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Abstract For a class of non-autonomous parabolic stochastic partial differential equations
defined on a bounded open subset D C R4 and driven by an L2(D)—Va1ued fractional Brownian
motion with the Hurst index H > 1/2, a new result on existence and uniqueness of a mild
solution is established. Compared to the existing results, the uniqueness in a fully nonlinear
case is shown, not assuming the coefficient in front of the noise to be affine. Additionally, the
existence of moments for the solution is established.
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solution, Green’s function
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1 Introduction

In this paper we study an initial-Neumann boundary value problem for the following
non-autonomous stochastic partial differential equation of parabolic type in a cylinder
domain D x [0, T], driven by an infinite-dimensional fractional noise:

du(x,t) = (div(k(x, HVu(x, 1)) + f(u(x, )))dt +h(ulx, )W (x, dt),
(x,t) € D x (0, T],
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u(x,0) =), xeD,
ou(x,t)

T(k) =0, (x,t) e oD x (0, T]. @))]

Here D C R? is a bounded domain with the boundary 8 D of class C>*# with some
B € (0,1), WH is an L%(D)-valued fractional Brownian motion with the Hurst index
He G, k={k;}:Dx[0,T] > R is a matrix-valued field, n(k)(x) =
k(x, t)n(x) denotes the conormal vector-field, and the last relation in (1) refers to the
conormal derivative of u relative to k, that is

d
% = D kijtx, z)w-(x)%ju(x, ),
i,j=1
n(x) € R? is an outer normal vector to 3 D.

Equations similar to (1) were studied extensively in literature, so we will men-
tion only several most relevant articles here. The articles [5] and [7] considered heat
equations with additive and multiplicative fractional noise, respectively. The articles
[1, 10, 18] are devoted to general non-linear evolution equations with fractional noise;
however, the equations are considered in some functional spaces, and the assump-
tions on the coefficients imposed there do not cover general nonlinear equations of
the form (1). The problem (1) was considered in [14] and then in [16], where the no-
tions of variational and mild solutions were introduced. The article [14] established
the existence of a variational solution to this equation, but the uniqueness was shown
under the assumption that the function 4 is affine. In [16], it was shown that a vari-
ational solution to (1) is a mild solution too, however, the uniqueness, both in the
variational and in the mild sense, was established also under the assumption that % is
affine, moreover, a rather restrictive assumption H > Z—ié on the Hurst exponent was
imposed.

Our goal is to extend the uniqueness results of [16] to the case of arbitrary H €
(%, 1) and non-affine h. Specifically, we prove the uniqueness of a mild solution,
assuming that / and its derivative i’ are Lipschitz continuous. Since the existence of
a variational solution is known from [14], and [16] established that each variational
solution is a mild solution, we get existence and uniqueness of a variational solution
too, thus finally answering a question posed in [14]. We also show that the solution
to (1) has finite moments of any order.

It is worth to mention that a similar uniqueness result holds in the case where the
function / in front of W# depends on ¢ sufficiently regularly, say, Holder continuous
with exponent greater than 1/2. However, since our main reference for existence re-
sults are the articles [14, 16], in which /& is assumed to be independent of ¢, we will
follow this assumption.

The paper is organized as follows. In Section 2, we formulate the main hypothe-
ses, and give the definition of a mild solution and basic facts on an L2(D)-valued
fractional Brownian process and stochastic integration with respect to it. Section 3
contains auxiliary results concerning the parabolic Green’s function. In Section 4, we
give a priori upper bounds for mild solutions. Finally, the main result on existence
and uniqueness of a mild solution is proved in Section 5.
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2 Preliminaries

This section is devoted to the precise statement of the problem (1). We introduce nec-
essary notation, give the definition of a mild solution, and formulate the assumptions
for its existence and uniqueness.

2.1 Notational conventions

Throughout the article, | - | will denote absolute value of a number, Euclidean norm
of a vector or operator norm of a matrix; exact meaning will always be clear from the
context. We will use the symbol C for a generic constant, the precise value of which
is not important and may vary between different equations and inequalities.

2.2 Norms and spaces

Let || - ||, and | - ||oc be the norms in L%(D) and L*°(D), respectively. Denote for
ae€0,1),u: Dx[0,T]—-> Randt [0, T]

_ *lulx,s) —ux, v
lullg,1,, = sup sup o v,
xeD se[0,11J0 (s —v)
lullgc0.r = sup fluC, oo+ llulla1.rs
s€[0,¢]

t s 2 1/2
S u(, 8) = u, )l
Jlull =(wIMwW+/</ dv) ds) .
@2 SE[OI,)t] 20 o \Uo (s —v)etl

Denote by B%2(0, T; L>(D)) the Banach space of measurable mappings u: D x
[0, T] — R such that |Ju]|} , ; < oo.

Let H!(D) be the Sobolev space of functions f: D — R equipped with the
norm || fll, 5 = (I.£13 + IV £II3)!/2. Also introduce the space L2(0, T; H'(D)) of
measurable mappings u: [0, T] — H!(D) such that

T T
A|Mwbm=ﬂuwm%wwm@m<m
For f:[0,T] - Rand o € (0, 1) define a seminorm

(If(v)—f(u)l +/” If(u)—f(Z)IdZ)

I lla0,0 = sup (v —u)l—« (z—u)y*™

O<u<v<t

2.3 Assumptions on the coefficients and on the initial value
(A1) The coefficients k;; satisfy the following assumptions:
(i) ki,j =kj;foralli,j=1,...,d;
(i) ki j € CPP (D x [0, T]) for some g’ € (3, 1andforalli, j =1,...,d;
(iii) 7%k j € CPPI2(D x [0, T]) forall i, j,l =1,...,d;
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(iv) there exists £ > 0 such that

d
Z kij(x, giq; > klgl*
ij=1

forallx € D, €[0,T],q € RY;
d
) (x,1) > Zki,j(x, Hni(x) € CHBUFP2QD x [0, TY) for each j;
i=1
(vi) the conormal vector-field (x, t) — n(k)(x,t) = k(x, t)n(x) is outward
pointing, nowhere tangent to d D for every ¢.

(A2) The initial condition ¢ € C*#(D) satisfies the conormal boundary condition
relative to k.

(A3) f,h,h': R — R are globally Lipschitz continuous functions.

Remark 1. The global Lipshitz assumption implies that f and & are of linear growth:
| fOl+h()| = C + |x]). @)

It is worth to mention that all results of the article can be proved assuming linear
growth and only local Lipschitz continuity of f and A’ with some extra technical
work. We decided to impose the global Lipschitz continuity assumption for the sake
of simplicity and because it does not lead to a considerable loss of generality.

2.4 L*(D)-valued fractional Brownian process and stochastic integration with re-
spect to it

Let us briefly recall the definition of an L2(D)-valued fractional Brownian process

and the corresponding stochastic integral, introduced in [10]. Assume that {A ;, j € N}

is a sequence of positive real numbers and { ej,j € N} is an orthonormal basis of

L2(D) such that

o0
(A4) sup ”ej ||(><> < o0 and Z)\;/Z < o0.
J j=I1 ’

Let (£2, F,P) be a complete probability space. For a fixed T > O let F =
{F}ief0,7) be a filtration satisfying the standard assumptions. Let BJH = {B/H ®,
t > 0}, j € N, be a sequence of one-dimensional, independent fractional Brownian
motions with the Hurst parameter H € (1/2, 1), defined on (£2, 7, F, P) and start-
ing at the origin. Following [10], define L?(D)-valued fractional Brownian process
WH ={WH (. 1),1 >0} by

W)=Y 2 e; (0Bl @),
j=1

where the series converges a. s. in L?(D).
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In this article we consider a pathwise stochastic integration with respect to W/
in the fractional (generalized Lebesgue—Stieltjes) sense. Alternatively, one can look
at the so-called Skorokhod (white-noise) integral. However, with the Skorokhod def-
inition, it is difficult to solve even stochastic ordinary differential equations, see e.g.
[8].

Fixa € (1-H,1/2).Let® = {®(¢), t € [0, T]} be an adapted stochastic process
taking values in the space of linear bounded operators on L?(D) such that

T , t _ .
- /0 (“(p(ﬁff’”” /O G0 ¢<s>>ej||2ds)d,<oo_

jeN (1 —s)ot!

Following [10] (see also [14, 16]), we introduce the integral with respect to an LZ(D)-
valued fractional Brownian process by

b o b
/cb(s)dWH(s) :=ZA}/2/ @ (s)e; dBH (s),
a ]:1 a

where the integrals with respect to BY, j € N, are understood as pathwise gener-
alized Lebesgue—Stieltjes integrals. Such integrals are defined in terms of fractional
derivatives, the detailed exposition of this approach can be found, e. g., in the book
[12, Section 2.1]. We mention only that under above assumptions, the generalized
Lebesgue—Stieltjes integral f ab D(s)e;dB jH (s) is well defined and admits the bound

b
/ ®(s)ej dB] (s)

b ‘Cb(s)eﬂ s |(@(S) - @(U))€j|
a,o,bfa <(s —a)® +fa (s — v)otl dv)ds )

for some constant C,, > 0.

< Cq

H
Bj

2.5 Mild solution

Following [16], we understand a solution to the problem (1) in a mild sense. Its def-
inition uses the notion of the parabolic Green’s function G(x,t,y,s), x,y € D,
0 < s <t < T, associated with the principal part of (1) (see, e. g., [2-4, 9]). For
every (y,s) € D x (0,T], G(x,t,y,s) is a classical solution to the linear initial-
boundary value problem

0:G(x,t;y,5) = div(k(x, HVG(x,t;y, s)), (x,t) e D x (0, T],

G (x,1;y,5)
T(k)—o, (X,t)GaDX(O, T], (4)

with
/G(ns;y,s)w(y)dy :=lim/ GG, 5y, 9)p()dy = ¢().
D tys Jp

In the next section we consider the properties of G in detail.
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Definition 1 ([16]). Fix H € (1/2,1) and @ € (1 — H, 1/2). An L?*(D)-valued
random field {u(-, t), t € [0, T']} is a mild solution to the problem (1) if the following
two conditions are satisfied:

(1) u e L*0, T; H(D)) N B*2(0, T; L*(D)) a.s.
(2) The relation

t
u(-,t) = / GG, t;9,0)9(y)dy +/0 / GG, t;y, s)f(u(y, s)) dyds
D D
o ) t
+ 242 [ [ Gtriy oho e dyasls) 6
j=1 b
holds a. s. for every ¢ € [0, T'] as an equality in L%(D).

3 Properties of Green’s function

In this section we collect several upper bounds for Green’s function G, needed for the
proof of the main result.
Denote
oE(x) =1 exp{—CIx[*/t}, >0, x eR.

It is known from [2, 3] that under assumptions (A1) and (A2) G is a continuous
function, twice continuously differentiable in x, once continuously differentiable in
t. Moreover, G satisfies the heat kernel estimates

|09 G(x, 13y, 9)| < Ct —5)IHIT2QL (v — y) (6)

for u = (1, .-, Ud)s 1.5 g, v € NU {0}, and |u|; +2v < 2 with |u|; =
Z‘;: | i ;. In particular, for |u|; = v = 0, we have

1G(x, 15 y,9)] < COE (x — ). @)

The inequality (7) is sometimes called the Gaussian property of G ([15, 16]).

Several important properties of the parabolic Green’s function G follow from the
fact that it is, for every (x, ) € D x [0, T], a classical solution to the linear boundary
value problem

aSG('x? t; y’ S) = - le(k(y5 S)V}’G(x5 t; y’ S))7 (y9 S) S D X (07 T]5
oG (x,t;y,s)
— =0, , oD x (0, T],
on (k) (v,s) € x (0,T]
dual to (4). In particular, along with (6) we have also
‘a;fa;G(x, £y, s)( < C(t —5)~ W +20C () )
for ||y + 2v < 2, and, moreover, the following convolution formula holds:

Gx,t;y,8) = / G(x,t;2,0)G(z,0;y,5)dz forallo € (s,1), ©)]
D

see [2, Appendix, p. 232-233] for the details.
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Furthermore, according to Egs. (3.4)—(3.5) from [16], G satisfies the following
inequalities forall x, y € D and § € (dLJrz, 1.

(1) Forall0 <r <v <t < T and some t* € (r, v),

IG(x, 15 9,0) = G(x, 1, y,1)| < Ct —v) (v =)’ DF (x —y).  (10)
(ii) Forall0 < v <s <t < T and some v* € (s, 1),
1G(x, 15 y,0) — G(x, 559, 0)| < C(t —)°(s —v) P D& (x —y). (11)

v¥—v

Lemma 1. Under assumptions (A1)—-(A2), forall0 <r <v <s <t < T and for
allx,y € D,

IG(x,t;y,v) — G(x,s;y,v) — G(x, 15y, 1) + G(x, 5, y,1)|
v t
< c/ / O —10)2Df (x — y)do dr. (12)
r N
Proof. Write

G(x,t;yvv)_G(wa;y,v)_G(X,ﬂy,r)"'G(x’S;y,r)

t prv 82
= G(x,0;y,t)dtd6. 13
/S /r 5937 (x,0;y,1)dt (13)

By (9), the equality
2

a6 ot

G(x,0;y,1)= / 00G(x,0;2,0)9:G(z,0;y,1)dz
D

holds with o = #. By applying the bounds (6) and (8) with |u|; = 0and v = 1,
we see that

SOZrG(x’ 0;y,7)| < /D |06G(x,0;2,0)0:G(z,0;y,7)| dzdo
<ClO-0)lo—-1)" fD Of (x =)@ (z—y)dz
<CO-1)2PE (x —y).
Combining this bound with (13), we conclude the proof. |

4 A priori estimates

Fix H € (1/2,1) and @ € (1 — H, 1/2). Let u be a mild solution to (1), defined
by (5). Note that the random variable

o0
1/2
s =1+ 3 1) o)
j=1

«,0,T

is finite a. s., see [11].
The goal of this section is to prove the following result.
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Proposition 1. Under assumptions (A1)—(A4),

1/(1—
”M”a,oo,T = CCXp [Céa,/I{I,Ta)} :

We split the proof of Proposition 1 into two lemmas. In Lemma 2 we establish an
upper bound for supc(g ;; SUp,ep |4(x, s)|. In Lemma 3 we obtain similar estimate
for flullg,

In the calculations below we shall often refer to the following simple formulas:
foralla >0,b >0,and0 < v < ¢,

t
f (t—) Vs —v)llds = C@t — v)*t1, (14)
/U(t —5) b5 las < Cct —v)79, (15)
0

where C = B(a, b), the beta function. The formula (14) follows directly from the
definition of the beta function by the substitution z = J=7. The inequality (15) is

obtained by the substitution z = 7= as follows:
2 b—1

v —a— _ _a —v Z
fo(t—s) b(v—s)bldsz(t—v)fo Wdz

_ o) Zb—l _
<(t—v) A W dz =B(a,b)(t —v)~“.

Denote for brevity

lully = sup sup |u(x,s)|.
s€[0,t] xeD

Lemma 2. Under assumptions (A1)-(A4),

t
llull, < Céa,H,T(l +/0 (luells 6 =)™ + “u”oz,l,s)ds)s (16)

forallt € [0,T].

Proof. By (5),
lu(x, )| < Iy + 15 + I, a7

where
I, =/ IG(x,t;y,0)p(y)| dy,
D

t
1f=/ / G, 1:y.9) f (u(y. 9)| dyds.
0 JD

o

1/2

=3 i
j=1

t
/O/;)G(x,t;y,s)h(u(y,s))ej(y)dydB]I»{(s).
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By (A2), ¢ is bounded. Therefore, the Gaussian property (7) implies that
zwscf@f(x—ywysc. (18)
D

It follows from the linear growth property (2) that

[f(u@y. )| = C(1+u@, o) <A+ uly). (19)

Then, applying (7), we get
t t
Iy < C[ (1+|Iu||s)/ |G (x,t;y,8)| dyds SC/ (I + llully) ds. (20)
0 D 0

Using the bound (3) for the integrals with respect to B JH , We may write

t .
12 | pa [ |G, 15y, $)h(u(y, s)e;(y)| dy
Ih<CZ)L HB a()t/é(

SC(

/ [plG(x,t;y, Hhu(y, s)) — G(x,t; y, v)h(u(y, v))| ie,(y>|dy >ds

(s — v)““‘l
The assumption (A4) implies that sup |e g (y)| < C for all y € D. Therefore,

Iy < C&y pr(Un1 + Iz + In3), 210

where
t
In :/0 s_“/D|G(x,t; y,s)h(u(y,s))| dyds,
t s
Iy = /O fo (s — v)—a—lf |G(x,1;y,s)] |h(u(y, S)) — h(u(y, v))| dydvds,
D

t s
1h3=/ / (s—v)—“—lf |G(x, 15 y,5) — G(x,t; y, )| |h(u(y, v))| dydvds.
0 JO D

The term ;) can be estimated similarly to /7, using the linear growth of 4 and the
Gaussian property of G:

t
I < c/ (1 + flull)s ™ ds.
0

Since |lu||, is non-decreasing and s ¢ is non-increasing, we can use the rearrange-
ment inequality [6, Theorem 378] to obtain

t
I < c/ (4 lully) (¢ — 5)~* ds. 22)
0

By the Lipschitz continuity of 7,

In> </ / |G(x, t; y,s)|/s |u(y,s) )l:iyl, v)|dvdyds.
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The inner integral can be bounded by ||u||,, ;. Therefore, we get

t t
In2 S/ ”M”a,l,s/ |G(x,t;y,5) dyds < C/ lullg,1,s ds. (23)
0 D 0
In order to estimate I3, we use (10) together with the bound
|h(u(y, v)| = C(1+ lu(y, v)]) < CA + ull,). (24)
We have

t s
ha=C [a-97 [(a+pulye -0 [ 0f - yavavas
0 0 D
t s
scf (r—sﬁf (14 llully) (s —v)’~* dvds
0 0
t t
=C/ (1+||u||v)/ (1 =) (s — v’V ds dv,
0 v

where we choose § € (dLJrz, 1) so that § > «. Computing the inner integral by (14),
we get

t
fa = € [l = v dv. 25)
0
Combining (17), (18), (20)—(23), (25), we obtain
t
lu(x, )] < Céa,H,T(l +/0 (lully ¢ — )™ + ”u”(x,l,s)ds)’
Since ||ull; and ||u| 4, ¢ are non-decreasing, the right-hand side here is non-decreasing

as well. Indeed, using the substitution s = zz, the integral in the right-hand side can
be rewritten in the form

1 1
tl_“/ llull, (1 —Z)_adz-i-lf lulla, 1,z dz.
0 0

Therefore, taking suprema, we arrive at (16). O
Lemma 3. Under assumptions (A1)-(A4),
t
lullg, 1. < CEa,H,T<1 +/0 (leells (¢ = )72 + Nuallg 1.5 (¢ — S)")dS>, (26)

forallt € [0, T].

Proof. By (5),
lu(x, ) —ux,s)| < Jp+Jf + I,

where

_](p:/D|G(x,t; ¥,0) = G(x, 55y, 0)| lp()] dy,

t s
Jr = ‘/O/DG(x,t; y, v)f(u(y, v))dydv—/o/DG(x,s;y,v)f(u(y,v))dydv ,
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o0

1/2

= 4]
j=1

—/0 [DG(x,s; ¥, v)h(u(y, v))ej(y) dydBjH(v) .

t
/O/DG(x,t; s Wh(u(y, v))e;j(y)dydBf (v)

Then
"u(x, 1) —u(x, s)|

o (=5t
t J, t J t Jn
where K¢ = fO md&’, Kf = -/O ﬁds, Kh = fo st.
Letd € (di+2 V a, 1) be fixed throughout the proof. Using the boundedness of ¢
and (11), we can write

ds < Ky + K¢+ Ky,

Jo < Cs_‘s(t —s)5/ Q?;(x —y)dy < Cs_‘s(t — s)‘s.
D

Therefore,

t
K, < c/ s -5 las < C.
0

Let us consider K y. We have that
t
stff G, 13y ) f (u(y. )| dydv
s JD

+/0/D|G(x,r;y,v>—G(x,s;y,v>||f(u<y, v)| dy dv.

Consequently,
Ky < Ky + K,

where

' '
K} = / (t—s) ! // |G(x, 1y, ) f (u(y, v))| dydvds,
0 s JD

t s
K;Z/ (t_s)—a—lff G (x. £y, v) — G(x, 53 3. )] | £ (u(y. )| dy dvds.
0 0JD

By (19) and the Gaussian property of G,
t t
K SC/O (t—s)*“*‘/ (1 4+ llull,) dvds
s
' v
=C/ 1+ IIMIIU)/ (t —s)"* dsdv
0 0

t t
sC/ (1+||u||v><z—v>—“dvsc/ A+ Nl — 02 dv.  @27)
0 0

In order to estimate K ;, we apply (19) and (11), change the order of integration and
then use (14):

13 N
Kj=c[a—o= [a=va s [ of - ydyavas
D
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t s
scfa—n“*{/@—w4a+WMMwn
0 0
t t
=C/(Lme/wafﬂ*@—w*wdv
0
t ! t
sc/(erma—wﬂwusc/a+wwwa—w*%w. 28)
0 0

Next, consider Kj. We have

o0
12
VEDIY
j=1

o0
12
+Y A
i=l

= J+ ).

t
//DG(x,t; v, 0)h(u(y, U))ej(y)dydB]H(v)

j;ﬁxGu,uywo—<Hxa;»v»h@cwv»q<WdydBfw>

The integrals with respect to fractional Brownian motions can be bounded similarly
to Iy, applying (3) and (A4). We obtain

JZ55Cﬁna’/ﬁ<jb|G(Lt;y7whONYJ0de

(v —s)®
+/” Ip |G t:y, Vhu(y, v) — G(x, 15y, rh(u(y, )| dy dr>dv
s (v_r)a+1
< Céu.m,7r(Un1 + Jp2 + Jn3), (29)

where
I = /:(v —s)_"‘/D |G(x, t; y, vh(u(y, v))|dy dv,
th:/Ylfsv(v—r)_“_l/DW(x,t; y. )l |h(u(y, v)) — h(u(y,r))|dydrdv,
Jh3:ft/jv(v—r)_“_l/‘DlG(x,t; y,v) = G(x,t;y, )| |h(u(y, r))|dydr dv.
Similarly,
Jy < Céo s /;(f"/DIG(x,t;y,v)—G(x,s;y, V| 2 (u(y, v))| dy
+/0v(v—r)_"‘_1/D|(G(x,t; y.v) = G(x, 51y, 0)h(u(y, v))

— (G(x, t;y,r)—G(x,s;y, r))h(u(y, r))|dy dr)dv

< Céy 1,7 (Jna + Jna + Jno),
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where

S
Thy = /0 v /D |G(x,t; y,v) — G(x, 55y, v)| [ (u(y, v))|dy dv,

Jis =/sfv<v—r>*“*1/ G, 15y, 0) — G(x, 53 3, V)
0Jo D
X ‘h(u(y, v)) — h(u(y, r))’dydrdv,

Jhe = // (v—r)y"@! / |G(x, t;y,v) —G(x,s;y,v)
0J0 D
— G, t;y,r)+Gx, 53y, 0)| |h(u(y, )| dydr dv.

Now it remains to estimate Kj; = fot(t — s)_“_ljhi ds,i=1,2,...,6.
In order to bound K} we apply successively (24), (7) and (15) (with a = 2«,
b=1-—a):

t t
Ky < c/ (r—s)*“”/ (v—s)*“(1+||u||v)/ |G (x,1; y,v)|dydvds
0 K D
t t
< C/ (t—s)_"‘_lf w—5"%A+ llull,) dvds
0 K
t v
=C/ (1+||u||v)/ (1 =) (v — ) dsdv
0 0

t
< c/ (1 + lull)t — v)~2 dv, (30)
0

By the Lipschitz continuity of 4,

' t v _
Kp < C/ (t —s)"o! // |G(x,t;y, v)|/ G, v) —u(y, )l drdydvds.
0 s JD s

(v —r)otl

According to the definition, the inner integral can be bounded by ||u||, ;. Then we
use the Gaussian property of G to obtain

t t
Khzsc/ (r—s)—“—lf ||u||a,1,vf Gx.1: v )| dydvds
0 K D

t t
< C/ (t—s)*"‘”/ lullg1,0 dvds
0 s

t v
ZC/ ||u“a1v/ (t —s) " dsdv
0 T Jo

t
<c / litlla 1.0 (¢ — )2 dv.
0

In order to estimate K3, we use (24) and (10), and then (14):
t t v
Kps < c/ -5 / t—v)° / =)’ A+ full,)
0 K s

x/ @ﬁ,*(x—y)dydrdvds
D
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t t v
< cf (t—s)—“—lf (t—v)_‘Sf (—r)*" YA + ull,) drdvds
0 K K
t Yt ' t
= c/ (t—s)_“_lf a -+ ||u||,)/ (t—v)w=r®*dvdrds
0 o
. At r
SC/ (I—S)*‘H/ A+ llull,)(® —r)"“drds
0 s
t r
=c/ <1+||u||r>(r—r)*“/ (t— ) dsdr
0 0
t
< cf U+ lull,) (¢ — )2 dr. G31)
0
The term Kj4 can be bounded similarly with the help of (24), (11) and (14):
t K
Kns < cf (r—s)a—“—lf 1+ ||u||v)v—“<s—v)—5/ @y, (x — y)dydvds
0 0 D
t s
< cf (r—s)a—“—lf A+ ully)v %@ —v)°dvds
0 0
t t
= c/ (a+ ||u||v)v_°‘/ (t —s5) s —v)Pdsdv
0 v
t
< cf (U + lull v — v)~ d.
0

Since (1 + [Jull,)( — v)~“ is non-decreasing and v™¢

rearrangement inequality, we obtain

is non-increasing, using the

t
Kia = C [ 0 ull)e = v d. (32)
0
From the Lipschitz continuity of & we get

t s
Kps SC/ (t—S)*‘H// IG(x,t;y,v) — G(x,5;y,0)]
0 0JD
/U |u(y7v)_u(y’r)|
X
0

(v _ r)“"‘l

drdydvds.
From (11), (14) it follows that
t 1 N
Kps < C/ (t — s’ / lullg 1,0 (s — U)ﬂg/ ‘Pf,’;,v(x —y)dydvds
0 0 D
t s
<c f (t — sy / el 1.0 G5 — v)° dvds
0 0
t t
= C/ ”u”a,l,v/ (t — S)S—a—l(s — U)_(S ds dv
0 v

t
< c/ il 1.0t — )2 dv.
0
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Finally, we estimate Kj¢, using (12), (15), (18) and (24):

t ) v
Khésc/ (t—s)*“”/ / (1 + ) — )~
0 0 0
v t
X/ /(9—1’)_2/ q)(gc_r(x—y)dydedrdydrdvds
r K D
t 0
< cf (1+ ||u||9>/ (1 — 5y~
0 0
S v T
x/ / (e—r)*zf w—r)"*"drdrdvdsdo
0 JO 0

t 0 s v
< C/ 1+ ||u||9)/ (t—s)—“—lf / ©—1)"%(v—1)"%rdvdsdb
0 0 0 JO

t 0 K
< C/ 1+ ”u”0)/ (t —S)f‘%l/ (= v)f"‘*ldvdsdé
0 0 0
t 0
sC/ <1+||u||9>f (1 — )16 — 5)"*ds do
0 0
t
< c/ (1 + lully) (¢ — 6)~2d. (33)
0

Combining the obtained bounds for K, K}, K} and K;;,i =1, ..., 6, we obtain

“ux, 1) —ulx, v)|
0 (t _ v)"“H

t
x (1 +/O (Nually ¢ = 0) 7> 4 el 1,0 (2 — v>a)d”>'

dv < Céy ur

Since the integral in the right-hand side can be rewritten in the form

1 1
12 / Nl (1 = 2 2dz 4 11 / Nl tor (1 — 2)~dz.
0 0

it is a non-decreasing function. Therefore, taking suprema, we arrive at (26). O

Proof of Proposition 1. Lemmata 2 and 3 allow us to use a kind of two-dimensional
Gronwall argument, proposed in [17, Lemma 4.1]. Namely, for some A > 0, which
will be chosen later, define

) = sup e Mlul,, AR = sup e M |lully,
t€[0,T] t€[0,T]

and denote for shortness § = &, g r. From (16) we get

1t
fi) §C$<1+ sup e M f (e“fl(x)a—s>—“+e“fz(x))ds)
0

te[0,T]

t
< cg<1 + fi(A) sup / e M= — 5)"%ds

te[0,T]J0
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t
+ f2(A) sup /e_w_s)ds>
0

1€[0,T]

= Cf§<1 + /i) /oo e MuTdu + fo(0) /OO e‘“du)
0 0

<CE1+ 2T AW + 27 HM)). (34)
Similarly, from (26) we get
HO) < CE(L+ fior®™ ™ + LA, (35)

Let K be the largest of the constants in (34) and (35); without loss of generality we
can assume that K > 1. Setting » = (4K&)!/(1=% and plugging it into (35), we
obtain

£0) < KEL+2271 A0+ HO0))

= PR R0+ 7200)

1 l—a o
=Z(k + 2 1) + ),

whence f(A) < %()\1_“ + A% f1(A)). Plugging this into (34) and noting that A > 1,
we get

1 1 1
i) = Zk““<1 +247 AL + gk_“ + gf\“_lﬁ (/\)>
11—« 1
whence fi(%) < 3117 = 6K&. It follows that

lul < i) < 6Kg exp{4K) 10T} < Cexp{cg'/0=}.

Similarly,
o1 = F2006M <29 1G0T < Coxp fce/0=].
The statement then follows from adding these estimates. O
By Fernique’s theorem, E exp{a&?} < oo for some a > 0. Since ﬁ < 2, we

have Cg!/0-® < 4£2 4 C, so Proposition 1 implies existence of moments of the
solution.

Corollary 1. Under assumptions (A1)—(A4), the solution u to (1) satisfies

forall p > 0. In particular,

E sup |u@x)|? <oo
t€[0,T],xeD

forall p > 0.
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5 Existence and uniqueness of mild solution

The following theorem is the main result of the article.

Theorem 1. Let H € (1/2,1), « € (1—H, 1/2). Assume that Hypotheses (A1)—(A4)
hold. Then the problem (1) has a unique mild solution.

Under the standing assumptions, the existence of a mild solution was established
in [16, Th. 2.3(a)]. Hence, it remains to prove the uniqueness.

Let u and & be two mild solutions to the problem (1). In order to prove that u and
u coincide we shall establish that the norm

It — @il 007 = lu — iilly + Nl — @l 7 (36)

is equal to zero. The proof of this fact is carried out similarly to that of Proposition 1,
using the bounds

|f(u(y,9) = f@Qy, )|+ |h(uy, s)) = h(ay, )|
< Clu(y,s) —ii(y. )| < Cllu — il (37

instead of (19) and (24). Therefore we omit some details. As above, we first obtain
the upper bounds for each of two terms in the right-hand side of the norm (36).
Let§ = &4 p.7. Denote also

n=1+ lullg1r+ lilg1,r-

Corollary 1 implies that 7 is finite a. s.

Lemma 4. Under assumptions (A1)-(A4),

t
=, < C%‘n/ It — Gl o s (¢ — 5)~%ds
0

forallt € [0,T].

Proof. By (5),
lu(x, 1) —a(x, )] < Py + P, (38)

where

t
Pf:/o /D|G<x,r;y,s)||f(u(y,s>)—f(a<y,s>)|dyds,

o
1/2
Pv=3 0
j=1

Using the bound (37) and the Gaussian property of G we immediately get

'
/OLG(x,t; y,s)(h(u(y,s)) — h(ﬁ(y,s)))ej(y) dydB]H(s) .

t
Py < C/ llu — s ds. 39)
0
Further, similarly to (21),

Py < CE(Pu1 + Pua + Pr3),
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where

t
P =/0 s—“/D|G<x,r; ¥ |uly. ) — h(@(y. )| dyds.

t rs
Ph2=/ / (S—U)iailw/ |G(x,t;y,9)|
0 JO D

X ‘h(u(y, s)) — h(ﬁ(y, s)) — h(u(y, v)) + h(ﬁ(y, v))| dydvds, (40)

t N
Py = / / (s —v)~! / |G(x,t;y,s) — G(x,t; y,v)|
0 JO D
X ‘h(u(y, v)) - h(ﬁ(y, v))‘ dydvds.
The bounds

t
P < c/ (t — )" lu — il ds (1)
0
and

t
P<C / (t =)~ lu — iilly ds 42)
0

are obtained analogously to the bounds (22) and (25).
According to [13, Lemma 7.1], the assumption (A3) implies that for any x1, x7,
X3, X4,

|h(x1) — h(x2) — h(x3) + h(xa)| = Clx1 — x2 — x3 + x4
+ C lx1 — x3] (Ix1 — x2] + |x3 — x4).
Therefore, we can write
/s lh(u(y,s)) — h(@u(y,s)) —h(u(y, v)) + h(y, v))| do
0

(s—v)"““
SC/S |u(y’s)_ﬁ(yﬂs)_u(yav)-i_ﬁ(yvv)ldv
0 (s—v)"“"l
- Sluly,s) —u(y,v)| + lu(y,s) —u(y, v
+C|u(y,s)—u(y,s)|/ lu(y,s) —u(y,v)| I(ly ) —u(y )ldv
0 (s —v)t
<Cllu—illgrs+Cllu—ul(lullg,1,s + llla,1,s)
<Cnllu —illg,o0 - 43)

Inserting the bound (43) into (40), we get

t t
P2 = Cn [ = iloms [ 160ty 91 dyds < Cn [ =l ds.
0 D 0
(44)
Combining (38), (39), (41), (42), and (44) we arrive at

t
(e, 1) — ii(x, 1)) < Cén/O it — il ooy (¢ — 5)~%ds.

We conclude the proof similarly to that of Lemma 2, t using the monotonicity of the
right-hand side. U
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Lemma 5. Under assumptions (A1)-(A4),
'
= il = CEn [ = s ¢ = )2 45)
0

forallt € [0,T].
Proof. As in the proof of Lemma 3, we can write

"uCe,t) —i(x, 1) —u(x,s) +alx, )|
ds
(t —s)otl

0
t t
sfo <t—s>—°‘—1</O/DG(x,t;y,v)(f(u(y, v) = £(@G, ) dydv

—fO/DGu,s;y, 0 (f (u(y. v) — F(@G. ) dydy
+Zx}/2
j=1

_fO/D G, sy, v)(h(u(y, v) — h(i(y, v)))e;(y) dy dBH (v)
<0+ 0%+ 0, + 0
where

t t
Q’f=f0 <r—s>*“*‘/S/D|G(x,r; ¥l [ £ (0, ) = £y, v)| dydvds,

t s
Q’}z/ (r—s)—“—lff G(x,1;y,0) = G(x, 53, 0)]
0 0JD
x | f(u(y, v)) = f(a(y, v)| dydvds,

0 t

Q) =ZA}/2/ (t =)=
j=1 0

t

/S/DG(x,t;y,v)(h(u(y, v)) —h(ﬁ(y, v)))ej(y)dydB]H(v) ds,
o t

Q) = ZA}”/O (t—s5)1
j=1

x (h(u(y, v) = h(@(y, v)))e; () dy dBf (v)

t
/OfD G(x.t; y,v)(h(u(y. v)) — h(i(y. v)))e;(y)dy dBI (v)

)as

X

t
//(G(x,t;y,v)—G(x,s;y, v))
s JD

ds.

Similarly to (27), (28) and (29), we get
t
0 < C/o lu — il (t — v) ™2 dv,

t
0f = [ =il @~ v dv.
0
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and

Q), < CE(Qn1 + On2 + On3),

where

t t
Oni =/O (r—s)‘“”/ w—s""

X /D 1G(x, 15y, 0)| |h(u(y, v)) — h(i(y, v))|dy dvds,

t t pv
QhZZ/ ([—S)_a_lff (v—r)_a_lf |G(X,l‘;yyv)|
0 s Js D

X |h(u(y, v)) — h(ﬁ(y, v)) — h(u(y, r)) + h(ﬂ(y, r))|dydrdvds,
t t pv
0= [a=o [[w=n
X / |G(x,t; y,v) — G(x, t; y, )| |h(u(y, r)) — h(i(y, r))|dy dr dv ds.
D

Further, we estimate
t
O < c/ e — il (¢ — v)~2 dv,
0

t
On3 = Cf lu =l (¢ — v)™>* dv,
0

similarly to (30) and (31). Then applying (43), the Gaussian property of G, and inte-
grating with respect to s, we obtain

t t
thanf <r—s>—“—1f ||u—ﬂ||a,oo,v/ G(x. 1; v, )| dy dv ds,
0 s D

t t
< Cn/O (t=v)" " Nu —itllgop dv < C’?/O (t — )72 u — iillg. 00,0 dv-
Finally,
Q) < C&(Qna + Ons + Qno)s
where
t N
Ops = / (t — s)f"‘f1 / v7°‘/ |G(x,t;y,v) — G(x,s; y, V)]
0 0 D
x |h(u(y, v)) — h(i(y, v))|dy dvds,
t N v
Qh5=/ (t—S)f"‘*l// (v—r)f"‘*]/ IG(x,t;y,v) — G(x,s; y, )]
0 0Jo D

x [h(u(y, v)) — h(i(y,v)) — h(u(y, ) + h(i(y, r))| dydrdvds,

t N v
One = / (t —s)"%! / / (w—r)y"*! / |G(x,t;y,v) — G(x, 55y, v)
0 0Jo D

-G, t;y,r)+ G(x, 53y, r)| ’h(u(y, r)) — h(ft(y, r))’dy drdvds.
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Arguing as in the proof of Lemma 3, we can prove the bounds
! 2
O =€ [ =il ¢ = v v,
0
t
One < C/ lu —iill, (t = v)™>* dv,
0
which are similar to (32) and (33). Finally, using (43), (11), and (14), we get
t | N
Ons < Cnf (t—s)""" / llu — tllg, 00,0
0 0
X / |G(x,t;y,v) —G(x,s;y,v)| dydvds
D
t N
<Cn [ 0= [l - 0 dvds
0 0
t
<O [ il = 0 o
0
t
<O [ = il € = 072 .
0

Combining the bounds for Q/f, Q/]C and Qp;,i =1, ..., 6, we arrive at

Nulx,t) —a(x,t) —u(x,s) +ulx,s)|
0 (t _s)oz+1

t
ds < Cen / it — il s (¢ — $)~2ds.
0

Taking suprema we get (45). 4

Proof of Theorem 1. Adding the bounds from Lemmata 45, we obtain that for all
tel0,T]

t
It = s = CEn [ = s ¢ = )
0
t
< anﬂ“/ 4 = iillg, 0. (t — $) " 2*s™2%ds.
0
Then |lu — iilly, 00,7 = O by the generalized Gronwall lemma [13, Lemma 7.6]. [
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