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Stochastic two-species mutualism model with jumps
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Abstract The existence and uniqueness are proved for the global positive solution to the sys-
tem of stochastic differential equations describing a two-species mutualism model disturbed
by the white noise, the centered and non-centered Poisson noises. We obtain sufficient condi-
tions for stochastic ultimate boundedness, stochastic permanence, nonpersistence in the mean,
strong persistence in the mean and extinction of the solution to the considered system.

Keywords Stochastic mutualism model, global solution, stochastic ultimate boundedness,
stochastic permanence, extinction, nonpersistence in the mean, strong persistence in the mean

2010 MSC 92D25, 60H10, 60H30

1 Introduction

The construction of the mutualism model and its properties are presented in K. Gopal-
samy [4]. Mutualism occurs when one species provides some benefit in exchange for
another benefit. A deterministic two-species mutualism model is described by the
system

dNi(1)
dt

Ki(t) + a1 (t)Na (1)
1+ Na(2)

=r1(l)N1(t)[ —Nl(t)],
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[Kz(t)+062(l)N1(t)
1+ Ni(®)

dN-
dzt(’) = R (ON(0)

- Nz(t)],

where Ni(t) and N»(¢) denote the population densities of each species at time 7,
ri(t) > 0,i = 1,2, denotes the intrinsic growth rate of species N;,i = 1,2, and
a;(t) > K;(t) > 0,i = 1, 2. The carrying capacity of species N;(t) is K;(t),i = 1, 2,
in the absence of other species. In the paper by Hong Qiu, Jingliang Lv and Ke Wang
[9] the stochastic mutualism model of the form

a1(t) +ax()y@)
I+y(@)

by (1) + ba(D)x (1)
1+ x(#)

dx(t) = x(1) [ Cl(t)X(t)] + o1 (O)x () dw (1),

dy(r) = y(1) [ - Cz(t)y(t)} + o2 () y(t)dwa(r) ey

is considered, where a; (t), b; (t), ¢;(t), 0;(t), i = 1, 2, are all positive, continuous and
bounded functions on [0, +-00), and w1 (#), wy(¢) are independent Wiener processes.
The authors show that the stochastic system (1) has a unique global (no explosion
in a finite time) solution for any positive initial value and that this stochastic model
is stochastically ultimately bounded. The sufficient conditions for stochastic perma-
nence and persistence in the mean of the solution to the system (1) are obtained.

Population systems may suffer abrupt environmental perturbations, such as epi-
demics, fires, earthquakes, etc. So it is natural to introduce Poisson noises into the
population model for describing such discontinuous systems. In the paper by Mei
Li, Hongjun Gao and Binjun Wang [5] the authors consider the stochastic mutualism
model with the white and centered Poisson noises:

bi(H)x(1)

dx(t):x(t_) (r](t)—m

— &1 (t)x(t)) dt

+a1(t)dw1(t)+/J/l(t,z)f)(dt,dz) )
Y

by (1)y (1)

dy(t) =y(™) (rz(t) "0 0

- 8z(t)y(t)) dt

—i—az(l)dw(t)—i-/J/z(t,z)ff(dt,dz) ,
%

where x(¢7), y(t ™) are the left limit of x(¢) and y(¢) respectively, r; (¢), b; (t), K; (),
ai(t), i = 1,2, are all positive, continuous and bounded functions, Y is measurable
subset of (0, +00), w;(t),i = 1, 2, are independent standard one-dimensional Wiener
processes, v(t, A) = v(t, A) — tI1(A) is the centered Poisson measure independent
onw;(t),i = 1,2, E[v(t, A)] = tT1(A), TI(Y) < oo, y(t,z),i = 1,2, are random,
measurable, bounded, continuous in ¢. The global existence and uniqueness of the
positive solution to this problem are proved. The sufficient conditions of stochastic
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boundedness, stochastic permanence, persistence in the mean and extinction of the
solution are obtained.

In this paper, we consider the stochastic mutualism model with jumps gener-
ated by centered and noncentered Poisson measures. So, we take into account not
only “small” jumps, corresponding to the centered Poisson measure, but also “large”
jumps, corresponding to the noncentered Poisson measure. This model is driven by
the system of stochastic differential equations

ai1(t) +air(t)x3_; (1)

dx;i(t) = x;(t) |: - Ci(t)xi(t)i| dt + o (t)x; (t)dw; (1)

14 x3-(1)
+f)/i(t,z)xi(t)f)1(dt,dz)+/8i(t,z)x,-(t)v2(dt,dz),
R R

x(0)=xi0>0, i=12 (2

where w;(t),i = 1, 2, are independent standard one-dimensional Wiener processes,
v, A) = vi(t, A) — tI11(A), vi(t, A),i = 1,2, are independent Poisson mea-
sures, which are independent on w;(¢),i = 1,2, E[v;(t, A)] = tI1;(A),i = 1,2,
I1;(A), i = 1, 2, are finite measures on the Borel sets A in R.

To the best of our knowledge, there are no papers devoted to the dynamical prop-
erties of the stochastic mutualism model (2), even in the case of the centered Poisson
noise. It is worth noting that the impact of the centered and noncentered Poisson
noises to the stochastic nonautonomous logistic model is studied in the papers by
0.D. Borysenko and D.O. Borysenko [1, 2].

In the following we will use the notations X (t) = (x1(¢), x2(¢)), Xo = (x10, X20),

X0 = /x3(0) +x30),RE = {X e R?: x; > 0, x2 > 0},

Bi(t) = Uiz(t)/2+/[%‘(tsZ)—ln(l+J/i(l,Z))]l'h(dz)—/ln(l+5i(t,z))]1'12(dz),
R R

i = 1, 2. For the bounded, continuous functions f;(¢),t € [0, +00),i = 1, 2, let us
denote

Jisup = sup f; (1), fiing = inf f; (), i=1,2,
t>0 t>0

fmax = max{fi sup» f2sup}s Smin = min{ f1inf, f2inf}-

We will prove that system (2) has a unique, positive, global (no explosion in a
finite time) solution for any positive initial value, and that this solution is stochasti-
cally ultimate bounded. The sufficient conditions for stochastic permanence, nonper-
sistence in the mean, strong persistence in the mean and extinction of solution are
derived.

The rest of this paper is organized as follows. In Section 2, we prove the existence
of the unique global positive solution to the system (2). In Section 3, we prove the
stochastic ultimate boundedness of the solution to the system (2). In Section 4, we
obtain conditions under which the solution to the system (2) is stochastically perma-
nent, and in Section 5 the sufficient conditions for nonpersistence in the mean, strong
persistence in the mean and extinction of the solution are obtained.
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2 Existence of the global solution

Let (2, F, P) be a probability space, w;(¢),i = 1, 2,¢t > 0, are independent stan-
dard one-dimensional Wiener processes on (2, F, P), and v;(¢t, A),i = 1,2, are
independent Poisson measures defined on (€2, F, P) independent on w; (¢),i = 1, 2.
Here E[v;(t, A)] = tI1;(A), i = 1,2, vi(t, A) = v;i(t, A) — tI1;(A), i = 1,2,
I1;(-),i = 1,2, are finite measures on the Borel sets in R. On the probability space
(2, F,P) we consider an increasing, right-continuous family of complete sub-o-
algebras {F;};>0, where F; = o{w;(s), vi(s, A),s <t,i =1,2}.
We need the following assumption.

Assumption 1. It is assumed that a;;(¢),i,j = 1,2, ¢;(¢),0i(t),i = 1,2, are
bounded, continuous in 7 functions, a;; (t) > 0,7, j = 1,2, cmin > 0, ¥ (¢, 2), 8; (¢, 2),
i = 1,2, are continuous in ¢ functions and In(1 + y; (¢, 2)), In(1 + 8; (¢, 2)),i = 1,2,
are bounded, IT;(R) < o0,i =1, 2.

Theorem 1. Let Assumption [ be fulfilled. Then there exists a unique global solution
X (t) to the system (2) for any initial value X (0) = Xo > 0, and P{X (¢t) € Rﬁ_} =1

Proof. Let us consider the system of stochastic differential equations

ai1(t) + aia(t) exp{vs_; (1)}
1 + exp{vs—; (1)}

dv;(t) = [ _Ci(t)exp{vi(t)}_ﬂi(t)} dt

it dwi (1) + / In(1 + yi (1, )9 (d1, d2) + / In(1 + 8(t, 2))Pa(dr, d2),
R R
v;(0) =Inx;9, i=1,2. (3)

The coefficients of equation (3) are locally Lipschitz continuous. Therefore, for
any initial value (v1(0), v2(0)) there exists a unique local solution V (r) = (v1(¢),
v2(¢)) on [0, 7.), where sup,_,, [lV(@)| = +oo (cf. Theorem 6, p. 246, [3]). So,
from the It6 formula we derive that the process X (t) = (exp{vi(¢)}, exp{v2(¢)}) is a
unique, positive local solution to the system (2). To show this solution is global, we
need to show that 7, = +00 a.s. Let ng € N be sufficiently large for x;o € [1/n9, nol,
i =1, 2. For any n > ngo we define the stopping time

T =inf{t €l0,7.): X(t) ¢ (Ln) X (Ln)}
n n

It is clear that 7, is increasing as n — +00. Set 7o, = lim,_, oo T, Whence 7o < T,
a.s. If we prove that 1o, = o0 a.s., then 7, = oo a.s. and X (¢) € Ri a.s. for all
t € [0, +00). So we need to show that 7, = o0 a.s. If this statement is false, there
are constants 7 > 0 and ¢ € (0, 1), such that P{toc < T} > &. Hence, there is
ni > ng such that

P{t, < T}>e¢e, Vn>n. 4
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For the nonnegative function V (X) =

1

(xi =1 —=Inx;),x; > 0,i =1, 2, by the Itd

2
=1

formula we have

2 T Aty
ai1 (1) + aip(t)x3—i (1)
VXT ANtp) = V(X (1) —1
(X(T A1) (0)+§ Of (xi (1) )( p——e

—Ci(t)xi(t)) + i (1) +/5i(t,Z)xz'(t)H2(dZ) dt
R

T Aty T Aty
+ / (51 (1) — Do (D dw; () + f / i (1, 2 (1) — In(1 + yi (2, 2191t d2)
0 0 R
T Aty
+ / / [8:(t, i (1) — In(1 + 8:(2, ) Pa(dr, d2) § . (5)
0 R
Under the conditions of the theorem there is a constant K > 0 such that
2
3 [(x,- ~1) (“"( )1 UEGRES —a»(r)xi) +Bi(0)
+ x3-;

i=1

2
+ f 8i(t, 2)x;TIa(dz) | < Z [(amax + Cmax)Xi — Cminxj2 + Bmax
R i=1
+xi0max[I2(R)] < K, (6)

where amax = max; j=12{sup,>a;;j(¢)}. From (5) and (6) we have

2 T Aty
VT AT =V + KT A+ Y [ i) = Daoduo
i=1 0
T Aty
+ [ e ono - ma + e mardn
0 R
T Aty
+ //[(Si(t, 2)xi(t) — In(1 4 8; (¢, 2))1v2(dt, dz)
0 R
Whence, taking expectations yields
E[V(X(T At))] = V(Xo) + KT. (7N

Set 2, = {1, < T} forn > ny. Then by 4), P(2,) = P{r, <t} > ¢&,VYn > n;.
Note that for every w € 2, there is some i such that x; (t,, w) equals either n or 1/n.
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So
) 1
V(X(ty)) > min{n — 1 —Inn, — — 1 + Inn}.
n
It then follows from (7) that
1
V(Xo) + KT > E[1g,V(X(1,))] = emin{n — 1 —Inn, — — 1 4+ Inn},
n

where 1q, is the indicator function of €2,,. Letting n — o0 leads to the contradiction
oo > V(Xg) + KT = oo. This completes the proof of the theorem. |

3 Stochastically ultimate boundedness

Definition 1. ([6]) The solution X (¢) to the system (2) is said to be stochastically
ultimately bounded, if for any ¢ € (0, 1) there is a positive constant x = x(¢) > 0
such that for any initial value Xg € Ri this solution has the property

limsupP{|X ()| > x} < e.

1—00

Theorem 2. Under Assumption 1 the solution X (t) to the system (2) is stochastically
ultimately bounded for any initial value X € Ri.

Proof. Let 7, be the stopping time defined in Theorem 1. Applying the 1t6 formula
to the process V (¢, x; (1)) = e’xip(t),i = 1,2, p > 0, we obtain fori = 1, 2 that

IAT,
' _p s p a;i1(s) + aia(s)x3-; (s)
V(A T, xi(t A Ty)) = Xjo + / e’ x; (s){1+p|: [T
0
~ o2
—wmnm@n+391—£ﬂiﬂ41ﬁa+wﬂ&mw—4—pn@mﬂrhwn
R
IAT,
+/[(1 =+ 8i (s, Z))p—l] My(dz) ¢ ds + /Pesxf(s)ai (s)dw; (s)
R 0

tAT,

// <L) [(1 + 15 )P — 1] B (ds. dz)

AT,

f/ xP () [(1 +8i(s, 2)P — 1] Da(ds, dz). (8)

Under Assumption 1 there is a constant K; (p) > 0 such that

1

i . i -1 2
ES.X-p 1 ~|— p a I(S) +6112(S)X3 ! — Ci(s)xi +M+
1+ x3-; 2
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+/[<1 1G5, )7 — 1= pyi(s, )] T (d2) +/[(1 1505, )" — 1] TTy(dz)
R R
< Ki(p)e'. )

From (8) and (9), taking expectations, we obtain
E[V (1t A, xi(t At)] < xjg + K(p)E[""™] < x[j + Ki(p)e'.
Letting n — oo leads to the estimate
¢'Elx/ (0] < x5 + €' Ki(p). (10)
So we have fori = 1, 2 that

lim sup E[x](1)] < Ki(p). (11)
—0o0
For X = (x1,xp) € Ri we have |X|P < 21’/2()cf7 + xé’), therefore, from (11)
limsup, o, E[|X(1)|P] < L(p) = 2P/%(Ki(p) + Ka(p)). Let x > (L(p)/e)"/?,
p > 0,Ve € (0, 1). Then applying the Chebyshev inequality yields

. L. py -~ L(P)
limsupP{|X ()| > x} < — lim sup E[|X®)|’] < —= <¢
t—>00 xP xP

t—00

4 Stochastic permanence
The property of stochastic permanence is important since it means the long-time sur-
vival in a population dynamics.

Definition 2. ([5]) The solution X (¢) to the system (2) is said to be stochastically
permanent if for any ¢ > 0 there are positive constants H = H(e), h = h(e) such
that

liminfP{x;(t) < H} > 1 —e,  liminfP{x;(t) > h} > 1 —&,
t—00 =00

fori = 1, 2 and for any inial value X¢ € Ri.
Theorem 3. Let Assumption 1 be fulfilled. If

min inf(a; min(?) — Bi (1)) > 0, where a; pin(t) = min a;;(t), i=1,2,
i=1,21>0 j=12

then the solution X (t) to the system (2) with the initial condition X € R%_ is stochas-
tically permanent.

Proof. For the process U;(t) = 1/x;(t),i = 1, 2, by the It6 formula we have

t

Ui(t)=Ui(0)+/Ui(S) -

0

a;j1(s) + aj2(s)x3-; (s)
1+ x3-;(s)

+¢i(8)xi (5) + o7 (s)
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2 t

Vi (s,2) - | | |

*/ m“ww} ds / Ui (501 (s)dwi (s)
R

; 5
/fUl( )1:( (Z) 51 (ds. dz) — fo,( )1+;(Z) vy (ds. dz).

Then by the It6 formula we derive for 0 < 6 < 1:

t

1+ Ui (1)’ = (1 + U; (0))? + / 0(1 4 U (s))7™2 { (14 Ui () Ui (s)

0

+ ci($)xi (s) + 07 (s)

o @i (s) + ain(s)x3—i(s)
1+ x3_;(s)

2

Y (s, 2) 0—1_,

+f T (s ) +y,~(s,z)n1(dZ)j| + — Ui (s)o;(s)
R

L L+ Ui(s) + 65,2\’
— 1 ; 2 _
" R/[( U <<(1+yi(s,z))(l+U,~(s))) 1)

Ui(s)yi(s, 2)
T+ 760 } i (dz)

>

+ 01+ Ui(s))

1 R L+ Ui(s) +8i6s,2) "
+9R/<1+U,(s>> [((1+5,-(s,z)><1+u,-(s>)) 1} Hz(dz);ds

t

- / 6(1 + U ()" Uy (5)01 (s)dwi (s)

0

Uiis) 1\’ ]
// |:( 1+ yi(s, Z)) — (1 +Uis)) :|V1(ds,dz)

+ / ( o )9_(1+U‘(v))9 V2(ds, dz) = (14 U;(0))’
14+6;(s,2) N ’ |
0 R

t

+ f 014 Ui())P 72T (s)ds — I stoch (t) + L.stoch(t) + Bstoch (1), (12)
0

where [; soch (1), I = 1,3, are corresponding stochastic integrals in (12). Under the
Assumption 1 there exist constants |K1(0)| < oo, |K2(6)| < oo such that for the
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process J (¢) we have the estimate

J(0) < (1 + Ui ) Ui (1) | =i min(t) + cmaxU; (1) 4+ 02 (1)

2
Vi (S, Z) 0—1 2 2
—i—/ TG I, Z)l'[l(dz) + > U7 (s)oj (s)
R

iy | <1+U-<>)2< L )9—1
/ i 1+y:5.2) 1+ U(s)

Ui(s)yi(s, 2)
1+ yi(s,2) } Mid2)

>

+ 01+ Ui(s))

1 w2 1 1 0
+5/(1+U,(s)> [(H&(M)+ 1+Ui(s)) _1} Ma(d2)
R

2
<UD | —aimin(t) + aiT(t) + / vi(t, DIi(d2) + gdiz(t)

R
+é /[(1 +yi(t,2) 7% — 1M (d2) + % /[(1 +8i(t,2)) " — 1Tx(d2)
R R

+K1(0)Ui (1) + K2(0).

Here we used the inequality (x + y)9 < x4+ Gxe’]y, 0<6<1,x,y>0.Dueto

lim | 2 2<r)+1/[<1+ (6, 2) ™ — 1)1 (d2)
o—or | 277 T g it e
R

1
+3 /[(1 +8i(t,2) 77 — 1Tx(d2)
R

= —fln(l+J/i(t,Z))H1(dZ)—/ln(1+8i(t,Z))H2(dZ),

R R

and the condition min;—1 2 inf;>0(a; min(#) — Bi (t)) > 0 we can choose a sufficiently
small 0 < 8 < 1 to satisfy

Giz )
2

Ko(0) = min inf 3 a; min(t) —
i=1,21>0

—/Vi(t,z)nl(dz) - %Uiz(t)
R

—% /[(1 +yi(t,2)7% — 11 (dz) — é[[(l +8i(t,2) "7 — 1Ma(dz) ¢ > 0.
R R
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So from (12) and the estimate for J(z) we derive

d[(1+Ui0)’] <00+ Ui0)’ 2 [= Ko@) UF (1) + K1(O)U; (1) + K2(0)1dt

01+ Ui(1)) Uz(t)ffz(t)dwz(t)+/|:<1+ 1+yi(t,z)>
R
—(+Ui(0)? | 91t dz)+/ (1 + &)9 — A+ U0 | 9a(dt, dz)
i 1Res 1+6;(t, 2) : 205 A
R
(13)

By the It6 formula and (13) we have
d[eM(1+Ui(0))] = re™ (1 4+ Ui(0)?dt + M d [(1 + U; (1))?]

Y 0-2 AN 2 2h
<e"0(1 4+ Ui(1)) |:— (KO(Q) - 5) Ur@) + <K1(9) + ?) Ui ()

+K2(0) + g} dt —0eM (1 + U; ()" U; (1) o: (1)dw; (1)

: 0
o

. 0
ey / {(H%) —(1+Ui(r>>9} y(dt,dz).  (14)
J ,

Let us choose A > 0 such that Ky(8) — A/6 > 0. Then the function

(1 + Uy (1)) [— <K0(9) - g) U0 + (K1<9> + 20%) Ui + K2(0) + g]

is bounded from above by some constant K > 0. So by integrating (14) and taking
the expectation we obtain

6
HME[(1+Ui(1)] < <1 + %) + gK (e —1), (15)
i0

because the expectation of stochastic integrals are equal zero by (10) and

p ! 2A8 2
Qs 20-27720 -2 _ eoi(s)
E |:/ e (1 + Ui(s)) U7 (s)o; (s)ds:| =E |:/ it xi_l(s))Z—z‘)xiz(S) ds:|

0 0
t

< /ez’xsalg(s)E[xizg]ds < 00,
0

\ 2
2As ﬂ 0 B | ,
' U/e [<1 " 1+Vi(S,Z)> (1 +Ui(s)) } H1(dz)ds:|
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t
<L /eZME [xl_ze (s)] ds < 00,

0
t 2

s Uis) 1’ _ RN’
E //e |:<1 + 12502 +8i(s,z)> (1 +Ui(s)) i| Iy (dz)ds

0OR
t

< LZ/eZ)‘SE [xize(s)] ds < 00,
0

where

(Vz)max (Vz)max
(I+ Vmin)2 T+ Vmin)ze
(Pmax (8)max
1+ 3min)2 ’ 1+ Smin)ze

L =92max{ }Hl(R) < 00,

L, = 6> max{ } I, (R) < oo.

From (15) we obtain

1 [4
s () |t

0K
< limsupE [(1 + U;(1)?] < — i=12 (16)

=00

From (11) and (16) by the Chebyshev inequality we can derive that for an arbitrary
e € (0, 1) there are positive constants H = H (¢) and 7 = h(e) such that

liminfP{x;(t) < H} > 1 — &, liminfP{x;(t) > h} > 1—¢, i=1,2. O
—00 t—00

5 Extinction, nonpersistence and strong persistence in the mean

The property of extinction in the stochastic models of population dynamics means
that every species will become extinct with probability 1.

Definition 3. The solution X (t) = (x{(¢), x2(t)), t > 0, to the system (2) is said to
be extinct if for every initial data Xy > O we have lim;_, o x; (#) = 0 almost surely
(as),i =1,2.

Theorem 4. Let Assumption 1 be fulfilled. If
1 t
pi = limsup — / Pimax(8)ds < 0, where p; max(s) = aj max(s) — Bi (5),

t—>o00 1t
0

@imax(t) = maxj—12a;j(), i = 1,2, then the solution X (t) to the system (2) with
the initial condition X¢ € Ri will be extinct.
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Proof. By the Itd formula, we have

t
Inx;(t) = Inx;o + /

0

ai1(s) +aip(s)x3—i(s) e ()3 (s) — o} (s)
I+ x3-:(s) e 2

+/[ln(1 +yi(s,2) — Vi(s,z)]ﬂl(dz)Jr/ln(l +8i (s, 2)I2(dz) | ds
R

R
t

t
+/0i(s)dwi(s) + /111(1 + vi(s, 2)v1(ds, dz)
0 0R

t

t
+ / / In(1 + 8 (s, 2))¥2(ds. dz) < Inxig + f pimas($)ds + M@, (17)
0R 0

where the martingale

t

t
M(r) = /Gi(S)dwi(S)+ /ln(l + vi(s, 2)vi1(ds, dz)
0 0R

t
+// In(1 + 8; (s, 2))V2(ds, dz) (18)
0OR

has quadratic variation

t

t
1m0 = [ o2srds + [ [ 02014y nmiazas
0 0R

t
+// In%(1 + 8; (s, 2)) 2 (dz)ds < K.
0R

Then the strong law of large numbers for local martingales ([7]) yields
lim;, oo M(t)/t = 0 a.s. Therefore, from (17) we have

t

Inx; (¢ 1
lim sup nxi() < limsup — [ Pimax(s)ds < 0, a.s.
t—00 t t—oo I
0
Solim; oo x;(#) =0,i = 1,2, a.s. O

Definition 4. ([8]) The solution X (t) = (x1(¢), x2(¢)), t > 0, to the system (2)
is said to be nonpersistence in the mean if for every initial data Xy > 0 we have

'
lim;— oo %fx,' (s)ds =0as.,i=1,2.
0
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Theorem S. Let Assumption I be fulfilled. If p7 = 0, i = 1, 2, then the solution X (1)
to the system (2) with the initial condition Xo € Ri will be nonpersistence in the
mean.

Proof. From the first equality in (17) we have

1 1

Inxi (1) < Inxio + / P max () — Cain / xi()ds + M(1), (19)
0 0

where the martingale M (¢) is defined in (18). From the definition of 15;‘ and the strong
law of large numbers for M (¢) it follows that Ve > 0, 3¢9 > 0 such that

t
1 . & M@ ¢
; Dimax(s)ds < p; + E, T < 5, Vt > 19, a.s.
0
So, from (19) we derive

t

'
Inx; () — Inx;o < t(p] +¢) — cmin/x,- (s)ds =te — cmin/xi (s)ds. (20)
0 0

Let y; (1) = fé x; (s)ds, then from (20) we have

o dilt) _ xioe®.
dr —

d - t SR .
in < );f )> = &l — CminYi (t) + lnxio = CminYi

Integrating the last inequality from 7y to ¢ yields

ecmmyi(t) < M (est _ eS’O) + eCmin)’i(tO)’ YVt > 1g, a.s.
&

So

- CrminXi
yi(t) < In [ec""“y’(’(’) 4 min?i0 (e‘” - 68’0)] ,  Vt>1, as.,

Cmin 3
and therefore

t

1
limsup; /xi(s)ds <

, a.s.
t—00 Cmin
0
Since ¢ > 0 is arbitrary and X (¢) € R? | we have
1 N
Iim — [ x;(s)ds =0, i=1,2, a.s. O

t—o00 t
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Definition 5. ([8]) The solution X (r) = (x1(¢), x2(t)), t > 0, to the system (2) is
said to be strongly persistence in the mean if for every initial data Xo > 0 we have
t

liminfy oo 1 [ x;(s)ds > Oas.,i = 1,2.
0

t
Theorem 6. Let Assumption I be fulfilled. If p;x = liminf,_, % f Pimin(8)ds > 0,
0

where p; min(s) = @i min(s) — Bi(s), @jmin(t) = minj—1 2 a;;(t), i = 1,2, then
t

1 n:
liminf — /xi(s)ds > ﬁ.
=00 f Ci sup

0

Therefore, the solution X (t) to the system (2) with the initial condition X € Rﬁ_ will
be strongly persistence in the mean.

Proof. From the first equality in (17) we have

t t

Inx; () > Inxio + / Pimin($)dS — Cisu / x@)ds + M@, Q1)
0 0

where the martingale M (¢) is defined in (18). From the definition of p;, and the
strong law of large numbers for M (¢) it follows that Ve > 0, 3ty > O such that
t
L[ pimin(s)ds = i — 5, L > —£ ¥ > 19, as. So, from (21) we obtain
0
t
03,1 = Inxo + (e = ) = iap [ 0(5)ds. 22)
0
Let us choose sufficiently small ¢ > 0 such that p;, — & > 0.
Let y; (t) = fé x; (s)ds, then from (22) we have

dy;i(t) _
hl( ):” ) = (Pix — &)t — CisupYi () + Inx;o.

Hence i suw?i () % > xijpePi»~8)! Integrating the last inequality from fg to ¢ yields

eCisupy'i(t) > C_i Supxio (e(ﬁi**f)t _ e(ﬁi**@%) + ecisupyi(t())7 V¢ > o, a.s.
Pix — €
So
yi(t) > In [ecis“pyi(tO) 4 Lo ti0 (e([”'*_g)’ — e(’;’*_s)t())] , as.,
Ci sup Pix — €

Vt > t9, and therefore

t
1 .
lim inf - f xi(s)ds > P78
t—oo t Cisup

0

Using the arbitrariness of ¢ > 0 we get the assertion of the theorem. g
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