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Abstract A nonlinear stochastic differential equation with the order of nonlinearity higher
than one, with several discrete and distributed delays and time varying coefficients is consid-
ered. It is shown that the sufficient conditions for exponential mean square stability of the linear
part of the considered nonlinear equation also are sufficient conditions for stability in probabil-
ity of the initial nonlinear equation. Some new sufficient condition of stability in probability for
the zero solution of the considered nonlinear non-autonomous stochastic differential equation
is obtained which can be considered as a multi-condition of stability because it allows to get
for one considered equation at once several different complementary of each other sufficient
stability conditions. The obtained results are illustrated with numerical simulations and figures.

Keywords Nonlinear stochastic differential equation, order of nonlinearity higher than one,
varying coefficients, discrete and distributed delays, exponential mean square stability,
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1 Introduction

Stability problems for non-autonomous systems are very popular in theoretical re-
searches and applications and are difficult enough even in the deterministic case (see,
for instance, [1-3, 613, 17]). In this paper via the general method of the Lyapunov
functionals construction [14—16] some new multi-condition of stability in probability
is obtained for the zero solution of a nonlinear stochastic differential equation with
the order of nonlinearity higher than one, with several discrete and distributed delays
and time varying coefficients. It is shown that the obtained multi-condition of stability
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gives for one considered equation at once a set of different complementary of each
other sufficient stability conditions. Note that other approaches to analyzing stability
in random systems are presented for example in [4, 18].

Consider the scalar nonlinear stochastic differential equation with discrete and
distributed delays and time varying coefficients

n n t
dx(t) + <Z ar(H)x(t — hg) + Z/ br(s)x(s)ds + g(t, x,))dt
k=0 k=171«

+o(®)x(t —1)dw(t) =0,
x(s) = ¢(s) € Hy, s €[—h,0], h = max[hy, ..., h,, t], (1.1)

0 0
|g(z,<p>|s/ 0)“dG (). > 1. G:/ 4G(s) < oo.
h h

Here ay(t), br(t), o (t) are bounded functions, w(t) is the standard Wiener pro-
cess on a probability space {$2, §, P} [5, 16], H; is a space of §p-adapted stochastic
processes ¢ (s), s € [—h, 0],

léllo = sup [P(s)l, lpll> = sup Elp(s)I%
s€[—h,0] s€[—h,0]
E is the mathematical expectation, hp = 0, hy > 0,k =1,...,n, 7 > 0, G(?) is

a nondecreasing function of bounded variation, the integral with respect to dG(s) is
understood in the Stiltjes sense.

Definition 1.1. The zero solution of Equation (1.1) is called:

— mean square stable if for each ¢ > 0 there exists a8 > 0 such that E|x (¢, ¢)|> <
e, t > 0, provided that ||¢|> < &;

— asymptotically mean square stable if it is mean square stable and
lim E|x(t,$)]> =0
—00
for each initial function ¢;

— exponentially mean square stable if it is mean square stable and there exists
A > 0 such that for each initial function ¢ there exists C > 0 (which may
depend on ¢) such that E|x (¢, ¢)|?> < Ce™ fort > 0;

— stable in probability if for any ¢; > 0 and ¢, > 0 there exists § > 0 such
that the solution x(¢,¢) of Equation (1.1) satisfies the condition
P{sup,-¢ [x(t, #)| > €1} < & for any initial function ¢ such that P{||¢flo <
8} =1.

Consider the stochastic differential equation [5]

dx(t) = ay(t, x;)dt + ax(t, x;)dw(t), (1.2)
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where x(t) e R", x; = x(t +5),5 <0,a1(, ¢) € R", ax(t, ) € R w(t) € R™,
along with some functional V (¢, ¢) : [0, c0) x Hy — Ry that can be presented in
the form V (¢, ) = V (¢, ¢(0), ¢(s)), s < 0, and for ¢ = x; put

Vot,x) =V, ) =V(t,x) = V(t,x,x(t + s)),

(1.3)
x=¢0)=x(), s<0O.

Denote by D the set of functionals, for which the function V, (¢, x) defined in
(1.3) has a continuous derivative with respect to ¢ and second continuous derivative
with respect to x. For functionals from D the generator L of Equation (1.2) has the
form [5, 16]

OVy(t, x(t))
ot

1
+35Tr[as, x) V2V, (t, x(0)ax(t, x1)].

If in Equation (1.2) a;(¢,0) = 0, ax(¢,0) = 0 then Equation (1.2) has the zero
solution and the following theorems hold.

LV(t,x;) = + VV, (1, x(®))ar(t, x;)

1.4)

Theorem 1.1. Let there exist a functional V(t, ) € D, positive constants ci, c2
and the function u(t) such that the following conditions hold: (t) > cy fort > 0,
limy_, oo p(t) = 00 and

EV(t,x) > n@Ex®)*,  EV(©,¢) <ecl¢ll’>,  ELV(,x) <0. (1.5)

Then the zero solution of Equation (1.2) is asymptotically mean square stable. If, in
particular, u(t) = cr1e’, A > 0, then the zero solution of Equation (1.2) is exponen-
tially mean square stable.

Proof. Integrating the last inequality in (1.5), we obtain EV (¢, x;) < EV (0, ¢). So,
clEBlx(0)]* < pEX@)* <EV(, x) <EV(0,9) < call¢]*.

It means that the zero solution of (1.2) is mean square stable. Besides, from the
inequality E[x(1)|?> < u~'(1)EV (0, ¢) it follows that the zero solution of (1.2) is
asymptotically mean square stable or exponentially mean square stable if u(f) =
c1e* . The proof is completed. O

Theorem 1.2. [16] Let there exist a functional V (t, ¢) € D such that for any solution
x () of Equation (1.2) the following inequalities hold:

Vt,x) > cllx(®,  V(©0,¢) < aldl},

(1.6)
LV(t,x) < 0, c1,c2>0,

for any initial function ¢ such that P(||¢|lo < §) = 1, where § > 0 is small enough.
Then the zero solution of Equation (1.2) is stable in probability.

Via Theorems 1.1, 1.2 a construction of stability conditions for a given stochastic
differential equation is reduced to construction of appropriate Lyapunov function-
als. Via the general method of the Lyapunov functionals construction [14—16], below
some multi-condition of stability in probability for the zero solution of Equation (1.1)
is obtained.
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2 Exponential mean square stability of the linear equation

In this section sufficient conditions of exponential mean square stability are obtained
for the linear part of Equation (1.1), i.e., for Equation (1.1) with g(z, x;) = 0.
Letn;,i = 1, 2, be integers such that 0 < n; < n. Put

ni np
S() =Y at+h)+ Y be(he, mi=min{ni,ny}, my=max{ni,na},

k=0 k=1

ap(s +h)+ (G —t+hbr(s), k=1,...,m
Ri(t,s) = ar(s +hy) if np > ny, k=m;+1,...,mp,

(s—t+h)br(s) if ni<ny, k=mi+1,...,my,

t

my . . 1 lf k [S [151]5
RO =D | IRolds,  LGD={0 i fapi)
k=1 o

Rp(t,s) = (S(t) — ) Ri(t, ) Ik (1, mp) — br(s) [ (n2 + 1, ),

t—hy

n

n t
Py =AR®O+ Y lail+ ) f” 1bi (6)1,

i=nj+1 i=ny+17 M
01 (t,s) = R} (t, 9)| + Pu(®)|Re(t, ) Ik (1, m2) + R()|bi ()| Ik (n2 + 1, 1),

n t
Ft. ) =A—2S(t)+z</ |R,§(r,s)|ds+/
k=1 t—hy t

+ Y (O] + ™ (1+ R(t + ho)lax (t + b)) + €T 0>t + 7).
k=ni+1

t+h

k
MR, t)d6>

2.1
By virtue of S(¢) and Ry (z, s) defined in (2.1) Equation (1.1) can be presented in
the form of a neutral type stochastic differential equation [16]

n

dza,xz):(—S(r)x(r)— D a)x(t — hy)

k=ni+1
nooo (2.2)
_ Z / bi(s)x(s)ds — g(t, x,))dl
k:"2+lt—hk
—o(®)x({t —1)dw(t),
where
mo t
2t x) =x(t) =Y Ri(t, $)x(s)ds. (2.3)
k=171
Theorem 2.1. If g(t,x;) =0,
inf S(z) > 0, sup R(1) < 1, 24
>0 >0

and there exists A > 0 such that F(t, A) < 0 then the zero solution of Equation (1.1)
is exponentially mean square stable.
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Proof. Via (2.4), the zero solution of the auxiliary equation y(t) = —S()y(?) is
exponentially stable and the function v(f) = e* y2(¢), A > 0, is a Lyapunov function
for this equation. Following the procedure of the Lyapunov functionals construction
[14-16], we will construct Lyapunov functional V for Equations (2.2), (2.3) in the
form V = Vi + V,, where Vi (t, x;) = e)"zz(t, x;) and the additional functional V;
will be chosen below. Using (1.4) and (2.2) with g(¢, x;) = 0, we have

LVi(t, x;) = e |:Az2(t, x) 4+ o2(O)x2(t — 1) — 2z(¢, xt)(S(t)x(t)

+ Y axt—h)+ Y

k=n1+1 k=n,+1 t—hg

t

br(s)x (s)ds):|.
Calculating and estimating 22 (t, x;) via (2.3), (2.1), one can show that

n t n
LVi(t, x;) < e“[<x —28(t) + Z/ Ryt 9)lds + Y Iak(t)|)x2(t)
k=1 h

1=hk k=ni1+1

n t n
+ Z/ Okt )x*(s)ds + Y (1+R®)lax®)x(t — hy)
k=1 t—hk

k=n1+1
+o2()x* (1 — T)].

To neutralize the terms with delays in the estimate of LV; consider the additional
functional

n t s+hy
Val(t, x;) =Z/ / T 016, 5)x2 (s)dOds
k=1 t—hy Jt
t

+/ A6t G2 (s + 1)x%(s)ds
-7

n

t
+ ) / ST (14 R(s + b)) lax (s + hie) [x*(s)ds.
k=ny 4171k

Calculating LV, (¢, x;), via (2.1) and F(¢t, 1) < 0 for V = V| + V, we obtain
LV(t,x;) < MF(t, A)xz(t) < 0. So, the constructed functional V (¢, x;) satisfies
Conditions (1.5). Via Theorem 1.1 the zero solution of Equation (1.1) with g(z, x;) =
0 is exponentially mean square stable. The proof is completed. g

Corollary 2.1. [f Conditions (2.4), sup,~( S(t) < oo and

1 n t 0 t+hg 0
i (L, e [ o)

k=t (2.5)

+ ) (|ak(t)|+(1+R(l+hk))|ak(t+hk)|)+<72(t+f):| <2
k=n1+1

hold then the zero solution of Equation (1.1) is exponentially mean square stable.
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For the proof it is enough to note that (2.5) is equivalent to the condition
sup,>q F(z,0) < 0 from which it follows that there exists small enough A > 0 such
that the condition F (¢, ) < 0 holds too.

3 Stability in probability of the nonlinear equation

In this section it is shown that the sufficient conditions for exponential mean square
stability of the linear part of Equation (1.1) also are sufficient conditions for stability
in probability of the initial nonlinear equation.

Theorem 3.1. Let Conditions (2.4) hold and there exist A > 0 and ¢ > 0 such that

my t+hy
F(t,A) + s"‘lG(l +2eM ) M / | Rk (6, t)|d8> <0, (3.1)
k=1 !

where F (t, A) is defined in (2.1). Then the zero solution of Equation (1.1) is stable in
probability.

Proof. Using the functionals Vi, V;, defined in the proof of Theorem 2.1, via (2.2),
(2.3) we obtain

L(Vi(t, %) + Va(t, x)) < e“[F(r, W20 = 2x(1)g (1, 1)

o (32)
+2Z/ Rk(t,s)x(s)dsg(t,xt)].
k=171~
Note that for [x(s)| < &,s < t,via(l.1)and (2.1) we have
0
2|x(t)g(t, x)| < 2/h lx(@®)[|x(t 4 5)|"dG(s)
0
58“—1/ (x*(1) +x*(t +5))dG(s) 3.3)
—h
0
= ¢! (ze(z) +/ x2(t +s)dG(s)>
—h
and
ma t
2 Z/ Ri(t, )x(s)dsg(t, x;)
k=1 t—hk
m2 t 0
<2 [ [ RGOl + D dsdG)
—h J—h
k=t T (3.4)

my t 0
< gl Zf / |Rk(2, )| (x*(s) + x2(t + 7))dsd G(t)
k=1 t—hy J—h

mp t 0
= g1 <G Z/ |Rk (2, 5)|x2(s)ds + R(t)f X2t + f)dG(f))-
k=1 1=hy —h
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Substituting (3.3), (3.4) into (3.2), we obtain

L(Vi(t, x;) + Va(t, x;)) < eV |:F(t, Vx2(r) + 47! (ze(t)
0

+(1+ R(t))/ x2(t + 1)dG(7)
—h

my t
+GZ/ IRk(t,s)Ixz(s)ds):|.
k=1 1~hk

Using the additional functional

0 t
Vs(t, x;) = %! (2 / / T2 (D) dTd G (s)
—h Jt+s

mz t s+hy
+G Z[ / OO R, s)|x2(s)d9ds)
k=1 t—hy Jt

with 0
LVi(t, x;) = % LM [2/ (M x*(t) — X2 (1 4 5))d G (s)
—h
t
t
t
- f e”””k">|Rk<r,s)|x2<s>ds)],
t—hy

for the functional V = V| + V, 4+ V3 via (3.1) we obtain

m2 +hy
+G Z(e)‘h" / IRk (6, 1)|dOx> (1)
k=1

LV(I, .Xt)
ma t+hy
<M [F(:, 1) + e“—lc(l +2eM + Z e / | Rk (6, t)|d9>]x2(t)
k=1 4
<0.

So, the constructed functional V (¢, x,) satisfies Conditions (1.6). Via Theorem 1.2 the
zero solution of Equation (1.1) is stable in probability. The proof is completed.  [J

Corollary 3.1. If Conditions (2.4), sup,~( S(t) < 0o and (2.5) hold then the zero
solution of Equation (1.1) is stable in probability.

For the proof it is enough to note that (2.5) is equivalent to the condition
sup,>q F(z,0) < 0 from which it follows that there exist small enough A > 0 and
& > 0 such that Condition (3.1) holds.

Remark 3.1. From 0 < n; < n,i = 1,2, it follows that the couple (n{, ny) in
Equation (2.2) has (n + 1)? different values. Thus, Theorem 3.1 generally speaking
gives (n + 1)? different stability conditions at once. Some of these conditions can
be infeasible, from some of these conditions can follow some other conditions, the
remaining conditions will complement each other.
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4 Particular cases of stability condition (2.5)

Following Remark 3.1 let us consider some of possible values of the couple (n1, 1)
and obtain appropriate different stability conditions.

If n1 = np = O then via 2.1) m; = my = 0, S(t) = ap(t), Ri(t,s) = 0,
R(t) =0, 0%, 5) = |RY(t, 5)| = |bi(s)], and Condition (2.5) takes the form

sup
>0 ao(t)

n t
[Z(|ak<r>|+|ak(r+hk>|+|bk<r>|hk+ / ) |bk<s)|ds) +a2(z+r>] <2
k=1 1=k

“4.1)
If ny =n,np = 0thenvia (2.1) m; = 0, my = n, and Condition (2.5) gives

n

1 t
sup M[Z< / |S0(t)ak (s + hi) — bi(s)lds

k=1 —hk

t+hy
+/ [So(@)ax (t + hi) — b (2)|d0
t

e “4.2)

t+hi
+ |bk(f)|/ Ao(0)dO + |ax(t + hk)|f 30(9)619)
t t

+ 02(t + r):| <2,

where

n n t+hy
S0y =Y ace . A=Y [ a)ids
k=171

k=0
t

Bot)y=Y_ |  Ibx(s)lds.
k=1

t—hy

If ny =0, n, = nthenm; = 0, my = n, and from Condition (2.5) we obtain

1 n l‘-‘rhk n
sup[—(z i ()] / <Sl(e>+Z|ai(0>|)(t—e+hk>d9
r>0LS1(2) =1 t i1

+ 3 (lae@] + (1+ Bi( + hio)lax(t + hi)l) + 02 + r)) “3)
k=1

+ Bl(t)i| <2,

where

n n t
S0 =a00+ Y b0h,  BO= [ 6=+ holbiods
k=1 k=1"1""k
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If at last n; = np = n then m; = myp = n, and Condition (2.5) takes the form

n t
SUP[Z/ lag (s + hi) + (s —t + hi)br(s)lds
k=1

>0 t—hy

n t+hg
+ SL(,) <Z / k S2(0)lax (t + hi) 4 (t — 0 + hi)bi (1)|dO (4.4)
2 k=1"!

+ 02(t + r))i| <2,

where $7(t) = ag(t) + Zzzl(ak(t + hi) + b (t)hy).
Using different other combinations of n; and n7, one can get different other sta-
bility conditions.

Example 4.1. To demonstrate a possible connection between the obtained different
stability conditions consider, for the sake of simplicity, the equation with constant
coefficients and without a non-delay term

t
dx(t)+ (ax(t —h) +b/ x(s)ds +cx2(t —h))dt +ox(t—1t)dw() =0. (4.5)
t—h

For Equation (4.5) n = 1, so, via Remark 3.1 there are 4 possible stability conditions.
Since in Equation (4.5) ag = 0 Condition (4.1) does not hold.

Put p = 1o Condition (4.2) gives p + |a> — b|h + a|b|h* < a and can be
presented in the form

M if b<0,
h(1+ ah)
—a(l —ah
b>%ﬂ}3) it be(0,a%), 0<ah<l, (4.6)
w if b>a%
(1 + ah)

Conditions (4.3) take the form

bh(1 — 1bh?) — p

, 0<bh®><2. 4.7
1+ bh?

lal <

Calculating the integrals in (4.4) separately for a > 0 and a < 0, from Condition
(4.4) we obtain

bh)(1 — ah — Lbh? if a>0,
(@+bh)(1—a 2 2) , 4= a+bh>0.  (48)
(a+bh)(1 —ah — 5bh” — %) if a <0,
So, if at least one of Conditions (4.6)—(4.8) holds then the zero solution of Equation
(4.5) is stable in probability and the zero solution of the linear part (g(z, x;) = 0) of
this equation is exponentially mean square stable.
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Fig. 1. Stability regions (1), (2), (3) for Equation (4.5), defined by Conditions (4.6), (4.7), (4.8)
respectively, for the values of the parameters 27 = 0.5, p = 0.2

Fig. 2. Picture similar to Fig. 1 for the values of the parameters 4 = 0.5, p = 0.55

In Fig. 1 stability regions for Equation (4.5), given by Conditions (4.6) (the re-
gion (1)), (4.7) (the region (2)) and (4.8) (the region (3)) are shown in the space of
the parameters (a, b) for h = 0.5 and p = 0.2. Note that the regions (1) and (3)
complement of each other but the region (2) is included in the region (3). It means
that Condition (4.8) is less conservative than (4.7). Note also that Condition (4.8) co-
incides with (4.7) for a = 0 only. In Fig. 2 the similar picture is shown for 1 = 0.5
and p = 0.55.

In the deterministic case (p = 0) the characteristic equation of the linear part of
Equation (4.1) has the form

b
w+ae™ + —(1-e") =0. 4.9)
1)
Using w = i, i = +/—1, we obtain the system of two algebraic equations for a and

b:
acos(hp) + % sin(hg) =0, asin(hB) + %(1 — cos(hB)) = B
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Fig. 3. Deterministic case (p = 0) with 27 = 0.5. The regions (1), (2), (3) are obtained as in the
previous figures, (4) is the exact stability region given by (4.10)

with the solution

B sin(hpB) b B cos(hp)

Ciosus) T T eostB) o

In Fig. 3 the stability regions (1), (2), (3) obtained respectively from the sufficient
conditions (4.6), (4.7), (4.8) in the deterministic case (p = 0) are shown for compar-
ison with the exact stability region (4) given by Conditions (4.10) for & = 0.5. The
straight line a + bh = 0 follows from (4.9) if ® — 0.

In Fig. 4, 50 trajectories of the solution of Equation (4.5) are shown at the point
A(—2,9) (see Fig. 2) forc = 1, h = 0.5, p = 0.55, t = 0 and the initial function
x(s) =0.6cos(s), s € [—h, 0]. The point A(—2, 9) is included in the stability region,
thus, all trajectories converge to zero.

Remark 4.1. Suppose that in Equation (1.1) discrete delays are absent, i.e., ax () =
0,k =1,...,n. Then Conditions (4.2) and (4.4) coincide respectively with (4.1) and
(4.3) and are

n t
[Z<|bk(t)|hk +/ Ibk(s)|ds> +o2(t + r)} <2, (4.11)
t—hy

k=1

1 n
L
e s (oo |

sup
>0 ao(?)

t+hi
S10)(t — 0 + hi)do + o>t + r)> + B (z)] <2,

4.12)

n t
Bio=3 [ -t hlb)ids
k=1

t—hy
n

S1(6) = ao(t) + Y br(Ohe.

k=1
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Example 4.2. Consider the stochastic differential equation (1.1) withn = 1, ap(¢) =
a,hy =h,bi(t) =be ™ u>00()=0ce ", v>0g( x)=cx>(t—h),ie.,

t
dx(t) + +b / “HSx(s)ds + ex*(t — h )d
x(1) <ax(t) z—he x(s)ds + cx=(t ) |dt 4.13)

+oe Vx(t — )dw(t) =0.

From (4.11) we obtain the first condition for stability in probability of the zero solu-
tion of Equation (4.13)

1 1 1
§|b|(h + —(e“h — 1)) +pe T <a, p= 502. (4.14)
"

Note that the stability condition (4.14) holds for @ > 0 only. Using (4.12) one can
get a complementary condition of stability in probability that holds fora = 0, b > 0,
u < 2v. Really, in this case

b
Bi(t) = Fe—m (MM — 1 —ph),  Si(t) = bhe ™,

t+h bh
/ S10)(t — 60+ h)do = —ze*‘“(e*"h -1+ Mh),
t %
and stability condition (4.12) takes the form

b )4
sup| — e M (cosh(uh) — 1) + —e(“_z")te_z‘”:| <1,
tzlg[l/vz ( a ) bh

1 1
cosh(uh) = E(e“h +e Ty, p= 502.

Fig. 4. 50 trajectories of the solution of Equation (4.5),a = =2, b = 9,¢c = 1, h = 0.5,
p=0.5517=0,x(s) =0.6cos(s),s € [—h, 0]

Via u < 2v, the supremum is reached at ¢ = 0, so, we obtain %(cosh(uh) -1+
Le ™" < 1lor
cosh(uh) — 1

p<bh<1—b - >e2”f, a=0, u<2v. (4.15)
nw
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2.0 2.5 t

Fig. 5. 50 trajectories of the solution of Equation (4.13), a = 3,b = 4,¢c = 3, u = 0.1,
v=0.01,A=0.5p=0.5t=0,x(s) = —0.09cos(s), s € [—h, 0]

Fig. 6. 50 trajectories of the solution of Equation (4.13),a = 0, b = 8.5, ¢ = 1, u = 0.008,
v=0.15h=0.3,p=0.2,7=0,x(s) =0.55,5 € [—h, 0]

So, if one of Conditions (4.14), (4.15) holds then the zero solution of Equation (4.13)
is stable in probability.

Note that for u = v = 0 Conditions (4.14), (4.15) imply, respectively, two known
stability conditions for stochastic differential equations with constant coefficients a >

Iblh + p and bh(1 — 22) > p ([16], p. 169).

In Fig. 5, 50 trajectories of the solution of Equation (4.13) are shown for a = 3,
b=4c=3u=01v =001,k =05 p = 0.5t = 0 and the initial
function x(s) = —0.09 cos(s), s € [—h, 0]. The stability condition (4.14) holds, thus
all trajectories converge to zero. In Fig. 6, 50 trajectories of the solution of Equation
(4.13) are shown fora =0,b =8.5,¢c =1, 4 =0.008,v =0.15,h = 0.3, p = 0.2,
T = 0 and the initial function x(s) = 0.55, s € [—h, 0]. The stability condition (4.15)
holds and all trajectories converge to zero.



350 L. Shaikhet
5 Conclusions

In this paper, a nonlinear stochastic non-autonomous differential equation with dis-
crete and distributed delays and the order of nonlinearity higher than one is consid-
ered. It is shown that investigation of stability in probability of the nonlinear equation
of such type can be reduced to investigation of exponential mean square stability of
the linear part of the considered equation. A general multi-condition for stability in
probability of the zero solution of the considered equation is obtained which allows
in applications to get at once a set of different complementary sufficient stability con-
ditions. Some of these conditions can be infeasible, from some of these conditions
can follow some other conditions, the remaining conditions will complement each
other. The idea of construction of this multi-condition of stability can be used also for
systems of nonlinear stochastic differential equations of such type.

References

[1] Bay, N.S.: Stabilization of nonlinear non-autonomous time-delay systems with memory
of the past control. Appl. Math. Sci. 4(57), 2829-2841 (2010). MR2746287

[2] Bereketoglu, H., Gyori, I.: Global asymptotic stability in a non-autonomous Lotka-
Volterra type system with infinite delay. Appl. Math. Sci. 210, 279-291 (1997).
MR 1449523. https://doi.org/10.1006/jmaa.1997.5403

[3] Berezansky, L., Braverman, E.: Preservation of exponential stability for linear non-
autonomous functional differential systems. Automatica 46(12), 2077-2081 (2010).
MR2878234. https://doi.org/10.1016/j.automatica.2010.09.007

[4] Cortes, J.-C., Navarro-Quiles, A., Romero, J.-V., Rosello, M.-D.: Full solution of ran-
dom autonomous first-order linear systems of difference equations. Application to con-
struct random phase portrait for planar systems. Appl. Math. Lett. 68, 150-156 (2017).
MR3614292. https://doi.org/10.1016/j.am1.2016.12.015

[5] Gikhman, LI., Skorokhod, A.V.: Stochastic Differential Equations. Springer (1972).
MRO0263172

[6] Gopalsamy, K.: Stability criteria for a linear system x(¢) + a(f)x(t — t) = 0 and an
application to a non-linear system. Int. J. Syst. Sci. 21, 1841-1853 (1990). MR1067402.
https://doi.org/10.1080/00207729008910503

[7] Idels, L., Kipnis, M.: Stability criteria for a nonlinear non-autonomous system with
delays. Appl. Math. Model. 33(5), 2293-2297 (2009). MR2492052. https://doi.org/
10.1016/j.apm.2008.06.005

[8] Kuang, Y.: Global stability in delayed non-autonomous Lotka-Volterra type systems
without saturated equilibria. Differ. Integral Equ. 9(3), 557-567 (1996). MR1371707

[9] Lazarevic, PM.: Further results on finite time stability of non-autonomous fractional or-
der time delay systems. IFNA-ANS Journal “Problems of nonlinear analysis in engineer-
ing systems” 13 1(27), 123-148 (2007)

[10] Phat, V.N., Ha, Q.P.: Hxo-control and exponential stability of nonlinear non-autonomous
systems with time-varying delay. J. Optim. Theory Appl. 142(3), 603-618 (2009).
MR2535118. https://doi.org/10.1007/s10957-009-9512-9

[11] Phat, V.N., Hien, L.V.: An application of Razumikhin theorem to exponential stability

for linear non-autonomous systems with time-varying delay. Appl. Math. Lett. 22, 1412—
1417 (2009). MR2536824. https://doi.org/10.1016/j.am1.2009.01.053


http://www.ams.org/mathscinet-getitem?mr=2746287
http://www.ams.org/mathscinet-getitem?mr=1449523
https://doi.org/10.1006/jmaa.1997.5403
http://www.ams.org/mathscinet-getitem?mr=2878234
https://doi.org/10.1016/j.automatica.2010.09.007
http://www.ams.org/mathscinet-getitem?mr=3614292
https://doi.org/10.1016/j.aml.2016.12.015
http://www.ams.org/mathscinet-getitem?mr=0263172
http://www.ams.org/mathscinet-getitem?mr=1067402
https://doi.org/10.1080/00207729008910503
http://www.ams.org/mathscinet-getitem?mr=2492052
https://doi.org/10.1016/j.apm.2008.06.005
https://doi.org/10.1016/j.apm.2008.06.005
http://www.ams.org/mathscinet-getitem?mr=1371707
http://www.ams.org/mathscinet-getitem?mr=2535118
https://doi.org/10.1007/s10957-009-9512-9
http://www.ams.org/mathscinet-getitem?mr=2536824
https://doi.org/10.1016/j.aml.2009.01.053

Multi-condition of stability for nonlinear stochastic non-autonomous delay differential equation 351

[12]

[13]

(14]

[15]

(16]

(7]

(18]

Phat, V.N., Niamsup, P.: Stabilization of linear non-autonomous systems with norm
bounded controls. J. Optim. Theory Appl. 131, 135-149 (2006). MR2278301.
https://doi.org/10.1007/s10957-006-9129-1

Phat, V.N., Vinh, D.Q., Bay, N.S.: Lj-stability and Hs-control for linear non-
autonomous time-delay systems in Hilbert spaces via Riccati equations. Adv. Nonlinear
Var. Inequal. 11(2), 75-86 (2008). MR2440278

Shaikhet, L.: Some new aspects of Lyapunov type theorems for stochastic differen-
tial equations of neutral type. SIAM J. Control Optim. 48(7), 4481-4499 (2010).
MR2683895. https://doi.org/10.1137/080744165

Shaikhet, L.: Lyapunov Functionals and Stability of Stochastic Difference Equations.
Springer (2011). MR3015017. https://doi.org/10.1007/978-0-85729-685-6

Shaikhet, L.: Lyapunov Functionals and Stability of Stochastic Functional Differential
Equations. Springer (2013). MR3076210. https://doi.org/10.1007/978-3-319-00101-2

So, J.W.-H., Tang, X., Zou, X.: Global attractivity for non-autonomous linear delay sys-
tems. Funkc. Ekvacioj 47(1), 25-40 (2004). MR2075286. https://doi.org/10.1619/fesi.
47.25

Soong, T.T.: Random Differential Equations in Science and Engineering. Academic
Press, New York (1973). MR0451405


http://www.ams.org/mathscinet-getitem?mr=2278301
https://doi.org/10.1007/s10957-006-9129-1
http://www.ams.org/mathscinet-getitem?mr=2440278
http://www.ams.org/mathscinet-getitem?mr=2683895
https://doi.org/10.1137/080744165
http://www.ams.org/mathscinet-getitem?mr=3015017
https://doi.org/10.1007/978-0-85729-685-6
http://www.ams.org/mathscinet-getitem?mr=3076210
https://doi.org/10.1007/978-3-319-00101-2
http://www.ams.org/mathscinet-getitem?mr=2075286
https://doi.org/10.1619/fesi.47.25
https://doi.org/10.1619/fesi.47.25
http://www.ams.org/mathscinet-getitem?mr=0451405

	Introduction
	Exponential mean square stability of the linear equation
	Stability in probability of the nonlinear equation
	Particular cases of stability condition (2.5)
	Conclusions

