(t) —i / sin(2rkt) du(t), keZ. ®)
©,1] ©,1]
Definition 2. The series
> & exp(2mikt) (6)
keZ

is called the Fourier series of SM (1. The random variables & are called the Fourier
coefficients of series (6). Partial sums of series (6) are given by

Sj(t)=Y_ &exp(2mikt), jeZy, tel0.1].
|kI<j
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Stochastic integrals on the right hand side of (5) are defined for any p, since the
integral functions are bounded. Thus the Fourier series is well defined for every SM
on B.

We will also consider Fejér sums for SM pu:

1

Si(t) = —— Si(1).
j () j+10<k2<j (1)

For necessary information concerning the classical Fourier series, we refer to [22].
In the sequel, C and C (w) will denote nonrandom and random constants respectively
whose exact value is not essential.

3 Convergence of integrals

Put
A= (k= 1D27"k27"], n=0, 1<k=<2"

Let the function g(z,s) : Z x [0,1] - R besuchthatVz € Z : g(z,-) is
continuous on [0, 1]. Here Z = Zy x [0, 1], Z¢ is an arbitrary set, z = (20, ?).
Denote

g 5) =g Ol )+ D gz (k= 1D27" At)la,, ().
1<k<2n

From [14, Lemma 3] it follows that the random function
nz, 1) = / 8(z,s)du(s), z€Z,
0,7]

has a version

Nz, 1) = / gz, )du(s)
(0,¢]

n ™ (. 5)d _/ =D (2. 5vd )
Z(/(O’t]g (z, 8)d u(s) (O’[]g (z, 8)du(s)

n>1

@)

suchthatforalle >0, w e 2, z€ Z

[z, )| < |g(z, 0)u((0, 1)

+ {Zz’w > ez k2" At) = g(z (k= D27 A z);z}
n>1  l<k<2n ®)
1

x{22"5 3 |;L(Ak,,ﬂ(0,t])|2}2.

n>1 1<k<2n

1
2

We note that the series with the values of SM in (8) converges a. s. (see [13, Lemma
3.1)).
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Lemma 1. Let Z be an arbitrary set, g, gj : Z x [0, 1] — R, and the following
conditions hold

(i) SUP,cz ref0.1718(z, 1) — g(z, )| = 0, j — oo,
(i) for some constants Ly > 0, B(g) > 1/2

sup |gj(z, 1) — gj(z, )| < Lglt —s[P® 1, s €0, 1];

zeZ,j>1
(iii) for some random constant C ()
(0, ]| < Cp(w), 1€ (0,1].

Then for versions (7) of the processes
nj(z. 1) =/ gj(z,8)du(s), n(z, 1) =/ gz, s)dpu(s)
(0,11 (0,11

the following holds:

sup \nj(z, t) — n(z,t)| -0 a s, j— oo.
z€Z,t€l0,1]

Proof. Without loss of generality, we can assume that ¢ = 0. For n; we will use in-
equality (8). Separating for each n intervals Ay, that contain 7 and using the condition

(iii), we have
202" 3 (A n O

n>1 1<k<2n
_ 2 - 2
<27 3 AT+ )27 (2Cu @)
n>1 1<k<2n n>1
Since both series in the right hand side are finite a. s., we obtain a random upper
bound uniformly in . Condition (ii) implies that
3 gz k2 AL —gi(e k= D27 AP < 2" L2 PO (9
1<k<2n
Let sup,cz /cf0.1718j(z, )| = 8;,8; — 0. Then
- - 2
Y g k2T At) =gz (k=127 AL)|T <27 457 (10)
1<k<2n
The product of (9) to the power 6 and (10) to the power 1 — 6 now satisfies
_ - 2 - 2(1-0
gz k2™ At) = gj(z. (k= 27" At)|7 < C2ra 2O I0)
1<k<2n
For% <60 <1,0<¢e<20B(h) —1 we have
sup 2" > [g(e k27 At) = gj(z k= D27 A1) [P < €507
2€Z,€[0.1] 5 1<k<2n

The right hand side of the inequality tends to zero as j — oo. Since

sup  |gj(z, O)u((0,1])| = 0, j — oo,
z€Z,t€[0,1],j>1

applying (8) completes the proof of the lemma. g
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4 Approximation of solutions by using the Fourier partial sums
Consider the Cauchy problem for a one-dimensional stochastic wave equation

Pu(t,x)  ,0? u(t x)

guLx) _ pout.t)
012

u(0, x) = up(x),

+ ft, x,u(t,x)) +o(t, x) (),

300, %) . an
a1 = Vo s

where (¢, x) € [0, 1]xR, a > 0, u is an SM defined on the Borel o -algebra 5((0, 1]).
The solution of equation (11) is understood in the mild sense,

1 1 x+at
u(t,x) = E(MO(X + at) —uo(x — at)) + — / vo(y) dy

2a Jy_ar
x+a(t— s)
+ —/ ds/ s y,u(s,y)) dy (12)
x—a(t—s)
1 x+a(t—s)
+2— du(s) o(s,y)dy.
a J,r x—a(t—s)

The integrals of random functions with respect to dx are taken for each fixed w € 2.
We impose the following assumptions.

Al. Functions ug(y) = ug(y, w) : Rx 2 — Rand vg(y) = vo(y, w) : Rx 2 —
R are measurable and bounded for every fixed w € £2.

A2, The function f(s, y,v) : [0, 1] x R x R — R is measurable and bounded.

A3. The function f (s, y, v) is uniformly Lipschitz in y, v € R:

| £(s,y1,00) = f(s, y2.v2)| < LIy — val + i — v2l).

Ad. The function o (s, y) : [0, 1] x R — R is measurable and bounded.
AS. The function o (s, y) is Holder continuous:

o (51, y1) — (52, y2)| < Lo (Is1 — 521P@ + [y1 — »f@),  1/2 < Blo) < 1.

A6. For some random constant C, (w) [ ((0, ]| < Cy(w), t € (0, 1].

From A1-A5 it follows that equation (12) has a unique solution (see Theorem
2.1 [2]). The Holder continuity condition was imposed on ug in [2], but was not used
in proof of existence and uniqueness of the solution.

Note that the processes X; in examples 2—4 of SMs and u; in (4) are continuous,
therefore A6 is fulfilled in these cases.

Consider the following equations:

1 x+at
uj(t,x) = E(uo(x + at) —up(x —at)) + > / vo(y) dy
a Jx—at

x+a(t— s)
el " ds / (5. y. (s, y)) dy (13)
X—

a(t—s)
1 x+a(t—s)
+ — Sj(s)ds/ o(s,y)dy.
2a Jo,n x

—a(t—s)
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Theorem 1. Let AI-A6 are fulfilled, and assume that the following conditions hold:
if h € Lp((0, 1]) then h is integrable with respect to i, and

if |hj(x)’2dx—>0, j — oo then / hj(x)d,u(x)—P>0, j — oo.
(0,1] (0,1]
(14)
Then u from (12) and u j from (13) have versions such that for every 0 < § <1
sup Juj(ex) —u(t,x)| S0, j— oo, (15)
xeR,r€[0,1-4]

Proof. The outline of the proof is the following. Denote

x+a(t—s)
g(t,x,s):/ o(s,y)dy, 0<s<t.
X

—a(t—s)

Step 1 — using the Gronwall’s inequality, we will estimate supremum in (15) by the

value
/ gdu—/ gSjds|.
x 1J(0,1] 0,7]

sup
Further (Step 2), we consider the continuation of g(¢, x, s), 0 < s < t, to the function
gs(t,x,5),0 <s <1, and estimate

Sup/ gdu—f gadu'-
X 0,1] (0,1]

/ gadu—/ gsS;ds|,
X 0,1] 0,1]

sup
/ ggdes—/ gSjds
x [Jo.1 (0,1]

In Step 3 we consider

and in Step 4 we estimate

sup

and make the concluding remarks.
Step 1. We will take versions (7) for all integrals with respect to . We have

|u(t x) —uj(t, x)|

x+a(t— A)
< f ds/ (s, y,u(s,y))dy
2a x—a(t—s)

x+a(t—s)
/ ds/ (s, y,u,/(s,y))dy‘
X—

a(t—s)

(16)

+ / gt x, S)dM(S)—/ Si(s)g(t, x,s)ds
2a| Jo,n 0,11

A3 t x+a(t—s)
< C/O ds/ lu(s, y) —uj(s, )| dy
X

—a(t—s)

/ g(t,x,s)du(s) —/ Si(s)g(t, x,s)ds|.
(0,1] 0,¢]

* o
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Denote

£j(t) = sup |u(t, x) —u;(t, x|,
xeR

1
sup

nsj = =—
2a R, 1€[0,1-6]

/ g(t,x,s)du(s)—/ Si(s)g(t, x,s)ds|.
(0,1] (0,1]
Then .

sj(t)sc/() £(s)ds +nyj, 1€ 10,181, a7)

Applying the Gronwall’s inequality, we get

t
£;(t) < ns; +C/O exp{C(t —5)}nsjds < Cnsj, 1€[0,1—8].  (18)

Further, we will estimate 7s;. In particular, we will get that ns; < 400 a. s. From
this, A2 and first inequality in (16) it follows that &;(¢) < C(w) < o0 a. s.
Step 2. Note that g(¢, x, t) = 0. We define the function

gs(t,x,s) =g, x,5), 0<s<t, gst,x,5)=0, t<s<1-3.

Put gs(t, x, 1) = g(¢, x,0) and extend gs(¢, x, s) for s € [1 — §, 1] in a linear way
such that the function is continuous on [0, 1]. Also, gs(¢, x, s) has a continuous peri-
odic extension on R in a variable s for fixed x € R, ¢ € [0, 1).

First, consider

A := sup

t,x

/ g(t,x,s)du(s)—/ gs(t, x,s)du(s)
(0,7] 0,1]

By the definition of the function g5, we have
/ gs(t, x,s)du(s) — / g(t, x,s)du(s) = / gs(t, x,s)du(s)
(0,11 (0,1] (1-8,1]

s+46—1 s+46—1
= gs(t, x,0)————du(s) = gs(t, x,0) ——dul(s)
(1=8,1] ) (1=8,1] )

By the analogue of the Lebesgue theorem,

/ *dm) Eou(y). s—o. (19)
(1-8,1]

Condition (14) provides that u({1}) = 0 a. s., also |gs (¢, x, 0)| < C. Therefore,
P
As —> 0, §—0. (20)

Step 3. Further, we will estimate

Bsj := sup
t,x

f ga(t,x,s)du(s)—f g5(t. x, )8 (s) ds|
0,1] [0,1]
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‘We have

/ gs(t,x,5)S;(s)ds = / gs(t, x, s)<z & exp{2m'ks}> ds
[0,1] [0,1]

[k|<j

= / gs(t, x, s)(Z exp{2niks}/ exp{—2nikr}du(r)> ds
[0,1] ©,1]

kl<j

= Z g(g(t,x,s)(exp{eriks}/ exp{—2nikr}du(r)) ds 1)
0,1]

ki< 7 10-1]

®) Z/ exp{—2nikr}du(r)/ exp{2miks}gs(t, x,s)ds
A o

:/ (Z exp{—Znikr}f exp{271iks}g5(t,x,s)ds)du(r).
,1] [0,1]

|kl<j

(We can change the order of integration in (*) due to Theorems 1 and 2 [12].) Partial
sums of Fourier series of functions gs (¢, x, ) in variable r are given by

gsjt,x,r) = Z exp{—2m’kr}/ exp{2miks}gs(t, x,s)ds.
lkl<j (0.1]

We will demonstrate that for fixed § for functions gs;, gs and z = (¢, x) the conditions
of Lemma 1 hold.
Consider the Fourier coefficients

a_p(t,x) = / exp{2miks}gs(t, x, s)ds,
[0,1]

a t5 ’
985, x,9)

= 2mwika_j(t, x).
as

a (t,x) = / exp{2miks}
[0,1]

For any set of indices Ml C Z \ {0} we have

1 la| 1
_ kL
wp 2l = osp 2L = 5 el 2

keM keM keM i keM (22)
1 dgs(t, x, 5) 1\
< | D] (S5)
2 tx as L keMk

Obviously, the supremum of Ly-norms (taken in the variable s) will be finite for
fixed §. Thus,

sup [gsj (1, x,7) — gai(t, x, 1) <sup Y lax| >0, 1, j — oo,
t,x,r

R SITEY

and sequence gs;j(t,x,r), j = 1, converges uniformly in (¢, x, r). Also, it is well
known that for our piecewise smooth function gs the pointwise convergence
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gsj(t,x,s) — gs(t,x,s), j — oo, holds. Therefore, condition (i) of Lemma 1 is
fullfiled.

Further, we will check condition (ii) for 8(g) = 1. Using the periodicity of gs(t, x, s)
in s, for p € R we obtain

gsj(t.x.r+p) =) exp{—2nikr}f exp{2miks}gs(t, x, s + p)ds.
. [0,1]
Ikl<j

Therefore, gs5; (¢, x, 7 + p) — g5; (¢, x, r) are partial sums of the Fourier series of the
function gs (¢, x, s+p0)—gs(t, x, s). We can repeat the reasoning from (22) for Ml = Z
and

a— = / exp{2miks}(gs(t, x,s + p) — gs(t, x,5)) ds.
[0,1]
It is easy to see that

a(gﬁ(tsxas +10) _ga(tvxys))
as

< Cp.

L,

t,x

Since
g5t x, 7+ p) = gsj (1, %, )| < Y laul,
keZ
we get (ii).
Lemma | implies that

Bsj — 0 a.s., j— oo, (23)

for each fixed §.
Step 4. It remains to consider

Csj := sup

t,x

/ Sj(S)ga(l,X,S)ds—/ Si(s)g(t, x,s)ds
0,1] 0.,1]

= sup / Si(s)gs(t, x,s)ds —/ Si(s)gs(t, x,s)ds
(0,1] (0.1]

= sup / Si(s)gs(t, x,s)ds
(1-6,1]

e 24)
s+6—1
= sup Si(s)gt,x,0)———ds
tx [J(1-5,1] )
s+6—1
= sup|g(t, x, 0)| Sj(s)————ds
1x (1-58,1] )
5§—1 ~
SC‘/ 89 2" ds| = €1Cy;1.
(=81 )
If we consider the function hg(s) = ”‘271 11-s,1] and its corresponding j-th Fourier

sum h;;(s), then, as in (21), we have

s+56—1
/ Sj(s)T ds =/ hsj(s) du(s). 25)
(1-6,1] (0,1]
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By the standard properties of Fourier sums,
hsj(s) = hs(s), j — oo,

in L ([0, 1]). From (14) we get

. P -
Csj =/ hsj(s) du(s)—>/ hs(s)du(s) := D5, j — oo.
©.1] ©,1]

We have already noticed in (19) that

Ds>0. 8 0.

Finally, we have
nsj < As + Bsj + Cs;.

In order to explain that ns i —P> 0, we will use the seminorm
Il = sup{e : P(In] = &) =t}
that corresponds to the convergence in L. If (15) does not hold then
lmsj Il = o

for some 8, @g > 0 and infinitely many ;.
We have

(28) (24) -
Insjll < Nl Asll + IIBs;ll + ICsjll < Il Asll + I Bs; |l + ICCs; |
< || Asll + 1| Bsjll + | C(Cs; — Ds)| + IC Ds].

From (23) and (26) it follows that for each &

lim sup||ns; || < | Asll + [IC Ds|.
/—)OO
(20) and (27) imply that

lim lim sup||7s;|| = 0.
=0 j—o00

439

(26)

27

(28)

(29)

This contradicts to (29) (the reduction of § given in the formulation of the theorem

reinforces the assertion).

O

Remark 1. Note that condition (14) holds for examples of SMs 2 and 3 (see [8,
20]). If (14) is fulfilled for SM ¢ in (3) then it holds for w. This follows from the

boundedness of w and properties of the integral, see [11, Chapter 1].

In our proof condition (14) was used only for convergence in (26) and for equality
w({1}) = 0 a. s. If for given hs; and u these statements hold true then the general

condition (14) can be discarded.

In the next section, we will demonstrate that replacing partial sums of the Fourier

series by the corresponding Fejer sums, we can omit condition (14).
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5 Approximation of solutions by using the Fejer sums

Consider the following equations that use the Fejer sums S j(s) of SM p:

1 x+at
i x) = E(uooc T at) — uo(x —an) + — / w(y) dy

2a Ji_as
x+a(t— s)
o [ as / (5. v. (s, ) dy (30)
x—a(t—s)
1 5 x+a(t—s)
+ — Sj(s)ds/ o(s,y)dy.
2a Jo1 x—alt—s)

We show that the functions i ; also approximate the solution u of equation (12).
Here we impose weaker conditions on p than in Theorem 1.

Theorem 2. Let AI1-A6 hold. Then u from (12) and u ; from (30) have versions such
that for every 0 < § < 1

. P
sup  |ij(t,x) —u(t,x)| >0, j— oo. 31)
xeR,7€[0,1-4]

Proof. We use the notation from the proof of Theorem 1. As in (17), we get

t
) < c/o Ei(s)ds +17iy, 1 el0,1—8],

where

Ej(t) = sup |u(r, x) — it (t, )|,
xeR

1

Nsj = = sup
2a R, 1€[0,1-]

/ g(t,x,s)du(s)—f S’j(s)g(t,x,s)ds .
(0,1] (0,1]

The Gronwall’s inequality implies that
§j(1) < Cijsj, 1 €[0,1-3]. (32)

We will estimate 7)s5;. Consider

/ g, x,s)du(s) —/ S‘j(s)g(t,x,s)ds
0,7] (0,1]

= ; (f g(t,x,s)du(s) — / Sr(s)g(t, x,s) ds).
j+1 \J©,1 (0,¢]

0<k<j
Similarly to the estimates of 7s; in Theorem 1, we have

nsj < .— > (As + Bsi)
J 0<k<]

+ sup / S'j(s)gg(t,x,s)ds—/ S‘j(s)g(t,x,s)ds .
0,1] 0,1]

t,x
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As in (24), we obtain

sup
t,x

/ Sj(S)ga(t,x,S)ds—/ Si(s)g(t, x,5)ds
©.1]

0,71
s+6—1

gC'f S’j(s)—ds .
(1-3,1] 8

Taking the sum of terms (25), we get

~ s+6—1 -
[ set s = [y du)
(1-4,1] 0,1]

Here the functions

~ 1
haj () = = > hsi(s)

0<k<j
are the Fejer sums of function hs(s) = ”271 1;1-5.1)- By well-known properties,

hs j (s) are uniformly bounded for every § and hs j(s) — hs(s) for every s € (0, 1).
Therefore,

~ P ~ .
/ fisj () du(s) 5 / Fs(s)du(s), j — oo,
(0,1] (0,1]

(here we used the condition p({1}) = 0 a. s.). It remains to repeat the reasoning in
the proof of Theorem 1 carried out after (25). |

6 Example

We obtained that solution of (12) is approximated by solutions of (13) and (30). Equa-
tions (13) and (30) may be considered as nonstochastic for each fixed w, properties
of the solutions u ; and i ; follows from the theory of deterministic wave equation.

Also, in some cases the rate of convergence in (15) and (31) may be estimated.
By (18) and (32), we need to estimate 7s; and 7)s; respectively.

As an example, consider SM p given by (3) and (4) provided that condition (2)
holds. Assumption A6 is fulfilled in this case because w; has a continuous version,
A1-AS are assumed as before. Recall that if (14) is fulfilled for SM ¢ in (3) then it
holds for u (see Remark 1).

In addition, assume that for some L > 0, y > 1/2 and all ¢, y, y»

< Lly1 —»nl".

Oh(t, y1)  0h(r,y2)
ot ot

Then from Theorems 1 and 2 [12] we obtain that we can change the order of integra-

tion in (3), and
oh(t,
JL(A) = / dt / (at Y de(y). (33)
A [a,b] t
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The Fourier coefficients of u are

oh(t
& :/ exp{—2mikt}du(t) :/ exp{—Znikt}dt/ Mdg‘(y)
©.1] ©,1] lap] 01

®) Loy
= d¢(y) exp{—2mikt}———dt = ck(¥)d(y)
[a,b] (0,1] ot [a,b]

where in (*) we again use Theorems 1 and 2 [12], cx(y) denotes the Fourier series
coefficient of %
Therefore, the partial Fourier sums and Fejér sums for this SM are

Sj(1) = f Sy de(y), 80 = /[ b]§§h><r,y)d¢<y>, (34)

)

where Sj(.h) (-, y) and S’;h)(-, y) are respectively Fourier and Fejer sums of function

w for each fixed y. To estimate 75, consider

/ g, x,s)du(s) —/ Si(s)g(t,x,s)ds
(0,1]

(3

33),(34 oh(s, y)
(9 )/ g(r,x,s)ds/ S de(y)
©0,1] [a,b] s

—f g(r,x,s>ds/ S (s, 1) de ()
0,7] la

s

=f g(ms)dsf (M - S“”(s,y)) dz(y).
0,11 [a,b] as J

The integral with respect to ¢ may be estimated by (8). For the value of

dh(s,y)

Y N )

we can find numerous results in the theory of classical Fourier series. For example, if
h is smooth enough, we obtain O (j ~1n j), see [22, Theorem (10.8) of Chapter I1].
The detailed calculations is not the subject of this paper.

Analogous considerations may be carried out for Fejer sums, 7s;, and S’J(.h) (t, x).
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