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Abstract Tests for proportional hazards assumption concerning specified covariates or groups
of covariates are proposed. The class of alternatives is wide: log-hazard rates under different
values of covariates may cross, approach, go away. The data may be right censored. The limit
distribution of the test statistic is derived. Power of the test against approaching alternatives is
given. Real data examples are considered.
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1 Introduction

The most known semi-parametric model for analysis of failure time regression data
is the proportional hazards (PH) model. There are many tests for the PH model from
right censored data given by Cox [5], Moreau etal. [11], Lin [10], Nagelkerke etal.
[12], Grambsch and Therneau [6], Quantin etal. [13], Bagdonavicius etal. [4]. Tests
for specified covariates are given in Kvaloy and Neef [9], Kraus [8].

We consider tests for proportional hazards assumption concerning specified co-
variates or groups of covariates. The class of alternatives is wide: log-hazard rates
under different values of covariates may cross, approach, go away. The data may be
right censored. The limit distribution of the test statistics is derived. Power of the test
under approaching alternatives is given. Real examples are considered.
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2 Modeling non-proportional hazards for specified covariates

Let S(t|z), A(t|z) and A(¢|z) be the survival, hazard rate and cumulative hazard func-
tions under a m-dimensional explanatory variable (or covariate) z = (z1, ..., zm)! .
Let us consider the proportional hazards (PH) model:

Mtlz) = e 7 0,

where A(t) is unknown baseline hazard function, the parameter 8 = (B1, ..., Bm)”
is m-dimensional.

Under the PH model the ratios of hazard functions under any two different ex-
planatory variables are constant over time, i.e. they are proportional.

Suppose that proportionality of hazard functions with respect to a specified co-
variate z; or a group of covariates zj, ..., zj, may be violated. Our purpose is to
detect such violations. So we seek a wider model which includes not only possibility
of constant hazard rates ratios but also time-varying ratios.

We propose a model of the form

t
Mtlz) = g(z. A@), B, yj) A1), A1) =/0 A(u)du, (1)
where
BT AW
, A(), B,yj) = .
8@z, A, B, v)) T eni[eh 0T 1]
B = B, ....Bn)T and y; are unknown regression parameters, A(f) and A(t) are

unknown baseline hazard and cumulative hazard, respectively.

The PH model is a particular case of this model when y; = 0. The model (1) is
very wide as compared to the PH model.

Indeed, suppose that two different values z1) and z® of the covariate vector differ
only by the value of the covariate z; and denote by c¢(¢) the ratio of hazard rates. For
the model (1)

c(0) = eﬂf(ZE'Z)’ZEU), c(00) = S BiDGY =)

So this model gives a large choice of alternatives: the ratio of hazard rates c(¢) can
vary from any a > 0 to any b > 0, whereas c(¢) is constant under the PH model.
The difference of logarithms of hazard rates under different values of the covariate z
is constant under the PH model, so the logarithms of hazard rates as time functions
are parallel, whereas in dependence on the values of its parameters the model (1) in-
cludes also the possibilities for these functions to approach, to go away, to intersect.
So the model (1) may help to detect non-proportionality of hazard rates (or, equiva-
lently, non-parallelism of log-hazard functions) in above mentioned directions. Other
directions are very rare in real data.

We do not discuss application of the model for analysis of survival regression
data (which is a subject of another article). Such analysis could be done if the PH
model would be rejected. Here the model is used only as a generator of a wide class
of alternatives to the PH model.
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3 Test statistic

Let us consider right censored failure time regression data:
(X1,81,2M), o (X 80, 2™,

where
Xi=T; ACi, 8 =1i;<c)s

T; are failure times and C; are censoring times. X; is observation time of the ith unit,
the event §; = 1 indicates that X; is the failure time 7;, and the event §; = O indicates
that X; is the censoring time C;.

Set

Ni(t) = 1ix,<t,8=13, Yi(®) = Lix;>n),

N@) =) Ni(t),  Y(@® =) Yi);

i=1 i=l1

here 14 denotes the indicator of the event A. The processes N;(¢) and N (t) are right-
continuous counting process showing the numbers of observed failures in the time
interval [0, ¢] for the ith unit and for all n units, respectively. Y;(¢) and Y (¢) are
decreasing (not strongly) left-continuous stochastic processes showing the numbers
of units which are still not-failed and not-censored just prior to ¢ for the ith and for
all units, respectively.

Suppose that the survival distribution of the i object given z is absolutely con-
tinuous with the survival functions S;(¢) and the hazard rates A; (¢).

Suppose that the multiplicative intensities model is verified: the compensators of
the counting processes N; with respect to the history of the observed processes are
f YiA;du. It is equivalent to the assumption that for any i and ¢#: P(X; > t) > 0 with
almost all s € [0, ¢]

limlP{T- els,s+h)X; >s,xD}
noh U ’ -

.1 ;
= E&}EP{T[ els,s +h)I|T; > s,x(‘)} = ;i (s).

It means that for almost all s € [0, ¢] the risk to fail just after the time s given that
units were non-censored and did not fail to time s is equal to the risk to fail just after
the time s given that units did not fail to time s when censoring does not exist. So
censoring has no influence to the risk of failure.

Information about time-to-failure distribution contains the points, where the count-
ing processes N; have jumps. A jump at the point ¢ is possible if Y;(t) = 1. Partial
information give the points where the counting processes N; have not jumps but the
predictable processes have jumps.

The multiplicative intensities model is verified in the case of type I, type II, inde-
pendent random censoring.
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In the parametric case with known A the unknown finite-dimensional parameter
consists of the parameters 8 and y;. The component of the parametric score function
U corresponding to y; has the form

Uj(ﬂ,yj)=Z/O {(w@, A By — Ej, A, Byp}dNiw), ()
i=1
where

) P .
w W, A, B.y)) = o log{g(z”, A(), B, v},
J

SO, A, B, v))

E(, A, B yj) == :
750w, A, B, y))

SOw, A, By =) Yiwe{?, Aw), B, v},

i=1
n
- 0 .
SV, A, By =) Yi(v) 8—Vg{z(’), AW), B, v;}.
i=1 J

We consider semiparametric case when the baseline hazard rate A is unknown. The
test statistic is constructed in the following way. In the expression of U the parameter

B is replaced by its partial likelihood estimator B under the Cox model, the parameter
y;j isreplaced by 0, and the baseline cumulative intensity A is replaced by the Breslow
estimator (see Andersen etal. [2])

. /f dN (u)
A@t) = — .
0 SO, )

The estimator ,3 verifies the equation

n 00
> f {29 = E@., p)}dN;(t) =0, 3)
i=170
where
s, p)
E(tv ﬂ) = 0—7
SO, B)
- T () LR T_G)
SOw =Y vine =", sV =Y Vv .
i=1 i=I
Set F @ =1- ¢=AO It is an estimator of the baseline cumulative distribution

function. After the above mentioned replacement the following statistic is obtained:
n ) )
Oy ==Y [ Fol - B plano, @
i=1

where E is the component of E corresponding to the covariate z ;.
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Let us consider asymptotic distribution of the statistic (4) under the PH model.
Set

n
SO, p) =Y D)®Viwe! ",

i=1
Vu, B) =SSP, /SO, B) — E®*(u, p),

where A®2 = AAT for any matrix A. Denote by Vj(u, B) the jth column and by
V;j(u, B) the jth diagonal element of the matrix V (u, B). Set

t t
Ejj(r>=n—1/0 FaViju, N ), 2j<r>=n—1/0 P Vi, N,
t
2(r)=n*‘/ V(u, B)dN (u).
0

Assumptions A.  a) (X;,8;,z®) arei.id.,

b) suplz : Yi(1) > 0} > 7 > 0,
¢) the covariates z') are bounded: ||z || < C, C > 0,
d) A(t) < o0,
e) the matrix
Z(p) = /0 o, B0 . HrdAW)

is positively definite; here

sOw, py=ESD@, By/n,  ew,B)=sVw,B)/sOw,p) i=01,2,
v, B) = 5P, B)/sOw, B) — e(u, B)(e(u, ).

Assumption a) can be weakened considerably but we avoid writing complicated
formulas for easier reading. Assumption b) simply means that at some finite time
moment (perhaps very remote) observations are stopped. This is a usual assumption
for asymptotic results to hold in survival analysis. Assumption c) also can be weak-
ened. Assumption d) means that if censoring would be absent then units might sur-
vive after the moment 7 with positive probability. Assumption e) is needed to have
non-degenerated asymptotic distribution of the test statistic. This assumption is the
usual assumption needed for asymptotic normality of the maximum partial likelihood
estimator § of the regression parameter S.

Under Assumptions A [3] there exists a neighborhood ® of 8 such that

1 .. .
SO by —sDw,py| 5o,

n

sup
be®,uecl0,7]

sup || EGu, b) — e(u, b)| & 0,
be®,uecl0,1]
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sup ||V, b) — v, b)| > 0, )
be®,uel0,1]
asn — 00.
Assumption A a) may be weakened assuming that there exist non-random s
such that the convergences (5) hold.
Convergences (5) and Assumption A d) imply that

t
1 .. .
sup /(—S"’(u,b)—s<’><u,b>)dA(u) =op(1),
be®, ref0,z]llJOo 1
'
sup /(E(u,b)—e(u,b))dA(u) =op(l),
be®,t€[0,7]1lJO
t
sup /(V(u,b)—v(u,b))dA(u) =op(1).
be®,r€l0,7]11 /O

Theorem 1. Under Assumptions A the following weak convergence holds:

T =n""20,,/\/D; S NO, 1), asn— oo, ©6)
where . . . X .
D;=%i(t) — ZjT(t)Z’I(r)Ej(t). @)
Proof. Under the Cox model,

t .
Ni(t) = f Y; wyeP " dA @) + Mi (1),
0

where M; are martingales with respect to the history generated by the data. So using
it and taking into account that

n n
. AT (i) A AT (i)
Y Ve’ T = Ejw, f)Y ] Yiawe T =0,

i=1 i=1

the statistic (}), ; can be written in the form
N n t, @) ~ BTZ(i) ﬁTZ(i)
Oy, =Y Fafz} — Eju, B}Yiw)(e —eP ) dAw)
. 0
i=1
n t .
- Z/ Fay () — Ej(u, p)}dM;w).
. 0
i=1

Assumptions A a)—d) and consistence of the partial likelihood estimator B imply that

n t )
n20,0)=n"" :/ Fwz
. 0
i=I

— E;u, AY ) YiwyeP 2 dA @y n' 2B - B)
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n t
—-1/2 I i 2
—n712Y j/ Fu){z = Ej, B)}aMiu) + op(1)
: 0
i=1

uniformly on [0, t]. Using convergences (5) and consistence of the estimator ,3 we
write the first integral in the form

" ! i ; AT () | A~
n! Z/ Fale? — Eju. )T Yi@el " dAw) + op(1)
i=1 70

dN (u)

sowp

S ! i 5 i AT (i
=n""! Z/o m){z;’) —Eit, B} Yiw)eP z®
i=1
=27 (x) +op(D).

Under Assumptions A (now Assumption A e) is crucial) the following expression
holds:

n'2(B—p)y=5""m 2y /T{z“’ — E(u, B)}dM;(u) + 0,(1)
i=170

uniformly on [0, 7] (see Andersen etal. [2], Theorem VII.2.2, where even weaker
assumptions instead of a)-d) are used). It implies

n=20,, (1) = 2}(;)2*‘@){‘/22/0 29 — E(u, B)}dM; )
i=1

n t . ~
Y Z/ Fuy{z = Ej . B)}dM; ) + 0, (1)
i=170
= M*(t) +0,(1)

uniformly on [0, t].
The predictable variation of the local martingale M*(¢) is

(m*)(0)

n t )
=2z ' @n! Z/O {29 — E@, B)=* Ve daw S~ @)%, (1)
i=1
n t ' A ‘ R
e HGHRI VR Z[Q Fale? — Ejw. H}? — Ew. p))
i=1
X Yi(u)eﬁTZ(i)dA(u)
n t ) . . R
—n! Z/O Falz)’ = Eju. O} - Ew. B}
i=1

< Yiwe? " dAw S 1)S; ()
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- ' [ 2 T ()
+n 3 [Pl ~ B AP i dnw,
: 0
i=1
Note that

n! Z/ (20— Eu. HY*iwe " dAw) = (1) +op (D),
i=170

n t . n . ~ T (i
n”! Z/ Fanlel — Eju, YD — E@, B)Yiwe =" daw)
i=1 70
=3;(t) +op(1),

n t ) R . R
w3 [ Rl - By P e daw = 250 + o)
i=170

So the predictable variation

(M* () = £;0) - ETOET@OE;0) +op() S 55,00 - ST O (@) F;(0)

uniformly on [0, t]; here X;;(t), X;(¢), X(z) are the limits in probability of the
random matrices fljj(t), f)j (1), f)(r).

Under Assumptions A for any ¢ > O the predictable variation (see Andersen
etal. [2]), Theorem VII.2.2, where even weaker assumptions are used)

n t
=172 ) _ . . ' »
<n Z/O {Zj Ej(, ﬂ)}1{|z§-’)—E,~(u,;3)|>ﬁs}dM’(”)> =50
i=1

and B can be replaced by p in the expression of the left side because B is consistent.
Similarly

n t
-1/2 2 O _ .o B , , P
<n § :/0 F(u){zj E.,(t,ﬂ)}l{ﬁ(u)k(;)Ej(u’B)>ﬁg}dM,(u)> = 0.
i=1 ’

Hence, the Lindeberg conditions of the central limit theorem for martingales (see An-
dersen etal. [2]) are verified for M*. We saw that the predictable variations (M*)(¢)
converge in probability to non-random non-degenerated matrices. So the stochastic
process n~ !/ 2(7,,].(-) converges in distribution to a zero mean Gaussian process on
[0, 7], in particular

T=n""20,, VDB NO, 1) asn— o0,

here R A A A )
D = %;;(7) — EJ'T(T)E_I(T)E./(T). 0

The test: the null hypothesis Hp : y; = 0 is rejected with approximate signifi-
cance level o if |T'| > z4/2; here z4 2 is the /2 critical value of the standard normal
distribution.
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4 Power under approaching alternatives

Let us consider the alternative model (1) and suppose that alternatives are approach-
ing: y; = ﬁ, where ¢ # 0 is a fixed constant.

So the model
exp{BTz + A(t) exp{%zj}}

A = -
) = ol explA M expl 22,11 — 1]

t
A1), A(l)=/ A(u)du,
0
®)

is considered. Denote by By the true value of 8 under the model (8). The counting
process N;(t) has the form

t
Ni(t) = / gz, Aw). o. c//n}d Aw) + M;(®),
0

where M; are local martingales with respect to the history generated by the data. Note
that

. T (i : l
g{z 9, A, Bo, c//n) = &P Z“(l - ZEI)F(M)% + 0p<ﬁ)).

Let us consider the stochastic process

1
On(t, B) = ;[ﬁ(t, B) — £(t, Bo)].

where

n t
ot B) = Z/O [BT2D —1n SO (u, B)} dN; (u).
i=1

Note that the derivative with respect to 8 is
. 1. 1w [,
0,(t.p) = Lt p) = Z/O {z® = E@u, B)}dN;(w).
i=1

Constructing the test statistic we defined 3 as arandom vector satisfying the estimat-
ing equation £(t, ) = 0. Let us show that § is a consistent estimator of Sy.

Theorem 2. If Assumptions A are satisfied then the probability that the equation

é(ﬁ) = 0 has a unique solution, converges to 1 and B £ Bo.

Proof. Fix 8 € R™. Using the Doob—Meier decomposition of N; (¢) write the stochas-
tic process @, in the form

I T_(0) SO, B) '
Qn(t,ﬂ)—;;/() [(,3—,30) z —lnm}dl\’z(u)

7;/0 [(ﬁ_ﬁ‘” ‘ _lnS(O)(u,ﬁo)}
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= f [(ﬂ — Bo) SV (u, o) —In
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X Yi(upes < (1 - P + oP(%»dM)

| I ) SO, p) ,
+;§/0 [(ﬂ_ﬂO) Z —lnm}th(u)
SOu, B)
SO (u, Bo)

1 n t T S(O)(u,,B)
+0P(1)+;;/(; |:(,3_,30) Z —lnm}dMi(M)

t
SO u, ﬁo)] dA(u)
0

= Kn(t, B) + M, (t) + op(1).

The predictable variation of the martingale M, is

- 1 «— [ _ ©0) 2 l,
(M) (1) = ;Z/O {(ﬂ—ﬂo)Tz(’) —lnm} i (s
i=1

SO (u, o)

i 1
(1= S on(G) o
1 t
= /0 {(ﬂ — B0)" P (u, Bo)(B — Po)

SO, p)
SO (u, Bo)

S(O)(u,ﬂ) 1
(0) 2 Z
+ S™(u, Bo) In SO, fo) }dA(u)—|—0p<n>.

—2(8 — Bo)T SV (u, Bo) In

So (M) () 5 0. Ku(z, B) 5> k(B): here

which implies

Note that

k(B) = /0 [(ﬁ —Bo)"sV(u, o) — In

sO @, p)

)
ms (u, ﬁo)i|d1\(u),

0.(B) = Qu(r. B) > k(B).

k() = /0 [sV @, o) — e(u, B)s© (u, )| dA W), k(Bo) = 0.

ié(ﬁ)z—/o v(u, B)s O, Bo) dAw), k(o) = —Z(Bo).

So the matrix k(Bp) is negatively definite. The remaining part of the proof coincides
with the proof of analogous theorem for the Cox model (see Theorem VIL.2.1 of
Andersen etal.), i.e. Andersen’s and Gill’s theorem [3] is applied. This theorem says
that if the sequence of concave differentiable stochastic processes Q,(f) pointwise
converges in probability to a real function k(8) on a convex open set E C R, then:
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a) the function k(B) is concave on E; b) the convergence is uniform in probability on
compact subsets of the set E; ¢) if the function k() has a unique maximum at the
point B then the probablhty that the equation O(B) =0hasa unique root ﬂ in the

set E tends to 1 and ﬂ £ Bo.

Assumption A e) was crucial for application of Andersen’s and Gill’s theorem.
|

Note that A is uniformly consistent estimator of A on [0, 7]:

. " dN®) /’[S<°>(u,ﬁo) ]
© /0 0w p O 50w p “

¢ 5D, t
c j (u 'BO)dA(u)—i—/ dM (u)
0

~Vnlo sOw, p SO, B) Forh=amxenth

uniformly on [0, 7] because 3 is consistent and
T AM T S(O)
([ ) [ S0t )
0o SO®w,p) 0 (SO, B))?

t
pj(t) = —c /0 v; @, Bo)s (u, Bo) Fu)d A(u).

Set

Theorem 3. If Assumptions A are satisfied then

1)
i o) 2 10 + ZC, o) on (DIO, )"
\/ﬁ » PO /"l‘j » PO ) ’

where Z is an m-dimensional Gaussian process with components having inde-
pendent increments, Z;j(0) = 0 a.s. and forall0 <s <t < t:

cov(Z;j(s), Zj (1)) = 0jj(s);

here i) are the elements of the matrix ¥.(t). In particular,

1 .
—=l(bo) 2 wj(t) + Z(z, fo) ~ N(u (1), (1)), asn — oo.

Jn

2) S =-1B) 5 =),

3) (B = Bo) = (= LB~ Z2L(Bo) + op (D).
Proof. Set
M*(1) = Z / {29 = E(u. Bo)}dM;(u).
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Using the Doob—Meier decomposition we have

1 . 1 [,
L _ M _ .
ﬁﬂ(t,ﬂo) =7 ,-E=1f0 {z") = Eu, Bo) }dNi(u)

)

| L ;
= M*(t) + T ;/0 {29 = E(u, Bo)}Yi(u)efo <

, 1
x <1 - %F(u)zy) + 0p<ﬁ)>dA(u)

n t
=170 = £ [y oS, ) F @AW +0p (D)
i=1

t

— M) - c/ 0, s f0)s @, Bo) F)d Aw) + op (1)
0

=M*(t) + u;(®) +op(l),

where V; is the jth column of the matrix V.

The first term converges weakly to Z(-, Bg) on (D[0, t])"* because the limit in
probability of its predictable covariation matrix has the same expression as that of
analogous term under the Cox model:

* 1 ! c . ! i
(M) (1) = ;fo Vi, fo)S' w, fo) dA) = — ;fo { = E@u. po)}
x (2@ — E@u. p)}" Yi@) e#2 (F )z + 0p(1))d Aw)

L ©) P
=;/0 Vi, B)SO (u, o) dAW) +op(1) 5 T(1).

Analogously, verification of the Lindeberg’s condition is done by the same way as in
the case of the Cox model.
Let us consider the norm of the difference:

1. A
H——f(ﬁ) - X(0)
n

< sup [V, B)—vw. B)|+ sup |v(u.B)—vu. po)|
uel0,7] uel0,7]

+ l/ v(u, Bo)dM (u)
nJo

+ / o, ﬁo)(%S(O)(u, Bo) — sO(u, ﬁo)) dA ()
0

+

T n . ;
. /O F(u);zy)eﬂorz()(l+0p(1))d1\(u)

n

Using the fact that the estimator B is consistent and that the first four terms have the
same structure as analogous terms in the proof of Theorem VII.2.2 of Andersen etal.,
we have that the first four terms converge in probability to zero. Such convergence of
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the last term is obvious because the last term multiplied by /n converges to a finite

limit in probability.
The mean value theorem and consistency of the estimator 8 imply

S . . 1. 4 .
Ej(ﬂ)—ﬁj(ﬂo)=€j(ﬂ}‘-‘)(ﬁ—,30)=n<;€j(/3)+0P(l))(ﬁ—ﬂo);

here ,B;‘ is a point on the line segment joining the points ,é and By. Since ¢ j(,é) =0,
we obtain

Vi—poy = (=i +opn) ity = (~Lih) i 1
7B — o) = (—; B +on( >) Sl = (—; (ﬁ)) S0 +op (1)
|

Set
d= c[/r F2(u)v;j(u, Bo)s @ (u, Bo)d A(u)
0
— fo Fu)v] (u, Bo)d Aw)Z ™" (7) fo F(u)v,»(u,ﬁo)s“)(u,ﬂo)dz\(u)].

Note that form = 1

[ F?usQdA [vsOdA — ([ Fus©dn)?
>

d/c =
/e T sOdA

07

because F is not equal to 1 a.s. on [0, t].

Theorem 4. Under Assumptions A

T4 i+ N©O 1) =N, 1),

where . = d/D; and D; is the limit in probability of the random variable ﬁj.

Proof. Set
n t .
M) = n*l/ZZ/ Fay () — Ej(u, )}dM;w).
=170

Similarly as in the proof of Theorem 1 using the equality Sﬁ.l) — E;8© =0, consis-

tency of ,3, Assumptions A, uniform consistency of F on [0, T], we write the follow-
ing expression:

n t ) R
w200 = =12 Y [P -y AN
i=1

n ; ‘ R ,-
=10 —n Y [ Fle - B pled =
i=1v0 '
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x {1— z;i)F(u)%(l + 0, )Y () d Au)
t
=M@+ 5 /0 Fu)Fu)Vij (u, )5 (e, fo)d A(u)
t
+n7! /O Fa)V] (@, o), Bo)d Aw)n'*(B — o) + op (1)

uniformly on [0, ]. Applying Theorem 3 write the right side in the form
t
n U, ) = c[ /0 F2u)vj;(u, fo)s (u, Bo)d A(u)
t
- / Fu)v] (u, Bo)d Aw) =" (1)
0

x / " F @, fo)sO G, ﬁo)dA<u>]
0
n t X
w2 [ Rl By pamico
i=170
—$T0s (a1 Zfo (2 = Eu. B)}dM; () + 0p(1)
i=1

uniformly on [0, 7].

Note that the non-martingale part is d and the martingale part of the expression
is exactly of the same form as in the case of the PH model and has the same limit
distribution as in latter case. O

The power function of the test against approaching alternatives is
B=2—-Pg —p) = Plzg + 1),

where ® and z¢ are the c.d.f. and the upper «/2 critical value of the standard normal
law, respectively. If d # 0 and c is large then p is large and the power is near to 1.

5 Case of several covariates

The proportional hazards hypothesis for several covariates 7, , . . . , z, (for all covari-
ates zi, . . . , Zm, in particular) is tested similarly.
Setz = (zj,.--, zjk)T, Y= Wj>---s yjk)T. The term y;z; is replaced by yTz

in the model (1).

Replacing zﬁ-i) by 20, E;(t, B) by (Ej, (¢, ). ..., Ej(t, )T in the statistic U,
we obtain a statistic denoted by l}y. The statistic 7 has the form (6), where the ele-
ment V;; (u, /§) is replaced by the k x k matrix (V;, ; (u, ,3))kxk, the vector V;(u, ,3)
is replaced by the m x k matrix (V; j (u, ,3)), i=1,....,m,s = 1,...,k in the
definitions of X;;, ¥;, and 0yj is replaced by (%,.



Testing proportional hazards for specified covariates 223

So f)jj ®), flj(t), and D become k x k, m x k, and k x k matrices, respectively,
and U, becomes a k x 1 vector.
The test statistic

1A~AT A_1n~ D
T=n"'0UD7'0, > x*(k) asn— oc.

The hypothesis Hy : y = 0 is rejected with approximate significance level « if
T > X(f (k); here Xo%(k) is the « critical value of the standard chi-squared distribution
with k degrees of freedom.

6 Real data analysis

Example 1 (Chemo-radio data, one-dimensional dichotomous covariate). Stablein
and Koutrouvelis [14] studied the well-known two-sample data of the Gastrointestinal
Tumor Study Group concerning effects of chemotherapy (z = 0) and chemotherapy
plus radiotherapy (z = 1) on the survival times of gastric cancer patients.

The number of patients n = 90. The data are right-censored. The value of the test
statistic 7' is 3.651, the p-value is 0.0003. The Cox model is rejected. The result is
natural because the Kaplan—Meier estimators of the survival functions of two patient
groups intersect.

Example 2 (Prisoners data, 7 covariates). The data are given in [1]. They consist of
432 male inmates who were released from Maryland state prisons in the early 1970s.
These men were followed for 1 year after their release, and the dates of any arrests
were recorded. Time is measured by the week of the first arrest after release. There
were seven covariates: financial aid after release (FIN; O — no, 1 — yes), age in years
at the time of release (AGE), race (RACE; 1 — black, 0 — otherwise), full-time work
experience before incarceration (WEX; 1 —yes, 0 — no), marital status (MAR; 1 — was
married at the time of release, 0 — otherwise), released on parole (PAR; 1 — released
on parole, 0 — otherwise), convictions prior to incarceration (PRI).

The results of testing hypothesis for all covariates: the value of the test statistic T
is 17.58, the p-value is 0.014. The assumption of the PH assumption is rejected.

The results for each covariate are given in Table 1. The PH assumption is rejected
for AGE and WEXP covariates.

Table 1. Prisoners data. The values of test statistics and p-values

Covar. FIN AGE RACE WEX MAR PAR PRI  Glob. test
Stat. 0.162  2.464 1.423 -2.033 -1.017 -0.222 0.672 17.58
p-val.  0.872 0.014 0.155 0.042 0.309 0.824  0.502 0.014

Example 3 (UIS dataset, 10 covariates). Let us consider right censored UIS data set
given in [7].

UIS was a 5-year research project comprised of two concurrent randomized trials
of residential treatment for drug abuse. The purpose of the study was to compare
treatment programs of different planned durations designed to reduce drug abuse
and to prevent high-risk HIV behavior. The UIS sought to determine whether al-
ternative residential treatment approaches are variable in effectiveness and whether
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efficacy depends on planned program duration. The time variable is time to return
to drug use (measured from admission). The individuals who did not returned to
drug use are right censored. We use the model with 10 covariates (which support
PH assumption) given by Hosmer, Lemeshow and May (2008). The covariates are:
AGE (years); Beck depression score (beckt; 0 — 54); NDR1 = ((NDR + 1)/10)—D;
NDR2 = ((NDR + 1)/10)~D log((NDR + 1)/10); drug use history at admission
(IVHX_3; 1 —recent, 0 — never or previous); RACE (0 — white, 1 — non-white); treat-
ment randomization assigment (TREAT; O — short, 1 — long); treatment site (SITE;
0 — A, 1 — B); interaction of age and treatment site (AGEXS); interaction of race
and treatment site (RACEXS). The NDR denotes number of prior drug treatments
(0 — 40). Due to missing data in covariates, the model is based on 575 of the 628
observations.

The results of testing hypothesis for all covariates: the value of the test statistic 7'
is 6.781, the p-value is 0.7460. The assumption of the PH assumption is not rejected.

The results for each covariate are given in Table 2.

Table 2. UIS dataset. The values of test statistics and p-values

Covariate AGE beckt NDR1 NDR2 IVHX_3 RACE
Stat. —0.061 1.085 0.182 0.118 0.912 —1.278
p-value 0.952 0.278 0.856 0.906 0.362 0.201

Covariate TREAT SITE AGEXS RACEXS Global test
Stat. 0.792 1.016 —-0.378 6.781 —0.107
p-value 0.429 0.309 0.705 0.746 0915

The assumption of the PH assumption for individual covariates is not rejected.
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