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Abstract It is shown that the absolute constant in the Berry—Esseen inequality for i.i.d.
Bernoulli random variables is strictly less than the Esseen constant, if 1 < n < 500000, where
n is a number of summands. This result is got both with the help of a supercomputer and an
interpolation theorem, which is proved in the paper as well. In addition, applying the method
developed by S. Nagaev and V. Chebotarev in 2009-2011, an upper bound is obtained for the
absolute constant in the Berry—Esseen inequality in the case under consideration, which differs
from the Esseen constant by no more than 0.06%. As an auxiliary result, we prove a bound in
the local Moivre-Laplace theorem which has a simple and explicit form.

Despite the best possible result, obtained by J. Schulz in 2016, we propose our approach to
the problem of finding the absolute constant in the Berry—Esseen inequality for two-point dis-
tributions since this approach, combining analytical methods and the use of computers, could
be useful in solving other mathematical problems.
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1 Introduction

Let us consider the class V of all probability distributions on the real line R, which
have zero mean, unit variance and finite third absolute moment. Let X, X, X», ..., X,
be i.i.d. random variables, where the distribution of X belongs to V. Denote

X
e 2di, By =E|XP.

1
® -
@ m/

According to the Berry—Esseen inequality [2, 5], there exists such an absolute con-
stant Cg that foralln =1, 2, ...,

1 n
P(ﬁ;){j <x> — Q)| <

The first upper bounds for the constant Cyp were obtained by C.-G. Esseen [5]
(1942), H. Bergstrom [1] (1949) and K. Takano [30] (1951).
In 1956 C.-G. Esseen [6] showed that

( Zx <x>—<D(x)

sup
xeR

ey

Cofs
o

li Vn
im —— sup

<Cg, (2
n—o00 /33 reR

where Cg = % = 0.409732 ... . He has also found a two-point distribution, for

which the equality holds in (2). He has proved the uniqueness of such a distribution
(up to a reflection).
Consequently, Co > Cg. The result of Esseen served as an argument for the
conjecture
Co = CEg, 3

that V.M. Zolotarev advanced in 1966 [38]. The question whether the conjecture is
correct remains open up to now.

Since then, a number of upper bounds for Cy have been obtained. A historical
review can be found, for example, in [11, 17, 28]. We only note that recent results
in this field were obtained by L.S. Tyurin (see, for example, [31-35]), V.Yu. Korolev
and I.G. Shevtsova (see, for example, [11, 13]), and I.G. Shevtsova (see, for example,
[25-29]). The best upper estimate, known to date, belongs to Shevtsova: Cy < 0.469
[28]. Note that in obtaining upper bounds, beginning from the estimates in [38, 39],
calculations play an essential role. In addition, because of the large amount of com-
putations, it was necessary to use computers.

The present paper is devoted to estimation of Cy in the particular case of i.i.d.
Bernoulli random variables. In this case we will use the notation Cp instead of Cy.
Let us recall the chronology of the results along these lines.

In 2007 C. Hipp and L. Mattner published an analytical proof of the inequality
Cpp < % in the symmetric case [8].

In 2009 the second and third authors of the present paper have suggested the com-
pound method in which a refinement of C.L.T. for i.i.d. Bernoulli random variables
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was used along with direct calculations [17]. In unsymmetric case this method allows
to obtain majorants for Coy, arbitrarily close to Cg, provided that the computer used
is of sufficient power. The main content of the preprint [17] was published in 2011,
2012 in the form of the papers [18, 19]. In these papers, the following bound was
proved, Cpy < 0.4215.

In 2015 we obtained the bound

Coa < 0.4099539, )

by applying the same approach as in [17-19], with the only difference that this time
a supercomputer was used instead of an ordinary PC. We announced bound (4) in
[20], but for a number of reasons, delayed publishing the proof, and do it just now.
While the present work being in preparation, we have detected a small inaccuracy in
the calculations, namely, bound (4) must be increased by 10~7. Thus the following
statement is true.

Theorem 1. The bound
Coz < 0.409954 (®)]

holds.

Meanwhile, in 2016 J. Schulz [23] obtained the unimprovable result: if the sym-
metry condition is violated, Cop = CEg. As it should be expected, J. Schulz’s proof
turned out to be very long and complicated. It should be said that methods based on
the use of computers, and analytical methods complement each other. The former
ones cannot lead to a final result, but they do not require so much effort. On the other
hand, they allow us to predict the exact result, and thus facilitate theoretical research.

2 Shortly about the proof of Theorem 1

2.1 Some notations. On the choice of the left boundary of the interval for p

Let X, X1, X»,..., X,, be a sequence of independent random variables with the
same distribution:

P(X=D)=p, PX=0=qg=1-p. (6)

In what follows we use the following notations,

“ X —np
Fup()=P() X; . Gpp)=0 ,
p0=F(L X <) Gupo=e("ZE)

EX—pP  p’4+q°
EX -p)»)¥2 /pg
An(p)\/ﬁ 2 —p

An(P):Su§|Fn,p(x)_Gn,p(x)L o(p)=
xe

T.(p)= , E(p)= . 7

) o(p) ) 3V27 [p2 + (1 — p)?] @
Obviously,

Coo =sup sup T,(p). (8)

n>1 pe(0,0.5]
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In this paper we solve, in particular, the problem of computing the sequence 7' (n) =

sup T,(p) for all n such that 1 <n < Ny. Here and in what follows,
pe(0,0.5)

No=5-10°.

Note that for fixed n and p, the quantity sup |F, ,(x) — Gy, p(x)]| is achieved
xeR
at some discontinuity point of the function F, ,(x) (see Lemma 2). We consider

distribution functions that are continuous from the left. Consequently,
Ap(p) = max A, ;(p), €))
0<i<n

where i are integers, A, i (p) = {|Fy, p(i)) — Gu p (DI, |Fn,p(i +1) — G, p (0]}
Note also that we can vary the parameter p in a narrower interval than [0, 0.5],
namely, in

I :=10.1689, 0.5].

This conclusion follows from the next statement.

Lemma 1. If0 < p < 0.1689, then for alln>1,
T, (p) <0.4096. (10)

Lemma 1 is proved in Section 4 with the help of some modification of the Berry —
Esseen inequality (with numerical constants) obtained in [10, 12].

Remark 1. By the same method that is used to prove inequality (10), the estimate
T,(p) <0.369 is found in [19] in the case 0 < p < 0.02 (n > 1) (see the proof
of (1.37) in [19]), where an earlier estimate of V. Korolev and I. Shevtsova [11] is
used, instead of [10, 12]. Note that the use of modified inequalities of the Berry —
Esseen type, obtained in [10, 12, 11], is not necessary for obtaining estimates of 7, (p)
in the case when p are close to 0.

An alternative approach, using Poisson approximation, is proposed in the pre-
print [17]. Let us explain the essence of this method.

An alternative bound is found in the domain {(p, n) : 0.258 < A < 6, n > 200},
where A = np. Under these conditions, we have p < 0.03, i.e. p are small enough.
Consequently, the error arising under replacement of the binomial distribution by
Poisson distribution [T, with the parameter A is small.

Next, the distance d (IT,, G,) between [T, and normal distribution G, with the

mean X and the variance A is estimated, where d(U, V) = sup |U (x) — V(x)| for
xeR
any distribution functions U (x) and V (x). Then the estimate of the distance between

G). and the normal distribution G, , with the mean A and variance npq is deduced.
Summing the obtained estimates, we arrive at an estimate for the distance between the
original binomial distribution and G, ,. As aresult, in [17, Lemma 7.8, Theorem 7.2]
we derive the estimate 7,,(p) < 0.3607, which is valid for all points (p, n) in the
indicated domain.
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2.2 On calculations
Define

Cee(N) = max  sup T,(p), Coa(N)=sup sup Ty(p).
I<n<N 5¢(0,0.5] n>N pe(0,0.5]

Obviously, Cpz = max{Coz(N_), Coar(N + 1)} for every N > 1.
It was proved in [19] that C>2(200) < 0.4215. By that time it was shown with the
help of a computer (see the preprint [9]) that Cp2(200) < 0.4096, i.e.

C2(200) < Cg, arn

and thus, Cpy < 0.4215 forall n > 1.
Some words about bound (11). By (8), to get Coz (V) it is enough to calculate

T(m)= sup T,(p)foreveryl <n < N, and then find max T (n). The calcula-

pe(0,0.5] 1<n<N

tion of T (n) is reduced to two problems. The first problem is to calculate maé T.(pj),
pj€

where S is a grid on (0, 0.5], and the second one is to estimate 7,,(p) in intermediate
points p. Both problems were solved in [9] for 1 < n < 200.

It should be noted here that, according to the method, the quantity Cpa(N) is
calculated (with some accuracy), and Co2(N) is estimated from above. In both cases,
a computer is required. The power of an ordinary PC is sufficient for calculating
majorants for Co2(N) whereas to calculate Cpa(N) a supercomputer is needed if N
is sufficiently large. Moreover, an additional investigation of the interpolation type is
required for the convincing conclusion from computer calculations of Coy (N). In our
paper, Theorem 2 plays this role.

Denote by symbol S the uniform grid on / with the step 4 = 107!, The values
of T,(pj) forall p; € Sand 1 <n < Ny were calculated on a supercomputer.

The result of the calculations. Forall 1 < n < Ny,

ma)bg T,(pj) = Tn,(p) = 0.40973212897643 ... < 0.40973213. (12)
pj€

The counting algorithm is a triple loop: a loop with respect to the parameter i
(see (9)) is nested in a loop with respect to the parameter p, which in turn is nested in
the loop with respect to the parameter n.

With the growth of n, the computation time increased rapidly. For example, for
2000 < n < 2100 calculations took more than 3 hours on a computer with pro-
cessor Core2Due E6400. For 2101 < n < Ny calculations were carried out on the
supercomputer Blue Gene/P.

It follows from [20, Corollary 7] that for n > 200 in the loop with respect to i, one
can take not all values of 7 from O to n, but only those, which satisfy the inequality

np — (v +1)/npg<i <np+v/npq,

where v=1/3 + /6. This led to a significant reduction of computation time. We give
information about the computer time (without waiting for the queue) in Table 1.
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Table 1. Dependence of computer time on n (supercomputer Blue Gene/P)

n € [Ny, Nl [10000, 11024] | [30000, 50000] | [300000,320000] | [490000, Ng]
computer time: 3 min 2 hrs + 5 min 4 hrs + 50 min 7 hrs

Calculations were carried out on the supercomputer Blue Gene/P of the Computa-
tional Mathematics and Cybernetics Faculty of Lomonosov Moscow State University.
After some changes in the algorithm, the calculations for n such that 490000 < n <
Ny, were also performed on the CC FEB RAS Computing Cluster [41]. The corre-
sponding computer time was 6 hours and 40 minutes.

The program is written in C+MPI and registered [40].

2.3 Interpolation type results
Let p* € (0, 0.5). Consider a uniform grid on [p*, 0.5] with a step &. The following
statement allows to estimate the value of the function ﬁ Ay k(p) at an arbitrary
point from the interval [p*, 0.5] via the value of this function at the nearest grid node
and h.
Denote
c1=0.516, c¢=0.121, ¢3=0.271. (13)

Theorem 2. Let 0 < p* < p < 0.5, p’ be a node of a grid with a step h on the
interval [p*, 0.5], closest to p. Then foralln > 1 and 0 < k < n,

h
Ani(p) — Ani(p)] < 3 L(p*),

‘ 1 1
o(p) o(p)

where
L(p)=

L otoa (1_2”)(”2”)). (14)

ot
(I =2pg)/Pa\ p 1=2pq
The next statement follows from Theorem 2. Note that without it the proof of
Theorem 1 would be incomplete.

Corollary 1. If p € I, and p’ is a node of the grid S, closest to p, then for all
1l <n < Ny,

Tu(p) — Tu(p)| <4.6-107°.

Proof. It follows from Theorem 2 that for 0 < k <n < Ny,

n n 1
NG Anx(p) — L/ Ani(p))| < v/No= 10712 L(0.1689). (15)

o(p) o(p) 2
Since L(0.1689) < 12.98, the right-hand side of inequality (15) is majorized by the
number 4.6 - 10~°. This implies the statement of Corollary 1. O

2.4 On the proof of Theorem 1

It follows from (12), Corollary 1 and Lemma 1 that forall 1 < n < Ngand p €
(0, 0.5], the following inequality holds, 7,,(p) < 0.4097321346 < Cg (for details,
see (64)). It is easy to verify that this inequality is true for p € (0.5, 1) as well. Hence,
inequality (5) implies Theorem 1.
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2.5 About structure of the paper

The structure of the paper is as follows. The proof of Theorem 2, the main analytical
result of the paper, is given in Section 3. The proof consists of 12 lemmas.

In Section 4, Theorem 1 is proved. The section consists of three subsections.
In the first one, the formulation of Theorem 1.1 [19] is given. Several corollaries
from the latter are also deduced here. The second subsection discusses the connection
between the result of K. Neammanee [21], who refined and generalized Uspensky’s
estimate [36], and the problem of estimating Co,. It is shown that one can obtain from
the result of K. Neammanee the same estimate for Cy as ours, but for a much larger
N. This means that calculating Cpo(N) requires much more computing time if to use
Neammanee’s estimate.

In the third subsection, we give, in particular, the proof of Lemma 1.

3 Proof of Theorem 2

We need the following statement, which we give without proof.

Lemma 2. Ler G(x) be a distribution function with a finite number of discontinuity

points, and Go(x) a continuous distribution function. Denote §(x) = G(x) — Go(x).

There exists a discontinuity point xo of G(x) such that the magnitude sup |5(x)| is
X

attained in the following sense: if G is continuous from the left, then sup |5(x)| =
X

max{8(xo+), —6(xo)}, and if G is continuous from the right, then sup |5(x)|
X
max{§(xo), —&(xo—)}.
Define f (1) = Ee!’X—P) = ge~ 1P 4 peitd.
Lemma 3. Forallt € R,

[f(O)] < exp{—2pq sin’ %}

Proof. Taking into account the difference in the notations, we obtain the statement
of Lemma 3 from [19, Lemma 8]. |

Further, we will use the following notations:

o =.ynpq, B3(p) =E|X — pP,

B3(p)

Y is a standard normal random variable. Note that o(p) = o)

Lemma 4. The following bound is true for all n > 2,
n —npqt?/2 1 2 —o? 4 —20%/8
| (@) — e P ldt < — | f(p,n)+7o"e™™ + —e ,
lt|<m o T

where

4 2 5 52
) nT n 3n° . /mpq n
flrm = (" +47) 5 (n—1> LTV (n—l) '



392 A. Zolotukhin et al.

Proof. Using the equalities e ~74'"/2 = Ee/'vP1Y E(X — p)/ = E(Y./pq)’. j =
0, 1, 2, and the Taylor formula, we get

2 .
|f(f)—€_pq’2/2|=‘E[Z (lt(Xj_v Py (zt(X2 1!7))3/(1 0)2 oi19(X~ p)d9i|
j=1 ‘

3

4
_ [Z—(ZIFY)] @ \/_ Y) /(1 )3 zt9\/_Yd6:H
j=1
E[(”(X -p)’ /1 (1 — 6 0P gg

4 3
/A’ /(1 0)? ”HFYde}'<1ﬂ3(p>+ (pg)*. (16)

Since for |x| < % the inequality | sinx| > @ is fulfilled, then with the help
of Lemma 3 we arrive at the following bound for |¢| < 7/2,

4 2
£ ()] < exp{=2pg sin*(t/D)} < exp{_ = }

Then, taking into account the elementary equality a” — b" = (a — b) 3. a/b" "=
j=0
and the estimate (16), we obtain for |¢| < 7 /2 that

n—1
1) — P2 < | f ) — e P fo e a2 <
j=0
n—1

3
(lﬂ3<p>+ (pq>)2exp (1-8/7%) — (n — D]’ pq/2} <

3 4(n — 1)t?
<uﬂ3(p)+ (pq))nexp{ M}

2

Using the well-known formulas E|Y > = J% and EY* = 3, we deduce from the
previous inequality that for n > 2,

2
If"(t)—e"Pq‘2/2|dz§nd_<ﬁ6?’(p) E|Y]? + éiqsiz EY4>

t|<m/2 =0
Tl 3w _fem g
\96/pg(n— 12 210 /pg(n—1)52) o2
Applying Lemma 3 again, we get
n g sin?(z/2) —o?
[f"@)|dt <2 e dt <me ° . (18)
/2

w/2<|t|<m
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Moreover, by virtue of the known inequality

o0
/ g < Lo (19)
¢ c
which holds for every ¢ > 0, we have
/ e~ 2 gy < iz e~ T8, 20)
lt|27/2 o
Collecting the estimates (17)—(20), we obtain the statement of Lemma 4. O
Denote
k—np
Pu(k) = Cipkq"™*,  8,(k. p) = Pa(k) — w( )
" " ! Vvnpg ~\ /npg
Lemma 5. Foreveryn > 1 and 0 < k < n the following bound holds,
18n k. p)] - 1)
< min
p \/—e 0_2

where c is defined in (13).

Proof. It was proved in [7] that P, (k) <
Hence,

k—np 1
\/_ Moreover, Fw( 77 = Tome

1 1
V2enpqg  o/2e

Let us find another bound for §, (k, p). Leto > 1. Thenn > ﬁ >4, ie.n>S5.
By the inversion formula for integer random variables,

18, (k, p)I <

(22)

Py (k) = E/ (g+e'p)e™dr = = () etk gy

. 21 J_n

Moreover, by the inversion formula for densities,

l(p(x _M> — i/oo et 262 /2—it (x— M)dt
o o 27 J_ oo

Consequently,
1
Snlk, p) = — (J1 — J2), (23)
2
where
T
Ji 2/ [fn(t) _ 67(72[2/2] e*it(kfnp) dt, Jy = / 67(72;2/2 e*it(kfnp) dr.
- [t|=m

Note that the function f(p,n) from Lemma 4 decreases in n. Hence, f(p,n) <
f(p,5). Itis not hard to verify that m[%xl] f(p,5) < 1.707. Thus, foro > 1,
pelo,

3.234

1 4
|J1|<_<1707+ +— ”2/8>< :

o
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Using inequality (19), we get the estimate

0.005
o2’

2 2
|J2|<_267TO'/2
o

Thus, we get from (23) that for o > 1,

18, (K. )| < 3.24 - 0.516'
~ 2no? 2

(24)

o2

Since —2 < ;‘ for0 <o <c1v/2e =1.203... > 1, the statement of Lemma
5 follows from (22) and (24). O

Lemma 6. The following equality holds,

x(1—=2p)+np (x — np)
2pq/npq NOZTwA

d
P Gn,p(x) = -

o (25)

Proof. We have

—1/2 -1/2 _ q—p
—p (1 =p) =,
dp 2pq\/pq

1 1 1
1/2 “12 _ 1 —ap —1/2 12 -3/2 _
—p /"1 —p) =-p “(1-p) +-p/°(1—p) = .
dp 2 2 2q./pq

Hence,

O x—np __xg=p) vn o _x(@=p)tnp
ap /npq 2pq\/np  2q./Pq 2pq.\/npq

and we arrive at (25). |

Lemma 7. Foralln > 1 and 0 < k < n the following bound holds,

1 [ci
<Lip=—|—+c]
pPq \ 4

n—=k
Fy plk+ 1) = —nCk_, pkg=17F —TPnac).

a
Fuplk+1) — @ Gp,p(k)

Proof. It is shown in [22] that

By Lemma 5,

—k 1 k—n nc c
— Pn<k>——go< ”)‘s—§=—12. (26)
o o

In turn, it follows from Lemma 6 that

n—=k k—n 0
w( ”)+—Gn,p<k>
qo o ap
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n—k k(1—=2p)+np k—np k—np [(k—np
= - @ == @ - @7
qo 2pgo o 2pgo o

Since

S k)= Gt = K [ Py = Lo (E2P
ap n,p ap n,p = q n O’¢ P
n—k k —np ad
[l o]
qo o ap
1

and max [x]o(x) = e < 0.242, the statement of the lemma follows from (26)
and (27). O

Lemma 8. Foralln > 1 and 0 < k < n the following bound holds,

a a
% n,p(k) - 5 Gn,p(k)

1 Cl
<Lpp=—|—+c),
prPqg\p

where c1, ¢y are from (13).

Proof. Similarly to the proof of Lemma 7 we obtain

9 k=1 _k—1_n—k k

5Fn,p(k)=_ncn_1p q" :_;Pn(k)7

k 1 k—np kcy c1

— |Puk) — —¢ =5 =75 (28)

o o po p=q

Hence,
ad d k 1 k—np k—np (k—np
— Fy k) — — Gy p(k) = —— | Py(k) — — — .
ap n,p (k) ap n,p (k) p |: n (k) o 90( o )] 2pqo (p< pu
Since the last summand on the right-hand side of the equality is less than %, then
by using (28) we get the statement of the lemma. 4
Lemma 9. Forevery0 < p < 0.5,

d 1 1 1 (1-2p)(1+2pg)

& A(p) =- 2. (29)

dpeo(p) 2 2 rq(l=2pq)

Proof. The lemma follows from the equalities:
d 1 d X d d 1-2p
= x —/pU=p), —/p(I—p) = :
dp o(p) dx 1—2x2 v=ypg AP dp 2./DPq
d x 1 N 47 142x2
dx 1=2x2  1=2x2  (1=x22 1-=2x2

Lemma 10. The function A(p) decreases on the interval (0, 0.5).
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Proof. Denote x = x(p) = p(1 — p), A| (1) = 7%51;)?)

equality 1 —2p = /1 — 4pqg, we obtain A(p) = A1 (x).
Since x(p) increases for 0 < p < 0.5, it remains to prove the decrease of the
function A (x) for 0 < x < 0.25. We have

. Taking into account the

d -2 2 1 4 32x3 4+ 36x2 — 12x + 1
— InA(x) = +———+ =— 5
dx 1—4x 14+2x 2x 1-—2x 2x(1 —4x)(1 — 4x%)

On the interval [0, 0.25] the polynomial A;(x) = 32x3 4+ 36x2 — 12x + 1 has the
single minimum point x; = _3%@ = 0.140... . Since Ay(x;) = 0.11... > 0,

we have % InAj(x) < Ofor0 < x < 0.25, i.e. the function A|(x) decreases on
(0, 0.25). The lemma is proved. O

Lemma 11. The function L(p), defined in (14), decreases on [0, 0.5].

Proof. Taking into account the equality p? + ¢> = 1 — 2pq, it is not difficult to see

that |
L(p) = —— La(p) + 3 A(p). (30)
o(p)

According to Lemma 10, the function A(p) decreases. Consequently, it remains to
prove that the function L3(p) := ﬁ Ly(p) = % decreases on [0, 0.5].
We have

d 2 3 1 2(1 —2p)

ZnLly(p) = ——— — 4+ .

dp ci+cp 2p 2(0—-p) 1-2p+2p

_ As(p)
2pq(ci +c2p)(1 —2pq)’

where A3(p) = —3ci + (14c) —c2) p — (26¢1 — 8¢2) p2 + (16¢1 — 18¢2) p3 + 12¢2 p*.
Let us prove that
Asz(p) <0, 0<p<0.5. 31

‘We have

Ag(p) = 14c; — ¢y —4(13¢1 — 4cp)p + 6(8cy — 9cz)p2 + 48czp3,
Ag/(p) = —4(13c; — 4c2) + 12(8¢c1 — 9cr)p + 144czp2.

As a result of calculations, we find that the equation A%(p) = 0 has the single root
po = 0.478287 ... on [0, 0.5]. The roots of the equation Ag(p) = 0 have the form

1
2= (=8 + 90+ V(81 —9¢2)? + 16¢2(13¢1 — 4¢2) ),
2

and are equal to p; = —2.6... , pp = 0.54... respectively. Hence, A5(p) < 0
for p € [0, 0.5]. Thus, the function A3(p), considered on [0, 0.5], takes a maximum
value at the point pg. Since Az(pg) = —0.257 ..., inequality (31) is proved. This
implies that L3(p) decreases on (0, 0.5). |
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Let f(x) be an arbitrary function. Denote by DV f(x) and D~ f(x) its right-side
and left-side derivatives respectively (if they exist).

Lemma 12. Ler g(x) = max{f1(x), fa(x)}, where fi(x) and f>(x) are functions,
differentiable on a finite interval (a, b). Then at every point x € (a, b) there exist
both one-side derivatives DV g(x) and D~ g(x), each of which coincides with either

fi(x) or fi(x).

Proof. Let x be a point such that f;(x) # f2(x). Then the function g is differentiable
at x, and in this case the statement of the lemma is trivial.
Now let for a point x € (a, b),

J1(x) = f2(x). (32)

First, consider the case f{(x) # f;(x). Let, for instance, f{(x) > f;(x). Then
there exists g > 0 such that

fix +h) > fo(x+h), 0<h <hy, (33)
forx+h)> fik+h), —ho<h<DO. (34)

From differentiability of the functions f; and f> it follows that for 7 — 0,
fitx +h) = fi(x)+ fixh+oh), i=1,2. (35)
Then using (33) we obtain the equality
gx +h) = filx +h) = fix) + f{)h +o(h), h >0,
and using (34),
g(x+h) = folx +h) = fr(x) + fr(x)h +o(h), h<DO.

Thus, existence of DV g(x) and D~ g(x) follows.
Now let

fix) = fr(x). (36)
It follows from (32), (35) and (36) that for 1 — O,
gx+h) = fix)+ fih+oh), i=12.
Hence, g'(x) = f{(x) = f;(x). The lemma is proved. O
Denote
o (pi)
 Piqi

Lemma13. Let 0 < p; < p < pp <0.5. Thenforalln > 1 and 0 < k <n,

o=0(p), qi=1—-pi, o =0(p)=

< L(py)(p - pv, (37

1 1
‘_ An,k(p) - An,k(pl)
o 01

and

1 1
'_An,k(P) — —Api(p2)| < L(p1)(p2 — p). (38)
o 02
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Proof. Note that A, x(p) < 0.541 (see [3]). Consequently,

1 1 1 1 1
—Api(p) — — Api(p1)| £ — |Ank(p) — Ap ik (p1)| +0.541 <— - —> . (39
Q 01 Q1 e 01

It is obvious that F; ,(k) and G, ,(k), considered as functions of the argument
p, are differentiable. Then, according to Lemma 12, the one-side derivatives of the
functions A, x(p) exist at each point p € [0, 0.5] and coincide with %(Fn,p(k +

D - Gn,p(k)) or %(Gn,p(k) - Fn,p(k))~
Taking into account that Li(p) < La(p) for 0 < p < 0.5, we obtain from
Lemmas 7 and 8

|Ank(P) = Auk(pDl < (p = p1) max DT Aui(s)]

<(p—p1) max Lj(s). (40)
DP1=S=p

The function L, (s) decreases on (0, 0.5]. Hence,

max Ly(s) = La(py). 41

PI=S=p

The inequality
— i

1
o 1Ani(p) = Akl < PPy (o) (42)

follows from (40) and (41). Taking into account Lemmas 9 and 10, we have

1 1
-———=<(@{@-p1)

1
max ——— <27 'A(p))(p — p1). (43)
e pi<s<p ds o(s)

Collecting the estimates (39), (42), (43), we obtain with the help of (30) that for
0<p1r<p=05,

1 1
‘— Apk(p) — — Apk(p1)
Q 01

1
<(@p- Pl)(a La(p1) +0.271 A(Pl))
=(p—-pO)L(py). 44

Hence, for0 < p < p» <0.5,

< (p2 — p)L(p). 45)

1 1
‘_An,k(p) — — Ay k(p2)
o 02

Inequality (37) coincides with (44), and inequality (38) follows from (45) and
Lemma 11. Lemma 13 is proved. O

Proof of Theorem 2. It follows from the definition of p’ that either 0 < p — p’ <
h/20r0 < p’ — p < h/2.In the first case the statement of the theorem follows from
(37) and Lemma 11, and in the second one from (38) and Lemma 11 again. O
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4 Proof of Theorem 1

4.1 Theorem 1.1 [19] and some its consequences
First we formulate Theorem 1.1 from [19]. To do this, we need to enter a rather lot of
notations from [19]:

w3(p) =q—p, ws(p)=1¢>+p>—3pql, ws(p)=4q*—p*,
we(p) = ¢° + p° +15(pg)?,

_ w3(p) 1 w4(p) n 2
Kilp,m) = do/27(n — 1) (1 " 4(n — 1)) " 207 (" - 1>
N ws(p) < n )5/2+ we(p) ( n )3.
400327 \n—1 90047 \n—1) "
) 2 _ CU(P) 23 _ 1
w(p) =p°+4q°, ¢(p) = (T) . e(n, p)=exp 20232 |

es = 0.0277905, @s(p) = p* +q* + 5les(pg)®/?,

5 B _285(p)as(p) | (@a(p)\’
Vo(p) = w3(p), Vi(p) = w3(p)ws(p), Vs(p) = 30 + 2 ,

k2,
Vo(p) = @s(p)wa(p),  Vio(p) = @3(p),  Ax(n) = (n i 2) no

6,
Yo =3 V1= 5‘9/?”, ys =24, Yo = 74‘,/%, 7/10=ﬁ,
Vo =3, )772% V8=, 1792% Yo = 3.
1 Vi+5 A]+5(n) Vits(p) J/j+5 e(n, p)n
K 5 5
2(p,n) = Z =)
_ 3mrr—16

El

A1 =5.405, A =7521, A3=5.233, p= !
T

2
x(p,n) = Cz(/l;) if p € (0,0.085), and x(p,n) =0 if p € [0.085,0.5],
o

11 (AN 1 4 1 5 4 1
K Sl 1/ 4 I pA2/6
3(p.n) = {120 +<36+8> +(36 +8)06+24e o8
1 Ay As
+ gexp —o\/A1+? + (m —2)pexp —a\/A2+?
Azl nto?
oA+ 2
+eXp{ y 3+6}4 (4A3

B [2() | aye 1 +x(2.m) 7.
- exp{_zap)” o253 T 24;(,;)04/3“’

R(p,n) = Ki(p,n) + Ka(p,n) + K3(p, n). (46)
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Theorem A ([19, Theorem 1.1]). Let

4
- <p<0.5, n=>200. 47)
n
Then
o(p)
An(p) = = E(p) + R(p,n), (48)
and the sequence Ro(p,n) = Q(—*/g) R(p, n) tends to zero for every 0 < p < 0.5,

decreasing in n.

Denote
E(p,n) = E(p) + Ro(p,n).

Figure 1 shows the mutual location of the following functions: E(p, n) for n = 200
and 800, £(p) and T,,(p)|,=50- Note that, as a consequence of the definition of the
binomial distribution, the behavior of these functions is symmetric with respect to

M: /

0.3
0.2

0.1

L L L L L
0.1 0.2 0.3 0.4 0.5 P

Fig. 1. Graphs of the functions (from top to down): E(p,200), E(p,800), E(p), Tso(p)
Recall that Ny = 500000.
Corollary A. For p € [0.1689, 0.5], and n > N,

E(p,n) < E(p, No) < 0.409954.

Proof. Since E(p,n) decreases in n, we obtain the statement of Corollary A by
finding the maximal value of E(p, Ny) directly using a computer. O

In order to verify the plausibility of the previous numerical result, we estimate the
function E(p, No), making preliminary estimates of some of the terms that enter into
it. This leads to the following somewhat more coarse inequality.

Corollary A’. For p € [0.1689, 0.5], and n > Ny,

E(p,n) < 0.409954153. (49)
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Proof. Separate the proof of (49) into four steps. First we rewrite Ry(p, n) in the
following form,

_ Ki(p.n)a  Ka(p.mo  Ks3(p,n)o

(p) w(p) w(p)
In each function K"Lf,’(’}]"))", i =1,2,3, we will select the principal term, and estimate

the remaining ones.
Step 1. Note that forn > Nypand 0 < a <3,

n a n 3
< < e1 := 1.00000601,
n—1 n—1

1
I + — < e :=1.000000501.

4n—1)
Then
2
ch(op(}:;)a - 12:2(8)0 <n i 1) +ri(p, n),
where
ri(p,n) <Fi(p,n) = —2 ( e2 w3(p) ws(p) w6(p) >
w(p)\427(n —1) 4042702  90mo3

Using a computer, we get the estimate 7 (p, n) < 71(0.1689, Ng) < 2.78 - 107",
Step 2. We have

K>(p,n)o _Y Ag(n) Vs(p)
w(p) rw(p)o

+ r2(p, n),

where

ra(p,n) = ZS: J/j+5Aj+5(n)Vj+5(P)|: n Yit+se(n, p)n] YoTeAs(n)e(n, p)n

Tw(p)o/ o2(n—2) rw(p)odn —2) °

j=2
Taking into account that forn > Np, 1 < j < 5and p € [0.1689, 0.5], we have

Ajys(n) < A1p(No) < e3 := 1.00001801, e(n, p) < e(No, 0.5) < 1.02316,
Yi+se(n, p)n 1 (5/3) - 1.02316

1
T el 2 pq(No — 2)

< e4 := 1.0000243.
p=0.1689

Then, taking into account as well that A¢(Ng) < 1.0000101, we get

5
N e3-e 1 sViis(p)  (1/9)(2/3)1.0000101 - 1.02316
rp.m) < Fa(p,my = 24 5 Vs Tiste) Q20

2

wo(p) mw(p)(pg)’?/n(n —2)

We find with the help of a computer: 7>(p, n) < 75(0.1689, Ng) < 8.852- 1078,
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Step 3. Let us write up

K3(p,n)o 1
o) ralpe TP

where

o 1 wy 1 1 A6 M 1 Su A2/61
r3(p’n)_na)(p){(36+8>64+(36e te) et T o3

1 A A
+ 3 GXP{—U\/Al + ?1} + (7 —Z)Mexp{—a\/Az—}— ?2}

Az 1 rio?
+ exp{—aw/Ag + ?}Z ln< e >
PPN[2%@) | aye L+ X
20(p)JL 0?3 24¢(p)ot3 [

Using a computer, we get r3(p, n) < r3(0.1689, Ny) < 1.08 - 1079,
Thus, for p € [0.1689, 0.5], n > Ny, we have

+ exp{—

ri(p,n)+ra(p,n)+ri(p,n) < 2.78-1077+8.852:1078+1.08-10™° < 3.676-107".
Step 4. Now consider the function
1 n 2
B(p,n)=&(p)+ m———|os(p)| —— | +12v6A6(n) Vs(p) +1).
12rw(p)o n—1

We find with the help of a computer that for p € [0.1689, 0.5], n > Ny,

B(p,n) = B(p, No)

max
pel0.1689,0.5]
= B(0.418886928... , No) = 0.40995378459... .

max
pel0.1689,0.5]

Consequently,

3
E(p.n)=B(p.n)+ Y ri(p.n)
j=1

< 0.4099537846 + 3.676 - 1077 < 0.409954153. [
Let us introduce the following notations:

2—p
£ — 2 25 — ,
1(p) = (p" +4°)Ep) W

D> (p, n) is the coefficient at # in the expansion of R(p,n) in powers of é,
Dy(p,n) = o2R(p, n), where the remainder R(p, n) is defined by equality (46).
One can rewrite bound (48) in the following form,

An(p) < glé”) 4+ Dapom) (50)

o2

Define Dé (n) = ma;( D> (p, n), 5; (n) = ma;cﬁz(p, n), where [ is an interval.
PE pe
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Corollary B. The quantities ma}ij Dé (n) and ma}zl( Bé (n) take the following values
n= n>
depending on N = 200, Ny and intervals 1 = [0.02, 0.5], [0.1689, 0.5]:

Table 2. Some values of max Dé (n) and max 55 (n)
n>N n>N

I =10.02,0.5] I =[0.1689, 0.5]
N =200 N =200 N =Ny
max D)= | 0.083592... [ 0.046656... | 0.0462198...
n=
max 55(11) = 0.1940. .. 0.05986. .. 0.05531...
n>N

Proof. Since

maxﬁé(n) = maxmax o >R(p,n) = maxo>R(p, N),
n>N n>N pel pel

then by using a computer, we get the tabulated values of ma;/( 5; (n).
n>
Proceed to the derivation of the values of ma}z/( Dé (n). It follows from the defini-
n>

tions of K1(p, n), K2(p, n), and K3(p, n) that the coefficient at ﬁ in R(p, n) is

Dy(p,n) =

w4(p) < n

2
1 1
+ — v6As(m) Ve (p) + ——
127 \n—-1 T

127

or, in more detail,

1 n 2
Dy(p.n) = —(3l¢° + p* = 3pgl| —— ) +4A6(n)(q — p)* +3
367 n—1
_. Gp,n)
o36m

First we consider G2(p) := lim Ga(p, n). We have
n—0oo

Ga(p) =31+ p> = 3pgl +4(g — p)> +3 =3|6p> —6p + 1|+ 4(1 — 2p)* + 3.

Taking into account that

6p> —6p+1 if p<p =323 =0211324...

6p° —6p+ 1| =
lop P | {—6p2+6p—1 if p > pq,

we obtain

2007p* = 17p+5) if p < py,

G2(P)=!_2(p2_p_2) if p> pi1.
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Since G,(p) decreases for p < pj, and increases for p > pj, then the maximum
value of this function is achieved either at the left bound or at the right bound of the
interval. We have

G2(0.02) =9.3336, G2(0.1689) =5.2273251... , G2(0.5) =45.

Thus,
1 G»(0.02)
_ G - s
36w 0.052?,’20.5 2(p) 36w

1 G2(0.1689
—  max  Gy(p) = G20.1689) _ ) hu621970 . .
367 0.1689<p<0.5

=0.0825271... ,

36

Similarly, with more efforts only, we get

max  Ga(p,200) = G2(0.02,200) =9.4541... ,
0.02<p=<0.5

max  Ga(p, 200) = G»(0.1689, 200) = 5.2767 ... ,
0.1689<p<0.5

G,(0.5,200) =4.515...

max Ga(p, Ng) = G2(0.02, Ng) =9.33364... ,
0.02<p=<0.5

max  Ga(p, No) = G2(0.1689, No) = 5.227344 . .. ,
0.1689<p<0.5

G2(0.5, Ng) = 4.00006... .

Consequently,

OozmaxOSGz(p,ZOO) 0168r51ax 05G2(p, 200)
<p< <p<

=P —=0.083592..., ==~ = 0.046656 . . . |
367 361

max  Ga(p, No)
0.1689<p=<0.5

36

Remark 2. 1. One can observe from the previous proof that G>(p, No) =~ G2(p),

therefore, Dy (p, No) = 'G326(Jf L.

2. With increasing N, the sequence a’ (N) := ma/z; Dé (n) approaches to a! :=
n>

=0.0462198... . O

# ma;< G»>(p). For instance, by Table 2, we have for the interval I = [0.1689, 0.5]
pE
that a’ (200) = 0.046656.. .. , a’ (Ng) = 0.0462198 ... while a! = 0.0462197 ... .

The sequence al (N) := ma[i]( 5§ (n) tends to 0.0462197 ... as well, but slowly, since
n>
the main term of the difference D»( p,n) — % has the order ﬁ

The following bound for A, (p), simpler than Theorem A, follows from (50) and
Table 2.

Corollary C. Forall p € I =[0.1689, 0.5] and n > Ny,

£ 0.05532
1(5]7) n

An(p) = . (5D

o2
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Remark 3. Corollary C allows to obtain the same estimate for Cpy as (4), but for
larger n. Really, it is easy to verify with the help of a computer that

0.05532
sup <€(p) + —— 5 ) < 0.409954, (52)
pel0.1689,0.5] V1pq(p= +q7) |h=971000
but 0.05532
sup E(p) + _ > > 0.409954. (53)
p€[0.1689,045]< VPG (P* + 4% |—970000

4.2 On the connection between Uspensky’s result and its refinements with the prob-
lem of estimating Cop

First we recall Uspensky’s estimate, published by him in 1937 in [36]. To this end we

introduce the following notations: S, is the number of occurrences of an event in a

series of n Bernoulli trials with a probability of success p, u = np,

Gx) = @) + L (1 —x%)e 2,

6421 o
For every x € R, define
x—pnti
x,f — #’ (54)
o
where 0 = ,/npq, as before.
Uspensky’s result can be formulated in the following form.
Theorem B ([36, p. 129]). Let 6> > 25. Then for arbitrary integers a < b,
0.13+0.18|p —
Pa < S, <b)— (G(by) — Gla))| < LI =al o (55

o2

A lot of works are devoted to generalizations and refinements of (55), for example,
[4, 14-16, 21, 24, 37].

In 2005 K. Neammanee [21] refined and generalized (55) to the case of non-
identically distributed Bernoulli random variables. Let us formulate his result as ap-
plied to the case of Bernoulli trials: if o2 > 100, then

_ 0.1618
|P(a < S, <b)—(G(b,) = G(a)))| < 5 (56)
where a)t, b, are defined by the formula (54).
It follows from (56) that under condition o2 > 100,
0.1618
|P(S, <b)—G(b,)| < — (57)

We may consider p € (0, 0.5]. Denote for brevity, d = 0.1618. It follows from
(57) and the definition of G (-) that

A= B))) g = ple @2 g
|P(S, <b) —@(b,)] < i + 3
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. . 2
Taking into account that max |2 — 1|e™""/? = 1, we get
t

- lg—pl  d
P(S, <b)—@(b < + —. 58
| (Sn ) ( n)} 6@0 o2 (58)
Denote x, = *=£. It is easily seen that
— bn — b, 1
D(by) — @ (b < n= . 59
N o
It follows from (58), (59) that
lg—pl 1 1 d &(p)  d
P(S, <b) — (b - < ‘.
[PeSn = (n)|<< 6 +2>a\/ﬂ+02 o o2
provided that 0 < p < 0.5. Thus,
Ei(p) 0.1618
An(p) = =B 4 = (60)

Note that our bound (51) is more accurate than (60). To get the bound 0.409954 for
Co> from (60), we should take n almost five times larger than in (52). Really, with the
help of a computer we have

0.1618
pe[O.Sll6159,O.5] (5(19) * Vpg (p? +q?) n=4,6.106) < 0410031,
and
sup <€(p) + __Olo18 > > 0.410044
pel0.1689,0.5] Vg (P? 4 q?) [—4.2.106

(cf. (52), (53)).

Remark 4. In 2014 V. Senatov obtained non-uniform estimates of the approximation
accuracy in the central limit theorem, and, in particular, generalized Uspensky’s result
(55) to lattice distributions [24].

4.3 Proof of Theorem 1
Before proving Theorem 1, we first prove Lemma 1.

Proof of Lemma 1. By [10, Theorem 1],
0.33477

An(p) < (o(p) +0.429). 1)
Therefore, T, (p) = % <0.33477(1 +%). Since o(p) decreases on (0, 0.5],

1
then pE({)nOEﬂ%SQ] o) = 2(01689) = 0.52090548 . .. . Consequently,

max  T,(p) <0.33477(1 4+ 0.429 - 0.52090549) < 0.409581. ]
pe(0,0.1689]
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Remark 5. If instead of [10, Theorem 1] we will use other modifications of the
Berry—Esseen inequality by I. Shevtsova [25], the interval (0,0.1689] for which Lem-
ma 1 is true can be extended, i.e. one can find » > 0.1689 such that the inequality

m(%)é, T,(p) < Cg will be fulfilled. This will narrow the interval I (see (12)), which
pe(0,0]

in turn will reduce the computation time on the supercomputer.
Let us indicate such b. The estimates found in [25] as applied to the particular
case of Bernoulli trials can be written in the following form,

An(p) < 03354 (o(p) +0.415), (62)
Jn

An(p) < — 28 (o(p) +0.429). (63)
N

It is easy to verify that inequality (62) implies b = 0.174, and (63) implies that
b=0.177.

Proof of Theorem 1. It follows from Corollary 1 and (12) that for all p € I the
following bound holds,

To(p) < 0.40973213 +4.6-10™° < 0.4097321346, 1<n<Ny.  (64)

Then by Lemma 1, this inequality is fulfilled for all p € (0, 0.5] as well. It is not hard
to see that the bound (64) is also true for all p € (0.5, 1). Hence, bound (5) implies
Theorem 1. |
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