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Abstract Given a low-frequency sample of the infinitely divisible moving average random
field { fRd f —x)A(dx), t € Rd}, in [13] we proposed an estimator #vg for the function
R > x = u(x)vg(x) = (uvg)(x), with u(x) = x and v being the Lévy density of the integra-
tor random measure A. In this paper, we study asymptotic properties of the linear functional
LZ(R) > v (v, uvg) L2(R)> if the (known) kernel function f has a compact support. We
provide conditions that ensure consistency (in mean) and prove a central limit theorem for it.

Keywords Infinitely divisible random measure, stationary random field, Lévy process;
moving average, Lévy density, Fourier transform, central limit theorem

1 Introduction

Consider a stationary infinitely divisible indepently scattered random measure A
whose Lévy density is denoted by vg. For some (known) A-integrable function f :
R? — R with a compact support, let

X={X@);teR), X0 = /df(t — X)A(dx) (1.1)
R

be the corresponding moving average random field. In our recent preprint [13], we
proposed an estimator vy for the function R 3 x > u(x)vg(x) = (uvg)(x), u(x) =
x, based on low frequency observations (X (jA))jew of X, with A > O and W a
finite subset of Z<.

A wide class of spatio-temporal processes with the spectral representation (1.1)
is provided by the so-called ambit random fields, where a space-time Lévy process
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serves as integrator. Such processes are, e.g., used to model the growth rate of tu-
mours, where the spatial component describes the angle between the center of the
tumour cell and the nearest point at its boundary (cf. [3, 16]). Ambit fields cover
quite a number of different processes and fields including Ornstein—Uhlenbeck type
and mixed moving average random fields (cf. [1, 2]). A further interesting applica-
tion of (1.1) is given in [17], where the author uses infinitely divisible moving average
random fields in order to model claims of natural disaster insurance within different
postal code areas.

We point out that there is a large number of literature concerning estimation of
the Lévy density vy (its Lévy measure, respectively) in the case when X is a Lévy
process (cf. [5, 9, 10, 14, 19]). Moreover, in the recent paper [4] the authors provide
an estimator for the Lévy density vg of the integrator Lévy process {L;} of a moving
average process X (1) = fR f(t—s)dLg,t € R, which covers the cased = 1 in (1.1).
For a discussion on the differences between our approach and the method provided
in [4], we refer to [13] and [18].

In this paper, we investigate asymptotic properties of the linear functional L(R) >
v ﬁwv = (v, uvg) 12(R) as the sample size |W| tends to infinity. It is motivated
by the paper of Nickl and Reiss [20], where the authors provide a Donsker type the-
orem for the Lévy measure of pure jump Lévy processes. Since our observations are
m-dependent, the classical i.i.d. theory does not apply here. Instead, we combine re-
sults of Chen and Shao [8] for m-dependent random fields and ideas of Bulinski and
Shashkin [7] with exponential inequalities for weakly dependent random fields (see
e.g. [15, 11]) in order to prove our limit theorems. A

It turns out that under certain regularity assumptions on uvg, Lyv is a mean
consistent estimator for Lv = (v, uvo) 2z, With a rate of convergence given by
O(W|~1/2), for any v that belongs to a subspace U of L L(R) N L2(R). Moreover, we
give conditions such that finite dimensional distributions of the process {| W |1/2 (/fW —
L)v; v € U} are asymptotically Gaussian as |W| is regularly growing to infinity.

From a practical point of view, a naturally arising question is wether a proposed
model for vg (or equivalently uvg) is suitable. Knowledge of the asymptotic distribu-
tion of |W|!/2 (ﬁw — L) can be used in order to construct tests for different hypothe-
ses, e.g., on regularity assumptions of the model for vg. Indeed, the scalar product
(-, *)r2(w) naturally induces that the class U of test functions is growing, when uvo
becomes more regular.

This paper is organized as follows. In Section 2, we give a brief overview of
regularly growing sets and infinitely divisible moving average random fields. We fur-
ther recall some notation and the most frequently used results from [13]. Section 3
is devoted to asymptotic properties of Ly . Here we discuss our regularity assump-
tions and state the main results of this paper (Theorems 3.7 and 3.12). Section 4 is
dedicated to the proofs of our limit theorems. Some of the shorter proofs as well as
external results that will frequently be used in Section 3 are moved to Appendix.

2 Preliminaries

2.1 Notation
Throughout this paper, we use the following notation.
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By B(R?) we denote the Borel o-field on the Euclidean space R?. The Lebesgue
measure on RY is denoted by vy and we shortly write v;(dx) = dx when we integrate
w.r.t. vg. For any measurable space (M, M, n) we denote by LY(M), 1 < o < o0,
the space of all M|B(R)-measurable functions f : M — R with fM [ f1¥(x)u(dx) <
0o. Equipped with the norm || f|| ¢y = (fM |f|°‘(x);¢(dx))1/a, L*(M) becomes
a Banach space and, in the case « = 2, even a Hilbert space with scalar product
(f, g)La(M) = fM f(x)g(x)u(dx), for any f, g € L2(M). With L®(M) (i.e. if
o = 00) we denote the space of all real-valued bounded functions on M. In the case
M, M, n) = R, B(R), v;) we denote by

H(R) = {f e LA(R) : / 1y £ (1 +x2)0dx < oo}
R

the Sobolev space of order § > 0 equipped with the Sobolev norm || f[|gs®) =
[|F+ A + ~2)5/2||L2(R), where F is the Fourier transform on L*(R). For f €
L'(R), Fy f is defined by F f(x) = [z €™ f(t)dt, x € R. Throughout the rest
of this paper (€2, A, P) denotes a probability space. Note that in this case L% (L) is
the space of all random variables with finite «-th moment. For an arbitrary set A
we introduce the notation card(A) or briefly |A| for its cardinality. Let supp(f) =
{x € RY : f(x) # 0} be the support set of a function f : R — R. Denote by
diam(A) = sup{||x — y|leo : X, y € A} the diameter of a bounded set A C R?.

2.2 Regularly growing sets

In this section, we briefly recall some basic facts about regularly growing sets. For a
more detailed investigation on this topic, see, e.g., [7].

Leta = (ai, ..., az) € R? be a vector with positive components. In the sequel,
we shortly write a > 0 in this situation. Moreover, let

Ho@)={xeR? 0<x;<a, i=1,...,d}
and define for any j € 74 the shifted block 11 j (a) by
M(a) = Mo(a) + ja={x eRY, jiaj <x; < ji(a; + 1), i=1,...,d}.
Clearly {I1;, j € Z%} forms a partition of R?. For any U C Z, introduce the sets
J_(U,a) ={j ez Tj@) cU}, JyU,a) ={jeZ! Mia)NU #%)
U= |J M. Uvtw= |J 0.

jeJ_(U,a) jeJy(U,a)

A sequence of sets U, C R? (n € N) tends to infinity in Van Hove sense or shortly is
VH-growing, if for any a > 0

va(U;)

T — 1 asn — oo.
va(Uy")

vg(U,) = oo and

For a finite set A C Z¢, define by A = {j € Z4\A, dist(j, A) = 1} its boundary,
where dist(j, A) = inf{]|j — x|lc0, ¥ € A}.
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A sequence of finite sets A, € Z¢ (n € N) s called regularly growing (to infinity),
if
|0 A
|Anl

|A,| — oo, and — 0, asn — oo.
Remark 2.1. Regular growth of a family A, C Z¢ means that the number of points in
the boundary of A, grows significantly slower than the number of its interior points.

The following result that connects regularly and VH-growing sequences can be
found in [7, p.174].

Lemma 2.2. 1. Let U, c R¢ (n € N) be VH-growing. Then V, = U, N 74
(n € N) is regularly growing to infinity.

2. If (Up)nen is a sequence of finite subsets of Z%, regularly growing to infinity,
then V, = Ujcy,lj, j +1) is VH-growing, where [j, j +1) = {x € RY: ji <
xx < jrk+1, k=1,...,d}.

2.3 Infinitely divisible random measures

In what follows, denote by & (R?) the collection of all bounded Borel sets in R?.

Suppose that A = {A(A); A € Eo(R%)} is an infinitely divisible random mea-
sure on some probability space (2, A, P), i.e. a random measure with the following
properties:

(a) Let (E;)men be a sequence of disjoint sets in So(Rd). Then the sequence
(A(Em))men consists of independent random variables; if, in addition,
U Em € Eo(R?), then we have AU Ep) = Y i A(E)) almost surely.

(b) The random variable A (A) has an infinitely divisible distribution for any choice
of A € & (RY).

For every A € & (RY), let ¢ A(4) denote the characteristic function of the random
variable A(A). Due to the infinite divisibility of the random variable A (A), the char-
acteristic function @ (4) has a Lévy—Khintchin representation which can, in its most
general form, be found in [21, p. 456]. Throughout the rest of the paper we make the
additional assumption that the Lévy—Khintchin representation of A(A) is of a special
form, namely

oa (@) = exp (va(AK (1)}, A e &R,
with

1 ,
K1) = itag = 510 + / (e”x 11— izxﬂ[_l,l](x)) wdx,  @2.1)
R

where v; denotes the Lebesgue measure on R4, ag and bg are real numbers with
0 < by < ooand vy : R — Ris aLévy density, i.e. a measurable function which
fulfills fR min{1, x2}vo(x)dx < 0o. The triplet (ag, bo, vg) will be referred to as the
Lévy characteristic of A. It uniquely determines the distribution of A. This particular
structure of the characteristic functions ¢ (4) means that the random measure A is
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stationary with the control measure A : B(R) — [0, co) given by
A(A) = va(A) | |ao| + bo +/min{1,x2}vo(x)dx forall A € &(RY).
R

Now one can define the stochastic integral with respect to the infinitely divisible
random measure A in the following way:

1. Let f = Z;f:l xjl4; be areal simple function on R?, where Aj e Eo(RY) are
pairwise disjoint. Then for every A € B(R?) we define

/ FOA@x) =) x;AANA)).
A

j=1

2. A measurable function f : (R?, B(RY)) — (R, B(R)) is said to be A-inte-
grable if there exists a sequence (f),,cn of simple functions as in (1) such
that f m) _ f holds A-almost everywhere and such that, for each A € B (Rd),
the sequence ([, £ (x)A(dx)), _ converges in probability as m — co. In
this case we set

meN

/ f(x)A(dx) = P-lim / £ (x)A(dx).
A

A

A useful characterization of the A-integrability of a function f is given in [21,
Theorem 2.7]. Now let f : RY — R be A-integrable; then the function f(r — -) is
A-integrable for every t € R as well. We define the moving average random field
X ={X(), t e R%} by

X(t):/f(t—x)A(dx), reRY. (2.2)
]Rd

Recall that a random field is called infinitely divisible if its finite dimensional distri-
butions are infinitely divisible. The random field X above is (strictly) stationary and
infinitely divisible and the characteristic function ¢y ) of X (0) is given by

ox(0) (1) = exp ( /R Ko ds) ,

where K is the function from (2.1). The argument fRd K(uf(s)) ds in the above
exponential function can be shown to have a similar structure as K (¢); more precisely,
we have

/ K(uf(s))ds = iuay — ~u?by +f (e"”x —1- iuxn[_l,l](x)) vi(x)dx (2.3)
Rd 2

R
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where a1 and by are real numbers with by > 0 and the function vy is the Lévy density
of X (0). The triplet (ai, b1, v1) is again referred to as the Lévy characteristic (of
X (0)) and determines the distribution of X (0) uniquely. A simple computation shows
that the triplet (ay, b1, v1) is given by the formulas

ai =/U(f(s)) ds, b =bo/f2(S) ds,
Rd

1 X
= — ) d 2.4
P f If(s)lvo(f(s)) > @

supp(f)

where supp(f) :={s € R? : f(s) # 0} denotes the support of f and the function U
is defined via

Um)=u (a() + /Rx []l[,],]](l/lx) — 1[,1,1](}6)] vo(x) dx) .

Note that the A-integrability of f immediately implies that f € L'(R?) N L(RY).
Hence, all integrals above are finite.

For details on the theory of infinitely divisible measures and fields we refer the
interested reader to [21].

2.4 A plug-in estimation approach for vy
Let the random field X = {X(¢), ¢ € R?} be given as in Section 2.3 and define the
function u : R — R by u(x) = x. Suppose further that an estimator #v; for uvy is
given. In our recent preprint [13], we provided an estimation approach for uvg based
on relation (2.4) which we briefly recall in this section. Therefore, quite a number of
notations are required.

Assume that f satisfies the integrability condition

/ Lf ($)|Y%ds < oo, (2.5)
supp(f (s))
and define the operator G : L>(R) — L?*(R) by

— —)ds, LX(R).
Go fsupp(f) sen(f (= )ds. v e 2@

Moreover, define the isometry M : LZ(R) — L*(R*, %) by

(Mo)) = [x]"v@),  veLP®),
and let the functions m s+ : R* — Cand s : R* — C be given by

my(x) = / sgn(f ()] f (5)]'/2e e/ Olgy,
supp(f)

my_(x) = / | £ (5)]2emi¥Ioel POl g,
supp(f)

myy(oglyl) ify >0,

nr(y) = )
! {mf,—(loglyl) ify <0.
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Multiplying both sides in (2.4) by u leads to the equivalent relation
uv] = Guuy. (2.6)

Suppose uv| € L2(R) and assume that for some B =0,
1
|mf’:|:(.x)| 2 W’ for all x € R. (U,B)
Then the unique solution uvg € L2(R) to equation (2.6) is given by
1
uvg = G luvy = Mﬁlfx_l(—ij\/luvl),
Hf

cf. [13, Theorem 3.1]. Based on this relation, the paper [13] provides the estimator

1
M fn

iy = M_IJ-"X_1< fomﬁ) = Gl 2.7)
for uvg, where (a,),en € (0, 00) is an arbitrary sequence, depending on the sample
size n, that tends to 0 as n — o0, and the mapping i R — C is defined by

H;n = #]]'{‘Mf|>an}' Here Fy : LZ(RX, %) — LZ(RX, %) denotes the Fourier

transform on the multiplicative group R* which is defined by

(Fu) () = / 1 (x) e logxlogly _imsin &
- x|
forallu € L'(R*, &) L2(R*, £%), with § : R* — R given by 8(x) = L(—o0,0)(x)
(cf. [13, Section 2.2]). A more detailed introduction to harmonic analysis on locally
compact abelian groups can be found, e.g., in [12].

Remark 2.3. The linear operator G, I L2 (R) — L%(R) defined in (2.7) is bounded

in the operator norm ||G,; 1 I < ai, whereas G~! is unbounded in general.
n

2.5 m-dependent random fields

A random field X = {X(#), t e T}, T C R4, defined on some probability space
(2, A, P) is called m-dependent if for some m € N and any finite subsets U and V
of T the random vectors (X (u)),cy and (X (v))yey are independent whenever

lu = vloo = max{lu; —vil, i=1,....d} >m,

forallu = (uy,...,ug)T € Uandv = (vy,...,vg)" € V.

Lemma 2.4. Let the random field X be given in (2.2) and suppose that f has a
compact support. Then X is m-dependent with m > diam(supp(f)).

Proof. Compactness of supp( f) implies that supp(f (¢t — -)) and supp(f(s — -)) are
disjoint whenever ||t — s|looc > diam(supp(f)). Since further A is independently
scattered and integration in (2.2) is done only on supp(f(t — -)), X (¢) and X (s) are
independent for ||t — §||co > diam(supp(f)). |



450 S. Roth
3 A linear functional for infinitely divisible moving averages

3.1 The setting

Let A = {A(A), A € &(RY)} be a stationary infinitely divisible random measure
defined on some probability space (€2, A, P) with characteristic triplet (ao, 0, vo),
i.e. A is purely non-Gaussian. For a known A-integrable function f : R — R let
X ={X@) = f]Rd f(t—x)A(dx), t € RY} be the infinitely divisible moving average
random field defined in Section 2.3.

Fix A > 0 and suppose X is observed on a regular grid AZ? = {jA, j € Z¢)
with the mesh size A, i.e. consider the random field Y given by

Y =), Y;i=X(A), jeZ’ 3.1)

For a finite subset W C Z< let (Y;) jew be a sample drawn from Y and denote by n
the cardinality of W.

Throughout this paper, for any numbers a, b > 0, we use the notation a < b if
a < cb for some constant ¢ > 0.

Assumption 3.1. Let the function u : R — R be given by u(x) = x. We make the
following assumptions: for some t > 0

—

. f € L>*™(R?) has compact support;

N

uvg € LY(R) N L%(R) is bounded;

W

- Jg T I vo) () ldx < o0

N

N Sapp(py O Fluvol(f (9)x)ds| < (1 +x3)" 2 forall x € R;

5. 3 & > 0 such that the function
fs)x
R>x+ exp (/ / Im(]—'+[uv0](y))dyds) 3.2)
supp(f) JO

is contained in H 114 (R).

Suppose that uvy is an estimator for uv; (which we will precisely define in the
next section) based on the sample (Y;) jew. Then, using the notation in Section 2.4,
we introduce the linear functional

Ao g2 A . — 1 —
Ly :L*R) >R, Lwv:= (v, uv0)2w) = <v, g, MUI>L2(R)'

The purpose of this paper is to investigate asymptotic properties of Ly as the sample

size |W| = n tends to infinity.

3.2 An estimator for uvy

In this section we introduce an estimator for the function uv;. Therefore, let ¥ de-
note the characteristic function of X (0). Then, by Assumption 3.1, (2), together with
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formula (2.3), we find that ¥ can be rewritten as
U (1) = Ee''10 = exp (iyt + f ('™ — 1)v1(x)dx), t eR, (3.3)
R

for some y € R and the Lévy density vy given in (2.4). We call y the drift parameter
or shortly drift of X. As a consequence of representation (3.3), the random field X is
purely non-Gaussian. It is subsequently assumed that the drift ¢ is known.

Taking derivatives in (3.3) leads to the identity

Q)
V(1)

=y + Fyluvi](t), teR.

Neglecting y for the moment, this relation suggests that a natural estimator F [uv]
for F[uvq] is given by

—— G
Fluvl(0) = ﬁ teR,
V()
with |
Vo= @(t)ﬂ{mif)(t)\»r'ﬂ}’ reR,

and Y/(1) = Yoy €77, 0(t) = Yy Yje'"Vi being the empirical counterparts of
Yand 6 = —iy’'.

Now, consider for any b > 0 a function Kj : R — R with the following proper-
ties:
(K1) Kp, € LX(R);
(K2) supp(F4[Kp]) S [-b~" b7"];
(K3) |1 — F4[Kpl(x)| < min{l, b|x|} for all x € R.

Then, for any b > 0, we define the estimator v for uvy by

w0 = 72 Al Rkl = o [ e PRI, 1R

34

Remark 3.2. (a) If uv; is a consistent estimator for uvy, it is reasonable to assume
that y = 0 (cf. [18]). Indeed, for the asyInptotic results below, the value of y is
irrelevant. Even if y # 0, the functional Ly estimates the intended quantity with
uvy given in (3.4) (cf. Section 4.3).

(b) Choosing Kp(x) = %}:1” yields the estimator #v7 that we introduced in [18]
and [13], originally designed by Comte and Genon-Catalot [10] in the case when
X is a pure jump Lévy process.

3.3 Discussion and examples
In order to explain Assumption 3.1, we prepend the following proposition whose
proof can be found in Appendix.
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Proposition 3.3. Let the infinitely divisible moving average random field X = {X (1),
t € R?} be given as above and suppose u(x) = x.

(a) Let Assumption 3.1, (1) and (2) be satisfied. Then uvy, € L'(R) N L2(R) is
bounded. Moreover,

Filuvi](x) = / F&)Frluvgl(f(s)x)ds, forallx € R, 3.5)
supp(f)

that is, the expression in Assumption 3.1, (4) is valid.

(b) Let Assumption 3.1, (1) and (3) hold true. Then [g |x|*7™|(uvy)(x)|dx < oo
(also in the case when T = 0).

(c) Assumption 3.1, (5) is satisfied if and only if the function R > x — (1 +

)cz)_%J“€ w%x), with  given in (3.3), for some & > 0 belongs to L>(R).

The compact support property in Assumption 3.1, (1) ensures that the random
field (Yj)jezd is m-dependent with m > A‘ldiam(supp(f)) (cf. Lemma 2.4). In
particular, m increases when the grid size A of the sample is decreasing. Moreover,
compact support of f together with f € L2 (R) implies that f € L4(R) for all
0 < g <2+ 1. Consequently, f fulfills the integrability condition (2.5). In contrast,
if  does not have compact support, the A-integrability only ensures f € L*(R).

Assumption 3.1, (3) is a moment assumption on A. More precisely, it is satisfied
if and only if

EIA(A))*TT < 00

for all A € E(RY), cf. [22]. By Proposition 3.3, (b), this assumption also implies
E|X (0)|**T < oo in our setting.

As a consequence of Proposition 3.3, (a) and (c), Assumption 3.1, (4) ensures
regularity of uv; whereas (5) yields the polynomial decay of . It was shown in [13,
Theorem 3.10] that v and uv| are connected via the relation

ol =exp (- /O Im(Fy[uv10))dy),  x € R;

hence, more regularity of uv; ensures slower decay rates for | (x)| as x — Zoo0.
Further results on the polynomial decay of infinitely divisible characteristic functions
as well as sufficient conditions for this property to hold can be found in [23].

Let us give some examples of A and f satisfying Assumption 3.1, (1)-(5).

Example 3.4 (Gamma random measure). Fix b > 0 and let for any x € R, vo(x) =
x_le_ble(oyoo) (x). Clearly, Assumption 3.1, (2) and (3) are satisfied for any 7 > 0.
The Fourier transform of uvy is given by F [uvg](x) = (b —ix)~!, x € R; hence

f(s)
F. ds = A |
/;upp(f) T Fluwollf ()x)ds /supp(f) b—if(s)x s

x eR.

The latter identity shows that Assumption 3.1, (4) holds true for any integrable f
with a compact support. Moreover, a simple calculation yields that for any x € R,
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Assumption 3.1, (5) becomes

2 2
/R(l +a?)7 e exp(/wpp(f) log (1+ = J;(S))ds)dx <. (36)

This condition is fulfilled for any ¢ < % —aif

2
o= /S.upp(f)max{ f () }d < 3

3.4 Consistency ofﬁw
In this section, we give an upper bound for the estimation error E|ljwv — Lv] that
allows to derive conditions under which ﬁw is consistent for the linear functional
L : L*(R) — R given by

Lv = (v,uvy), veL*R).

With the notations from Section 2.4, we have that the adjoint operator G~ '*
Image(G) — L*(R) of G ! is given by

Gy = ./\/l_l]-";1 (_L}—XMU), v € Image(G), (3.7)

where [1y denotes the complex conjugate function of u . Moreover, the adjoint
g, 1% . LZ(R) — L2(R) ofg writes as

Gt = Mo F (=

fov), ve LXR),
Mf,n

. 1 1 B . 1k - JY P
with T = Wl{‘ fif|>an)- Notice that G, '* is a bounded operator whereas G~ * is
unbounded in general.

Remark 3.5. Notice that G, '* = G~'* if @, = 0 for any n € N. Hence, G, *uvy in

this case only is well-defined if #v] is an element of Image(G*) what is indeed a very
restrictive assumption. For a detailed discussion we refer to [13].

With the previous notations we now derive an upper bound for Elﬁwv — Lv].
Therefore, recall condition (Ug) from Section 2.4.

Lemma 3.6. Let y = 0 and suppose Assumption 3.1, (1)—(3) hold true for some
T > 0. Moreover, let condition (Ug) be satisfied for some B > 0 and assume that
Kp : R — Ris a function with properties (K1)—(K3). Then
. S 12 »
ElLwy = Lol = —=E%l(5) G =6l

1
+ 5 (174G L 1P ol = Fr Ky
T

L2(R)
c-S | FL 1G]] (x)
+ o (VEOR + lvil) | 20 dr 68)
2my/n Fo ¥ ()l
for any v € Image(G) such that fR | |1/f(x)l‘)](x)ldx < 00, where ¢ > 0 is some

constant and S := supy,_q g |F+[Kp](X)].
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A proof of Lemma 3.6 as well as of Theorem 3.7 below can be found in Appendix.
Theorem 3.7. Fix y € R. Suppose that condition (Ug,) is satisfied for some 1 > 0
and let v € L2(R) be such that G~*v € H'(R), 197" ¢ L\ (R) and

(Mv)(exp(+)), (Mv)(—exp(-)) € HP(R) (3.9

for some By > B1. Moreover, let a = a, and b = b, be sequences with the properties

B1
a, -0, b,—0 and a, =0<(b )z(ﬁl ﬁz)), asn — 0o,
n
and assume that conditions (KI1)—(K3) are fulfilled. Then, under Assumption 3.1,
(1)-(4), E|Lwv — Lv] = 0as n — oo with the order of convergence given by

A 21 1
E|£WU—L‘U|= (af' b—+bn+ﬁ>
n

Remark 3.8. (a) Notice that condition (Ug) ensures uniqueness of uvy € L*(R)
as a solution of Guvy = wuvj. In Lemma 3.6, it can be replaced by the more
(and most) general assumption m s+ # 0 almost everywhere on R. Moreover,
condition (K3) can be replaced by sup,..o g |7+ [Kp](x)| < 00 in Lemma 3.6.

(b) Inorder to deduce the convergence rate in Theorem 3.7 explicitely, condition (3.9)
is essential. Moreover, it ensures that the function v belongs to the range of G
(cf. [13, Theorem 3.1]); hence the expression G~ %y is well-defined.

(c) The condition G~"*v € H!'(R) in Theorem 3.7 can be dropped if y = 0.

(d) Under the conditions of Theorem 3.7, the convergence rate of ]Elﬁwv —Lv|—>0
is at least O(n~1/%) as n — oo, provided that

ar=o((2=) ") wma b =0(). wsn oo

We close this section with the following example, showing that the functions g,
considered in [20, p. 3309] may belong to the range of G~ 1*.

Example 3.9. Fix ¢+ > 0 and let v(x) = JTILR\[_Z,,](x), x € R. Apparently, v €
L2(R) fulfills condition (3.9) for any B2 > 0. Let for some fixed A, 8 > 0, f(s) =

e 10,0)(s), s € R. Then a simple computation yields that (Ug,) is satisfied with
B1 = 1. Moreover, for all x # 0

_ |x| A6
G o) (x) = —1og( )10 () + 5L oy (1)
hence, G~'*v € H'(R). Since
14¢
Fi G0l v (1457
T L=t [

—1x
any random measure A satisfying Assumption 3.1, (5) yields w e L'(R) (cf.
Proposition 3.3, (c)).
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3.5 A central limit theorem for Lw

Provided the assumptions of Theorem 3.7 are satisfied,

erty (V) := /1 (Lwv — Lv)

is bounded in mean. In this section, we give conditions under which erry (v) is asymp-
totically Gaussian. For this purpose, introduce the following notation.

Definition 3.10. Let Assumption 3.1 be satisfied and suppose that condition (Ug, ) is
fulfilled for some B; > 0. A function v € L?(R) is called admissible of index &, B2)
if

(i) G~*v e H2*(R),
(i) (Mv)(exp(-)), (Mv)(—exp(-)) € HP2(R) for some B> > B and

(i) [FL[G™*0](x)] S (1 +x%)~5/2 for some £ > 2(1 —¢) — (% - g)éi—g

The linear subspace of all admissible functions of index (&€, 8,) is denoted by U/ (€, B2).

Remark 3.11. (a) The parameters ¢ and 7 describe the size of U (£, 8). In particu-
lar, for larger values of ¢ and t, the set of admissible functions is increasing and
vice versa.

(b) Assumption 3.1, (5) implies ¢ < % (otherwise m — 0 as |x|] — o0); hence
Definition 3.10, (i) yields that 7 [G~*v] € L' (R).

(c) Clearly, the lower bound for £ in Definition 3.10, (iii) can be replaced by & >
ZT — 3&. Nevertheless, since our purpose is to point out the influence of T on the

set of admissible functions, we do not use this simplification.

(d) It immediately follows from formula (3.7) that G~'*v € H’(R) if and only if
G v e H'R).

For any j € W and any admissible function v € U(&, B,), introduce the random
variables

Ly [P0
Zi = 5 Vi%e| v Jorp and
2) _ J —lx . l ' :
230 = s P Fag T e () Jo.

In the sequel, it is assumed that the random field Y introduced in (3.1) is observed
on a sequence (Wy)ren of regularly growing observation windows (cf. Section 2.2).
To avoid longer notations, we drop the index k in this notation and shortly write W
instead of Wy. Moreover, we denote by n (= n(k)) the cardinality of W.

With the previous notation, we now can formulate the main result of this section.

Theorem 3.12. Fixm € N, m > A~'diam(supp(f)). Let Assumption 3.1 be satisfied
and suppose that conditions (K1)—(K3) are fulfilled. Moreover, let for some n > 0 the
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sequences a, and b, be given by

A1
n B —B | 1
a, = 0(( )ﬁl 62) and b, ~n 7% (logn)" %, asn — oo.

Vb

Then, as W is regularly growing to infinity,

erry (v) —d> Ny,

for any admissible function v € U(§, Ba), where Ny is a Gaussian random variable
with zero expectation and variance given by

1 2 1 2
o= Y E[(Zh-z0)(zh-z)) (3.10)
JEZ2: || jlloc<m
A proof of Theorem 3.12 can be found in Section 4.

Remark 3.13. Unfortunately, we could not provide a rate for the convergence

erry (v) —d> Ny in Theorem 3.12. TherefoAre, it would be sufﬁgient to provide, e.g.,
L' (€2, P)-rates for the convergence sup, |V (x) — ¥ (x)[, sup, |6(x) —6(x)| = O (as
|[W| — 00), that seems to be a hard problem in the dependent observations setting.

Corollary 3.14. Let the assumptions of Theorem 3.12 hold true. Then, as W is regu-
larly growing to infinity,

T d
(errw (v1), ..., errw (V) — Nyp, o ups

for any v1 € U(&1, ,351)), .o, U € Uk, ,Bék)), where Ny, .. v, is a centered Gaus-
sian random vector with covariance matrix (X ;)s,1=1,.. .k given by

_ O _ L, \(,0 _
Za= ) E[<Zj,vs - Zj‘vs) (Zo,v, - Zo,w)]'
JEZ4: || jlloo<m

Proof. Suppose v € U(&, ,Bél)), oo v € U, ﬂék)) and, for arbitrary numbers
AMy.. A eR letv = Zle A7v;. Then a simple calculation yields

k
Z)”l errw (v7) = A/ (ﬁwv — Lv).
=1
Since v € U (min; &, min; ﬂél)), by Theorem 3.12, /n (ﬁwv — Lv) —d> N,, where
N, is a Gaussian random variable with zero expectation and variance given in (3.10).

Now, let (T, ..., Tk)T be a zero mean Gaussian random vector with covariance given
by (Xs.)s.1=1,....k. Using linearity of F and G~1* a short computation shows that

k
d
Ny =) uTi
=1

hence, the assertion follows by the Cramér—Wold theorem (cf. [6]). O
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4 Proof of Theorem 3.12

In order to prove Theorem 4, we adopt the strategy of the proof of [20, Theorem 2].
Nevertheless, the main difficulty in our setting is that the observations (¥;)jew are
not independent; hence the classical theory cannot be applied here. Instead, we use
asymptotic results for partial sums of m-dependent random fields (cf. [8]) in combina-
tion with the theory developed by Bulinski and Shashkin in [7] for weakly dependent
random fields.

We start with the following lemma.

Lemma 4.1. Let y = 0 and suppose that v € U (&, Bo) is an admissible function.
Then Assumption 3.1 implies:

1. x P has a bounded Lebesgue density on R, where P denotes the distribution of
X (0).

2. (%) € L2(R) N L®(R) and ks < (1+|x)2~° forall x € R

3. Filg~"0), T ¢ LIR) 0 L2(R).

Proof. 1. Let u(dx) = (uvy)(x)dx. By Proposition 3.3, (a), uv; € L1(R); hence,
1 defines a finite signed measure on R. Since 6 = ¥ F [uv], we conclude that
FilxP)(1) = 0(t) = FL[PI(O) Filuvi](t) = Filp * P1@),
d[xP

ie. xP(dx) = (u * P)(dx); thus, x P has the density given by =
d[xP]

Jgr@v)(x — y)P(dy) and consequently || =5 | Lc®) < [[uvi|lLo®).

2. By Assumption 3.1, (4), (5), Proposition 3.3, (a), (c¢) and the Cauchy—Schwarz
inequality, we obtain for any x € R,

1 AN *100))|
Vo] +/0 <w)(’) ' +/(; wor"
=1+/x Feliod)
o ol

—£ (1+l2)_;
<1 14588 2,
+/( O o v
+ - )_T * 2\—¢ 172
; LZ(R)(/O (1+12) dt)

< (14 [xp2e.

1
51+H(

Further, we have for any x € R,

|F4[uvi](x)]

1
S+ Ixh72e
)| S+ xp2

G-

!/
The last expression is bounded and square integrable, hence (%) e L’ R)N
L*®(R).
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3. Fi[G™"™v] € LY (R) N L*(R) immediately follows from Definition 3.10, (i)
(cf. Remark 3.11, (b)). Moreover, by Proposition 3.3, (a), we find that

|FL (G 0] (x)) + -7
R Yl v

where the latter is finite due to Definition 3.10, (i). The bound in part (2) finally
yields

] a
dx < 167"l |

L2R)’

|F[G ] (x)|?

< — 1% 2 2 l*é‘
R Y@ N/R|f+[g 1)1+ x|} dx

= ||g_1*v||H172€(]R) < Q. O

In order to prove Theorem 3.12, consider the following decomposition that can
be obtained by the isometry property of F:

. I
ety (v) = /(Lo = Lv) = = | E1 + Ex + By + Ea | + Es,

with Eq, ..., E5 given by

Zﬁ@,w {9 i(5) @ =)k,
= ﬁ(ﬂ (G~ v], { Ry +0ww;2lﬁﬂ{llﬁ|§"1/2}}f+[Kb]>L2(R)
_ ﬁ(]: g(J-'+[Kb] 1)>L2(R)
= ﬁ(]—' [G~"*v], F+[Kb]{ ww_zw - %}ﬂuxﬁ&n—'”}hz(m
=ﬁW”—*%ﬁm%»
and R, = (1 — %)(% — £). We call the expression E main stochastic term and the

expression E, remainder term.

Subsequently, we give a step by step proof for Theorem 3.12 by considering each
of the above terms Ej, ..., Es5 seperately.

We first show that the deterministic term E3 tends to zero as the sample size n
tends to infinity.

Lemma 4.2. Suppose y = 0. Then, under the conditions of Theorem 3.12,

0
By = Vil FLIGT 0L (PR = D) > 0 asn— o0,

for any admissible function v € U(&, B2).
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Proof. Taking into account that |%| = | F4+[uv1]|, Assumption 3.1, (4), together with
Proposition 3.3, (a) and condition (K3) yield

|E3| < x/ﬁ/R |G 1) Fy [uvi 1011 = FIKp, 1(x) dx

S b [ 171G vw)ar,
R
where the last line is finite due to Lemma 4.1. Moreover, since, b, = o(n~1/?) it
tends to 0 as n — oo. O

Next, we observe that Es is asymptotically negligible in mean.

Lemma 4.3. Let the assumptions of Theorem 3.12 be satisfied. Then

E|Es| = | (G, 1" - g, @)

2®) ) -0, asn— o0,

forany v € U(E, B2).

Proof. From the proofs of Theorem 3.6 and Corollary 3.7 we conclude that

B, n\12
VIE|(@ "~ g ) S Vil ()
b1
hence, E|Es| — 0 asn — oo, sinceanz()((«/rzj_n)ﬂrﬂz)‘ 0

Lemma 4.4. Suppose y = 0 and let the assumptions of Theorem 3.12 be satisfied.
Then
b-v 6

E|E4| = ﬁJE(<f+[g—l*v], f+[K”]{97 R }1{'@|S""/2}>L2(R>‘ -0

as n — oo, for any admissible function v € U(&, B2).

Proof. Since % =i (%): we obtain by conditions (K2) and (K3),
bt | 1y X
BiE <5 [ 7G| () 0 [V E[19 00— 9 018
bt —1x
ps [0 G )

e LG LT

with § := sup,cg p=o |F+[Kp](x)|. In order to bound the summands on the right-
hand side of the latter inequality, we start with the following observation: 3 ng € N
such that for all n > ny,

xel-b' b7 = [y >2n"2 4.1

n >"n
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Indeed, by Lemma 4.1, (2), there is a constant ¢ > 0 such that < c(l +

W/(X)I

2/(1-2¢)
1x|)2~¢, forall x € R. Hence, if |y (x)| < 2n~1/2, then |x| > <§) /(=26 _

1. Since bn_1 = o(n"/(1-28)) as n — o0, there exists ng € N, such that b_l <

2/(1-2¢)
o n/U=28) — 1 foralln > ng, ie. x , is shows
5 1/A=28) _ 1 for all i [—b; !, b, 1]. This shows (4.1).
In the sequel, we assume that n > ng and consider each summand in the above

inequality seperately:

1. Using the m-dependence of (Y;) jcz4, we conclude as in the first part of the
proof of [18, Lemma 8.3] that

n—P
v () [2P

forany p > 1/2 and all x € R with |¢(x)| > 2n~12, Taking p = 1/21in (4.2),
by the Cauchy—Schwarz inequality, [18, Lemma 8.2] and Lemma 4.1, (2), (3),
we find that

Pl (x)] <n~ ') < (4.2)

/,,bl |f+[g—1*v](x)|\($)/(x)\ﬁ E[19 () — ¥ 0 ey |

& /;l:;l |f+[g’1*v](x)|‘<l>/(x)‘ IED<|1&()C)| = n71/2)1/21{\1//(x)|>2n*1/2}dx

b;! L
- n | FLIGT ] (0)]
n 1/4\/\177l W <1/f> (X)‘ﬂ_{lw(x)|>2n—]/2}dx

S e N ()

for all n > ng, where the last inequality uses the fact that |4 (x)| < 1. Hence,
the first integral tends to zero as n — oo.

L®®)

2. For the second integral, by the triangle inequality we observe that for any n >

no,
b —1x%
n | FRlGT vl ()]
/b,,l W(—)'\/_IE[W(x)Ul Il//(x)\sr”z}]dx
byt
< /_ . (he + hw )
where
| FL G v](x) A
L(x) = Wﬁ E[l@(x) - e(x)|11|¢(x)|§n,1/2]1{‘¢(x),>2n71/2}
and

L 28]
B) = PG VA 1 S B(0] = YLy 0eiey
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Applying Lemma A.2 with g = 1/2 (cf. Appendix A.4), we find that

2 | F G *v] ()|
¥ (x)]
hence, by Lemma 4.1, (3) and the finite (2 + 7)-moment condition, /1 is ma-

jorized by an integrable function. Moreover, applying the Cauchy—Schwarz in-
equality, (4.2) and again Lemma A.2 (with g = 1) yields

Li(x) S E[Yo , forall x e R;

F gfl* R B 12
%P(W(ﬂlfﬂ ]/2) L1y y)>20-112)

| F G~ ](x)| n~ /4
=< —
- [ (x)] [y (x)|1/2

Li(x) S

0, asn — oo,

-1
for all x € R. By dominated convergence, lim,_, s ff’['] _; I1(x)dx = 0 follows.

Further,
b by —1x
! “ip [ 1FRIGT VI 100
f_bn_. hx)dx < n /_bn_l T i S IR

~1x ,
<2 L )

by (4.2) (with p = 1), Lemma 4.1, (2), (3) and the Cauchy—Schwarz inequality;

L®®)’

-1
hence, also lim,_ o0 ff’;},l L(x)dx = 0.

All in all, this shows the assertion of the lemma. O

4.1 Main stochastic term

In this section we show the asymptotic normality of the main stochastic term. For this
purpose, let P, : B(R) — [0, 1] be the empirical measure given by

1
Py = n Z‘SYW
JEW

where §, : B(R) — {0, 1} denotes the Dirac measure concentrated in x € R. Further,
for any v € U(&, B2), define the random fields (Z(.k) )jezd, k=1,2, by

J,v.n

o _ 1 Filg " vl(=-)
z\ = EYJ-]:JF[T.FJF[K%]](YJ-) 4.3)
and . 1
@ i 1k /
Zjon = gﬂ[ﬂ[g Hol(- ~)(E) ]:+[Kb,,]](Yj). (4.4)

The following theorem is the main result of this section.
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Theorem 4.5. Let the assumptions of Theorem 3.12 be satisfied. Then, as W is regu-
larly growing to infinity,

b= Vg {9% ~i(5) G- wlEar),, SN

forany v € U(&, B2), where N, is a Gaussian random variable with zero expectation
and variance o* given in (3.10).

In order to prove Theorem 4.5, we first show some auxiliary statements. We begin
with the following representation for the main stochastic term.

Lemma 4.6. Let v € U(&, B2). Then, under the assumptions of Theorem 3.12, the
main stochastic term can be represented by

o _
== 2 (20, - 20),

]GW

with Z® k= 1,2, given in (4.3) and (4.4).

J.v,n’

Proof. Since § = —iy//,

hence,
= e [ i) P
= f/ﬂ[g—l* Ix ){ﬁ—z(w)( Y (=) | Fa[Kp, J(—)dx
_ /ﬂ[g e )w(< ))f+[1<b J(—x)dx

i fR J-"+[Q_l*v](x)(a) (=% (—) F4 [K, [(—x)dx .

Now, taking into account that ¥ (x) = [z €' Py(dt) and O(x) = Jg €t Py (d1),
Fubini’s theorem yields the desired result. O

The following lemma justifies the asymptotic variance o in Theorem 3.12.

Lemma 4.7. Let the assumptions of Theorem 3.12 be satisfied and suppose functions
v € U, ﬁél)) and vy € U(&, ﬂéz)). Then, as W is regularly growing to infinity,

—1/2 1 (2) —-1/2 (M 7@
Cov (W17 3 (200~ 28, 2 X (2~ 280,)) 0
JEW jew
with oy, v, € R given by
1} 2 D 2)
owm= Y E[(zh -70) (2, - 25,)]

74d.
ltlloo<m
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Proof. Let v; € U(&], ,8%1)), vy € U, ,Béz) ) and define the functions g®, g{© -
R — R, k=12, by

FrlG (=)
v

. o

_ La[mg—l*vk](—-)(ﬁ FilKp, )@, xeR

s = =F| Fi1Kp, 1|0

2
and
©n % Filg " ul(=)
R e i
. o
— ST PG u - ')(E) o, xer.

Then (g% (Y;)) e and (g5 (Y})) jeza fulfill properties (1)~(3) from Lemma A.4
(cf. Appendix A.5). Indeed, by Lemma 4.6, it follows that

Ble® o1 = B[00, , 22, ] = [ 3 (20 - 20)]
= L{Fiag {% —i(5) G- wlri)

Since E[V/(x) — ¥ (x)] = E[f(x) — 6(x)] = 0 for all x € R, we conclude by
Fubini’s theorem that E[g,(,k)(Yo)] = E[g(k)(Yo)] = 0, for k = 1, 2. Moreover,
since the Fourier transform of an integrable function is bounded, the finite (2 + 7)-
moment condition together with Lemma 4.1, (2), (3) and (K3) imply E|g® (Yp)|?,
E| (g',(,k)(Yo)|2 < 00, k = 1,2. The same arguments in combination with the domi-
nated convergence yields

E[ gV X0g? (7)) | — B[P r0g® vy ].
as |W| — oo. Hence, Lemma A .4 yields the assertion of the lemma. UJ

‘We now can give a proof of Theorem 4.5.

Proof of Theorem 4.5. If O'v2 = 0, then Lemma 4.7 yields

1 2

2 (1 2) 2

Oyn "= E[( z : <ZO,v,n - ZO,v,n)) :| — 0, = 0,
Jn e

0,v,n 0,v,n

as W is regularly growing to infinity; hence, n~!/2 Z/eW (Z(l) - z? ) — 0in
probability.
Now, assume that av2 > 0 and choose ng € N such that o

2
v,n

2

o > Oforalln > ng

(which is indeed possible, since o), — ovz > 0 asn — o0). For any n > ny, let
L ZO _z®

Jj.v,n j.v,n

. ) . d
Xjpi=—F4=—""—""-, jel,
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and denote by F, the distribution function of ) jew Xjn. In the proof of
Lemma 4.7 we have seen that (X ) jezd is a centered m-dependent random field and

E|Xx 1>+ < cn_l_fﬂa;,gzﬂ) for any n € N and a constant ¢ > 0. Hence, apply-
ing [8, Theorem 2.6] with p = 2 + t yields

sup | F(x) — ¢ (x)] < 75e(m + DT 240712 g,

xeR

as n — oo. This completes the proof. (I

4.2 Remainder term
In this section, we show that the remainder term E» is stochastically negligible as the
sample size n tends to infinity.

Theorem 4.8. Let y = 0 and suppose that the assumptions of Theorem 3.12 are
satisfied. Then, as n — 0o,

—1x I/f — 1/}
Ey= «/E<F+[g vl, [R” + Qvl{wﬂsn*‘”}}F+[Kb]>L2(R>

forany v e U(E, Bo).
In order to prove Theorem 4.8, some auxiliary statements are required. Therefore,
we introduce the following notation.

Foranyr e R, j € 74, let the centered random variables 5}1) (1), %;l) 1,1 =1,2,
be given by

60 (1) = cos(1)) — E[ cos(t¥p) |,

g]@(t) =sin(tY;) — E[sin(tYo)],

EV (1) = Yjcos(tY;) — E[Yo cos(tYo)],

EP (1) = ;sin(Y)) — E[ Yosin(t¥o) |
Then ¥ — ¥ and & — 6 can be rewritten as

N 1
_ _ )] -5 (2)
VO -y =3 (60 +ig? o) and
jew
~ 1 - -
_ _ )] -2(2)
b -6 =-3 (50 +iEP0).
jew
In the sequel, we shortly write é(l)(t), 5(1)(1‘) for the random fields (SJ@ ) jezd and
(éj(.l)(t)) jezd I = 1,2. Moreover, for any K > 0, we define the random fields

5 () = G}k (1)) jeg, 1 = 1,2, by
EY (1) = Y cos(tY 1k .k (Y)) — E[YO COS(IYO)E[—K*K](YO)]’

ED () = ¥, sin(tY)L—g g1 (Y) — IE[YO sin(tYo)]l[_K,K](Yo)].
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For any finite subset V C Z? and any random field ¥ = (Y j)jends let
Sy(¥)=>Y_v;.
jev

Lemma 4.9. Let the assumptions of Theorem 3.12 be satisfied and suppose K > 1.
Then

1 x2
) _
P(|Sw (€ <t>)|zx)szexp( 8(m+1)dx+2|w|) 4.5)
and
]P’(|SW(§(I)(I))|>x)<26xp(— ! x ) 4.6)
K - = 8(m+ DIK2x +2|W|)’ ’

foranyt e R, x >0andl =1, 2.

Proof. Since [£{"(1)| < 2forallr € R, j € Z¢ and | = 1,2, we have that
EED 0P < BP0 0?1 < 20 BE (01, p=3.4...0
hence, Theorem A.1 (with H = 2) implies (4.5). Next, we obtain
= = —2,=0 — =
EEE % (0711 < ELED, (017 21E ), 011 < @K)PEIE], (107], p=3.4,....

Taking into account that )~y E[éj(l)K ()] < 4K*|W|, Theorem A.1 (with H =
2K) yields the bound in (4.6). |

Lemma 4.10. Let the assumptions of Theorem 3.12 be satisfied and let n = |W|.
Moreover, for any n, suppose numbers ¢, > 0, K, > 1, such that ¢, — 0 and
K, — oo asn — oo. Then, for any n with &, < min{l, %},

T ne?
P 1150 D (1)) > < [= - 4.7
(te[s_“ﬁn" SwE Oz 6) < €l e~ e | @)

and
- T nez
P(sup a7 1swEPw)l ze) = 2 —exp{——”}
te[-T,T] " En 576(111 + 1)dK,% (48)
4
SnKl%JrT,

[ =1,2, where C; = 4(1 4+ 2E|Yy|), C2 = 4v2(1 + 2E|Yo|?) and C3 = 8E|Y|>*7.
Proof. We use the same idea as in the proof of [4, Theorem 2]: divide the interval
[T, T] by 2J equidistant points (fx)k=1... 27 = D, where ty = —T + k%, k =

1,...,2J. Then, forany t € [T, T] such that |t — 1| < Z, we have for any j € 74
that

T
6@ = & 0] < It = ul(Y;1 + EYol) < (V| +ElYo) . 1=1.2
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Hence, by Markov’s inequality and Lemma 4.9, for any n € N, we obtain that

P(sup ' ISwEP @)l zen) =P(sup  sup [Sw(E )] = ne, )

te[-T,T] €D pijr—g <L

= P(sup ISw (V) = =)

tkED
ney

2

+P(sup  supISwEP ) - SwEV @)l =

€D p)t—n < T

N—

T ne,
= > P(Isw )+ (v +Elvoh 5 = )
€D jew
1 nez 4T
<4J - L E|Yyl,
< exp{ 16(m+1)d8n+4}+J8n Yol

[ =1,2.Now, let n € N be such that ¢, < % and choose

T 1 ne? 172
J=|(= " ,
Hsn eXp{16<m+1>f” en+4}> J

where | x| denotes the integer part of x € R. Then

JP’( sup n Y SwEL @) > e ) <o | L ex { ! ne, }
n J— _
te[—YP,T] v =)= En P 32m+ e, +4

with C; = 4(1 + 2E|Yp|). Applying the same arguments to sup,c[_r 77 |Sw (51((]3 ®))]
yields

B sup 0 SwEL @) 2 6,) < € [ ex {_ L ne }
te[—}),T] WK, =)= &n P 32(m + 1)4K2 e, + 4|’

whenever g, < %, where C = 4(1 + 2E|Yp|?). Combining Markov’s inequality,
Holder’s inequality and the finite (2 4+ t)-moment property of Yy implies

( sup_n” \Z(%—(”m £, 0)| = )

te[~T,T]

ne
< P(Z(le|1<K,,,oo)(|Yj|) + E|Yol1(k,,00) (|1 Y0])) = T")

jew

4 1/@2+7)
_ (E|Y0|2+r> P(|Yy| > Kn)(H-T)/(Z-H)

n

IA

E|Yo|**T,

Kl tTe,
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I =1, 2. All in all, we have for any »n such that ¢, < %,

P( sup 07 SwEP () = )
te[—-T,T]

=P swp_n7IswEL o) = )

1e[~T,T] 2
~ - &
+P( sup_ a7 IswEVw —EQ ) = )
te[~T,T] " 2

- | T 1 ne? 8
<J2C. | = — n E|Yy 2.
=V, eXp{ 64(m + DK2 en—l—S} M. I¥ol

Hence, it follows for any n with &, < min{l1, %} that

T ne?
P -1 S (0] t > <C — -
(te[sllﬁT]” Sy E )] =) <€ en P T T600m + 1)

as well as

z T ne2
P( su n_lS (~Z)l‘ >€)<C —ex {_—"}
L i ISy EO) 2 ) < G e |~ e S
C3

K\ tTe,

’

where C; = /2C and C3 = 8E|Yy|*17. O
1
_ 4t 1 I+7 t+5

Theorem 4.11. For some ¢ > 0, suppose &, &~ n 22+ [log (T7n4(2+f>>] and

1
K, = n2C+9 jn Lemma 4.10. Then, for n sufficiently large,

P(max| swp [0 -yl swp 100) =60} > &) < o,
te[-T,T] te[-T,T]

where

[T
=

1 147 -
= [log (T7n4<2+f> )]
and C > 0 is a constant ( independent of T ).
Proof. By Lemma 4.10 it follows that

P(max| sup ) -yl sup]|é<t)—e(r>|}>en)

te[-T,T] te[-T,T

=Y B( swp n liswE )l = e)

=] “tel-T.T]
2

+Y P( sup n7'|ISwEP@)) > ¢
; <te[—7P,T] ")
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<C T ne% n 1
—expi— ,
=5 \Wen TP 5760m + DAKZ | T g k1
1

_ 4T 1 _l+t \7¢+3 .
for some constant C > 0. Let g, = n 22+ [log (T7n4<2+f> )] , without loss of

generality. Then we observe that

1 1 147 —¢—
= [log <T2n4<2+f>)] .

=

&n KrllJrr
Moreover,
2 T l——Mm
l exp " | (T%n%> 5760m+1)4 Vi,
&n 576(m + 1)4K?
X 12 1+1 2{ X
with r, = [log(T [2p3a+o )] . Hence, the assertion of the theorem follows. O

Remark 4.12. (a) Fix T > 0. Then, provided the assumptions of Theorem 3.12 are
satisfied, Theorem 4.11 states that

max | sup () =y ©l. sup 10 =0} = Op(e).
te[-T,T] te[-T,T]

as n — 0o, where Op denotes the probabilistic order of convergence.

(b) For large n in Theorem 4.11 is understood in the following sense: for any fixed
m, there exists ng = ng(m) such that the bound holds for all n > ng. Of course,
the function m — no(m) is increasing.

The following corollary is an immediate consequence of Theorem 4.11.
Corollary 4.13. Let the assumptions of Theorem 3.12 be satisfied. Then
A 1_
im P( s PO -0l =chy ) =0
"R Mre-b b

for any constant ¢ > Q.

1 N+ 5
Proof. Fix ¢ > 0 and assume that b, = n~ -2 (log n) ™% without loss of gen-

1_
erality. Since b, — 0 as n — 00, there exists ng € N such that cb; f < min{1, ﬁ}
1_
for all n > ng. Taking ¢, = cb;; fand T = b;l in Lemma 4.10, it follows that
~ 1_
P( sw 150 -9z cbi )
rel=b; " by 1

1_
<P( sp a7 ISwEV @)l = ebi )
rel=by ' by ']

vB( sp T ISwED @) = by )

rel—by by 1)
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» 2e-3 2 b]—ZE
< 2Cc*%bn 4 exp _ M
160(m + 1)d

for all n > ng and some constant C > 0. Hence,

B( s W0 -yl > b))

rel—by b1

2 (1-2¢) 32
R 22 (14n(1-26)
< Cn™=2 " 160 nd (logn) a(1=26) S0,

asn — 0o, whereé:ZC‘c_%. O

Corollary 4.14. Let y = 0 and suppose that the assumptions of Theorem 3.12 are
14n(142¢)

satisfied. Moreover, let k, = 2(10gn * . Then,

26]
26]

tim IP’(

n—oo

> Ky for somet € [—b! b’l]) =0.

n >“n

Proof. By Lemma 4.1, (2), m <c(l+ |x|)%’€ for some constant ¢ > 0; hence,
there exists ng € N such that

1_
inf @Ol = A+ b T = 4.9)
tel—by " by ']

for all n > ng. We first show that the probabilities of the events

Ay = {|1ﬁ(t)| <n V2 forsomer € [~b; ! b_l]}

n > n

tend to 0 as n — oo: By (4.1), r € [—b; !, b '] implies |y (r)| > 2n~1/2, for all

n >~ n
n > n and some n| € N. Set n = max{ng, n}. Then

P(A) < IP(MZ(t) — Y O] > Y @) —n"/ for some € [—b;l,bn‘l])
< P(w?(t) -y > ;w(m for some € [—b;‘,bn‘ll)
< IP(W}(I) —Y(0)] > b forsome 1 € [—b;‘,b;‘]),
2c

for all n > 7, where the last inequality follows from (4.9). Hence, by Corollary 4.13,
lim,, oo P(A;) = 0.

1+7(1-2¢)

Suppose k, = 2( log n) . Then we find that

t
P up |1/~f( )| - )
rel—b;y b1 [ (2)]
t A
:IED( sp OUS i o> n_l/z)
ref—bytp 1 W (O] tel—by by ']
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470
t R
—HP’( sup W( ) > Kp, inf GRS n71/2>
tel—by b1 [y ()] tel—by ' by ']
1) — Ut .
< P( sip OZVOLL 0 e ol n—l/z)
re—blprlp V@) tel—by ' by ']
+IP’< inf 90| < n—1/2)
tel—by ' by ']
=P( s WO -0 = 66— D7) + P4y,
tel—by ' by ']
1_
for all n > n. Taking into account that for large n, («k, — Dn=12 =2b; o2 >
|

1_

b} *, the assertion follows by Corollary 4.13.
Now we can give the proof for Theorem 4.8.
Proof of Theorem 4.8. First of all, observe that
9 N AT
R+ 05 = (1= ) (57055
(O o
v y?

v

RSt
=TT G - 0)

< <

b

1+n(1-2¢)
. Moreover, let

Now, fix y > 0 and let k, = 2(logn
@) — @), sup

tel—by by 1)

6o -6}

sup

M, = max {
rel-by ' by "

By (K3), sup,cr e |F+[Kp,1(x)| < 2; hence

P(Ez > 17)
P(Va{F1g~ 01, | R, +9%1“1},5"—1/2}}f+[Kb]>L2(RX) >7)
[y ()] [ (x) — ¥ ()]

b
P Filg™™ -
< (/ FG i T

.

(P2 () 0w = b = 2ot

1 g b;l —1x ’ > [

< 2(iby / 'ﬂ[iuxﬁ](x)'(wix>| * K%) @) = Znhe )
o) T, 006

—b;!
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!
Since by Lemma 4.1, (3), (%) € L*®(R), there is a constant ¢ > 0 such that

P(Mnb,%_g/b"l |f+[g71*v](x)|( 1 —{—‘(l)/(x)‘)dxz %nf%lcnﬁ)

—by! [V ()] [V ()] v
b;l —1x -~
§ IP’(M,,/ AT TN Ln_%xn_lb;%).
—b;! 1Y ()] 2c

Moreover, by Definition 3.10, (iii), we have for some ¢ > 0,

bn_l —1x% -~ 1
P(M, (22 Cal) (O] v](x)|dx > Ln_%x_lb,i 2
2¢ "

—by! ¥ (x)?
by! 2y—1+e 5
w1 _1
< P(Mn/ %(1 +x)lme=E2gx > Lm_%/cn_lbn 2)
e A E9] 2¢¢
~ _e-1
<p(M, > L nf%Kflb%—e—sHUJrl) )
- "= noon v 2®/’

where the last line follows because W e LXR) by Proposition 3.3, (c).
Now, for n sufficiently large, we obtain
1 &1

n_%/cn_lb,%ﬁsis = —nm_l(log n)(l_s)(""’ﬁ)

_ 14t I 77+%
>n 202+9) I:]()g (bn 2n4(2+1) )] .

[\S]

Indeed, by Definition 3.10, (iii), we have
E—1 1 1+1 1+t

> — > — .
1—-2¢ 1-2 2Q2+71) 22+ 1)

Hence, we conclude by Theorem 4.11, Corollary 4.13 and Corollary 4.14 that
]P’(Ez > ;7) — 0, asn — oo,
forany y > 0.

4.3 Neglecting the drift y

It remains to show that the result of Theorem 3.12 still holds true if y is assumed to
be arbitrary. For this purpose, consid~er the sample (Y;)jew givenby ¥; = Y; — v,
Jj € W.Moreover, let 1, (¢) = E[e/'Y0] be the characteristjc function of f’o and write
V.. for its empirical counterpart, i.e. ¥, (f) = % Y jew ¢''Yi Then, with the notation

1 1 ity 1

7 =1, = 1
) Pu(r) W=7l e
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we have for any r € R,

0.() _ 6() 0.() _ 6(1)

= == =YL ) sn-12) @S well as =——y, (4.10)
Viet)  Y(@) * Ve (t)  ¥(@)

wher.f(:1 9*(1? d: E[I?oef’.?o] and 6,(1) = %Zjew fjei’?/. For any v € U(E, B),
consider the decomposition

- _ \/ﬁ —1x é 0
ViLwy = Lv) = T{F G0, A J>L2<R>
\/_ 1%
= 2 {Fag . 1//——7:+[Kb - )LZ(R)
* %(ﬂ[g_l*”]’ VL ponm12 P4 KD, ] = ’”>Lz(1R)‘

As W is regularly growing to infinity, the first summand on the right-hand side of the
last equation tends to a Gaussian random variable since ¥, is an infinitely divisible
characteristic function without drift component. For the second summand, we find
that

NG .
<]: [g ! ] {W/ |>n— 1/2}]:+[Kb,,] - y>L2(R)
o \/ﬁy —1x%
= L(Fug™ 0 Folkn ) - 1),
Wy .
e (PG 0 Ly, v P h"]>Lz<R>'

Hence, by (K3) and Definition 3.10, (iii), we obtain

x/ﬁEKﬂ[g”*v], F+[Kp,] = 1>L2(R>)

< / VA FIGT 01 = Fi[Kp, J@)dx < ba/nllG™ vl g1 gy
R
where the last term tends to zero as n — o0, since b,, = o(n_l/ 2). Moreover,

«/—]E‘(ﬂ[g 0L L, <y F LK, ]>L2(R)‘

< 2\/5/;_1 FHG uI@B(1 (0] = n7F )dx.

Taking into account that | (x)| = |1/A/* (x)], relation (4.2) with p = 1/2 yields

s - _1 |F LG v] ()]
VIFAGT VO[] <0731 o () < BT
Applying again (4.2) with p = 1| implies

P (e (9]

VAFAGT @ P10l <072 )1 o () < T

— 0,
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as n — 00; thus, by dominated convergence, we have

— 0, asn — oo.

VAE|(FLGT 0L 15, vy F K, )

L2(R) ‘

All in all, this shows that Theorem 3.12 holds for any fixed y € R.

A Appendix

A.l Proof of Lemma 3.3
(a) Minkowski’s integral inequality together with formula (2.4) yields

luvill gy < lluvoll xr / If()VEds, k=1,2.
supp(f)

The right-hand side 1n the last inequality is finite by Assumption 3.1, (1) and
(2); hence uv; € L'(R) N L%(R). In particular, R > x — Filuvi](x) =
fR €™ (uvy)(t)dt is well-defined. Using again formula (2.4) together with Fu-
bini’s theorem and a simple integral substitution yields (3.5).

(b) The triangle inequality followed by a simple integral substitution shows that
[T < 1z [ G < .

(c) The proof of Theorem 3.10 in [13] yields that |y (x)| coincides with the inverse
of the right-hand side in (3.2). This shows part (c). g

A.2  Proof of Lemma 3.6

‘]:*[gw(i)lmdx < 00. In order to prove the upper

bound in Theorem 3.6, decompose ]El[iwv — Lv] as follows:

Let v € Image(G) be such that [

E|Lwv — Lv| < E| <(g,;1* -G ]*)v uvl) 2® I +E | <g71*v, uvy — uvl>L2(R)

(04) m

We estimate parts (I) and (I) seperately. Using the isometry property of F, we
obtain

1
M= / |FL LG — G 0](0) B Fy [wor](x)|dx.
T JR

Furthermore, since vy = F._ [9()‘) F4[Kp]], stationarity of Y yields for any x € R,

P (x)
E|]:+[MU1](X)| = |]:+[Kb](x)|E ZZGW tﬂ{‘l/}(x)|>n—l/2}

< n“2|f+[1<b]<x)|E|Yo|.
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Hence, by the Cauchy—Schwarz inequality we obtain that

12EY,
M < %Hﬂ[(g = G701 o gy IF+ KN L2y

_ SE[Yol s ol
=== ) 16 = 6] 2y

where the last line follows from (K2) and again by applying the isometry property of
F . For the second part, we find that

_ 6(x) 0(x)
11 Filg E|—=F,[K -
an = /I+Q v](x)| 70 +[Kpl(x) )
G(x) B 0(x)

|F+[Kp](x)| dx

1
— | | Flg E|—
5271/11«' +[G7 T vl(x0)] SRS
(T10)

1
+ 5 (IF vl I ol = P LK)
T

L2®)’

where the identity |Fi[uvi]|(x) = ‘ z((’;)) ’ was used in the last line. Hence, it re-

mains to bound expression (III). Indeed, applying the triangle inequality followed by
the Cauchy—Schwarz inequality and the bounds in [18, Lemma 8.1 and 8.3] yields

~1 — ! ’dx
vx) ¥x)

I = /R|f+[Kb](X)I|f+[g_1*v](x)IE|é(x)—9(X)|

+ /R | FL LK p1 QO F4 [G71

; — dx
x) vk)
El0(x) — oW,
[ ()]

<S[/ |FLIG 0] () VEIB (x) — 6(x) |2 |E|=
R

4 /R FL KR ONIFL 16 00|

— dx
¥ (x)

FA 1G] r1p
Vv VIl 7 E|l— — d
T wer *“‘”‘](x)'\/ FrelTrI

FL G 0l(r) [ ]
— L E|O —6 2d
b [ S ) ~ o Pa
T ey i o (e (€3]
Ss[nl/z L S VTS T

o |F+[g—1*v]<x)|
ni/2 ¥ @)l

FA 1G] (x)
+ VB o] dx} ’

R

| Fyluvi](x)ldx
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with constants c1, ¢z, c3 > 0. Hence, by integrability of uv; it follows

o | FL G 0] (x)]
) < % (m-ﬁ- lluvy “LI(RX)) /I‘Rx de

for some constant ¢ > 0. This finishes the proof. g

A.3  Proof of Theorem 3.7
Using Assumption 3.1, (4), (K3) and F[G~*] € L'(R) we find that

(1F1G™ 0l 1Fytwwnlit = Figoll), < mint1, ) [ 174067 v)olds

L2(R)
= O(b,), asn— o0.

Moreover, applying the same arguments as in the proof of [13, Corollary 3.7], we

observe that
B2

(G " = G oll 2y San'
Hence, if y = 0, the assertions of the theorem immediately follow by the upper
bound in Lemma 3.6. Otherwise, if y # 0, consider the sample (¥;) jew defined in
Section 4.3. Following the computations there, one finds that on the right-hand side
of (3.8) the additional term

TE|(FAGT 0 FelKp, = 1) = (FGT 0L Ly s Fr (K, )

L2(R) B LZ(]R)}

arises. Using G~ v € H'(R), FL[G~"*] € L'(R) and (K3) yields that the latter
expression can be estimated from above by

—1x
v

This completes the proof. O

4 —1x
L (bl ol + )

A.4  Moment inequalities for m-dependent random fields

In this section, we sum up some moment inequalities that are quite helpful for the
proofs in Section 3.
We start with the following Bernstein type inequality that is due to [15, p. 316].

Theorem A.1. Let (X)jev, V C Z4, be a centered m-dependent random field sat-
isfying 0 < IEX? < oo and, for some H > 0,

|
IEX”| < %Hp—zﬂax%, p>3, jeV. (A1)

Then
x2
exXp (—m), 0<x <pvBy/H,

_ XBV
Am+)iH )’

P(Sy(X) = xBy) <

exp x > pyBy/H,



476 S. Roth

where
SV(X)=ZX]-, B} =ES? and pV=ZEX§/Bé.
Jjev jev
The following lemma generalizes Lemma 8.1 in [18]. It can be easily proven using
the same arguments as there.

Lemma A.2. Let (Yj);cza be a stationary m-dependent random field satisfying

IE|Y9|2‘1 < oQ. Furthermore, let W C 74 bg a finite subset, n = card(W), and
let O(u) = L,y Yie™Yi and 0(u) = EYoe"™. Then

~ C
El6(u) — 0 (u)|* < n—qE|Yo|2‘1,

where C > 0 is a constant.
Remark A.3. Clearly, applying the Cauchy—Schwarz inequality, Lemma A.2 also
yields a bound in case that g = 1/2.

A.5 Asymptotic covariance of m-dependent random field

Lemma A.4. Let the sequence (By)neN be regularly growing to infinity. Moreover,
let (X j) jeza be a stationary m-dependent random field and suppose there are mea-

surable functions g(l), g,(ll), g(z), g,(,2)

:R — R, n € N, with the following properties:
1. E[g® (X)) =0foralln e N k=1,2;

2. E[g®(X0)2], Elg¥ (X0)2] < 00, k = 1,2, n € N;

3. limy o0 Elgy (X0)gs” (Xi)] = Elg™M (X0)g® (Xi)] =: o, for any k € 7.

Then
Tim Cov (1B, 72 3 g (X)), BT Y gPx0) = Y o

./eBn keB, tEZdZ
tlloo <m

Proof. We observe that
Cov (18,172 Y VX)), 1B, 72 Y 6 (X0)

JjEBy keBy,
1
P> (ElasP e g oo ] = E[s P 0. ¢ 0x0])
Jj€By keB,
=Yn
1
tipr o 2 E e sP ]
n je€By keB,

=Zn

Since (X ;) jezd is m-dependent and stationary, and, since (B;,),¢N is regularly grow-
ing to infinity, the same computation as in the proof of Theorem 1.8 in [7, p.175]
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shows that
lim z, = o;.
o= Y @
rezd:
I#lloo<m
It remains to show that lim,_, », y, = 0. Indeed, the m-dependence and the property

1. yield

1
| Bn|

|Vl

>3 [E[e X0, 8P Xk ] — B[V (X0, 6@ (X |

JE€By keZd

> [E[al xon. g0 ] - B[ xo), s X0 |

kezd:
lklloo <m

IA

— 0, asn — oo. O
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