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Abstract The aim of this paper is to study the laws of exponential functionals of the processes
X = (X5)g>0 with independent increments, namely

t
I; =/ exp(—Xs)ds, t >0,
0

and also
o
Io = / exp(—Xs)ds.
0
Under suitable conditions, the integro-differential equations for the density of I; and I are
derived. Sufficient conditions are derived for the existence of a smooth density of the laws of

these functionals with respect to the Lebesgue measure. In the particular case of Lévy processes
these equations can be simplified and, in a number of cases, solved explicitly.

Keywords Process with independent increments, exponential functional, Kolmogorov-type
equation, smoothness of the density

2010 MSC 60G51, 91G80

1 Introduction

This study was inspired by the questions arising in mathematical finance, namely by
the questions related to perpetuities containing the liabilities, perpetuities subjected
to the influence of economical factors (see, for example, Kardaras, Robertson [23]),
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and also with the price of Asian options and similar questions (see, for instance, Jean-
blanc, Yor, Chesnay [21], Vecer [38] and references there). The study of exponential
functionals is also important in the insurance, since the distributions of these func-
tionals appear very naturally in the ruin problem (see, for example, Asmussen [2],
Paulsen [29], Kabanov, Pergamentshchikov [22], Spielmann, Vostrikova [37] and the
references there).

In mathematical finance exponential functionals of the processes with indepen-
dent increments (PII in short; in what follows, this abbreviation will also denote the
property of being a process with independent increments) arise very often'. This fact
is related to the observation that log price is usually not a homogeneous process on a
relatively long time interval. For this reason several authors used for the modeling of
log price the process X = (X;);>0 such that

t
X; 2/ gs—dLs
0

where L is a Lévy process and g is a cadlag random process independent of L for
which the integral is well defined. In this case, the conditioned process given o-
algebra generated by g, is a PII. Another important example of X is a Lévy process L
with time changed by an independent increasing process (7;);>¢ (cf. Carr, Wu [16]),
ie.

X t — L-[[ .

Again, conditionally to the process 7, the process X = (X;)>o is PIL

In Salminen, Vostrikova [31, 32] we proved the recurrent formulas for the Mellin
transform and we used these formulas to calculate the moments of exponential func-
tionals of the processes with independent increments. In this paper we obtain the
equations for the densities, when they exist, of the laws of exponential functionals

t
I =/ exp(—Xy)ds, 1 >0, )]
0

and also
o0
I =/ exp(—Xy)ds,
0

where the process X = (X;);>0 is PIL. It is not difficult to see that under the condition

. X
Iim — =u >0 (P-as.)
s—>+00 §
we have I, < +0o (P-a.s.). As it was shown in Bertoin, Yor [10], this condition is
necessary and sufficient in the case of Lévy processes.

Exponential functionals of Lévy processes were studied in a large number of ar-
ticles, most of them were related to the study of /. In the celebrated paper by Car-
mona, Petit, Yor [15] the asymptotic behaviour of exponential functionals /., was
studied, in particular for «t-stable Lévy processes. The authors also gave an integro-

ISee for example the book of E. Eberlein and J. Kallsen Mathematical finance , Springer 2019, and
references there.
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differential equation for the density of the law of exponential functionals, when this
density exists w.r.t. the Lebesgue measure. The questions related to the characteriza-
tion of the law of exponential functionals by the moments were studied by Bertoin,
Yor in [10].

In a more general setting, related to the Lévy case, the functional

Ino(n) = /O exp(—Xs_)dns, %)

where X = (X;);>0 and n = (1;);>0 are independent Lévy processes, was inten-
sively studied. The conditions for finiteness of the integral (2) were obtained in Er-
ickson, Maller [18]. The continuity properties of the law of this integral were studied
in Bertoin, Lindner, Maller [9], where the authors gave the conditions for absence of
atoms and also the conditions for absolute continuity of laws of integral functionals
w.r.t. the Lebesgue measure. The question of smoothness of the density of the law of
I~ in the Schwarz sense was considered in Carmona, Petit, Yor [15] and Bertoin, Yor
[10]. Under the assumptions on the existence of smooth density of these functionals,
the equations for the density are given in Carmona, Petit, Yor [15], Bertoin, Yor [10],
Behme [4], Behme, Lindner [5], Kuznetsov, Pardo, Savov [24].

In the papers by Patie, Savov [28], Pardo, Rivero, Van Shaik [27], again for a
Lévy process, the properties of exponential functionals Ir, () killed at an indepen-
dent exponential time 7, of the parameter ¢ > 0, were investigated. In the article
[27] the authors studied the existence of the density of the law of Ir, (1), they gave an
integral equation for the density and the asymptotics of the law of /., () at zero and
at infinity, when X is a positive subordinator. The results given in [28] involve the an-
alytic Wiener—Hopf factorisation, Bernstein functions and contain the conditions for
regularity, semi-explicite expression and asymptotics for the distribution function of
Irq (n). In Behme, Lindner, Reker, Rivero [6], Behme, Lindner, Reker [7] the authors
give sufficient conditions for absolute continuity of the laws of Ir, (1) as well as the
sufficient conditions for the absolute continuity of the laws of I; (1) and I (n).

Despite numerous studies, the distributions of I;(n) and I (1) are known only in
a limited number of cases. When X is a Brownian motion with drift, the distributions
of I; and I, were studied in Dufresne [17] and for a large number of specific pro-
cesses X and 5, like a Brownian motion with drift and a compound Poisson process,
the distributions of I, (n) were given in Gjessing, Paulsen [19].

The exponential functionals for diffusions stopped at the first hitting time were
studied in Salminen, Wallin [30], where authors derive the Laplace transform of the
functionals and then, to find their laws, perform numerical inversion of the Laplace
transform. The relations between hitting times and occupation times for the exponen-
tial functionals were considered in Salminen, Yor [33], where the versions of identi-
ties in law such as Dufresne’s identity, Ciesielski—Taylor’s identity, Biane’s identity,
LeGall’s identity were given.

In this article we consider a real-valued process X = (X;);>¢ with independent
increments and Xo = 0, which is a semimartingale with respect to its natural fil-
tration. We denote by (B, C, v) a semimartingale triplet of this process, which can
be chosen to be deterministic (see Jacod, Shiryaev [20], Ch. II, p.106). We suppose
that B = (B;);>0, C = (C;)s>0 and v are absolutely continuous with respect to the
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Lebesgue measure, i.e.

t t
B, = / byds, C; = / csds, v(dt,dx) =dtK,(dx) 3
0 0

with cadlag functions b = (by)s>0, ¢ = (¢5)s>0, K = (K3(A))s>0,4cB®R)- We as-
sume that the compensator of the measure of jumps v verifies the usual relation: for
eacht e R

t
f /(x2 A DK (dx)ds < +oo. 4)
0 JR

For the main result we will assume an additional technical condition:

t
/ / M K (dx)ds < +oo. 5)
0 Jix|>1

The last condition implies that E(|X;|) < +4oo for t > 0 (cf. Sato [34], Th. 25.3,
p-159) so the truncation of jumps is no more necessary.
We recall that the characteristic function of X,,

¢ (A) = Eexp(irXy),

is expressed as follows: for A € R

1 t ‘
¢/(L) = exp{iAB; — EAQC’ +/ /(e'“ —1—ixx) Ky (dx)ds).
0 JR

We recall also that X is a semimartingale if and only if for all A € R the characteristic
function of X, is of finite variation in # on finite intervals (cf. Jacod, Shiryaev [20],
Ch.2, Th. 4.14, p.106). Moreover, the process X always can be written as a sum
of a semimartingale and a deterministic function which is not necessarily of finite
variation on finite intervals.

The article is organized as follows. Part 2 is devoted to the Kolmogorov type
equation for the law of I;. It is known that the exponential functional (1;);~¢ is not
a Markov process with respect to the filtration generated by the process X. It is a
continuous increasing process, what prevents the use of stochastic calculus in an ef-
ficient way. For these reasons we fix ¢ and introduce a family of stochastic processes
v = (Vs(t))ofsgl indexed by ¢ and such that I; = Vt(t) (P-a.s.) (see Lemma 1). The
construction of such processes is made via the time reversion of the process X at a
fixed time 7 and gives a Generalised Ornstein-Uhlenbeck process process with a PII
noise (GOU process in short). We give the Kolmogorov type equations for V® (see
Theorem 1). Assuming the existence of the smooth density of the law of the process
vV ® we derive the integro-differential equation for the density of the laws of VS('), 0<
s < t. The density of the law of V,(t) can be obtained just by integration of the right-
hand side of the equation for the density of the law of VS([) in s on the interval ]0, #[.

In Part 3 we consider the question of existence of the smooth density of the pro-
cess VO The question of existence of the density of the law of VS(’) ,0<s <t,ofthe
class C12(10, t[ xRt *), where RT>* = R \ {0}, is a rather difficult one, which was
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an open question in all cited papers on exponential functionals (see [15, 10, 4, 5, 24]).
Since the processes V,(t) and I; coincide (P-a.s.), the results on the density of V,(t)
give the answer for the density of ;. In Proposition 2 we give sufficient conditions for
the existence of the density of the class C®(]0, t[ xR**) of the law of I; when X is
a Lévy process. For a non-homogeneous PII we give a partial answer to this question
in Corollary 1.

Part 4 is devoted to Lévy processes. When X is a Lévy process, the equations
for the density of I; can be simplified due to the homogeneity (see Proposition 1).
We present also the equations for the distribution functions of the laws of I; and I,
since for these equations we have the explicit boundary conditions (cf. Corollary 2).
In Corollary 3 we consider the well-known Brownian case. In Corollary 4 we give the
equations for the case of Lévy processes with integrable jumps, and in Corollary 5,
we consider the case of exponential jumps. In the particular case of I, and integrable
jumps the equations coincide with the known ones from [15].

2 Kolmogorov type equation for the density of the law of I,
We introduce, for fixed ¢ > 0, a time reversal process ¥ = (Ys)o<s<; with
YS - X[ - X(t—s)—-

Of course, this process depends on the parameter ¢, but we will omit this parameter
for the simplicity of notations.

For convenience of the readers we present here Lemma 1 and Lemma 2 proved in
Salminen, Vostrikova [31]. The first result establishes the relation between I; defined
by (1) and the process ¥ = (¥s)o<s<:-

Lemma 1 (cf. [31]). Fort > 0,
t
I; =efy’/ eVids P-a.s.)
0

Remark 1. In the case of Lévy processes the equality in law between right and left
side was proved in [15], Lemma 2.3. It should be noticed that Lemma 1 gives more
even in the Lévy case, since one can define both processes in the initial probability
space.

In the following lemma we claim that Y is PII and we precise its semimartingale
tri_plet. For that we introduce the functions b = (b, )o<u<s, ¢ = (Cu)o<u<s and K =
(Ku)o<u<: putting

by = 1 (u) (b — bo) + by—u, ©)
cu = 1) (c; — co) + ci—u, @)
Ky (A) = 1) (K (A) — Ko(A)) + Ki—u(A), ®)

where 1, is the indicator function and A € B(R). It means, for instance for b =
(bu)o<u<i, that
A _{ b, if 0<u~<t,
"1 by if u=t.
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So, the function b can have a discontinuity at ¢, since in general by # b;. These
functions are constructed to correspond, in a way, to the derivatives in time of the
semimartingale characteristics of the process Y.

Lemma 2 (cf. [31]). The process Y is a process with independent increments, it is
a semimartingale with respect to its natural filtration, and its semimartingale triplet
(B,C,v)isgivenas: for) <s <t,

N s
B =/ budu, C; =f Cudu, v(du,dx) = K,(dx)du. )
0 0

To obtain an integro-differential equation for the density, we introduce two im-
portant processes related to the process Y, namely the process V = (Vi)o<s<; and
J = (Js)o<s<s, with

S
Ve =e B U, J =/ eVudu. (10)
0

We underline that both processes depend on the parameter ¢, since it is so for the
process Y.

We notice that according to Lemma 1, I; = V; (P-a.s.), and then they have the
same laws. As we will see, the process V = (V;)o<s<: is a Markov process with
respect to the natural filtration F¥Y = (]—"SY Jo<s<: of the process Y and this fact will
help us very much to find the equation for the density of the law of I;.

Lemma 3. The process V. = (Vs)o<s<: is a Markov process with respect to the
natural filtration FY = (]:sY)OSSSt of the process Y.

Proof. We write that for 7 > 0
s+h s+h
Vein = e Vs+h / elidy = e~ Ys+h=Ys) [V, +/ eyu*yxdu]'
0 K

Then for all measurable bounded functions f
s+h
E(f(Vorn) | F)) =E (f(e‘(yf“l‘yx)[vs +/ =Y du)) | ff) —
s
s+h
E (f(e_(YH»h—Ys)[x +/ eYu—stu])) .
K lx=V,

since Y is a process with independent increments. Hence, E(f (V4p) | ]-'Sy) is a mea-
surable function of Vi and we conclude that V is a Markov process with respect to
the filtration generated by Y. |

Remark 2. In the case of Lévy processes a similar result was proved in [15], Lemma
5.1, using the homogeneity of the processes. Since a PII process is not homogeneous
in general, the proof of the Markov property here is different.

We define the set of functions

C={feC}RM)| sup [f'(»)yl < oo, sup |f"(y)y* < oo}
yeR+ yeRT
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such that f(0) = f/(0) = 0. Here we use the usual notation Ci(R*) for the set of
twice continuously differentiable functions with bounded derivatives on R™.
For 0 <s <t we put

_ 1 _
a, = —bs + EES + [ (e — 1+ x)K(dx). (1)
R
We notice that the assumptions (3) and (4) imply that (A-a.s.)
/ le™ — 1 + x| Ks(dx) < +00,
R

so that ay is (A-a.s.) well defined. We introduce also for f € C the generator
(-/4;/)03« of the process V via

1
A (NG = A4 ya) ') + 58 1) ¥+ (12)

/R[f(ye_x) — fO) = 'y — D] K(dx).

Theorem 1. Under the assumptions (3), (4) and (5), the infinitesimal generator
(A;/)Ofs<[ of the Markov process V is given by (12). In addition, for 0 < s < t
and f € C

E(f (V) = /0 TECAY () (V) )du (13)

where A,V = limg_,;_ A‘Y. Iffor0 < s < t the density ps w.r.t. the Lebesgue measure
A of the law of V; exists and belongs to the class Cl’z(]O, t[xRT*), then A-a.s.

3 1_ 9% d
gps(y) = ECSWU ps(y) — 5((% y+ D ps(y)+ (14)
0 _
/ [exps(yex) —ps(Y) + (7" — l)a—(yps (y))} K (dx)
R y

and the density p, of the law of I; verifies

(1. 92 9
p:(y)=/0 {Eésa_yz(yzps())))_5((C_lsy+l)ps(y))+ (15)

0 _
/ [exps (ye*) = ps(y) + (e — 1)a—(yps(y))] Ks(dx)} ds.
R y

The proof of Theorem 1 will be divided in four parts. In Lemma 4 we give
a semimartingale decomposition of the process (e_Y‘y)()Ssgt, then in Lemma 5 we
prove a semimartingale decomposition of (f(V;))o<s<; with f belonging to C and in
Lemma 6 we prove (13), and finally in Lemma 7 we obtain the equation (14). Then
we combine all results together to get (15).

Lemmad. ForO0<s <t
e V=04 Ay + N, (16)

where A = (Ay)o<s<; is a process with locally bounded variation and N = (Ng)o<s<;
is a local martingale.
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Proof. By Ito’s formula we get

N 1 N
eV :1—/ e*Yu—dYﬁ—/ e Y-d(ye), (17)
0 2 Jo

N
—i—/ / e Vi(e™ — 1+ x)uy(du, dx)
0 JR

where py is the measure of jumps of the process Y.
Let us write the expressions for A and N. From Ito’s formula obtained previously
we find that the process (A;)s>0 is given by

K _ 1 _
Ag = / e Yo [—b, + EE” + / (e =1+ x)K,(dx)]du (18)
0 R
and it is a process of locally bounded variation on bounded intervals. In fact, let us
introduce a sequence of stopping times: forn > 1
T, =infl0<s<rt|eV >n) (19)

with inf{J} = oo. We notice that this sequence of stopping times tends to +00 as
n — 00. Then, since e~ Ys= < n on the stochastic interval [0, T,[, we get from (3), (4)
and (5) that

t _ 1 _
Var(A)snr, < n/ [|bu| + EE” —|—/ le™ — 1+ x| Ku(dx)i| du < oo.
0 R
In (16) the process N = (Ns)s>0 is defined by

S
N, = / Yo d M, + 20)
0

[s/ e Y- (e™ — 14 x)(uy(du, dx) — K, (dx)du).
0 JR

In the relation (20), the process M is the local martingale component of the semi-
martingale decomposition of Y, ¥ = Bs + M, and Wy is the measure of jumps of
the process Y. It should be noticed that since Y is a process with independent incre-
ments and B is deterministic, M is a martingale (see [36], Th. 58, p. 45) as well as its
pure discontinuous part M¢. Then, the process (Nsaz,)o<s<: 18 a local martingale as
a stochastic integral of a bounded function w.r.t. a martingale. O

Lemma 5. For f € C we have
fV) = f(Vo) + B + N} (21
where BY is a process with locally bounded variation and NV is a local martingale.

Proof. For f € C and 0 < s <t we write Ito’s formula:
N 1 s
FV) =FfVo)+ | f[(Vi)dVu+ = | [ Vu)d(VE)u+ (22)
0 2 Jo

/0 /R (f Ve +2) = F Vi) = £/ Vu)x) iy (du, dx)



On distributions of exponential functionals of the processes with independent increments 299

where py is the measure of jumps of the process V. From the definition of the process
V we can easily find that

dVy =ds + Jyd(e ™). (23)
Combining this formula with Ito’s decomposition (17) we find that

dVE = —e V= JodYS = —V,_dY¢.

N

Moreover,
d(V)s = V2 d(Y°),,

and
AVy =V = Vo = e - Js(e_AYs -D= Vs—(e_AYS -D.

We use the relations (23), (16), (18), (20) and (22) to obtain a final decomposition
for f (V). To present this final decomposition, we put for y > 0 and x € R

F(y,x) = f(ye™) = f) = f'Mye™ =1,

and also
B} = /Os [f’(Vu)(l +ay Vu-) + %f”(Vuf)Vz_ Cu +/RF(Vu,x)15u(dx)}du
and
N/ = /Os F' (V) Vu [—d M, + /R(e*x — 14 x)(uy(du, dx) — K, (dx) dul+
/()S/R{F(Vu_,x)(uy(du,dx)—KL,(dx)du).

It remains to show that the process B is of locally bounded variation and the
process NV is a local martingale. Let us use the sequence of stopping times 7,, defined
by (19) and let

D = sup max(lf D), 1f/ O 1 Gyl 1 0)y2D.

yeR

Then, for0 <s <1,
t
Var(BY )snr, < D/ (1 + |by| + &4 +/ le™ —1 +x|12u(x)dx) du
0 R
t
—i—/ /|F(Vu_,x)|Ku(dx)du.
0 JR

The first term of the r.h.s. is finite since the functions (BS)OSSSt and ((j"s)ogxst have
finite variation on finite intervals and since (5) holds. Now, using the Taylor-Lagrange
formula of the second order, we find that for y > 0 and |x| < 1

FOu0] = L7004+ 66 — Dyl — 12 < —2E =D
v )l =270 € yie =216 — D2
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where 0 < 6 < 1. Since for |[x| < 1,1 4+6(™* —1) > % and [e™* — 1] < e|x]|, we
find that | F(V,—, x)| < De*x>.
For |x| > 1 we use the Taylor—Lagrange formula of the first order to get
IFQ, 0l = [(f' (I +0™ =) = f/Nye™ = D] <
D [It+6e™ = DI +1] e — 11,

Again, forx > 1,1 4+6(™* —1) > e, andforx < —1,14+6(* —-1) > 1.
Moreover, for x > 1, [e™ — 1] < 1 and for x < —1, |[e™* — 1| < ¢~*. Finally,

[F(y,x)|<C (6')“1{|x|>1} +x? 1{|x|51}>

with some positive constant C. Then, the assumptions (4) and (5) imply that
t _
/ / |F(V,—,x)|K,(dx)du < +o0.
0 JR

So, the process B is of locally bounded variation.
Using the above results we see also that (Ns‘f\rn)ogsgt is a local martingale as an

integral of a bounded function w.r.t. a martingale. O

Lemma 6. Under the assumptions of Theorem 1, for 0 < s < t and f € C we have
the equation (13).

Proof. Let (t,),en be a localizing sequence for Ny and 7, = 1, A T, where 1, is
defined by (19). Let s € [0, t[ and § > 0 such that s + § < 7. Then, from the previous
decomposition using the localisation we get

E(f (Vistsyns) — FVsne) | F) = BBl 5 ne. — Bire | ).

Since f is a bounded function and lim,,_, o, 7,, = +00, we can pass to the limit in the
L.h.s. by the Lebesgue convergence theorem. The same can be done on the r.h.s. since
the process BY = (BSV )Jo<s<: is a process of bounded variation on bounded intervals,
uniformly in s and n. After taking a limit as n — 400 we get that

E(f(Vis) — F(V) | FD) = EBY 5 — BY | FD).

. : 1% V.
Now, we write the expression for B s B/

s+
B/ s— B = / F/ (Vi) (1 + a@y Vil )+
%f”(Vu_)Vf_ Eu+/ F(V,_,x)K,(dx) ldu.
R

‘We remark that

1% Vv

B — B _ 1 _ _
lim = (143 Vi (Ve VE G+ /R F(Vy_, )Ry (d).
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14 Vv
Bs+5_B
é

We show that the quantities = are uniformly bounded, for small § > 0, by a

constant. In fact, we can write that

BYs—BY| C [ ! <
I Byis = By | < _/ [(1 +a, + —Eu> —l—/ IF(Vu,X)IKu(dX)} du.
) 8 Js 2 R

We use the estimations for | F'(V,_, x)| obtained previously, and the fact that the quan-
tities 3 [** @ du, 1 [**° &,du and

1 s+8 s i
3/ A(x I{|x|§1}+g|x|1{|x‘>1}) K, (dx)du
s

are uniformly bounded by a constant for s € [0, [ and small values of § > 0. This
conclusion follows from the fact that derivatives of the semimartingale characteristics
of the process Y are deterministic cadlag functions. So, we deduce that the quantities
|BY —B)|

”‘3(; are uniformly bounded for s € [0, #[ for small § > O by a constant, too.

Under these conditions we can exchange the limit and the conditional expectation
and it gives us the expression for the generator of V at 0 < s < t. As a conclusion,
we get that for0 < s < ¢

d
TRV = EAY () (Vyo). (24)

Let us prove that we can replace V;_ by V; in the above expression. In fact, for A € R

i Vs
AN

E( ) = E(e Yy = lim E(e sty = 1,
h—0+

since the characteristic function of Y is continuous in time and Y is PII. Hence, V,_ =
Vs (P-a.s.) and they have the same laws. Then after the replacement of V;_ by V;
in (24) and the integration w.r.t. s we obtain (13). For s = r we take limy_,,— in (13).

O

Lemma 7. Under the assumptions of Theorem I, for 0 < s < t we have the rela-
tion (14).

Proof. We denote by Pg the law of V;. Then from (13) we get that for 0 < s < ¢
N o 1
/ f [f/(y)(l +yau)+ Ef”(y)y2 Cu+ (25)
0o JO
/R(f(ye_") —fO) = f'yEe™ —D) Ku(x)dx] Py(dy)du = /0 S () Ps(dy).

Moreover, since we assume that the law Py of V; has a density p; w.r.t. the
Lebesgue measure, it gives

S o0 1
/ / [f/(y)(l +yau) + 5f”<y)y2 Cut (26)
0 0
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/R (fye™) = f() = ffye™ = 1) ku(x)dx:| pu(y)dy du
= /O FOps(y)dy.

To obtain the equation for the density, we consider the set of continuously differen-
tiable functions on compact support C %( C C. We take the right-hand partial derivative
in s of the above equation to get

o 1
fo [f/(y)(l +yas) + 5 0y e+ @7
/R(f(ye_x) —fO) = f'yEe™ -D) Iis(x)dx} ps(y)
o d
= / fO) 7ops () dy.
0 N
Using the integration by parts formula we deduce that
o o0 8
/ ') ps(n)dy = —/ 75 (Ps () f()dy,

0 0 y

o o0 a
| ooy == [ 0o Foy,

0 0 y

00 () 32
f F'3)y? pe(y)dy = / 5207 () F(dy.
0 0 y
By the change of variables and by the integration by parts we obtain
/0 /Rps(y) [fye™) = F) = f'ye™ = D] Ks(dx)dy =
0 0 _
[T (f1en0er - o+ @ =0 L opon &u@n) .
0 R y

The mentioned relations together with the equation (27) give that for all f € C%(

00 9 1_93 , 9
/ S —a—ps(y) + zC— O ps(V) — —((asy + D ps(y)
0 s 2 " dy ay
J _
+/ e ps(ye’) — ps(y) + (e — 1)a—(yps(y))Ks (dx)} =0,
R y

and it proves our claim about the equation for pj. g

Proof of Theorem 1. We use the result of Lemma 7. Then we integrate the equation
for p; on the interval ]0,  — §[ for § > 0 and we pass to the limit as § — 0. Since
the laws of V;_ and V; coincide, we get in this way the equation for p;. Since I; = V;
(P-a.s.), p; is a density of the law of I;. |
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3 Some results about the existence of smooth densities

In the case of Lévy processes, the question of existence of a smooth density of I, in
the Schwarz sense was considered in Carmona, Petit, Yor [15] and Bertoin, Yor [10].
Sufficient conditions for the smoothness of the one-dimensional law of an Ornstein—
Uhlenbeck process driven by a pure discontinuous Lévy process was obtained in Bon-
darchuk, Kulik [14], namely under the Kallenberg condition the density of the one-
dimensional distribution of an Ornstein—Uhlenbeck process is of the class C ;;0 (R).

The question of existence of the density of the law of Vi, 0 < s < ¢, of the class
C12(]0, t[, R) is a rather difficult one, which was, at our knowledge, an open question
in all cited works on exponential functionals. We give here a partial answer to this
question via the known result on the Malliavin calculus from Bichteler, Gravereaux,
Jacod [11]. For the convenience of the readers we present this result here in the one-
dimensional setting.

We consider the stochastic differential equation

t t t
Zr =x+ / a(Z}_)ds + / b(Z}_)dWs + / / c(Zi_, 2)(n —v)(ds, dz)
0 0 o Jr

where x € R, a, b, ¢ are measurable functions on R and R?2 respectively, W is the
standard Brownian motion, and p and v are the jump measure and its compensator of
Z*. It is assumed that the solution of this equation exists and is unique, and also that
the following assumptions hold.

Assumption (A-r):

(i) a and b are r-times differentiable with bounded derivatives of all orders from
ltor,

(i) c(:, z) is r-times differentiable and there exists a sigma-finite measure G on R
such that

(a) C(O’ ) € ﬂ2§p<oo LP(R*v G)s
(b) for 1 <n <r,sup, | 25(c(y, ) | € Ma<peoo L (R, G).
Assumption (SB): there exist y > 0 and § > 0 such that

v

b? > ——.
M=

Assumption (SC-bis): there exists { > 0 such that for all u € [0, 1]
0
[1+u—c(y 2)| >¢.
ay

Theorem 2.29 (cf. [11], p. 15) Suppose that the assumptions (A-(2r+10)), (SB) and
(SC-bis) are satisfied. Then for t > 0 the law of Z} has a density p;(x, y) w.rt. the
Lebesgue measure and the map (t, x, y) — p;(x, y) is of the class C"(]0, t] x Rx R).
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To apply this theorem, let us write a stochastic differential equation for (V)o<s<;-
For that we put for 0 < s <t

as(y) = y(=bs + 3¢ + [ple™* — 1 + 2K (d2) + 1,
by(y) = y+/cs,
cs(y,2) =y —=1).

Proposition 1. Suppose that

t
/‘/|e_z—1+Z|Kx(dz)<+oo
0 JR

and that ¢ > 0 for 0 < s < t. Then the process (Vs)o<s<; satisfies the stochastic
differential equation

Vs = /S ay(Vy—)du — /s by (Vy—)dW, + /S/ cu(Vu—, 2)(dpy — ku(dz)du)
0 0 0 JR

(28)
where [y is the jump measure of Y and W is the Dubins—Dambis—Schwarz Brownian
motion corresponding to the continuous martingale part Y¢ of Y.

Proof. We recall that V; is defined by (10). Let us introduce the process Y via the
relation: for0 < s <1, A
el = £, (29)

where £(-) is the Doléans-Dade exponential. Then,
A S du

Vs =E)s / =

0o EY)y

and we can see by the integration by parts formula that (V)o<s<; is the unique strong
solution of the equation

dVs = Vy_d¥, + ds (30)

with the initial condition Vy = 0. Using the definition of the Doléans-Dade exponen-
tial we see that (29) is equivalent to

£ be R A
e_YX — eYS—§<Yc> l_[ 1+ AYu)e_AY”
O<u<s

where Y is a continuous martingale part of Y. From this equality we find that IA/ S =
—Y¢, In(1 + AYs) = —AY, and that the semimartingale characteristics (B, C, D) of

Y are: R _ _ ) -
By = —B; + %CS + f(; fR(e_Z -1+ Z)K“(dz)du’

D(ds, dz) = (e7% — 1)K, (dz)ds.

Since (B, C, ») are absolutely continuous w.r.t. the Lebesgue measure with the deriva-
tives (b, ¢, K), we get that

A s 1 - 5
Y, = / (—b, + EEM + / (e_z — 1+ 2)Ky(dz))du — / \/aqu“‘
0 R 0
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/ /(e—Z — D(uy(du, dz) — Ky (dz)du)
0 JR

where W is the Dubins—Dambis—Schwarz Brownian motion corresponding to the
continuous martingale part of Y. Let us put this decomposition into (30), and we
obtain (28). |

To apply Theorem 2.29 from [11] we suppose that the process X, and hence also
the process Y, are Lévy processes. We introduce a supplementary process

du

EX)y

Vse =€ +S(?)s'/
0

with € > 0. We see that VE —e = V, and VSO = Vj, and also that the density p; (€, y)
of the law of V¢ w.r.t. the Lebesgue measure and the density p,(y) of the law of Vj
exist or not at the same time and they are related: for allx > O and y > 0

ps(€, y +¢€) = ps(y).

So, both densities are of the same regularity w.r.t. (s, y). In addition we have: for all
s>0andallw € @, V() > €.

Proposition 2. Suppose that X is a Lévy process with a triplet (by, co, Ko) and the
following conditions are satisfied:

1. ¢cg >0,
2. fz<_1 e P Ko(dz) < 400 for p > 2,
3. there exists a constant A > O such that Ko(]A, +oo[) = 0.

Then, for s > 0, the law of Vs has a density ps and the map (s, y) — ps(y) is of the
class C*(]0, t] x RT*).

Proof. When X is a Lévy process, and hence Y is a Lévy process with the same
parameters, the functions ay, by, ¢s figured in (28) are independent of s and are equal
to:

a(y) = y(=bo + 3c0 — [p(e™* = 1 +2)Ko(d2) + 1,

b(y) =y /<o,

c(y,2) =y(e* = D.

We consider now the process V¢ with € > 0. This process satisfy the same equa-
tion (28) as the process V does with the replacement of V,,_ and V; by V;_ and V¢,
respectively, and also with the replacement of the functions a;(y), bs(y) and cs(y, 2)
by a(y), b(y), c(y,s) with y > €.

We see that the Assumption (A-r) is satisfied for all r > 1 with G = Ky. The
Assumption (SB) is valid for y = €2cg and any § > 0, and the Assumption (SC-bis)
is satisfied with ¢ = %e‘A. As a conclusion, the map (s, x, y) — ps(x, y) is of the
class C* (]0, t] x [e, +oo[ X [€, +o0[) for all € > 0, and, hence, the map (s, y) —
ps (x, y4x) is of the class C*(]0, t]x R™* x R™*). Finally, the map (s, y) — ps(y)
is of the class C*°(]0, ¢], RT%). O
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For the PII case we obtain the following partial result.

Corollary 1. Let s €]0, t[ be fixed. Suppose that
1. f(; cudu > 0,
2. Jo Joeoy e PF Ky(d2) < +oo for p = 2,
3. there exists a constant A > 0 such that K;(JA, +o0[) =0 forall0 < s < t.

Then, the law of Vi has a density ps such that the map y — ps(y) is of the class
C®(RT*),

Proof. We notice that the law of Y coincide at the time s with the law of a Lévy
process Y with the triplet (%BS, %Cs, % Jo Jz Ku(d2)du). Then we consider a GOU

process driven by Y. The previous proposition can be applied, and this gives the
claim. U

4 When X is a Lévy process

In this section we consider a particular case of Lévy processes. Namely, let X be a
Lévy process with the parameters (bg, co, Ko). As before, we suppose that

/(x2 A DKo(dx) < 400 and f ¥ Ko(dx) < 400 (31)
R |x|>1

and we put

1
ag = —by + ECO + / (e — 14+ x)Ko(dx).
R

Due to the homogeneity of a Lévy process, the equation for the density can be
simplified as we can see from the following proposition.

Proposition 3. Suppose that (31) holds and the density p; of the law of I; exists and
belongs to the class C12(10, t] x RY*). Then this density satisfies the equation

i — l 8_2 2 _ i +1 + 32
8tpt(y) =50 5y > pi(y) ay((aoy ) Pe(¥)) (32)
9
/ [e’“pz(ye’“) —pi(y) + (e = 1)8—(ypt (y))} Ko(dx).
R y

In the particular case, when I < +00 (P-a.s.) and the density poo of the law of I
exists and belongs to the class C*(Rt*), we have

2

§C0_2(y Poc(y)) —

d
p ((a0y + 1) poo(¥))+ (33)
y y

dy

d
/ |:€xpoo(y€x) — Poo(y) +(e7" = 1)d_(ypoo(y)):| Ko(dx) = 0.
R y
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Remark 3. A similar equation for the density of /. in the case when fR(lxl A
1) Ko(dx) < oo was obtained in [15]. We recall that the condition on Kg in [15]
is stronger at zero than our condition. This explains the fact that our equation has a
slightly different form. Namely, under the condition in [15] one can separate third
term in the integral part and combine it with the second term of the above equation.
Moreover, similar equations for I, can be found in [24] and [26]. It should be men-
tioned that the cited authors did not obtain the equation for the density of /;.

Proof. In the case of Lévy processes we write that (P-a.s.)

N
Vi =e 05 Jy = e Xt Xe- / X=X —w-gy =
0

N N
f eX(t—.r)—_X(I—u)—du — / eX([—s)_X([—u)du.
0 0

Due to the homogeneity of Lévy processes we have the following identity in law:
E((Xl—u - Xt—s)OSufs) = E((Xs—u)Ogugs)~

Then,
s s s
L‘(/ eX("-”_X("'”du):ﬁ(/ e—X<s—u>du)=£(/ e Xudu)
0 0 0

where the last equality is obtained by the time change. As a conclusion, £(Vy) =
L(I) for 0 < s < t, and, hence, (ps)o<s<; are the densities of the laws of (I5)o<s<;.
In addition, again due to the homogeneity, for all 0 < s < ¢, by = bi_g = by, &5 =
ci—s = co, Ks(dx) = K;_s(dx) = Ko(dx). Then, from Theorem 1 we obtain (32).

Again due to the homogeneity, for 0 < s < ¢, the generator AY (f) = A(f),
where

AN ) = A+ yao) f'(+
1
€0 "y + /R [f(ye™) = f() = f'(Mye™ = D] Ko(dx)

and it does not depend on s. Moreover, since L(V) = L(I) for 0 < s < ¢, the
equality (13) becomes

Ef(l,) = /O EA(f)(L)du.

We suppose now that I, < +00 (P-a.s.). We divide both sides of the above equality
by s and let s go to infinity. Since f is bounded, we get zero as a limit on the left-hand
side. Since Iy — I, as s — 400 for each w € 2, we also get for f € C

lim EACH) () = EA() UIso).

Then, EA(f)(Io) = 0 and we obtain (33) in the same way as in Theorem 1, by the
integration by parts and the time change. g
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Corollary 2. Under the assumptions of Proposition 3, the distribution function F; of
I; satisfies the second order integro-differential equation

D Eo) = 2e0 62 L)) = oy + ) = F+ (34)
att)’—zcoayyayty apy ayty

a
/ [Fr(yex) —F(+ e =Dy 8—Fz(y))} Ko(dx)
R y

with the boundary conditions

F(0)=0, lim F(y) =1.
y—>—+00
When I, < +oo, for the distribution function Foo of the law of I, the similar
equation
1 d
Zen—
2%y

/R [Fas(6e") — Fao(y) + (™ — 1)y FLo(»)] Ko(dx) = 0

% FL(») — (aoy + 1) Flu(n)+ (35)

is valid with the similar boundary conditions
Fo(0) =0, lim Fy(y) =1.
y—>+00

Proof. We integrate each term of the equation (32) of Proposition 3 on [0, y] and use
the fact that

y
/0 pr(w)du = Fi(y) — F;(0) = F(y)

since F;(0) = 0. We take into account the fact that the map (¢, u) — p;(u) is of the
class C1-2(Rt* x R*T*) what allows to exchange the integration and the derivation.
We do the same for Fi(y). |

Corollary 3. (cf. [17, 13]) Let us consider a Brownian motion with drift, i.e.

where co # 0 and by € R. Then the law of the exponential functional I; associated
with X has a density which satisfies

8 _! 8_2 2 9 1
5 Pr() = 2C°ay2(y pi(y) — y((aoy+ ) pe(y)-

ay
In particular, when by > 0 we have I, < +0o (P-a.s.) and

2bg

W= ()" e (-) (36)
Doo(X) = F(%)x cox exp o)



On distributions of exponential functionals of the processes with independent increments 309

Proof. From Proposition 3 we find the equation for p;. From Corollary 1 we get the
equation for Foo:

1 d 2 1 l
ECod—(y Foo(y)) — (aoy + 1) Fi (y) = 0.
y

This equation is equivalent to

1
ECoyz FL(y) — ((ap — co)y + 1) Fig(y) = 0.

By the reduction of the order of the equation, we find that

2¢%0 _1 2
Fl,(»=Cy @D exp (—@)

with some positive constant C. Using boundary conditions we calculate a constant

2% _
C. We get that C = W (‘70)2"0 ! where T'(-) is the gamma function. Since
T
11— zcﬂ = 20 this gives us the final result. O
0 €0
Remark 4. The formula for p, is the well-known result probably for the first time
mentioned in the book by Ibragimov, Khasminsky “Statistical Estimation — Asymp-
totic Theory”. This formula appears also in [15], Example 1, but in the form of the
identity in law. This result can be find also in [13].

Remark 5. Some rather complicated formulas concerning p; were given in [17] and
in [13], formula 1.10.4, p. 264. Recently, in [12], based on the derived differential
equation for the distribution function, we obtained the Laplace transform for the den-
sity of the exponential integral functional of a Brownian motion with drift,

+o0
p(y) = fo e M ps(y)ds

where A > 0. Namely,

_ 2
o) = l(yc—o)kr(1 C°+k){ £ M(kl—%—i-Zk —i>
A\ 2 r(1—26ﬂ+2k) YT w0 T e
0

2% 2bo 2
- . M<k+1,2——+2k,——>
co ykt2(1 — T+ 2k) €0 yco

bo+,/ b(z] +2Aco

where k = - and M is the confluent hypergeometric function of the first
kind known as Kummer’s function. The Laplace transform in this case can be inverted
in the usual way by the Bromwich—Mellin formula

Ap+o00 N
ps(y) =/ e pr(y)da
A

0—ioo

for any fixed Ao > O and s > O.
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Let us denote by v* and v~ the Lévy measures of positive and negative jumps,
respectively; namely, for x > 0

—X

+00
v ([x, +o0]) = / Ko(du), v-(1—o0,—xD = [ Kodu).

—00

To simplify the notations, we put also
+(y) — pt —(x) — =
v(x) = v ([x, +oo]), v7(x) =v (] — 00, —x]).

Let us suppose in addition that

/ |x| Ko(dx) < oo.
R

Corollary 4. Suppose that X is a Lévy process with integrable jumps. Then, under
the conditions of Proposition 3, the density p, of I; satisfies the equation

d

1 92 9
5P = 5%72”2 () — 5<(roy +1) p(y)+

+00 z y z
f pe(@vT(n(=)) dz +/ P @V~ (= In(=))dz
y y 0 y

where rg = ag — [(e™* — 1) Ko(dx) = —by + Sco + [ x Ko(dx).
In the particular case, when I, < +00 (P-a.s.), we get

1 3_2 2 )) — o +1 +
26052 (" Poo () ay((roy ) Poa(¥))
y

+00 N z z
/ Poo(2)vT (In(=)) dz +/ Poo()v (—In(=))dz = 0.
y y 0 y
Proof. We take the equation (34) and rewrite it in the form
0 1 o , 0 d
a7 1(y) ZCOBy (v 3y 1(¥) — (roy + 1) oy t(y)+
fR [F(ve") — Fi(y) ] Ko(dx).

Then we divide the integral over R in two parts, integrating on ]0, +oo[ and | — o0, O[.
We integrate by parts,

/R [F,(ve") — Fi(»)]Ko(dx) =

+0o0o 9 0 9
/ — Fi(ye*) ye* v (x)dx + f —F (ye') ye" v (—x)dx,
0 ax oo 0X

and change the variables z = ye*. We differentiate the result w.r.t. ¢, and this gives
the claim. O
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Remark 6. The equation for po, mentioned in Corollary 4 was also obtained in [15],
example E.

Corollary 5. Suppose that for x € R
Ko(x) = e " I iy~

Then, under the assumptions of Proposition 3, the density p; of I; satisfies

d 19 < pr (z)
—Pz(y) 76053 (y pi(y) — —((roy + 1D pi(y) + 7 g
y
In particular, when I, < +00 (P-a.s.), we have
L 82 * Ppoo(2)
303207 P - —((roy 0o+ 2 [T g o
2 nJy 2z
Proof. We take into account that v (x) = ie"” and v~ (x) = O forall x > 0, and
this gives us the equation for p; and p in this particular case. O
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