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Abstract In this paper the fractional Cox—Ingersoll-Ross process on R4 for H < 1/2 is
defined as a square of a pointwise limit of the processes Y, satisfying the SDE of the form
(o k H . o
dYe(t) = (Ye(t)ll(y£<;)>0;+s aYe(1))dt+odB" (t),as ¢ | 0. Properties of such limit process
are considered. SDE for both the limit process and the fractional Cox—Ingersoll-Ross process

are obtained.
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differential equation, pathwise Stratonovich integral

2010 MSC  60G22, 60HO05, 60H10

Introduction

The Cox—Ingersoll-Ross (CIR) process, that was first introduced and studied by Cox,
Ingersoll and Ross in papers [4-6], can be defined as the process X = {X;, t > 0}
that satisfies the stochastic differential equation of the form

dX; =a(b— X)dt + o+ X, dW,, Xg,a,b,oc >0, €))]

where W = {W;, t > 0} is the Wiener process.
The CIR process was originally proposed as a model for interest rate evolution
in time and in this framework the parameters a, b and o have the interpretation as
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follows: b is the “mean” that characterizes the level, around which the trajectories of
X will evolve in a long run; a is “the speed of adjustment” that measures the velocity
of regrouping around b; o is an instantaneous volatility which shows the amplitude
of randomness entering the system. Another common application is the stochastic
volatility modeling in the Heston model which was proposed in [10] (an extensive
bibliography on the subject can be found in [11] and [12]).

For the sake of simplicity, we shall use another parametrization of the equation
(1), namely

dX; = (k —aXy)dt + o/ X:dW;, Xo,k,a,0 > 0. 2)

According to [9], if the condition 2k > o2, sometimes referred to as the Feller
condition, holds, then the CIR process is strictly positive. It is also well-known that
this process is ergodic and has a stationary distribution.

However, in reality the dynamics on financial markets is characterized by the so-
called “memory phenomenon”, which cannot be reflected by the standard CIR model
(for more details on financial markets with memory, see [1, 2, 7, 21]). Therefore,
it is reasonable to introduce a fractional Cox—Ingersoll-Ross process, i.e. to modify
the equation (2) by replacing (in some sense) the standard Wiener process with the
fractional Brownian motion B = {BtH ,t > 0}, i.e. with a centered Gaussian process
with the covariance function E[BtHBSH] = %(tZH +52H — |t — s|2H).

There are several approaches to the definition of the fractional Cox—Ingersoll—
Ross process. The paper [15] introduces the so-called “rough-path” approach; in
[13, 14] it is defined as a time-changed standard CIR process with inverse stable
subordinator; another definition is presented in [8] as a part of discussion on rough
Heston models.

A simpler pathwise approach is presented in [17] and [18]. There, the fractional
Cox-Ingersoll-Ross process was defined as the square of the solution of the SDE

dy, = %(% = aY;)dt +2dB'. Yo >0, 3)
until the first moment of zero hitting and zero after this moment (the latter condition
was necessary as in the case of k > 0 the existence of the solution of (3) could not be
guaranteed after the first moment of reaching zero).

The reason of such definition lies in the fact that the fractional Cox—Ingersoll—
Ross process X defined in that way satisfies pathwisely (until the first moment of
zero hitting) the equation

dX, = (k —aX,)dt +o/X, 0dB, Xo=7Y3>0,

where the integral with respect to the fractional Brownian motion is considered as the
pathwise Stratonovich integral.

It was shown thatif k > O and H > %, such process is strictly positive and never
hits zero; if k > O and H < % the probability that there is no zero hitting on the fixed
interval [0, T], T > 0, tendsto 1 as k — oo.

The special case of k = 0 was considered in [17]. In this situation Y is the well-
known fractional Ornstein—Uhlenbeck process (for more details see [3]) and, ifa > 0,
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the fractional Cox—Ingersoll-Ross process hits zero almost surely, and if a < O the
probability of hitting zero is greater than O but less than 1.

However, such a definition has a significant disadvantage: according to it, the
process remains on the zero level after reaching the latter, and if H < 1/2, such case
cannot be excluded. In this paper we generalize the approach presented in [18] and
[17] in order to solve this issue.

We define the fractional CIR process on Ry for H < 1/2 as the square of ¥
which is the pointwise limit as ¢ |, 0 of the processes Y, that satisfy the SDE of the
following type:

1 k o
dY.(t) = - —aYe() )dt + —=dB" (1), Y.(0) =Yy >0,
(1) 2<Y€(s)]l{yg(s)>0}+g a s()) + 7 (3] £(0) 0>

where a, k, o > 0.

We prove that this limit indeed exists, is nonnegative a.s. and is positive a.e. with
respect to the Lebesgue measure a.s. Moreover, Y is continuous and satisfies the equa-
tion of the type

_ 1 ') k o,y i
Y(t)_Y(a)—i—E/; (m—aY(s)>ds+§(B (t) — B" (@)

for all ¢ € [«, B] where (, B) is any interval of Y’s positiveness.

The possibility of getting the equation of the form (3) is restricted due to the
obscure structure of the set {t > 0 | Y(¢) = 0} which is connected to the structure
of the level sets of the fractional Brownian motion. For some results on the latter see,
for example, [19].

This paper is organised as follows.

In Section | we give preliminary remarks on some results concerning the exis-
tence and uniqueness of solutions of SDEs driven by an additive fractional Brownian
motion, as well as explain connection of this paper to [17] and [18].

In Section 2 we construct the square root process as the limit of approximations.
In particular, it contains a variant of the comparison Lemma and a uniform boundary
for all moments of the prelimit processes.

In Section 3 we consider properties of the square root process. We prove that Y is
nonnegative and positive a.e., and also continuous.

In Section 4 we give some remarks concerning the equation for the limit square
root process on R. We obtain the equation for this process with the noise in form of
sum of increments of the fractional Brownian motion on the intervals of Y’s positive-
ness.

Section 5 is fully devoted to the pathwise definition and equation of the fractional
Cox-Ingersoll-Ross process. We prove that on each interval of positiveness the pro-
cess satisfies the CIR SDE with the integral with respect to a fractional Brownian mo-
tion, considered as the pathwise Stratonovich integral. The equation on an arbitrary
finite interval is also obtained, with the integral with respect to a fractional Brown-
ian motion considered as the sum of pathwise Stratonovich integrals on intervals of
positiveness.
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1 Fractional Cox-Ingersoll-Ross process until the first moment of zero hitting
Let BY = {BH(t),t > 0} be a fractional Brownian motion with an arbitrary Hurst
index H € (0, 1). Consider the process Y = {Y (), ¢t > 0}, such that

1/ k
dY@)=§<?GS—aYUOdr+%dBHOL t>0, Yo.a. k.o >0. (4

Note that, according to [20], the sufficient conditions that guarantee the existence
and the uniqueness of the strong solution of the equation

t
ﬂ0=z+/1ﬂxzomh+BWﬂ,temJ1
0

are as follows:
(1) for H < 1/2: linear growth condition:

|ft. 2| < c(1+1zl), 6))

where C is a positive constant;
(i) for H > 1/2: Holder continuity:

| f(t1,20) — flt2. 22)| < C(lz1 — 22 + 161 — 2l”), (6)
where C is a positive constant, z1,z2 € R, 11,0 € [0,T],1 > « > 1 — 1/2H,
1
y>H-—3.
The function r
fOy)=—-—ay
y

satisfies both (i) and (ii) for all y € (8, +00), where § € (0, Yp) is arbitrary. Therefore
for all H € (0, 1) the unique strong solution of (4) on [0, T'] exists until the first
moment of hitting the level § € (0, Yp) and, from the fact that § is arbitrary, it exists
until the first moment of zero hitting.

Lett :=sup{t > 0| Vs € [0,7) : Y(s) > O} be the first moment of zero hitting
by Y. The fractional Cox-Ingersoll-Ross process was defined in [18] as follows.

Definition 1.1. The fractional Cox—Ingersoll-Ross (CIR) process is the process X =
(X (¢), t > 0}, such that
X() = Yz(l‘)ﬂ{l<r}7 (7)

where Y is the solution of the equation (4).

Remark 1.1. Further, Y will be sometimes referred to as the square root process, as
it is indeed a square root of the fractional CIR process.

It is known ([18], Theorem 2) that if H > %, the process Y is strictly positive a.s.,
therefore the fractional Cox—Ingersoll-Ross process is simply Y2(z), t > 0.

However, in the case of H < %, the process Y may hit zero. In such situation,
according to (7), the corresponding trajectories of the fractional Cox—Ingersoll-Ross
process remain in zero after this moment, which is an undesirable property for any
financial applications.

Our goal is to modify the definition of the fractional CIR process in order to
remove the problem mentioned above.
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2 Construction of the square root process on R as a limit of e-approximations
Consider the process Y, = {Y.(¢), t € [0, T]} that satisfies the equation of the form

k
Ye($) iy, (5)>01 + &

t t
Yo (1) =Y0+/ ds—a/ Ye(s)ds + o B2 (1), t>0, (8)
0 0

where Yy, k,a,0 > 0 and BY = {BH(I),t > 0} is a fractional Brownian motion
with H € (0, 1/2).

Remark 2.1. We will sometimes call Y, an e-approximation of the square-root pro-
cess Y.

For any T' > 0, the function f;: R — R such that

fe(y) = ay

yljy=o +¢
satisfies the conditions (5) and (6), therefore the strong solution of (8) exists and is
unique.
The goal of this section is to prove that there is a pointwise limit of Y, as ¢ — 0.
First, let us prove the analogue of the comparison Lemma.

Lemma 2.1. Assume that continuous random processes Y1 = {Y1(t),t > 0} and
Yo = {Ya(t), t = 0} satisfy the equations of the form
t !
Yi(t) = Yo+/ ﬁ(Y,-(s))ds+/ ai(s)ds +oB (1), t>0,i=12 (9
0 0

where B = (BE(),t > O} isa fractional Brownian motion, Yy, o >0 are constants,
o = {ai(t),t =0}, i = 1,2, are continuous random processes and f1, f»: R — R
are continuous functions, such that:

(i) forall'y € R: fi(y) < fa(y);
(ii) forall w € 82, forallt > 0: a1 (t, w) < ar(t, w).
Then, forallw € 2,t > 0: Y| (t, w) < Y2(t, ).

Proof. Let w € £2 be fixed (we will omit w in brackets in what follows).
Denote

8(r) =Y2(t) = Y1(1)
= fol(fz(Yz(s)) — fi(Yi(s)))ds + /Ot(otz(s) —ai(s))ds, t=0.
The function § is differentiable, §(0) = 0 and

8(0) = (f2(Yo) = f1(Y0)) + (22(0) — 1 (0)) > 0.

Itis clear that §(¢) = 8’+(O)t +o(t), t — 0+, so there exists the maximal interval
(0, %) C (0, co) such that §(¢) > 0 for all r € (0, t*). It is also clear that

* =sup{t > 0| Vs € (0,1) : 8(s) > 0}.
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Assume that t* < oo. According to the definition of ¢*, §(#*) = 0. Hence
Yi1(t*) = Y(t*) = Y* and

5(%) = () = () + (o) — e (1) > 0.

As8(t) =8 ")t —t*) +o(t —t*),t — t*, there exists ¢ > 0 such that §(¢) < 0
forall r € (t* — g, t*), that contradicts the definition of ¢*.
Therefore, Vt > 0:
Y1(2) < Ya(2). (10)
O

Remark 2.2. It is obvious that Lemma 2.1 still holds if we replace the index set
[0, +00) by [a, b], a < b, or if we consider the case Y1(0) < Y2(0).

Moreover, the condition (i) can be replaced by f1(y) < f2(y). In this case it can
be obtained that Y (¢, w) < Y>(t, w) forall w € 2 and ¢t > 0.

According to Lemma 2.1, for any &1 > & and for all € (0, 00):
Yo, (t) < Ye, (1).
Now, let us show that there exists the limit

lim Y. (1) = Y (1) < oc. (11)

We will need an auxiliary result, presented in [16].
Lemma 2.2. Forallr > 1:
E[ sup |BH(t)|r] < 00.
t€l0,T]
Leta,k,o0 >0,H € (0, 1).

Theorem 2.1. Forall H € (0,1), T > 0 andr > 1 there are non-random constants
Ci=C(T,r,Yy,a,k) >0and Cy = Co(T, r,a,c) > 0such that for all ¢ > 0 and
forallt € [0,T]:
Y| < Ci+Cy sup [BH(s)|. (12)
s€[0,T]

Proof. Let an arbitrary w € 2, r > 1 and T > 0 be fixed (we will omit @ in what
follows).
Let us prove that for all ¢ > 0 and for all r € [0, T']:

|Y.()|" < ((4Yo)’ + (%) + (80)" sup |BH(s)|’>

5€[0,T]

t
+(8a)" T"! f |Ye(9)|"ds. (13)
0

Consider the moment

T1(€) := sup{s e[0, T]|Vu €10,s]:Ye(s) > ?}
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Note that Y, is continuous, so 0 < 71(¢) < T and, moreover, for all ¢t € [0, t1(¢)]:
Ye() > 2 > 0.

In order to make the further proof more convenient for the reader, we shall divide
it into 3 steps. In Steps 1 and 2, we will separately show that (2) holds for all ¢ €
[0, 71(e)] and for all ¢t € (71(¢), T], and in Step 3 we will obtain the final result.

Step 1. Assume that ¢ € [0, 71(¢)]. Then,

t k t r
YtrzY—l—f ds—a/sts—i—oBHt
[0 0 0 Ye@) Ly, (s)>01 + ¢ 0 «) ®
t k t " r
< Yo—i-/ ds—{-a/ Ye(s)|ds + o |B (t)). (14)
< 0 Ye($) iy, 5)>0) + ¢ 0 [¥e(s)] | |

If r > 1, by applying the Holder inequality to the right-hand side of (2), we obtain

that
r 1 ! k '
Y. ()| <4~ (Y’ + </ ds)
¥ 0 0 Ye(s) iy, (5)>0) + ¢

IA

side of (2).
( /f 2k )’ ( 2kT )’
—ds | =(— ).
0o Yo Yo
For r > 1, from Jensen’s inequality,

t r
+a’</ |Y£(s)|ds> +a’|BH(t)|’>. (15)
0
Note that (2) is also true for » = 1 as in this case it simply coincides with right-hand
Forall ¢ € [0, 71(¢)]
t k r
( “)
0 Ye(®) iy, (s5)>0y +¢
t r 1 t
(/ ’Yg(s)|ds) <r! / |Ye(s)|"ds < 77! f Yo ()| ds.
0 0 0
Finally, for all ¢ € [0, t1(¢)]:

|BE )" < sup |[B(s)]".
s€[0,T]

Hence, for all ¢ € [0, t1(¢e)]:

2kT\" !
|Y€(z)|r54’1(yg+<70> +a’T”1/0 |Ye(s)|"ds + 0" S[l(l)pT]|BH(S)|r>
sell,

r 8kT ' r H r rr—I1 ! r
< ((4Y0) +< ) + (40)" sup |B(s)| >+(4a) T / |Ye(s)|"ds
0

Yo 5€[0,T]

r t
< <(4Y0)’+ (16”) + (80)" sup |BH(s)|r>+(8a)’T’1/ |Ye(s)| ds.
0

Yo 5€[0,T]

Note that the inequality (2) holds for all t € [0, T'], if t1(¢e) = T.
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Step 2. Assume that 71(¢) < T, i.e. the interval (t1(¢g), T'] is non-empty. From
definition of 71 (¢) and continuity of Y., Y. (t1(¢)) = %, forallt € (t1(e), T]:

Y
{s € (me).1]]|Ye(s)] < 7"} # 0.

Denote v
(e, 1) == sup{s € (ri(e), 1] |Ye(s)| < 70}

Note that for all ¢ € (71(g), T]: t1(¢) < 12(e, 1) < t and |Ye(12(e, 1)) < %, sO

Ye)|" = |Ye(@) — Ye(ra(e. 1) + Ye(r2(e. )|
<27 N(|Ye®) — Ye(r2(e. )| + | Ye(r2(e. D))

Y r
= 2r_l<|Ys(t) - Ys(":2(8a t))|r + (70) )
<27NYe(0) = Ye(ra(e, )| + ¥ (16)
In addition, if 7 (e, t) = t, then
|Ye(t) = Ye(rae. 1)| =0,
and if 1 (e, t) < t, then

r ! k
Ye(t) — Ye(nae.0)|" = ‘/
1%}

S
(e,t) YS(S)]l{Yg(s)>O} +¢&

r

t
—a/ Ye(s)ds + o (B (1) — B (12(e, 1)))

2(e,1)

t k t
< ds—{-a[ Y.(s)|ds + o BH(t)
(~/r2(£,t) Ys(s)]l{)’g(s)>0} +¢€ (e,1) | ‘ | } |

+o|B7 (ra(e, 1)) |)

r—1 ! k ' r ! '
<4 ds) +a |Ye(s)|ds
7 (e,t) Ys(s)]l{Yg(s)>O} +eé (e,1)

+o |70 + 07| B (e, )|

In this case, from definition of 1, (e, t), for all s € [12(e, 1), t]: Ye(s) > % SO

(L romare) = ()
ds) <|— .
e Ye(©) Ly, s)>0 + € Yo

Furthermore, from Jensen’s inequality,

t r t r t
(/ |Y£(s)|ds> 5(/ |Y8(s)|ds> 5;’*1/ Yo ()| ds
7(8,1) 0 0

1
< T’_lfo |Ye(s)|"ds.
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Next,
o’ |BE@W)| + 0" |BY (ra(e,1))|" < 20" sup |BY(s)|".
s€[0,T]

Hence,
|Ye(®) — Ye(ra(e. )]
8kT

r t
s(—) +(4a)’T”1/ |Ye()|"ds + (o) sup |[BH(s)|".  (17)
Yo 0 5€[0,7]

Finally, from (2) and (2), for all ¢ € (71(¢), T']:
e ()]
16kT\" !
< (YO’ + (—) + (80)" sup |B”(s)|’) + (8a)' T"! / Yo ()| ds
Yo 5€[0,T] 0

. (16kT
< ((4Y0) +(TO) + (80)" sup |B" (s)|>

s€[0,T]

t
+(8a)’T’_1/(; Yo ()| ds.

Therefore, (2) indeed holds for all ¢ € [0, T'].
Step 3. From (2), by applying the Gronwall inequality, we obtain that for all
tel0,T]

‘Ys(t)’r = ((4Y0)r + (16Y£> + (80)" sup |BH(S)‘ ) (8aT)"
0

s€[0,T]
=:C1+Cy sup ’BH(S)’
s€[0,T]
where
-
Cr = e (ayyyr + (L)),
Yo
C2 — (80.)r'e(8aT)r7

which ends the proof. O

Corollary 2.1. Forall T > 0 andr > 1 there exists C = C(T,r, Yo, k,a,0, H) <
oo such that foralle > 0O andt € [0, T]:

E|Y.(n|" < C.

Proof. The proof immediately follows from Lemma 2.2 and Theorem 2.1. O

Corollary 2.2. Letr > 1 and Cy, Cs be constants from Theorem 2.1, and

Yt) = limY.(h0), 1€[0.T] 0c. (18)
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Then
Y| < Ci+C2 sup [BY(s)|'.
s€[0,T]

In particular,
Y(t) <00 a.s.

Proof. Letw € £2 and t € (0, T] be fixed (if # = 0, the result is trivial).

From Lemma 2.1, if &1 > &, then Y, () < Y,,(?), therefore the limit in (18)
exists.

The upper bound for |Y (¢)|" immediately follows from Theorem 2.1 as the right-
hand side of (12) does not depend on ¢. The a.s. finiteness of Y follows from the a.s.
finiteness of sup,¢(g 71 | B H (5)|, which is a direct consequence of Lemma 2.2. |

Corollary 2.3. The process Y is Lebesgue integrable on an arbitrary interval [0, t]
a.s.

Proof. First, note that the trajectories of Y are measurable as they are the pointwise
limits of continuous functions.
Let t € R4 be fixed. Due to Tonelli’s theorem, for any r > 1 there is such C that

t
E|: / Y(s)ds
0

therefore

r t t
] < T’I]E[/ |Y(s)|rds} = TH/ E|Y(s)["ds < CT",
0 0

t
fY(s)ds<oo a.s.
0

O
Remark 2.3. Forall 7 > 0:
t 13
lim Ye(s)ds = / Y(s)ds a.s.
e—=0Jo 0
Proof. It follows immediately from monotonicity of Y, with respect to ¢. g

Remark 2.4. Later it will be shown that ¥ is Riemann integrable as well. Until that,
all integrals should be considered as the Lebesgue integrals.

Remark 2.5. We will sometimes refer to the limit process Y as to the square root
process. It will be shown that it coincides with the square root process presented in
Section | until the first zero hitting by the latter.

Remark 2.6. Further, we will consider only finite and integrable paths of Y.

3 Properties of e-approximations and the square root process

Now let us prove several properties of both square root process and its -approxima-
tions.

Lemma 3.1. Let T > 0 and A be the Lebesgue measure on [0, T). Then

Mt el0,T]| Y1) <0} -0, &—0, as.
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Proof. Let w € £2 be fixed (we will omit w in what follows).
From the definition of ¥ and Remark 2.3, for any ¢ € [0, T'] the left-hand side of

t t
k
Y(t)—Yo—l—af Y(s)ds—oBH(t)zf ds
‘ o 0 Ye(®) Ly, »)>0) + ¢

converges to

t
Y(t) - Yo +a/ Y(s)ds — o B (1) < o0,
0

as ¢ — 0. Therefore there exists a limit

t
k
lim/ ds < oo. (19)
e=0Jo Ye(s)L{yr, >0y +¢

Assume that there exists a sequence {&, : n > 1}, &, | 0, and § > 0 such that for
alln > 1:
Mt €[0, T Y, (1) <0} =6 >0.

In such case, as

r k
/ dt
0 Ye,(O1y,, ()>0) t €n

k
= / dt
{1€l0.T1|Ye, (1)<0} Yo, )11y, (1)=0) + €n

k
+/ dt
{r€l0.71Ye, (>0} Ye, (D 1{y,, (=0} + &n

’

/ k kS
> dt > —
(te[0.T1Ye, (<0} Ye, )1y, (>0} + €n &n

it is clear that

T k
/ dt — o0, n — 00,
0 Ye,(O1y,, )=0) t én

that contradicts (19). |

Corollary 3.1. Forany T > 0, Y (t) > 0 almost everywhere on [0, T a.s. and hence
Y () > 0 almost everywhere on R4 a.s.

Corollary 3.2. Let T > 0 be arbitrary. Then, forallt € [0, T]:

Proof. According to the Fatou lemma,

rk ! k
f ——ds < lim ds < o0. O
o Y(s) e—0J0 Ye(®) 1y, (>0 + &
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For the next result, we will require the following well-known property of the
fractional Brownian motion (see, for example, [16]).

Lemma 3.2. Let {B(t),t > 0} be a fractional Brownian motion with the Hurst
index H. Then there is such ' C 2, P(2") = 1, that forallw € 2/, T >0,y >0
and 0 <s <t < T there is a positive C = C(w, T, y) for which:

|BH (1) — B (s)| = Clt — 5|77
Lemma 3.3. The process Y = {Y(t), t > 0} is non-negative a.s., so
{t=01Y@®) <0} ={t=0|Y(@)=0} aus.

Proof. Let an arbitrary w € £2’ from Lemma 3.2 be fixed and assume that there is
such T > 0O that Y (t) < 0. Then, for all £ > O:

Ye(t) < Y(1) <0.
Let an arbitrary ¢ > 0 be fixed. Denote
T_(¢) :=sup{r € (0,7) | Ys () > 0},
() == inf{r € (,00) | Y, (1) > 0}.

Note that, due to continuity of ¥, and Lemma 3.1,0 < t_(¢) < 7 < 14(¢) < 00.
It is clear that for all # € (7_(¢), T4 (8)): Y (t) < 0, therefore 1(y,()~0y = 0 and,
due to Lemma 3.2, there is such C > 0 that for all # € (7_(g), t4(¢)):

0 < Ye(t) = Yo (1) — Ye(t—(e))
t
:/z kds_a/ Ye(s)ds + o (BY (1) — BH (1_(e)))
T (&)

_(¢e) €
> g(t —1.(8)) = Co(t —_()". (20)

It is sufficient to prove that

k
F(e) = min (—(t —1_(¢)) = Co(t — r_(s))H/2> -0, &—0.
te[t— (&), 74 ()]

Indeed,

(E(I —1.(¢8)) = Co(t — r(g))H/z) = k_
€ .

Equating the right-hand side of (21) to O and solving the equation with respect to ¢,
we obtain

CHo

(t— 7:,(8))%. (@2

2
ty =1-(¢) + C1e2-7,
2
where C| = (Cﬁ" )=
Itis easy to check that the second derivative of the right-hand side of (3) is positive
on (t_(¢), t4+(€)), so 1, is indeed its point of minimum. Therefore

k
F(e) = ~(tx —1_(8)) — Co (1, — 1_(8))"* = C e=H — Co(Cremm) 2
&
= kCiem —CClPoern 50, & 0. O
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Remark 3.1. Itis clear that for all r € [0, T']:

t k t
Y() > Yo—l—/ —ds—a/ Y(s)ds +oBH.
o Y(s) 0

Lemma 3.4. Forany ¢* > 0and allt > 0:

lim Y.(t) = Yo (t).
e—>¢e*

Proof. Indeed, denote
lim Ye () = Z4.(1) < Yer(0).
ele*
It is clear that for all ¢t > 0, Y. (¢) * Z(¢), ¢ | &*, so for any ¢ > O:

t

t
lim Ye(s)ds = / Z(s)ds.
ele* Jo 0
Moreover, for all ¢ > &*:
1 1

<
Y.y, )>0) +& — &*

therefore

! 1 4 1
lim/ ds:/ d
ele* Jo Ye($) 1y, (>0 + € 0 Z1(8) iz, (5)>0) + &*

and hence

Z(0) = lim Y. (0

! k
=Yy + lim/ ds
ele* Jo Ye($) iy, (s5)>0y + ¢

t

1

—a lim f ds +oBY (1)
ele* Jo Ye($) Ly, (s)>0) + ¢

25

t t
= Y0+/ : ds—a/ Zi(s)ds+oBH (). (22)
0 0

Z () 1iz, (5)>0p + &*

It is known that Y.« is the unique solution to the equation (3), therefore for all

t>0:
lim Ye (1) = Ye=(2).
ele*

Next, denote
lim Ye(t) = Z_(t) > Yex(2).
efe*

Forallt > 0,Y.(t) | Z_(t),& 1 €*,s0

t t
lim Y.(s)ds = f Z_(s)ds
ere* Jo 0
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and for all ¢ € (i, e*):

1 2
S PR
Yo 1y, )0y +€ — &*

SO

! 1 ! 1
lim/ ds :/ ds.
ete* Jo Ye($) iy, (s5)>0y +¢ 0 Z-()z_(5>0y +&*

Therefore, similarly to (3), Z_ satisfies the same equation as Y+, so

lim Y. () = Ye= (1). O
ete*

Theorem 3.1. Let Y = {Y(t),t > 0} be the process defined by the formula (18).
Then

1) the set {t > 0|Y (t) > 0} is open in the natural topology on R;

2) Y is continuous on {t > 0| Y (¢t) > 0}.

Proof. We shall divide the proof into 3 steps.

Step 1. Let w € £2 be fixed. Consider an arbitrary t* € {r > 0|Y(t) > 0}. As
Y.(t*) — Y (t*), ¢ — 0, there exists such ¢* > 0 that for all ¢ < &*: Y. (t*) > 0.
From continuity of Y, with respect to ¢ and their monotonicity with respect to ¢, it
follows that there exists such §* = §*(¢*) > O that

Ve <&, Vt € (t* —&*, " +8*) i Ye(r) > 0.

Hence for all t € (t* — 8%, t* +8%): Y(¢) > 0 and therefore the set {r > 0|Y (¢) >
0} is open.
Step 2. Let us prove that

sup (Y1) = Ye(1)) > 0, &—0,
re(r*—8* 1 45%)

and therefore Y is continuous on the interval (t* — §*, t* + §%).
It is enough to prove that for any 6 > 0 there exists such g9 = ¢o(#) > 0 that for
all ¢ < ¢p:

sup (Y1) —Y:(n) <6.
te(t*—58%,1%45%)

Indeed, let us fix an arbitrary & > 0. From the definition of Y it follows that
Y (t* — 8%) — Y(@* — %) as ¢ — 0, so there is such ¢™* < &* that for all ¢ < &**
the following inequality holds:

Y(r* —68%) = Ye(r* — 6%) < 6.
Denote

e1 :=min{6, sup{e™ € (0,¢*) | Ve € (0,&™):
Y(t* = 8%) — Yo (" — %) < 0}}.

As g1 < 6, there exists such C € (0, 1] that &1 = C6.
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From the continuity with respect to ¢,
Y(r* —68%) =Yg (1" —58%) <6

and, from the monotonicity with respect to ¢, for all &€ < ¢
0< Y, (*=8%) - Y, ("= 5%) <0.

It is obvious that Y, (t* — 8*) — Y, (¢t* — 6*) | O as & 1 &1, so let us denote
g0 = sup{s € (0,¢e1) | Ys(t* - 8*) — Y, (t* - 8*)

- Y(@* — 8% — Y, (¢* —8*)}'
- 2

It is obvious that
Y({* —8%) — Y, (t* — 6%)

Yoo (1 = 8%) = Y, (1% — 8%) = 3

and therefore
Y (" —8%) = Yo (1" — 6%)
8%) = Yo, (" = 8%)) — (Yoo (¢ — 8%) — Y, (¢ — 5%))

= (Y (" -
_ Y(* —8%) — Yo, (t* —6%) - g
2 -2
Moreover, for all ¢ < ggp:
A I A

Now consider an arbitrary ¢ < &g and assume that there is such 79 € (#*—§*, r*+

§*) that
Ye(t0) — Yeo (t0) > 0.

Denote
Ti=inf{r € (t* — 8%, 70) | Vs € (1, 70) : Ye(s) — Yo (5) > 0} < 0.

From the definition of ¢ and 7, for all ¢ € (7, 79):
Ye(t) — Y, (1) > 0. (23)

However, as for all ¢t € (t* — 8%, " + §%) and for all ¢ < &* it is true that

Liv.>0p = 1,
(Ye(r) = Yoo (1)
. < k k )
N\ Y@l os0+& Yo (D1, =0 + &0
_a(Ys(T) - Yeo(f))
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k k
- (Ys(l') + ¢ B YSO(T) +8()> _a(YS(T) — Ygo(l’))

_ k(Yay(0) = Ye(0)) + k(oo — &)
(Yo (D) + &) (Vey (7) + 0)

- a(Yg(r) — Yso(r)). 24)
From the continuity of Yy, (t) — Y, (¢) with respect to ¢ and definition of t, it is
clear that Y, (t) — Y,(r) = —f and,as 0 < ¢ < g9 < &1 = C6, where C € (0, 1],
k(Yey(t) — Ye(v)) + k(gg — &) < k(—0 + CO) = k(C — 1)§ < 0.

Therefore
k(C - 1o B
(Ye(r) + &) (Yo (T) + €0)

(Ye(r) — Yoo (1) < ab < 0.

Hence, as
Ye(t) — Yeo (1) =0 + (Yg(r) — Ygo(r))/(t —1)4o(t—1), t—T,
there exists such interval (7, 71) C (t, 19) that for all ¢ € (z, 71):
Yo (1) — Yo (1) <0,

which contradicts (23).
So, forall r € (¢* — 8%, t* 4+ §*):

Volt* = 6) = Yy (1" = 87) <0,
and hence, as for all ¢ < g9 and # € R it holds that Y, () < Y. () < Y (?),

sup (Yg(t) — Yg(t)) <6, Ve<eg.
rE(r*—8% 1% +8%)

Step 3. In order to prove that
lim Y () =Y (0) = Yo,
t—0+

it is enough to notice that for any £ > 0 there is such 7 > 0 that for all ¢ < &:
Ye(t) > 2,1 €[0,7].
Hence, for each all ¢ < £ and ¢ € [0, 7]
k k k 2k
= = =5
Ye(O Ly, -0y +¢  Ye@)+e = Y(t) ~— Yo

and so

t k t
hm/ dS = / —ds’
e=0Jo Ye($) Ly, (n>0y + € o Y(s)
hence, for all ¢ € [0, 7]:

t t
Y(t) = Yo+/ ds—a/ Y(s)ds + o B (1).
0 0

Y(s)

This equation has a unique continuous solution, therefore Y is continuous on
[0, 71. 0



Fractional Cox—Ingersoll-Ross process with small Hurst indices 29

Remark 3.2. From Theorem 3.1 it is easy to see that the limit square root process Y
satisfies the equation of the form (4) until the first moment t of zero hitting. Indeed,
on each compact set [0, 7] C [0, T) Y, converges to Y uniformly as & — 0 due to
Dini’s theorem. Hence there is such € > Othatforalle < &: Y. (f) > w >0
for all + € [0, 7], and, similarly to Step 3 of Theorem 3.1, it can be shown that Y

satisfies equation (4) on [0, £].

Corollary 3.3. The trajectories of the process Y = {Y (t), t > 0} are continuous a.e.
on Ry a.s. and therefore are Riemann integrable a.s.

Proof. The claim follows directly from Theorem 3.1 and Corollary 3.1. O

The set {t > 0] Y(¢) > 0} is open in the natural topology on R a.s., so it can be
a.s. represented as the finite or countable union of non-intersecting intervals, i.e.

N
{t=017@®>0}=J@.B) NeNU(oo},
i=0

where (o, Bi) N (aj, Bj) =0,i # j.
Moreover, the set {t > 0| Y (¢) > 0} can be a.s. represented as

N
{t=0]1Y@) >0} = [0, fo) U (U(ai, ﬂi)), (25)

i=1

where g = 0, By is the first moment of zero hitting by the square root process Y,
(ai, Bi) N (o, Bj) = 9,0 # j, and (e, Bi) N[0, Po) =0, i # 0.
Theorem 3.2. Let («;, i), i > 1, be an arbitrary interval from the representation
(25). Then

1) limy g4 Y () =0, lim; 5, Y () =0 a.s.;

2) foranyt € [a;, Bil:

t k t
Y(t) = / ds —a/ Y(s)ds +o (B (1) — B (@) as. (26)
« Y(s) e
Proof. Let £2’ be from Lemma 3.2 and an arbitrary o € 2’ be fixed.

1) Proofs for both left and right ends of the segment are similar, so we shall give
a proof for the left end only.

Y is positive on («;, B;), so it is sufficient to prove that ﬂ,ﬁa# Y(t) =0.

Assume that lim, 4+ Y(t) = x > 0. Then for any § > 0 there exists such
T € (a,0; +8) that Y (v) € (3F, 3F).

Let § and such T € (o, ; + 8) be fixed. Yo (r) 1 Y(7) as ¢ — 0, so there is such
& = g(7) that Y. (1) € (3 5—x). It is clear that Y, (ct;) < 0O, therefore there is such a

20 4

moment 71 € («;, T) that

7= sup{t € (ai, 1) | Ye(t) =

IS
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From continuity of Y, Y. (1) = %, s0 Ye(t) — Ye(71) > 7. On the other hand,

from definitions of 7 and 7y, for all ¢ € [z, T]: Ye(t) € (7, 5x) That, together with
Lemma 3.2, gives:

oy Y
Z< (1) — Ye(11)

Y L R W on
_/n Ys(s)+£ds a/;l Ye(s)ds + o (B (1) — BY (1))

2k ax
< (7 + 7)@ — 1)+ C(ra — 1) /2,

ie. forany § > 0

2k 2k
0<i<(Z+8)e-m+cm-"? < (Z+Z)s+cs"7,
4 X 4 X 4

which is not possible.

Therefore
lim Y(t)= lim Y(t)= lim Y() =0.
I—ai+ Sai+ 1=+
2) From Theorem 3.1, Y is continuous on each segment [o, ,3 ] C [, Bil, so,

due to Dini’s theorem, Y, converges uniformly to Y on [o, 8] as ¢ — 0. Moreover,
there is such § > 0 such that for all r € [(x ,3 ]: Y(¢) > 4, therefore it is easy to see

that converges uniformly to ( on[a], Bf]ase — 0.

k
YeOLiy,()>0+¢
Hence, for all 7 € [af, BF]:

| t
/ ds = lim/ ¢ ds
o Y(5) e=0 Jor Ye () Ly, (s)>0) + &
t
= 11m<Y8(t) ( i*)—l—a/ Yg(s)ds—a(BH(t)—BH(af))>
a*

i
t

= Y1) - ¥(e) +a/ Y(s)ds — o (B (t) — B¥ (a})).

*
¢

or

t k t
Y(t) =Y (o) +f ——ds — a/ Y(s)ds +o (B () — B"(af)). (27
of Y(s) of
The right-hand side of (27) is right continuous with respect to e due to the pre-
vious clause of proof, i.e.

Tk 'k
lim Y( -)—Y(Oli); lim —ds:/ —ds;
af —>ai+ af —ai+ af Y (s) o Y(s)
t

'
lim Y(s)ds:/ Y (s)ds;
o

* .
o >+ af

lim (B"(t) — B¥ (o)) = (B (1) — BT ().

af =i+
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Due to Lemma 3.3, Y (¢;) = 0, therefore (26) holds for an arbitrary ¢ € [«;, ;).
To get the result for ¢t = B, it is sufficient to pass to the limit as t — ;. O

Remark 3.3. Similarly to Theorem 3.2, it is easy to prove that
lim Y(r) =Y (Bo) =0,
l—)ﬁ()—

and therefore, taking into account Remark 3.2, for all ¢ € [0, Bo]:

1 k 1
Y (1) =Yo+/ —ds—a/ Y(s)ds + o B (r). (28)
0o Y(s) 0
Remark 3.4. The choice of ¢-approximations may be different. For example, instead
of (8), it is possible to consider the equation of the form

t t
Ye (1) :Y0+/ #ds—a[ Yo (s)ds + o B (1).
0o max{Y.(s), €} 0

By following the proofs of the results above, it can be verified that all of them
hold for the resulting limit process Y. Furthermore, if k, a > 0, it coincides with ¥
on [0, +00).

Indeed, let w € §2 be fixed. Consider the difference

Ae(t) == Ye(t) — Ye(t)

(ot )
= _ - s
o \max{Y(s),e} Ye()liy,(5)>0) +¢

t
—a/ (fs(s) — Yg(s))ds.
0

k k o, .
As max (] > oo ¥e for all x € R, it is easy to see from Lemma 2.1 and

Remark 2.2 that A.(t) = fg (t) = Ye(t) = 0. Furthermore, A, is differentiable on
(0, +00) and A.(0) = 0.
Assume that there is such T > 0 that A.(t) > 2¢ and denote

T :=inf{r € (0,7) | Vs € (1, T] : Ae(s) > €}.

Note that, due to continuity of fs and Y., A.(t;) = ¢ and therefore for all 1 €
(Te, T):
Ag(t) — Ag(ze) > 0,

so, as A is differentiable in g,

m Ag(t) — Ag(te) > 0.

’ _ ! = I
A (Te) = (A (Te) = ,_llrﬁ t—1,
However, as

max{Y; (z;), £} = max{Ye() + &, £} = max{Y;(ze), 0} + ¢
= Ye(te) Ly, (z)>0) T €,
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it is easy to see that

k k )

A/(‘[)z — _ _ay(T)_Y(T)

e(Te max{Ys(7.), e} Ye(Te)liy,z)>0) + € ( e(Te s 8)
= —ae < 0.

The obtained contradiction shows that for all # > 0: Y,(z) — Y:(f) < 2¢ and
therefore, by letting ¢ — 0, it is easy to verify that forall > 0: Y (r) = Y (¢).

Simulations illustrate that the processes indeed coincide (see Fig. 1). Euler ap-
proximations of Y, and )78 on [0, 5] were used with e = 0.01, H =0.3,Yy =a =
k = o = 1. The mesh of the partition was At = 0.0001.

25

1.5

process
1.0

0.5

0.0

™

Fig. 1. Comparison of Y, (black) and Ye (red), e = 0.01. Two paths are close to each other, so
that they cannot be distinguished on the figure

4 Equation for the square root process Y for ¢ > 0

The equation for Y (¢) in case of ¢ € [0, Bo] has already been obtained in Remark 3.3.
In order to get the equation for an arbitrary ¢t € R, consider the following procedure.
Let 7 be the set of all non-intersecting open intervals from representation (25),
ie.
Z={(,B), i=1,...,N}, NeNU{oo}

Consider an arbitrary interval («, 8) € Z and assume that ¢ € [«, 8]. Then, from
Theorem 3.2,

t t
Y(t):/ %ds—a/ Y(s)ds +o (B (1) — B" (@)

Consider all such intervals (&;, ,5]-) eZ,j=1,...,M, M € NU {oo}, that
aj <a.
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Foreachj=1,..., M,

_ Bi k Bj _
0="Y(B)) =ﬁ mds—aﬁ Y(s)ds +o(B"(B)) — B" @))).
Moreover,
Bo k Bo "
0= Y(,30)=Y0+/0 mds—a/() Y(s)ds +aB" (Bo).
Therefore

M
Y(t) =Y (Bo)+ Y Y (B)+Y(®)

j=1

Bo s/ k M. Bk
=Y+ </O (% - aY(s)>ds + ;/ﬁ/ (m - aY(s))ds
tok
n / (W _am))ds)

M
+o <BH(/30) +Y (BY(B)) - B¥@)) + (B (1) - BH<a)))

j=1

Y, +f < k Y( ))d

=Yy } —— —a¥Y(s) )ds
[0.80)U(UL, @)Ul \ Y (5)

M
+o (BH(ﬁo) +Y (BB — B @)+ (B (1) - B%)))

j=1

ok
=Y —}—/0 <% —aY(s))ds

M
+o (BH(ﬂo) +Y (BB — B @)+ (B" 1) - BH<a>)).

j=1

The question whether Y satisfies the equation of the form (28) on R remains
open due to the obscure structure of its zero set. The simulation studies do not con-
tradict with that either.

Indeed, consider the process Z = {Z(t), t > 0} that satisfies the SDE

t t
Z) =Yy —a/ Z(s)ds +/ Lds +oB®),
0 o Y(s)

where Y is, as usual, the pointwise limit of Y and Yy, &, a, o are positive constants.
By following explicitly the proof of Proposition A.1 in [3] it can be shown that

t as t
Z(t):e—“’<yo+/ ke ds+a/ e‘”dBH(s)). (29)
0o Y(s) 0
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Now assume that Y satisfies the equation of the form (28) for all # > 0. Then Y
admits the representation of the form (29), i.e.

t as t
Y(t):e_“’(Yo—f—/ ke ds+a/ e‘”dBH(s)>, (30)
o Y(s) 0

so the paths of Y and paths obtained by direct simulation of the right-hand side of
(30) must coincide.

In other words, if we simulate the trajectory of Y, apply transform given in the
RHS of (30) to it and receive the trajectory that significantly differs from the initial
one, it would be an evidence that Y does not satisfy the equation of the form (28) for
allz > 0.

To simulate the left-hand side of (30), the Euler approximations of the process Y,
with ¢ = 0.01 are used. They are compared to the right-hand side of (30) simulated
explicitly using the same Y,. The mesh of the partition is Ar = 0.0001, T = 5,
H=04,Yy=k=a=o0 =1 (see Fig. 2).

25
|

2.0
I

1.5

1.0

0.0

Fig. 2. Comparison of right-hand and left-hand sides of (30)

As we see, the Euler approximation of Y (of Y, with small ¢, black) indeed almost
coincides with its transformation given by the right-hand side of (30) (red), so no
contradiction is obtained.

5 Fractional Cox-Ingersoll-Ross process on R

Consider a set of random processes {Y;, & > 0} which satisfy the equations of the
form

Yo(t) = Y, +1/t< k Y())d + 2B
=Yy + — —aYe(s s+ = ,
‘ 2 Jo \Ye() Ly, 5)=0 + & ¢ 2

driven by the same fractional Brownian motion with the same parameters k, a, o0 > 0
and the same starting point Yy > 0.
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Let the process Y = {Y(¢),t € [0, T']} be such that for all + > 0:

Y(6) = lim Y, (1), 31)

Definition 5.1. The fractional Cox—Ingersoll-Ross process is the process X = {X (),
t > 0}, such that
X(1) = Y?(t), Vt>0.

Let us show that this definition is indeed a generalization of the original Defini-
tion 1.1.
First, we will require the following definition.

Definition 5.2. Let {U;,r > 0}, {V;,t > 0} be random processes. The pathwise
Stratonovich integral fOT U o dV; is a pathwise limit of the following sums

n
Uy, +Uy_
Z %(Vn{ - Vlkfl)a
k=1

as the mesh of the partition0 =7y < #; <t < --- < t,_1 < t, = T tends to zero,
in case if this limit exists.

Taking into account the results of previous sections and from Theorem 1 in [18],
for all ¢ € [0, Bol:

t t
X(t):X0+/ (k—aX(s))ds+0/ VX(s)odB(s)a.s.
0 0

A similar result holds for all ¢ € [«;, Bi], i > 1.

Theorem 5.1. Let (o, Bi), i > 1, be an arbitrary interval from the representation
(25). Consider the fractional Cox—Ingersoll-Ross process X = {X (1), t € [«;, Bil}
from Definition 5.1.

Then, for a; <t < B; the process X a.s. satisfies the SDE

dX(t) = (k —aX(0)di + o/X(1) 0dB™ (1), X (a;) =0, (32)

where the integral with respect to the fractional Brownian motion is defined as the
pathwise Stratonovich integral.

Proof. We shall follow the proof of Theorem 1 from [18].
Let us fix an w € §2 and consider an arbitrary ¢ € [¢;, Bi].
It is clear that

X(t) = Y*(t)

(1 [ K oy o oH, :
—(5‘/“'. <m—aY(S)>dS+EB (t)—EB (a,)) . (33)

Consider an arbitrary partition of the interval [¢;, ¢]:

o =hh<h<h<- - <1<t =t.
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Taking into account that X (¢;) = 0 and using (5), we obtain

n

X)) =Y (X@t)) = X(tj-1)

j=1

2
_Z([ / <%—aY(s))ds+ BH(t,)——BH(a,)}

L[k u oou T
_[E/a,. <m—ay(s))ds+23 tj-n)~ 5B (a,-)])

Factoring each summand as the difference of squares, we get:

[ [ k ek
j= i

1

9 (pH H H
- E(Btj +B, )-0oB (ozl-):|

1 [l k v J GH S
X[E/ (m_a (S)) S+2( (j)_ (] 1))}

Expanding the brackets in the last expression, we obtain:

X() = %ji(/” (% - aY(s))ds
o[ (mere)e) [ (o)
+= Z B + B! ) /tj (% —aY(s))ds
o S ()

tj—1 k
4+— Z(/ (Y(s) —aY(s))ds +/¢;,- (Y(s) —aY(s))ds)

x (B (1)) — B" (tj-1))

2 n
%ZB (tj) — B (t;-0) (B 1)) + BY (1)

o2

— B ) Z((BH(rj) - B ;). (34)

j=1
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Let the mesh At of the partition tend to zero. The first three summands

—Z(/ (m —aY(s))ds +/“<% —aY(s))ds)
X /lj (% —aY(s))ds
—i—gZ(BH—i-BH /tj L—aY(s) ds

4 =7 ) Y (s)

O'
3P “‘”Z(/ (m‘“””)ds)
tok
= _ay
*/ (Y() ¢ m)
1 H
(5/ (m—aY(u)>du+ 2B ()——B (%))

t
—/ (m —aY(s)>Y(s)ds —f (k—aX(s))ds, At—0,

and the last three summands

([ (st ero s [ (o)

x(B"(t)) — B"(tj-1)
2 n
+5 Z (B (1)) — B (1) (B" (1)) + BY (1j_1)

—%B%l-) > (B @) - B @j-1))

j=l1

t s
—>a/al<l/ <%—aY(u))du

O gHy— 2 BH (4 ) o dBH
+2B (s) 23 (Olz)) dB™ (s)

t t
=o/ Y(s)odBH(s)zo/ VX(s)odBH(s), Ar— 0.

37

(35)

(36)

Note that the left-hand side of (5) does not depend on the partition and the limit
in (5) exists as the pathwise Riemann integral, therefore the corresponding pathwise

Stratonovich integral exists and the passage to the limit in (5) is correct.
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Thus, the process X satisfies the SDE of the form
t t
X(@) = f (k — aX(s))ds +0o / VX(s)odBH(s), te€la, Bil, 37
o o

where f OZ VX () odBH(s)isa pathwise Stratonovich integral. |

Finally, similarly to Section 4, the next result follows from Theorem 5.1.

Consider an arbitrary («, 8) € Z, where Z is a set of all open intervals from
representation (25) (see Section 4). Let By be the first moment of zero hitting by Y
and (&, Bj) €l,j=1,...,M, M € NU {oc}, are all such intervals that &; < a.

Theorem 5.2. Lett € [«, B]. Then
t
X@) = X(©0) + f (k—aX(s))ds
0
VX(s)odBH(s),

+o / }
[0,0)U(USL, @;, B))Ule 1)

where
/ ~ VX (s)odB(s)
0,0V, @, B)) Ul 1)
Bo M .B;
::/ ,/X(s)odBH(s)JrZ/ VX(s)odB(s)
0 . a;
j=1"
t
+/ VX (s)odBH ().
o
Acknowledgments

We are deeply grateful to anonymous referees whose valuable comments helped us
to improve the manuscript significantly.

References

[1] Anh, V., Inoue, A.: Financial Markets with Memory I: Dynamic Models. Stoch. Anal.
Appl. 23(2), 275-300 (2005). MR2130350. https://doi.org/10.1081/SAP-200050096

[2] Bollerslev, T., Mikkelsen, H.O.: Modelling and pricing long memory in stock market
volatility. J. Econom. 73(1), 151-184 (2005)

[3] Cheridito, P., Kawaguchi, H., Maejima, M.: Fractional Ornstein-Uhlenbeck processes.
Electron. J. Probab. 8(1), 1-14 (2003). MR1961165. https://doi.org/10.1214/EJP.v8-125

[4] Cox, J.C., Ingersoll, J.E., Ross, S.A.: A re-examination of traditional hypotheses about
the term structure of interest rates. J. Finance 36, 769-799 (1981)

[5] Cox, J.C., Ingersoll, J.E., Ross, S.A.: An intertemporal general equilibrium model of

asset prices. Econometrica 53(1), 363-384 (1985). MR0785474. https://doi.org/10.2307/
1911241


http://www.ams.org/mathscinet-getitem?mr=2130350
https://doi.org/10.1081/SAP-200050096
http://www.ams.org/mathscinet-getitem?mr=1961165
https://doi.org/10.1214/EJP.v8-125
http://www.ams.org/mathscinet-getitem?mr=0785474
https://doi.org/10.2307/1911241
https://doi.org/10.2307/1911241

Fractional Cox—Ingersoll-Ross process with small Hurst indices 39

(6]

(7]

(8]

(9]

(10]

(1]

[12]

(13]

(14]

[15]

(16]

(7]

(18]

(19]

[20]

[21]

Cox, J.C., Ingersoll, J.E., Ross, S.A.: A theory of the term structure of interest rates. J.
Finance 53(2), 385408 (1985). MR0785475. https://doi.org/10.2307/1911242

Ding, Z., Granger, C.W., Engle, R.F.: A long memory property of stock market returns
and a new model. J. Empir. Finance 1(1), 83-106 (1993)

Euch, O., Rosenbaum, M.: The characteristic function of rough Heston models.
https://arxiv.org/pdf/1609.02108.pdf. Accessed 18 Aug 2018. arXiv: 1609.02108

Feller, W.: Two singular diffusion problems. Ann. Math. 54, 173-182 (1951).
MRO0054814. https://doi.org/10.2307/1969318

Heston, S.L.: A closed-form solution for options with stochastic volatility with applica-
tions to bond and currency options. Rev. Financ. Stud. 6(2), 327-343 (1993)
Kuchuk-latsenko, S., Mishura, Y.: Pricing the European call option in the model
with stochastic volatility driven by Ornstein-Uhlenbeck process. Exact formulas. Mod.
Stoch. Theory Appl. 2(3), 233-249 (2015). MR3407504. https://doi.org/10.15559/
15-VMSTA36CNF

Kuchuk-Iatsenko, S., Mishura, Y., Munchak, Y.: Application of Malliavin calculus to
exact and approximate option pricing under stochastic volatility. Theory Probab. Math.
Stat. 94, 93-115 (2016). MR3553457. https://doi.org/10.1090/tpms/1012

Leonenko, N., Meerschaert, M., Sikorskii, A.: Correlation structure of fractional Pear-
son diffusion. Comput. Math. Appl. 66(5), 737-745 (2013). MR3089382. https://doi.org/
10.1016/j.camwa.2013.01.009

Leonenko, N., Meerschaert, M., Sikorskii, A.: Fractional Pearson diffusion. J.
Math. Anal. Appl. 403(2), 532-546 (2013). MR3037487. https://doi.org/10.1016/
jjmaa.2013.02.046

Marie, N.: A generalized mean-reverting equation and applications. ESAIM Probab. Stat.
18, 799-828 (2014). MR3334015. https://doi.org/10.1051/ps/2014002

Mishura, Y.: Stochastic Calculus for Fractional Brownian Motion and Related Processes.
Springer, Berlin (2008). MR2378138. https://doi.org/10.1007/978-3-540-75873-0
Mishura, Y., Piterbarg, V., Ralchenko, K., Yurchenko-Tytarenko, A.: Stochastic rep-
resentation and pathwise properties of fractional Cox-Ingersoll-Ross process (in
Ukrainian). Theory Probab. Math. Stat. 97, 157-170 (2017). Available in English at:
https://arxiv.org/pdf/1708.02712.pdf. MR3746006

Mishura, Y., Yurchenko-Tytarenko, A.: Fractional Cox-Ingersoll-Ross process with
non-zero “mean”. Mod. Stoch. Theory Appl. 5(1), 99-111 (2018). MR3784040.
https://doi.org/10.15559/18-vmsta97

Mukeru, S.: The zero set of fractional Brownian motion is a Salem set. J. Fourier Anal.
Appl. 24(4), 957-999 (2018). MR3843846. https://doi.org/10.1007/s00041-017-9551-9
Nualart, D., Ouknine, Y.: Regularization of differential equations by fractional noise.
Stoch. Process. Appl. 102, 103-116 (2002). MR1934157. https://doi.org/10.1016/
S0304-4149(02)00155-2

Yamasaki, K., Muchnik, L., Havlin, S., Bunde, A., Stanley, H.E.: Scaling and memory
in volatility return intervals in financial markets. Proc. Natl. Acad. Sci. USA 102(26),
9424-9428 (2005)


http://www.ams.org/mathscinet-getitem?mr=0785475
https://doi.org/10.2307/1911242
https://arxiv.org/pdf/1609.02108.pdf
http://arxiv.org/abs/arXiv: 1609.02108
http://www.ams.org/mathscinet-getitem?mr=0054814
https://doi.org/10.2307/1969318
http://www.ams.org/mathscinet-getitem?mr=3407504
https://doi.org/10.15559/15-VMSTA36CNF
https://doi.org/10.15559/15-VMSTA36CNF
http://www.ams.org/mathscinet-getitem?mr=3553457
https://doi.org/10.1090/tpms/1012
http://www.ams.org/mathscinet-getitem?mr=3089382
https://doi.org/10.1016/j.camwa.2013.01.009
https://doi.org/10.1016/j.camwa.2013.01.009
http://www.ams.org/mathscinet-getitem?mr=3037487
https://doi.org/10.1016/j.jmaa.2013.02.046
https://doi.org/10.1016/j.jmaa.2013.02.046
http://www.ams.org/mathscinet-getitem?mr=3334015
https://doi.org/10.1051/ps/2014002
http://www.ams.org/mathscinet-getitem?mr=2378138
https://doi.org/10.1007/978-3-540-75873-0
https://arxiv.org/pdf/1708.02712.pdf
http://www.ams.org/mathscinet-getitem?mr=3746006
http://www.ams.org/mathscinet-getitem?mr=3784040
https://doi.org/10.15559/18-vmsta97
http://www.ams.org/mathscinet-getitem?mr=3843846
https://doi.org/10.1007/s00041-017-9551-9
http://www.ams.org/mathscinet-getitem?mr=1934157
https://doi.org/10.1016/S0304-4149(02)00155-2
https://doi.org/10.1016/S0304-4149(02)00155-2

	Fractional Cox–Ingersoll–Ross process until the first moment of zero hitting
	Construction of the square root process on R+ as a limit of -approximations
	Properties of -approximations and the square root process
	Equation for the square root process Y for t0
	Fractional Cox–Ingersoll–Ross process on R+

