Modern Stochastics: Theory and Applications 7 (3) (2020) 267-289
https://doi.org/10.15559/20-VMSTA 160

On infinite divisibility of a class of two-dimensional
vectors in the second Wiener chaos

Andreas Basse-O’Connor, Jan Pedersen*, Victor Rohde

Department of Mathematics, Aarhus University,
Ny Munkegade 118, 8000 Aarhus C, Denmark

basse @math.au.dk (A. Basse-O’Connor), jan@math.au.dk (J. Pedersen),
ulrich_rohde @hotmail.com (V. Rohde)

Received: 19 May 2020, Revised: 3 August 2020, Accepted: 16 August 2020,
Published online: 28 August 2020

Abstract Infinite divisibility of a class of two-dimensional vectors with components in the
second Wiener chaos is studied. Necessary and sufficient conditions for infinite divisibility are
presented as well as more easily verifiable sufficient conditions. The case where both compo-
nents consist of a sum of two Gaussian squares is treated in more depth, and it is conjectured
that such vectors are infinitely divisible.
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1 Introduction

Paul Lévy raised the question of infinite divisibility of Gaussian squares, that is, for a
centered Gaussian vector (X, ..., X,) when can (X2, e, Xﬁ) be written as a sum
of m independent identically distributed random vectors for any m € N? (See [11].)
Several authors have studied this problem. We refer to [4-8, 13, 14] and references
therein. These works include several novel approaches and give a great understanding
of when Gaussian squares are infinitely divisible. In this paper we will provide a
characterization of infinite divisibility of sums of Gaussian squares which to the best
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of our knowledge has not been studied in the literature except in special cases. This
problem is highly motivated by the fact that sums of Gaussian squares are usual limits
in many limit theorems in the presence of either long range dependence, see [2] or
[17], or degenerate U-statistics, see [9]. In the following we will go in more details.

Let Y be a random variable in the second (Gaussian) Wiener chaos, that is, the
closed linear span in L? of {W(h)>—1: h € H, ||h| = 1} for a real separable Hilbert
space H and an isonormal Gaussian process W. For convenience, we assume H is
infinite-dimensional. Then there exists a sequence of independent standard Gaussian
variables (&;) and a sequence of real numbers (¢;) such that

Y £ w2 - 1),

i=1

where the sum converges in L? (see for example [9, Theorem 6.1]). Since the &;’s are
independent, (‘512, el 55) is infinitely divisible for any d > 1 and therefore, Y is in-
finitely divisible. Such a sum of Gaussian squares appears as the limit of U-statistics
in the degenerate case (see [9, Corollary 11.5]). In this case the «; are certain bino-
mial coefficients times the eigenvalues of operators associated to the U-statistics. But
even though any random variable in the second Wiener chaos is infinitely divisible,
it is well known (cf. Theorem | below) that a vector with dimension greater than
two and components in the second Wiener chaos needs not be infinite divisibility. In
between the case of a random variable in the second Wiener chaos and the vector
case with dimension greater than two, there is the open question of infinite divisi-
bility of a two-dimensional vector with components in the second Wiener chaos. Let
(X1, ..., Xn,+n,) be a zero mean Gaussian vector for ny, ny € N. The fact that any
two-dimensional vector in the second Wiener chaos is infinitely divisible is equivalent
to

X7+ dn Xp dn Xn o+ dnyany X ) (1)
being infinitely divisible for any d, ..., dy, 4, = =£1, any covariance structure of
(X1, ..., Xn,+n,), and any n1, ny € N (something what follows by the definition of

the second Wiener chaos).

The following theorem, which is due to Griffiths [8] and Bapat [1], is an important
first result related to infinite divisibility in the second Wiener chaos. We refer to [12,
Theorem 13.2.1 and Lemma 14.9.4] for a proof.

Theorem 1 (Griffiths and Bapat). Let (X1, ..., X,) be a zero mean Gaussian vector
with a positive definite covariance matrix . Then (X2, . .., Xﬁ) is infinitely divisible
if and only if there exists an n x n matrix U of the form diag(£1, ..., £1) such that
U'S~'U has nonpositive off-diagonal elements.

This theorem resolved the question of infinite divisibility of Gaussian squares. For
n > 3 there is an n X n positive definite matrix ¥ for which there does not exist an
n x n matrix U of the form diag(%1, ..., &1) such that U’ >~ 1U has nonpositive off-
diagonal elements. Consequently, there are zero mean Gaussian vectors (X1, ..., Xp)
such that (X 20, X,%) is not infinite divisible whenever n > 3.
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Eisenbaum [3] and Eisenbaum and Kaspi [5] found a connection between the
condition of Griffiths and Bapat and the Green function of a Markov process. In par-
ticular, a Gaussian process has infinite divisible squares if and only if its covariance
function (up to a constant function) can be associated with the Green function of a
strongly symmetric transient Borel right Markov process.

When discussing the infinite divisibility of the Wishart distribution, [16] showed
the following result.

Theorem 2 (Shanbhag). For anyn € N and any zero mean Gaussian vector (X1, ...,
X,), the two-dimensional random vector (X2, X% + -4 X%) is infinitely divisible.

Furthermore, it was found that infinite divisibility of any bivariate marginal of a
centered Wishart distribution can be reduced to infinite divisibility of (X X2, X3X4).
By the polarization identity,

(X1X2, X3X4) = 1((X1 + X2)? — (X1 — X2)%, (X3 + X9)* — (X3 — X9))).

Consequently, infinite divisibility of any bivariate marginals of a centered Wishart
distribution is again related to the question of infinite divisibility of a two-dimensional
vector from the second Wiener chaos.

Key question and contributions. The main question of the paper is: Given a zero
mean Gaussian vector (X1, ..., X +4n,)

whenis (XT+ -+ Xp ., Xa |+ + Xp 4, infinitely divisible?  (2)

np’ n

The vector in (2) is (1) in the case di = -+ = dy;4n, = 1. In Theorem 3 we
give a necessary and sufficient condition for infinite divisibility of the random vector
in (2); namely that (7) is satisfied for all k,/ € Ny. Furthermore, in Theorem 4 we
give sufficient conditions for infinite divisibility of (2) in the case ny = ny = 2, We
conjecture that (2) is always infinitely divisible in the case n; = ny = 2, and in factin
Theorem 5 we show that our necessary and sufficient condition (7) is always satisfied
for all k, I € Ny with k + 1 < 7. The general case of infinite divisibility of (1), where

d; = —1 for at least one i, seems to require new ideas going beyond this paper.
Note that if (X?,..., X2 |, ) is infinitely divisible then so is the vector in (2).

Thus, under the conditions in Theorem 1, (2) is answered in the affirmative. However,
we shall see that there are cases where the vector in (2) is infinitely divisible even
though (X 25 .., X%l Jr,12) is not, see the comment after Theorem 4. Besides, based
on our results we can give a short new proof of Shanbhag’s Theorem 2, see just
below Theorem 3.

The paper is structured as follows. In Section 2 we introduce the required nota-
tion to state our results. The main results without proofs are presented in Section 3.
Section 4 contains two examples and a small numerical discussion. We end with Sec-
tion 5 where the proofs are given.

2 Notation

In the following two subsections we will introduce the notation used for our main re-
sults on infinite divisibility of two-dimensional vectors in the second Wiener chaos (2).
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2.1 The general case ni,n, € N

Let ny,ny € N and consider a zero mean Gaussian vector (X1, ..., X, 1,,) with a
positive definite covariance matrix . Fora > 0,let Q =1 — (I + a¥)~! and write
On On
= 3
Q <Q2l O )

where Q11 is an n1 X n1 matrix, Oy is an ny X np matrix, and Q» = Q’21 (where
Qt21 is the transpose of Q71) is an n| x ny matrix. Note that if X is an eigenvalue of
;, % is an eigenvalue of Q. Since Q is symmetric and has positive eigenvalues, it
is positive definite.

The following definition is a natural extension to the present setup of the termi-

nology used by [1].

Definition 1. Letny,ny € N. An (n] + ny) x (n1 + ny) orthogonal matrix U is said
to be an (n1, ny)-signature matrix if

U 0
U=|("!
0 U
where U] is an n] X n1 matrix and U» is an ny X np matrix, both orthogonal, and for
0’s of suitable dimensions.

2.2 The special case ny =ny =2

The following notation is only used in the special case where n1 = ny = 2 in (2).
Consider a 2 x 2 symmetric matrix A. Let v; and v, be the eigenvectors of A, and
A1 and A; be the corresponding eigenvalues. We say that v; is associated with the
largest eigenvalue if A; > A; for j = 1, 2. Furthermore, whenever A is a multiple
of the identity matrix, we fix (1, 0) to be the eigenvector associated with the largest
eigenvalue.

Let W be a (2, 2)-signature matrix such that

) g 0 qi3 qua

Wiouw, W[ QW 0 g2 g3 qu
Wt W = 1 ! = s 4
Q <W2'Q21W1 W02 W) q13 q23 q33 O @)

qis g4 0 qu

where g1 > g2 > 0 and ¢33 > qaa > 0 which exist by Lemma 2. Note that
gij is the (i, j)-th entry not of Q but of W/ QW. Let (yi, y») be the eigenvector of
Wlt 012021 W) associated with the largest eigenvalue. If g1 = g22 or ¢33 = qa4, any
orthogonal W; or W, gives the desired form. In this case, we may always choose Wy
or W3 such that y1913(y1913 + ¥2¢923) > 0 (see the proof of Lemma 3, (ii) = (iii)),

and we fix this choice.
Write
11 12
1 ) >
% = <221 222>
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where ©/ is a 2 x 2 matrix for i, j = 1,2. Let W be a (2, 2)-signature matrix such
that

oin 0 o013 ou
WltEUWl WltEqu | 0 o2 o023 on 5
W5221W1 W5222W2)_ o3 o3 o33 0 )
o4 024 0  os

W’E_1W=<

where 011 > 022 > 0 and 033 > o044 > 0 which exist by Lemma 2. Note that o;;
is the (i, j)-th entry not of >~ ! but of W'Z~'W. Let (v, 12) be the eigenvector of
Wl’ » 1252w, associated with the largest eigenvalue. If 011 = 027 or 033 = 044, any
orthogonal Wy or W, gives the desired form. In this case, we may choose Wy or W,
such that vyo74 (V2024 + vi014) > 0, and we fix this choice.

3 Main results

In this section we will first consider the general case n1, ny € N in Subsection 3.1,
and thereafter, in Subsection 3.2, provide more specialized conditions for the case
ny=ny=2.

3.1 The general case

The following result gives a necessary and sufficient condition for infinite divisibility
as stated in the Key question (2).

Theorem 3. Let n1,ny € Nand (X1, ..., Xp,4n,) denote a zero mean Gaussian
vector with a positive definite covariance matrix 3, and let Q be defined in (3). Then

XT++Xp Xy o+ + X ) (6)

ni+ny

is infinitely divisible if and only if for all k, m € Ny and for all a > 0 sufficiently
large,

Z trace Qlflele;le 021 Q]le N Q]I‘lezQ;lzd 021 Qﬁ“
+ 3 trace Q5 02107101205 - 05y 021011012055 =0, (D)
where the first sum is over all ky, ..., kgs1 and my, ..., mg such that
ki+---+kip1+d=k and mi+---+mg+d=m,
and the second sum is over allmy, ..., mgy1 and ky, . .., kg such that
mi+---+mgp1+d=m and ki+---+kg+d==k.

Our proof of Theorem 3 relies on similar techniques used in the proof of Theo-
rem 1, namely the series expansion of the Laplace transform together with an appli-
cation of a result by Feller. By applying Theorem 3 we can give a new and simple
proof of Shanbhag’s result, Theorem 2, which states that (X 2 x % +---+ X % +nz) is
infinitely divisible.
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Proof of Theorem 2. Consider Theorem 3 in the case n1 = 1 and np € N. Then Qy;
is a positive number and Q12 0%, Q21 is a nonnegative number for any m € N. In
particular, we have

k m m kq
trace 0} 012075 021+ 012055 021 01"
k kgt m m
=07 0,77 01205 021--- 01205 021 = 0

forany ki, ..., kgy1,my, ..., mg € Ny. Consequently, the first sum in (7) is a sum of
nonnegative numbers. A similar argument gives that the other sum is nonnegative, too.
We thus conclude that (X 2 x % +---+X % +nz) is infinite divisible by Theorem 3. [

Despite the fact that Theorem 3 implies Shanbhag’s result, in general it can be
difficult to check condition (7). The following proposition yields a sufficient condition
for infinite divisibility which might be more easy to check in some cases.

Proposition 1. Let (X1, ..., Xy, 4n,) be a zero mean Gaussian vector with a positive
definite covariance matrix X. Then

XT+ 4 Xg Xy o+ o+ X ) (8)

is infinitely divisible if there exists an (n1, na)-signature matrix U (cf. Definition 1)
such that U' S ~'U has nonpositive off-diagonal elements.

Proof. Write X = (X1, ..., X,;) and Y = (X, 41, ..., Xn,4n,), and note that
X4+ X2 X2+ X2 L) = UXP 1Y)
= (| X|I%, 1U2Y %) )

for any n| xn orthogonal matrix U; and n, xn, orthogonal matrix U,. Consequently,
any property of the distribution of (8) is invariant under transformations of the form

U{ 0 > U, 0
0 Ué 0 U

of the covariance matrix X. Therefore, when there exists an (n1, ny)-signature ma-
trix U such that U’ £~ U has nonpositive off-diagonal elements, Theorem 1 ensures
infinite divisibility of (9). O

In the following subsection we will specialize our setting to obtain conditions
which are easier to apply.

3.2 Theny =ny =2case

The following theorem provides easy to check conditions for infinite divisibility of
vectors of the form (X f + X2, X % + Xﬁ). By “easy to check” we mean that the con-
ditions (i) and (ii) of Theorem 4 can be explicitly calculated through a finite number
of standard matrix operations, what is opposite to the general condition (7).

Theorem 4. Let (X1, X2, X3, X4) denote a zero mean Gaussian vector with a posi-
tive definite covariance matrix X, and let gij, y;, 0ij and v; be defined as in Subsec-
tion 2.2. Then the vector (X% + X2, X% + Xﬁ) is infinitely divisible if at least one of
the following two conditions is satisfied:
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(i) The inequality y1913(y1913 + ¥2923) > 0 holds.
(ii) The inequality v2024(V2024 4 v1014) > 0 holds.

Example 2, from the next section, shows that (4) of Theorem 4 holds in some
cases where (X 2, X%, X %, Xﬁ) is not infinitely divisible, and hence it cannot be de-
duced from a direct application of Griffiths and Bapat’s result (Theorem 1). The fol-
lowing result gives some insight to the question whether infinite divisibility of the
vector (X f + X3, X% + Xi) holds in general, which still remains an open problem.
The result, in particular, says that the necessary and sufficient condition (7) for in-
finitely divisibility is always satisfied whenever k and m are not too large.

Theorem 5. Consider a zero mean Gaussian vector (X1, X», X3, X4) with a positive
definite covariance matrix . Recall that (Xf + X2, X% + Xi) is infinitely divisible if
and only if condition (7) is satisfied for all k, m € No. We have that (7) is satisfied for
any k, m € Ny for which at least one of the following inequalities holds (i): k < 2,
(ii): m <2, or (iii): k +m < 7.

Remark 1. In the proof of Theorem 4 we show that the inequality y1q13(y1913 +
¥2g23) > 0 holds if and only if for all integers d € Ny, k1,...,kq+1 € Np and
mi,...,mg € Ng we have

k m k k m ka1
trace Q]ll Q12Q22l Q21Q111 s Q]g{QlZszd Q21Q11+ > 0.

Hence, when y1q13(y1913 + y2¢23) < 0, we know that there are k, m € Ny such
that (7) with n; = ny = 2 contains negative terms. It is still an open problem to
decide if the positive terms will always compensate for the negative terms such that
(X % +X2,X % + X f) is always infinitely divisible, or this is only the case when k and
m is small, e.g. k + m < 7, cf. Theorem 5.

4 Examples and numerics

We begin this section by presenting two examples treating the inequalities in Theo-
rem 3.2 in special cases. Then we calculate the sums in (7) numerically with n; =
ny = 2 for a specific value of Q for k and m less than 60.

Example 1. Fix ¢ > 0 and assume that the matrix Q = I — (I +aX)~! is of the

form
_ (011 QOn2\ _
¢= <Q21 Q22> N

where 6,¢ > 0,q1 > g2 > 0,and g3 > g4 > 0. Let y = (y1, y2) be the eigenvector
of

»om o
<
S}
™
|
(%)

-5 0 g4

o 2e* (e —9)
012021 = (8(8 — 8 82+32>
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associated with the largest eigenvalue A1. We will argue that the inequality in Theo-
rem 3.2(i), which reads

Yiy1+y2) >0 (10)

in this case, holds if and only if § < ¢, and hence (X12 + X2, X% + Xﬁ) is infinitely
divisible whenever § < ¢, cf. Theorem 3.2(i).

Since —y also is an eigenvector of Q17 Q21 associated with the largest eigenvalue,
we assume y1 > 0 without loss of generality. Assume § < ¢.If § = ¢, v = (1, 0) and
the inequality in (10) holds. Assume § < ¢. Since 1 is the largest eigenvalue,

A= sup ¥ Q12Quny > 26
IyI=1
which implies that
26— A1 <0 <e(e —9).
Since y is an eigenvector, (Q — A1)y = 0 and we therefore have that
0= Q28 =)y + (e — )y < 66 = (1 + ).

‘We conclude that (10) holds.
On the other hand, assume § > ¢ and y; > 0. Since A is the largest eigenvalue,
Al > 82 4+ 2 > 8¢ + &2 and therefore

(A —28%) > &(8 — ).

Note that y; cannot be zero since the off-diagonal element in Q12 Q2 is nonzero. We
conclude that

0= (1 =2y +e(—e)yr > (6 — &)y + 12).

This implies that (10) does not hold.

Example 2. Assume X! is of the form

_ DILED e 0 oo & ¢
by 1=<221 s2|=|_ ’ (11)

where o1 > 03 > 0,03 > 04 > 0,and §, ¢ > 0. Let v = (v, v2) be the eigenvector
of £12%2! associated with the largest eigenvalue. We will argue that the inequality
in Theorem 4(ii) holds if and only if § < e. Then the same theorem implies that
(X]2 + X2, X% + Xi) is infinitely divisible whenever § < . On the other hand,
Theorem 1 implies that (X2, X%, X%, X%) is never infinite divisible under (11) since
there does not exist a matrix D of the form diag(£1, 1, 1, 1) such that DY~'D
has nonpositive off-diagonal elements. Indeed, for any two matrices D and D, of
the form diag(£1, £1), D1 X'2D, has either three negative and one positive or one
negative and three positive entries.
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In the following we will see that the inequality in Theorem 4(ii), which reads
v2(v1 + v2) > 0 in this setting, holds if and only if § < €. Let

0 1
r=(1 o)
and Q1, be given as in Example 1. Then PR2p = 012, implying that (v2, vy) is
the eigenvector associated with the largest eigenvalue of Q120>1. We have argued

in Example 1 that vy(v; + v2) > 0 holds if and only if § < &, what is the desired
conclusion.

Now we investigate infinite divisibility of (X f +X2, X % + Xﬁ) numerically. More
specifically, we consider the sums in (7) with n = n, = 2 for a specific choice of a
positive definite matrix and different values of k and m. We will scale Q to have its
largest eigenvalue equal to one to avoid getting too close to zero. Due to Theorem 4(i)
the case where y1q13(¥1913 + ¥2923) < 0 (in the notation of Theorem 4) is the only
case where the question on the infinite divisibility of (X7 + X3, X3 + X7) is open.

Let

08 0 001 001
1l 0 03 001 —02
2=>1o001 001 08 0

001 -02 0 03

where A > 0 is chosen such that Q has its largest eigenvalue equal to 1. Note that by
Example 1, y1413(y1913+¥2923) < 0.In the below Figure | the logarithm of the sums
in (7) for k and m between 0 and 60 is plotted. It is seen that the logarithm seems stable
and hence the sums in (7) seem to remain positive in this case. A similar analysis
have been done for other positive definite matrices, and we have not encountered any
k, m € Ny such that (7) is negative. This, together with Theorem 4(i), leads us to the
conjecture that (X % +X2. X % + Xﬁ) is infinitely divisible for any zero mean Gaussian
vector (X1, X7, X3, X4).

5 Proofs

In this section we will prove Theorems 3, 4, and 5.

5.1 Proof of Theorem 3

The following lemma will be useful in the proof of Theorem 3. A proof can be found
in [12, Lemma 13.2.2].

Lemma 1. Let ¢ : R, — (0, 00) be a continuous function. Suppose that, for all
a > O sufficiently large, log ¥ (a(1 —s1), ..., a(l1—sy,)) has a power series expansion
fors = (s1,...,8,) € [0, 11" around s = O with all its coefficients nonnegative,
except for the constant term. Then  is the Laplace transform of an infinitely divisible
random variable in R’} .

We now give the proof of Theorem 3.
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Fig. 1. The logarithm of the sums in (7) for k and m between 0 and 60

Proof of Theorem 3. By [12, Lemma 5.2.1],

P(s1, 52)

=Eexp{—3a((1 —s)(XT+ -+ X5 )+ (1 —s)(Xp o1+ + X3}
B 1
T+ Zad = 5V

where S is the (n1] +n2) x (n1 + ny) diagonal matrix with s on the first n| diagonal
entries and s, on the remaining n, diagonal entries. Recall that Q = I — (1 +ax)" L
Then

P(si,52) =|I +aX —axS|™!

=lI-0 '~ -0 -DnsI™!
=|I— QI - QS|

from which it follows that

2log P(s1, 52) = log |I — Q| — log|I — QS|

=10g|1—Q|+ZM, (12)

n
n=1

where the last equality follows from [12, p. 562]. Now assume that the vector (X % +
e+ X2 XE L 4+ X2, is infinitely divisible, and write

ny “n ny+ny

d
XT+ 4 Xg X+ o+ Xg ) S 4+ 1)

nij+np
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where Y[, ... Y, are 2-dimensional independent identically distributed stochastic
vectors. Let Yi’; be the j-th component of Y/" and note that Yl.’; > 0 a.s. for all i,
j,n.Then '

P(s1,5)"" = Eexp{—Sa((1 —s)Y]} + (1 — s9)¥{)}.
From the expression

00 n \k
(sjaY(")
exp{—3a((1 = s)Y{)} = expl—ga¥(j} p  — =,

k=0 ’

it follows that P!/"(s1, 52) has a power series expansion with all coefficient nonneg-
ative. We have that

log P(s1.52) = lim (n(P'/"(s1,52) = 1)). (13)

Note that (s1, 52) — n(Pl/ "(s1,s2) — 1) and all its derivatives converge uniformly
on [0,1) x [0, 1) by a Weierstrass M-test (see for example [15, Theorem 7.10]).
Consequently, we may use [15, Theorem 7.17] to conclude that

gatB a+p

. . el
— lim (P (s1,52) = 1)) = lim ——— (P (s1,52) = 1))
057 05 dsy ds,

for any «, B € Ny. Thus, the fact that all the terms in the power series expansion of
P/n(s), s0) are nonnegative implies that all the terms in the power series represen-
tation of log P (s1, s2) except the constant term are nonnegative by (13). By (12) we
conclude that any coefficient in front of s{‘sé” in trace{(QS)¥*™} has to be nonnega-
tive for all k, m € N and a > 0. Expanding the trace then gives that this is equivalent
to nonnegativity of the sum in (7) for all k, m € Ny.

On the other hand, if the sum in (7) is nonnegative for all k, m € Ng anda > 0
sufficiently large, (12) and Lemma | imply that

2 2 2 2
(Xl +oe+ Xn| ’ Xn1+l +oo Xn1+nz)
is infinitely divisible. O

5.2 Proof of Theorem 4

We start this section with two lemmas on linear algebra. Lemma 3 will be very useful
in the proofs that make up the rest of this section.

Lemma 2. Let A be an n x n positive definite matrix. Let n1,ny € N be such that

ni + ny = n and write
Al Anp
A=
(AZI An
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where A1 is an ny X ny matrix, Ay is an ny X ny matrix, and Ay = A;l is an
n1 x np matrix. Then there exists an (n1, ny)-signature matrix W such that W' AW

has the form
(z‘g 11 %12)
Ay Ax

where A1 = diag(ay, ..., ay,) and Ay = diag(au 41, .. ., Any4n,) With a; > 0 for
i=1,...,n1+ny, and where A1) = A’zl. Furthermore, we may choose W such that
ar=ay = -+ = ap and ap 41 = Any42 =+ = Apj4ny-

Proof. Since A is positive definite, Aj; and A, are positive definite. Consequently,
by the spectral theorem (see for example [10, Corollary 6.4.7]), there existan ny x n|
matrix Wy and an ny x ny matrix W, both orthogonal, such that Wl’ A1 W and
W} Ay W, are diagonal with positive diagonal entries. Since permutation matrices
are orthogonal matrices, we may assume the diagonal is ordered by size in both
WltAn W1 and W2’A22 W,. Consequently, letting

_ (W 0
= W)

implies that W’ AW has the right form. O

For a fixed eigenvector v; we will say that the system Av; = X;v; is the system of
eigenequations. The k-th equation in this system will be called the k-th eigenequation
associated with v;. Let A be a 4 x 4 positive definite matrix, and let W be a (2, 2)-
signature such that

a0 a3 ais
WIALWL WiARW2\ | 0 axn axn ax
WIAZ W WiARW, a3z ap a0
ajg a0 amy

’

W’AW:(

where a1y > az > 0 and as3 > aqq > 0 which exist by Lemma 2. Note that g;;
is the (i, j)-th entry not of A but of W/ AW. Let v; = (v11, v21) be the eigenvector
associated with the largest eigenvalue of WI’AlgAzl Wi.If a;y = app or azz = aug,
any orthogonal W or W, give the desired form. In this case, we may choose W; or
W> such that vijai3(viiai3z + vorazz) > 0, and we fix this choice. Then the lemma
below will play a central role in the proofs of the previously stated results.

Lemma 3. In the notation above, the following are equivalent.

(i) There exists a (2, 2)-signature matrix U such that U' AU has all entries non-
negative.

(ii) Foranyd € Nandky, ..., kg+1,my,...mg € Ny,
trace AKT A1y A™ Ay AR o AR AL A A AR S
ace A Ay A28y 1141245 A1 A = 0.

(iii) The inequality vi1aiz(vi1ai3 + var1az3) > 0 holds.
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Proof. (i) = (ii). Let

(U 0
U= < 0 U2>
be such that B;; = Uf A;;U; has nonnegative entries for i, j = 1, 2. Then

ko mi ki kg—1 mq kq

traceA || A12A,, A2t A - AV ARA,y Anl AL
_ ko mi k1 ka—1 mq kg
= trace By B12B,, Ba1 By, -+ B|]" B12B,y B21B,].

This trace is nonnegative since all matrices in the product only contain nonnegative
entries.

(ii) = (iii). By the spectral theorem, we may write W{ Aj2A2; Wi = VAV’ where
V is a2 x 2 orthogonal matrix and A = diag(A1, Ap) with A1 > A > 0. Note that vy,
the eigenvector associated with the largest eigenvalue of WfAlegl Wi, is the first
column of V. If Ay = Az, v = (1,0) and the inequality holds. If a;; = ay or
a3z = aqs, Wi A1 Wi = Aqp or WJA»Wa = Az, and choosing W or W such that
az3 = 0 then ensures that the inequality in (iii) holds.

Assume now that A1 > Ao, aj] > ap, and a3z > aas. It follows by assumption
that

0< - 5 x trace A11A12A22A21(A12A21)
any dzz M

10 . 10 . 10\,
= trace 0 (aﬁ)k W1A12W2 0 (%)k W2A21W1V 0 (i_l)k \%
2

a ass
1 0 1 0 1 0
— trace <0 0) WfA]gWQ <0 0> W£A21W1V (0 0) V!

as k — oo. This gives the inequality in (iii) since

1 0 1 0 1 0
trace <0 0) WfA]sz (0 0) W£A21W1V (O 0) V!
=vaz(viraiz + v21a23).

(ii1) = (i). To ease the notation and without loss of generality assume that W = I.
We are then pursuing two 2 x 2 orthogonal matrices U; and U, such that U fAnU 1,
U A12Uz, and U3 Ax U, all have nonnegative entries. Initially consider Dy and D5 of
the form diag(%1, &=1). Then clearly, D1A11 D1 = A1 and DAy Dy = Aj) since
Aq1 and Aj; are diagonal matrices. Next, note that it is possible to find D; and D;
such that either D1 A1, D> has all entries nonnegative or

DiApD; = (Z; _Z;‘) (14)

where a13, az3, a4, a4 > 0. Consequently, we will assume A3 is of the form in (14)
since otherwise choosing U; = D1 and U, = D; would be sufficient.
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As one of two cases, assume aj3az3 — aj4a24 > 0, and define
aijaaz4
Uy = (¢ ax Bas
aayy  —pPax

where «, § > 0 are chosen such that each column in U, has norm one. Then U, is
orthogonal,

AprUs <Ol(a%4 + RE) Blarzazs — 014024))
0 Blaz; +a3,) ’
and
2 aj4az4 2 2
UlAnUs = a” | asz (W) +agai, | aBaisars(asz — asq)
afaisazs(ass — asq) B*a3, + a3,

Since a3z > aqq, all entries in A1oU> and UﬁAzz U, are nonnegative. Choosing U =
I then gives a pair of orthogonal matrices with the desired property.

Now assume ai3arz — ajgaxs < 0. Note that Ay of the form (14) cannot be
singular and consequently, there exist A; > A > 0 and an orthogonal matrix V such
that AjpAy; = VAV?, where A = diag(11, A2). Furthermore, since V contains the
eigenvectors of A12A2; we may assume vq; and vy2 have the same sign where v;; is
the (i, j)-th component of V. Define

W =AnuVAY/»H !, 15)

and note that this is an orthogonal matrix which, together with V, decomposes A2
into its singular value decomposition, that is, V' A, W = AY2, Then

VALY = ( aivi +anvy,  vivplan — azz))
= 2 A
vivia(air —a)  anvy, +anvs,

All entries in V' A,V are nonnegative since we chose v1] and vy, to have the same
sign, and since aj; > azy > 0.

To see that W’ A, W also have all entries nonnegative, consider the first line in the
eigenequations for A2 A associated with the eigenvector (v12, v22), the eigenvector
associated with the smallest eigenvalue A»,

(aly + ajy — Aa)via + (a13a23 — araa)vay = 0. (16)
Since A, is the smallest eigenvalue of A12A»1,

A = inf v/ AjpAn v,
[o]=1

and since the off-diagonal elements in A2 A3 are nonzero, (1, 0) and (0, 1) cannot
be eigenvectors. Consequently, A; is strictly smaller than any diagonal element of
A12A31, and in particular af3 +af4 — Xy > 0. Since we also have a13a23 —ajqa24 < 0,
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(16) gives that v12 and vy, need to have the same sign for the sum to equal zero. Let
w;; be the (i, j)-th component of W and note that by (15),

v11a13 + v21a23 V12a13 + V22023
12 1/2
A Ay

wiiwi2 =

The assumption vjai3(viiars + va1az3) > 0 implies that vija13 + v21a23 and vy
have the same sign. Since vy; and vj» were chosen to have the same sign, and vy
and vy, have the same sign, we conclude that (vi1a13 + v21a23) (vVi2a13 + v22a23) i
nonnegative and, therefore, w1 w3 is nonnegative, too. Then writing

2 2
azzwy, + agqw wiiwiz(azz —a

W' ApW = ( 93Wn T aawy 11 122( 33 34)
wi1wi2(ass — dq4)  A33W7T, + A44W5,

makes it clear that W’ Ay, W has nonnegative elements. Thus, letting U; = V and
U, = W completes the proof. O

Corollary 1. Let A and vy be given as in Lemma 3. Then there exists a (2, 2)-
signature matrix U such that U' AU has nonpositive off-diagonal elements if and

only if
vo1az4(v21a24 + v11014) > 0. (17)

Proof. Let W be defined as in Lemma 3. Define

P1=((1) (1)) and P:(I(J)1 [(,)1)

Then Pjv; = (va1, v11) is the eigenvector of Py Wl’A12A21W1 Py associated with the
largest eigenvalue. Let

air 0 axy ax

i < WiALW, PleA12W2P1> _| 0 a2 au as
PiW] Ay W Py WiAnW, axy ais a0

as a3 0 ag

By Lemma 3, there exists a (2, 2)-signature matrix

~ U 0
U = ~
< 0 Uz)

such that U' AU has nonnegative entries if and only if vojaz4(va1a24 + v11a14) > 0.
Define now the (2, 2)-signature matrix U as

U — u 0\ _ —W1P101 0
“\0 Uy 0 W2P102 ’

Let u;; be the (i, j)-th component of 01. Since 01 is orthogonal, 12100 = —i11U2]
implying that
1 _( #fan +idan  dnii(an — an)
UAnU = - 'L ) .
upinin(azn —an)  upan +uxai
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and

~2 ~2 ~ ~

St vt 5 upai +usan  uniiz(a — an)

U]W]1411W1U1=(~ % 21 ) -2 .
niplan —axn) Uj,a +iy,an

Consequently U WAL W, U; has nonnegative elements if and only if U {A11U; has

nonpositive off-diagonal elements. Similarly, L~/£ W2’A22 W202 has nonnegative ele-
ments if and only if U}A2,U, has nonpositive off-diagonal elements by a similar
argument. Finally we note that

UlAnUs = —U|PyW! Ay Wa Py U,
and it follows that U’ AU has nonpositive off-diagonal elements if and only if
0{P1W1tA12W2P102, [j{W{Al]W][j] and, 0£W2A22W202

have all entries nonnegative. We conclude that we can find a (2, 2)-signature matrix
U such that U" AU has nonpositive off-diagonal element if and only if (17) holds. O

Proof of Theorem 4. To prove (i) set Q = I — (I —aX)~! for sufficiently large
a > 0. The implication (iii)= (ii) of Lemma 3 used on A = (Q, together with
Theorem 3, show that (i) implies infinite divisibility of (X7 + X3, X3 + X3). To
prove (ii) we use Corollary 1 on A = >~ which together with Proposition 1, show
that (ii) implies infinite divisibility of (X7 + X3, X3 + X7). O

5.3 Proof of Theorem 5

Now we set out to show that the sum in Theorem 3 is nonnegative for k, m € Ny such
that k <2, m < 2,ork +m < 7 in the case ni = np = 2. To this end, consider a
4 x 4 positive definite matrix Q and write

0= On OQOn
0n O»
where Q;; is a2 x 2 matrix for i, j = 1, 2. Let W and W> be two 2 x 2 orthogonal
matrices and define P;; = W; Q;; W;. Then

k m m ka+1
trace Q1 Q12055 Q21+ 012055 0210,7"

— trace P{} PraPjy Pay -+ Pio Pyt Pay P (18)

Consequently (see Lemma 2), we may assume, without loss of generality, that Q1
and Q) are diagonal with the first diagonal element greater than or equal to the other
and all entries nonnegative.

There exist D1 and D, of the form diag(£1, 1) such that either D; Q12 D; has
all entries nonnegative or such that

q13 423
D Dy =
10125, <6114 —1124>



On infinite divisibility of a class of two-dimensional vectors in the second Wiener chaos 283

where q13, 23, q14, g24 > 0. If D1 Q12D has all entries nonnegative, writing as
in (18) with W; replaced by D; implies nonnegativity of each individual trace. We
conclude that we may assume

Al 0 qi3 qua

0= 0 A g3 —qu
q13 g3 A3 (OB I
qia —qa 0 A4

where A1 > A > 0 and A3 > Aq > 0 and q13, 923, 914, 24 > 0, without loss of
generality.

We now write out the traces in (7) for specific values of k and m and show non-
negativity in each case.

k=0orm=0

Assume k = 0 and fix some m € N. Then the terms in the sum in Theorem 3 reduce
to trace Q%,. Since Q7 is positive definite, Q%) is positive definite. Consequently,
trace Q’fz > (. Similarly, when m = 0 and k € N, the terms in the sum in Theorem 3
reduce to trace Q’l‘ |» Which again is positive since Q1 is positive definite.

k=1lorm=1
Assume k = 1 and fix some m € N. Then (7) reduces to

m—1
m m—1l—m
trace 01205, 021 + Z trace 05y 02101205,
m1=0

which equals

(m + 1) trace Q12055 021.

Since Q172 = Q‘21 and Q7 is positive definite, Q12 0%, Q21 is positive semidefinite.
We conclude that trace Q12 0%, 021 > 0.
Assume m = 1 and fix some k& € N. Similar to above, (7) reduces to
k=1
k k—1—k
trace 01 0f, Q12 + Y trace 011012021017 .

k1=0
Nonnegativity of this trace follows by arguments similar to those above.
k=2orm=2

Assume that k = 2 and let m € N. The case m = 1 is discussed above. Assume
m > 2. Then (7) reduces to

-1
trace 01101205, Q21

+ ) trace 057 02101012057

mi+moy+1=m
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+ Z trace Q1207 02101205 021

mi+my~+2=m

+ > trace 0) 021012075 021012055 -

mi+my+m3+2=m

All the traces above are nonnegative. To see this, consider for example

m m m
trace 055 021012055 021012055

for some m, my, m3 € Ny. Since Qy; is positive definite it has a unique positive
definite square root Q%z. We conclude that
trace 05y 021012057 021012055
+m3)/2 +m3)/2.
= trace 035" "% 051012053 02101205 "/ (19)

Note that

Q(mler)/2 021012 = (021012 Q(m'+m3)/2)t,

which implies that (19) is the trace of a positive semidefinite matrix and therefore
nonnegative.
Nonnegativity of the traces when m = 2 and k € N follows by symmetry.

k=3andm =3
In the following we will need to expand traces, and we therefore note that

trace Q% 0120% 021 = MATqls + Malql, + 1505 a3, + 505 g3, (20)

for any k, m € N, and

trace QanzQ Q21Q11Q12Q22 021

_ )Lk1+k2)\'m1+m2 4 +}Lk1+k2)\'m1+m2qi14

k1+ka m1+m2 4 ki+kyymi+my 4
4 kit L akithe iz 4

+ )LIIIHQ ()‘gll)“Tz + )“Z”)‘gu)511361124

3 RO + A3 Dakas,

+ 25RO AY + 40 )g T3

+ )‘T]erz ()‘]fl)‘gz + )‘]1(2)* )q14q24

= 4R + 22D OF AL 4 A Danaquas @D
for any ki, ko, my, mp € N.

Assume now k = 3 and m = 3 and consider the sum in Theorem 3. The sum
contains all terms of the form

k 2 k
trace Qlll 01205021 Q121



On infinite divisibility of a class of two-dimensional vectors in the second Wiener chaos 285
where k| + k» = 2 and

2
trace 0%y 02107, 012055

where m| 4+ my = 2. All these traces equal

2 2
trace Q11 (030) sz 021,

and there are alltogether 6 of these terms. Next, the sum in Theorem 3 also contains
all terms of the form

traceQ“leQ Q21Q11Q12Q"12Q21Q11

where k1 + k) + k3 =1landm; +my = 1, and

trace Q% 02101} 012057 0210} 012055

where m| +mo> +m3 = 1 and k1 + kp = 1. Using both that trace AB = trace BA
and trace A’ = trace A for any two square matrices A and B of the same dimensions
we get that all these traces share the common trace

trace 011012021 012022 021.

Alltogether there are 12 of these terms. Finally, the sum in Theorem 3 contains the
two terms

trace(Q120Q21)° and trace(Q2 Q12)°,

which share a common trace. We conclude that the sum in Theorem 3 reads

trace {603, 01203, 021 + 12011012021 012022021 +2(012021)°).  (22)

Since Q1 = Q’21, the matrix Q12> is positive semidefinite and consequently,
trace(Q12 Q21)3 > 0. Furthermore, we have

trace 0}, 01203, 021 = trace 01101203,021011 > 0.

Contrarily, there exists a positive definite matrix Q such that

trace 011012021 012022021 < 0.

(To see this, consider Q of the form in Example | with ¢ small and § large relative
to £.) We will now argue that despite this, (22) remains nonnegative. Initially we note
that

k' i i i
(X? g%+ qk) Ak ()»3 11136123 Ay 9146124)>

ki m;
01101205, 021 = . .
= 2 /\ ()»3 413923 — Ay ' q14q24) ?» "(A37q3 + Ay q3,)

and
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i ki )"ml )‘* )‘ml A — Ay
020210500 =( . ( Vgt + I%QB) (m,l CI13Q14 %,-qBQM) .
Ay ()\1 q13914 — Ay q23G24) Ay (?»1 qt, +2y'q3,)

Since A1 > A2 and A3 > A4, we see that if q13g14 > q23G24 0T 13923 > q14924,
then one of two matrices above have only nonnegative entrances for any k;, m; € Ny.
Consequently,

trace Q) Q12054 021 02 012055 01 = trace Q% 0210V 012055 021012 012

would be nonnegative if this was the case. Especially, we would have

trace 011 012021012022021 > 0.

Assume now that 13914 < 23924 and q13¢23 < q14924. By (20) and (21),

trace {lQ%lQIZQ%zQZI + 011012020021 012021}
2
= 3MA3ats + 3ATAGaTs + 3430300 + 3230143
+ )»1)»36113 + )»1)\46114 + )»2)»36123 + )\2)»46124
+ M (3 + A)q1q1 + 203 + A4)q33034
+ A3+ 22413053 + A + A2)q14954
— (A + 22) (A3 + X4)q13923914924- (23)
We are going to bound the term (A1 + X2) (A3 4+ A4)g13923914924 by the positive terms
to show nonnegativity of this trace. We recall that A1 > Ay > O and A3 > A4 > 0.
Initially, note that
A2A3q13923q14924 < Kz)»3q]2361%3
A2A4q13923914924 < )»1)»46]1239124
MA4q13923q14G24 < MA3qT3qT-
This leaves only A1A3¢13¢23¢14g24 to be bounded. If A1A3913¢23q14g24 < 2K113q13,

we have a bounding term in (23). Therefore, assume 2¢23q14g24 > A1A3q13. Since Q
was assumed positive definite, AgAg > q224. Consequently,

MA3Q13923q14924 < 20331405
< 2hahaglats
< Jaha(gss +413)
< MA3gdy + Aihqls.

We conclude that (23) and hence (22) is nonnegative.
k+m="7

Now consider k, m € N such that k +m = 7. Whenever k, m = 1, 2, we already
know that the sum in Theorem 3 is nonnegative. Let k = 3 and m = 4. Then the sum
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in Theorem 3 reads

trace {14011 01202101203, 021 + 703, 01203, 021
7011(01202021)* + 701202 021(012021)%}. (24)

Initially we note that

trace 011(01202021)> >0 and  trace 01202 021(Q12021)* > 0

since they both can be written as the trace of positive semidefinite matrices (see above
for more details). Next, by (20) and (21),

trace {%Q%lleQgngl + Q11Q12Q%2Q21Q12Q21}
17293 2 | 19293 2 | 192932 | 112,32
= 3AMA3q13 + 3 ATAq04 + 32503053 + 3 A5h4q5,
2, 22y,2 2 2, 22y,2 2
+ A1 (A3 + 2413914 + A2(A5 + A9q5395,
+ A3+ A2)q13053 + A0 + A2)q14954
+ MA3qls + MAgaly + AaA3gss + Aarign
— (M + 2203 + 2413923914924 (25)
Again we bound the negative term by positive terms. Recall that A1 > A and A3 > A4,

and that we may assume g23g24 > q13q14 and qiaqra > q13g23 without loss of
generality. Consequently,

)»1)»42;6]13%361146124 < )»1)»42;6112461224
AA3913923914G24 < MA3q0303

sziq13Q23CI14Q24 < sziqﬂqum

leaving X 1)%6] 139239144924 to be bounded. First note that

I03aty — MA3q13923914024 = M1A3913(3MA3q13 — 423G14924),

so that nonnegativity holds if %k] A3q13 = q23q14q24. Assume A1A3q13 < 2¢23q14924
and recall that Ao1q > q224 since Q is positive definite. Then

AM%C]136]2361146124 < 2)»361223412461%4
< 200434443341
< h2r34%; + harigiy
< Mah3ads + MAjaly
so we have found bounding terms for the last expression. We conclude that (25)
is nonnegative and therefore, (24) is nonnegative, too. The case k = 4 and m =

3 follows by symmetry. It follows that the sum in Theorem 3 is nonnegative for
k+m="17. O
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