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Abstract Sufficient conditions are presented on the offspring and immigration distributions
of a second-order Galton—Watson process (Xp),>—1 with immigration, under which the dis-
tribution of the initial values (X¢, X_1) can be uniquely chosen such that the process becomes
strongly stationary and the common distribution of X, n > —1, is regularly varying.
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1 Introduction

Higher-order Galton—Watson processes with immigration having finite second mo-
ment (also called Generalized Integer-valued AutoRegressive (GINAR) processes)
have been introduced by Latour [14, equation (1.1)]. Pénisson and Jacob [16] used
higher-order Galton—Watson processes (without immigration) for studying the decay
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phase of an epidemic, and, as an application, they investigated the Bovine Spongi-
form Encephalopathy epidemic in Great Britain after the 1988 feed ban law. As a
continuation, Pénisson [15] introduced estimators of the so-called infection parame-
ter in the growth and decay phases of an epidemic. Recently, Kashikar and Deshmukh
[12, 13] and Kashikar [11] used second order Galton—Watson processes (without im-
migration) for modeling the swine flu data for Pune, India and La-Gloria, Mexico.
Kashikar and Deshmukh [12] also studied their basic probabilistic properties such as
a formula for their probability generator function, probability of extinction, long run
behavior and conditional least squares estimation of the offspring means.

Let Z4, N, R and R denote the set of non-negative integers, positive integers,
real numbers and non-negative real numbers, respectively. The natural basis of R?
will be denoted by {ey, ..., e4}. For x € R, the integer part of x is denoted by [x].
Every random variable will be defined on a probability space (€2, A, IP). Conver-
gence in distribution and equality in distributions of random variables or stochastic

processes is denoted by g and 2, respectively.

First, we recall the Galton—Watson process with immigration, which assumes that
an individual can reproduce only once during its lifetime at age 1, and then it dies
immediately. The initial population size at time 0 will be denoted by X¢. For each
n € N, the population consists of the offsprings born at time »n and the immigrants
arriving at time n. For each n, i € N, the number of offsprings produced at time #n by
the i™ individual of the (n — 1) generation will be denoted by &, ;. The number of
immigrants in the n'M generation will be denoted by &,,. Then, for the population size
X,, of the n'h generation, we have

Xn—1
Xy = Z sn,i + &n, n €N, (1)

i=1

where Z?:l := 0. Here {Xo, Eni, &n 1,1 € N} are supposed to be independent
non-negative integer-valued random variables, and {§,; : n,i € N} and {¢, : n € N}
are supposed to consist of identically distributed random variables, respectively. If
egn = 0, n € N, then we say that (X,),ecz, is a Galton—Watson process (without
immigration).

Next, we introduce the second-order Galton—Watson branching model with im-
migration. In this model we suppose that an individual reproduces at age 1 and also
at age 2, and then it dies immediately. For each n € N, the population consists again
of the offsprings born at time n and the immigrants arriving at time n. For each
n,i,j € N, the number of offsprings produced at time n by the i individual of
the (n — 1) generation and by the j" individual of the (n — 2)™ generation will be
denoted by &, ; and 7, ;, respectively, and €, denotes the number of immigrants in
the n™ generation. Then, for the population size X, of the n' generation, we have

Xn—1 Xp—2
Xn = Zén,i"l‘znn,j'i‘gn» n €N, 2)
i=1 =1

where X_1 and X are non-negative integer-valued random variables (the initial
population sizes). Here {X,l, X0, &nis Mn,j» &n T NI, J € N} are supposed to be
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non-negative integer-valued random variables such that {(X 1, X0), &n,is Mn,j» €n :
n,i,j € N} are independent, and {§,,; : n,i € N}, {n,,; :n, j € N}and {¢, : n € N}
are supposed to consist of identically distributed random variables, respectively. Note
that the number of individuals alive at time n € Z, is X, 4+ X,,—1, which can be larger
than the population size X,, of the n™ generation, since the individuals of the popula-
tion at time n — 1 are still alive at time n, because they can reproduce also at age 2. The
stochastic process (X,),>—1 given by (2) is called a second-order Galton—Watson
process with immigration or a Generalized Integer-valued AutoRegressive process
of order 2 (GINAR(2) process), see, e.g., Latour [14]. Especially, if &1 and np i
are Bernoulli distributed random variables, then (X,),>_1 is also called an Integer-
valued AutoRegressive process of order 2 (INAR(2) process), see, e.g., Du and Li [8].
If &1 = 0, then we say that (X,,),>_1 is a second-order Galton—Watson process with-
out immigration, introduced and studied by Kashikar and Deshmukh [12] as well.

The process given in (2) with the special choice 11,1 = 0 gives back the process
given in (1), which will be called a first-order Galton—Watson process with immigra-
tion to make a distinction.

. . . D
For notational convenience, let §, n and ¢ be random variables such that § = & 1,

n 2 n1,1 and & 2 1, and put mg := E(§) € [0, 0], m; := E(n) € [0, co] and
me = E(g) € [0, oo].

If (Xy)nez, is a (first-order) Galton—Watson process with immigration such that
mg € (0,1),P(e = 0) < 1 and Z?LIP’(S = j)log(j) < oo, then the Markov
process (Xy)nez, admits a unique stationary distribution (see, e.g., Quine [17]), i.e.,
the distribution of the initial value Xy can be uniquely chosen so that the process
becomes strongly stationary. If ¢ is regularly varying with index o € (0, 00), i.e.,
P(e > x) € (0, o0) forall x € (0, 00), and

P

Pe>99 _ ~  forall (000,
x—oo P(e > x)

then, by Lemma A.3, Zj‘;l P(e = j)log(j) < oo. The content of Theorem 2.1.1 in

Basrak et al. [4] is the following statement.

Theorem 1. Let (X,)nez, be a (first-order) Galton—Watson process with immigra-
tion such that mg € (0, 1) and ¢ is regularly varying with index a € (0, 2). In case
of a € [1,2), assume additionally that E(§%) < oo. Let the distribution of the initial
value X be such that the process is strongly stationary. Then we have

P(e > x) as x — 00,

o
P(Xo > x) ~ ng’ P(e > x) =
i=0

l—m‘g

and hence X is also regularly varying with index .

Note that in case of @ = 1 and m, = oo Basrak et al. [4, Theorem 2.1.1] assume
additionally that ¢ is consistently varying (or in other words intermediate varying),
but, eventually, this follows from the fact that ¢ is regularly varying. Basrak et al. [4,
Remark 2.2.2] derived the result of Theorem 1 also for o € [2, 3) under the additional
assumption E(& 3) < oo (not mentioned in the paper), and they remarked that the
same applies to all & € [3, co) (possibly under an additional moment assumption
EElel+ly < 00).



318 M. Barczy et al.

In Barczy et al. [3] we study regularly varying non-stationary (first-order) Galton—
Watson processes with immigration.

If (X;,)n>—1 is a second-order Galton—Watson process with immigration such that
mg, my € (0, 1) withmg +m; < 1,P(6 =0) < 1 and 2711 P(e = j)log(j) < oo,
then the distribution of the initial values (X¢, X_1) can be uniquely chosen so that
the process becomes strongly stationary, see Lemma 3.

The main result of the paper is the following analogue of Theorem 1.

Theorem 2. Let (X,),>—1 be a second-order Galton—Watson process with immi-
gration such that mg, my € (0,1) with mg + my < 1, and ¢ is regularly varying
with index o € (0,2). In case of a € [1,2), assume additionally that E(£%) < oo
and E(nz) < 00. Let the distribution of the initial values (X, X_1) be such that the
process is strongly stationary. Then we have

o0
P(Xo>x)~2m?1[”(8>x) as x — 09,
i=0

skl gk
where mg := 1, my := ﬁ, k e N, and
mg—i—‘/m§+4m77 mg—‘/mg—i—élm77
Ay 1= . L = . . 3)

Consequently, Xy is also regularly varying with index .

Note that A and A_ are the eigenvalues of the offspring mean matrix given in (8)
of a corresponding 2-type Galton—Watson process with immigration. Note that for all
k € Z4, we have my = E(Vy o), where (V,,0),>—1 is a second-order Galton—Watson
process (without immigration) with the initial values Vpo = 1 and V_; 9 = 0, and
with the same offspring distributions as (X,),>_1, see (9). Consequently, the series
> m{ appearing in Theorem 2 is convergent, since for each i € N, we have
m; =E(V; o) < Aﬂr < 1 by (10) and the assumption mg + m; < 1.

Our technique and result might be extended to p-th order Galton—Watson branch-
ing processes with immigration. More generally, one can pose an open problem,
namely, under what conditions on the offspring and immigration distributions of a
general p-type Galton—Watson branching process with immigration, its unique (p-
dimensional) stationary distribution is jointly regularly varying. We also note that
there is a vast literature on tail behavior of regularly varying time series (see, e.g.,
Hult and Samorodnitsky [10]), however, the available results do not seem to be ap-
plicable for describing the tail behavior of the stationary distribution for regularly
varying branching processes with immigration. The link between GINAR and au-
toregressive processes is that their autocovariance functions are identical under finite
second moment assumptions, but we cannot see that it would imply anything for the
tail behavior of a GINAR process knowing the tail behaviour of a corresponding au-
toregressive process. Further, in our situation the second moment is infinite, so the
autocovariance function is not defined.

Very recently, B6sze and Pap [5] have studied regularly varying non-stationary
second-order Galton—Watson processes with immigration. They have found some suf-
ficient conditions on the initial, the offspring and the immigration distributions of a
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non-stationary second-order Galton—Watson process with immigration under which
the distribution of the process in question is regularly varying at any fixed time. The
results in B6sze and Pap [5] can be considered as extensions of the results in Barczy
et al. [3] on not necessarily stationary (first-order) Galton—Watson processes with im-
migration. Concerning the results in B6sze and Pap [5] and in the present paper, there
is no overlap, for more details see Remark 1.

The paper is organized as follows. In Section 2 we present preliminaries. First we
recall a representation of a second-order Galton—Watson process without or with im-
migration as a (special) 2-type Galton—Watson process without or with immigration,
respectively. Then, we derive an explicit formula for the expectation of a second-
order Galton—Watson process with immigration at time n and describe its asymptotic
behavior as n — o0, and, assuming finiteness of the second moments of the off-
spring distributions, we give an estimation of the second moment of a second-order
Galton—Watson process (without immigration). Next, we recall sufficient conditions
for the existence of a unique stationary distribution for a 2-type Galton—Watson pro-
cess with immigration, and a representation of this stationary distribution. Applying
these results to the special 2-type Galton—Watson process with immigration belong-
ing to the class of second-order Galton—Watson processes with immigration, we ob-
tain sufficient conditions for the existence of a unique distribution of the initial values
(X0, X_1) such that the process becomes strongly stationary, see Lemma 3. Section 3
is devoted to the proof of Theorem 2. In the course of the proof sufficient conditions
are given under which the distribution of a second-order Galton—Watson processes
(without immigration) (X,),>_1 at a fixed time is regularly varying provided that
X is regularly varying and X_; = 0, see Proposition 1. In the Appendix we collect
some results on regularly varying functions and distributions, to name a few of them:
convolution property, Karamata’s theorem and Potter’s bounds. Note that the ArXiv
version [2] of this paper contains more details, proofs and appendices.

2 Preliminaries on second-order Galton—Watson processes with immigration

First, we recall a representation of a second-order Galton—Watson process without
or with immigration as a (special) 2-type Galton—Watson process without or with
immigration, respectively. Let (X,,),>_1 be a second-order Galton—Watson process
with immigration given in (2), and let us introduce the random vectors

o Yn,l . Xn
Y, = [YM] - [XJ nez,. )

Then we have
Ya1.1 E . )/”71'2 Nn. i &
_ n,i n, n
e= L [F R R[] e o
hence (Y ,)ncz, is a (special) 2-type Galton—Watson process with immigration and

with initial vector
Xo
Yo= |: Xl] .
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In fact, the type 1 and 2 individuals are identified with individuals of age 0 and 1,
respectively, and for each n,i, j € N, at time n, the i™ individual of type 1 of the
(n — 1)™ generation produces &n,i individuals of type 1 and exactly one individual
of type 2, and the j™ individual of type 2 of the (n — 1) generation produces N, j
individuals of type 1 and no individual of type 2.

The representation (5) works backwards as well, namely, let (Y )z, be a special
2-type Galton—Watson process with immigration given by

Y11 £ Yi—12 £ .
_ k,j, 1,1 k,j,2,1 k,1
Yk_Z[ 4 }JrZ[ 5 ]+[0], k€N, 6)
j=1 Jj=1

where Y is a 2-dimensional integer-valued random vector. Here, for each k, j € N
and i € {1, 2}, & ;1 denotes the number of type 1 offsprings in the k™ generation
produced by the j1 offspring of the (k — 1)™ generation of type i, and &; denotes the
number of type 1 immigrants in the k™ generation. For the second coordinate process
of (Yi)kez,, we get Yo = Yr—1,1, k € N, and substituting this into (6), the first
coordinate process of (Yy)rez, satisfies

Y11 Vi1
Yer= Y &jia+ Y &joa e k=2
=1 j=1

Thus, the first coordinate process of (Yi)rez, given by (6) satisfies equation (2) with
Xn = Yu1, 8ni = Eni 1> Mn,j = &n,j2.1> €n = En1,> N, i, j € N, and with the
initial values Xo := Yo, 1 and X_;| := Yp2, i.e., it is a second-order Galton—Watson
process with immigration.

Note that, for a second-order Galton—Watson process (X,),>—1 (without immi-
gration), the additive (or branching) property of a 2-type Galton—Watson process
(without immigration) (see, e.g. in Athreya and Ney [1, Chapter V, Section 1]), to-
gether with the law of total probability, for each n € N, implies

Xo X_q
D
X, = Z ;i(f(L)) + Zgj(,nlp @)
: =

i=1

where { (X0, X—1), gl.(’é), {;"l] 1, j € N} are independent random variables such that

{{l%) : i € N} are independent copies of V,, o and {41@1 : j € N} are independent
copies of V,, _1, where (Vi 0)k>—1 and (Vi _1)k>—1 are second-order Galton—Watson
processes (without immigration) with initial values Voo =1, V_19 =10, Vp.—1 =0
and V_; _; = 1, and with the same offspring distributions as (Xz)x>—1.

Moreover, if (X;),>_1 is a second-order Galton—Watson process with immigra-
tion, then for each n € N, we have

n
Xy = Vg (Xo. X-1)+ Y V" Ve, 0),

i=1
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where {VO(")(XO, X_D, \/i("_’)(si, 0):i € {1,...,n}} are independent random vari-
ables such that VO(")(XO, X_1) represents the number of newborns at time n, re-
sulting from the initial individuals X at time O and X_; at time —1, and for each
iefl,...,n}, Vi("fl)(si, 0) represents the number of newborns at time 7, resulting
from the immigration &; at time i, see the ArXiv version [2] of this paper.

Our next aim is to derive an explicit formula for the expectation of a subcritical
second-order Galton—Watson process with immigration at time n and to describe its
asymptotic behavior as n — oo.

Recall that £, n and ¢ are random variables such that & 2 11,1 2 n1,1 and € 2
1, and we put mg = E(§) € [0, oo], m;; = E(n) € [0, oo] and m, = E(¢) € [0, oco].
Ifmg e Ry, my e Ry, me € Ry, E(Xp) € Ry and E(X_1) € Ry, then (2) implies

]E(anf D =Xp_1mg + Xy_omy + mg, n €N,
where FX := o(X_1, X0, ..., Xn), n € Z. Consequently,
E(X,) = mg B(X,—1) + my E(X,—2) + me, neN,

which can be written in the matrix form
E(X,) E(X,-1) r
=M + s neN,
[JE(X"I)} S [E(XN) 0

M;, = [";f ”Z)"} . (8)

Note that Mg ; is the mean matrix of the 2-type Galton—Watson process (Y ,)nez,
given in (4). Thus, we conclude

EX,) | ;| E(Xo) ok
[]E(Xn_l):| = Mey |:E(X—1)j| + ZM |: :| neN.

Hence, the asymptotic behavior of the sequence (E(X,)),en depends on the asymp-
totic behavior of the powers (Mg,n)neN» which is related to the spectral radius o
of Mg ,. The matrix Mg, has eigenvalues A, and A_ given in (3) and satisfy-
ing A+ € Ry and A_ € [—A4, 0], hence the spectral radius of Mg, is 0 = Ag.
If (X5)n>—1 is a second-order Galton—Watson process with immigration such that
mg € Ry and m, € R, then (X,),>_1 is called subcritical, critical or supercritical
ifo < 1,0 =1o0rp > 1, respectively. It is easy to check that a second-order Galton—
Watson process with immigration is subcritical, critical or supercritical if and only if
mg +my, < 1, mg +my =1 ormg +m, > 1, respectively.

with

Lemma 1. Let (X,),>—1 be a second-order Galton—-Watson process with immigra-
tion such that mg, m, € (0, 1) with mg +m, < 1, mg € Ry, E(Xo) € Ry and
E(X_1) € Ry. Then, foralln € N, we have

{lﬁ‘l _ )Ln—H )"}i _ )\’n
E(X,) = ———— E(Xo) + —————m, E(X_)
" Ay — Al Ay —A_

C))

RS AE S S Er
PO I U P M
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and hence

E(X,) =

Mg "
(1_)L+)(1_)L_)+O()L+) as n — oQ.

Further, in case of mg = 0, i.e., when there is no immigration, we have the following
more precise statements:
rrE(Xo) +my E(X_1)

E(Xn) = X 2
+ - i

A4+ 0(A-]") as n — oo,

and
E(X,) < 0"E(Xo) + 0" 'myE(X_1), neN. (10)

The first moment of a subcritical second-order Galton—Watson process (X;)n>—1
(without immigration) can be estimated by (10). Next, we present an auxiliary lemma
on an estimation of the second moment of a subcritical second-order Galton—Watson
process (without immigration).

Lemma 2. Let (X,)n>—1 be a second-order Galton—Watson process (without immi-
gration) such that mg, my, € (0, 1) withmg+my, <1, Xo=1, X_1 =0, IE(§2) < 00
and E(n?) < oo. Then foralln € N,

E(X2) < <1+ Var(§) Var(n) ) n

o(l—0) o*(1-0)

The proofs of Lemmata 1 and 2 together with statements in the critical and super-
critical cases can be found in the ArXiv version [2] of this paper.

Next, we recall 2-type Galton—Watson processes with immigration. For each
k,j € Z4 and i, € {1, 2}, the number of individuals of type i born or arrived
as immigrants in the k™ generation will be denoted by X k.i» the number of type ¢
offsprings produced by the j™ individual who is of type i belonging to the (k — 1)
generation will be denoted by & ;i ¢, and the number of type i immigrants in the k™
generation will be denoted by & ;. Then we have

x Xk—1,1 £ Xk—1,2 £ .
k1| _ k.j.1.1 k.j.2.1 k.1

= + + , k € N.
|:Xk,2i| ; [ék,j,l,z] ; [5k,j,2,2] [%2]

Here { X, Ecjiek ko jeNiell 2}} are supposed to be independent, and
{kj1 k. j € NL{§ jo:k,j € N}and {er : k € N} are supposed to consist of
identically distributed random vectors, where

Xo,1 &k, j.i1 €k, 1
Xo:=|%" |, L= et er:=|""|.
0 |:Xo,2:| Sk |:€k,j,i,2 k )
For notational convenience, let &, &, and & be random vectors such that & 2 111
D D
§, =& 1,and e = e, and put mg, = E(&) € [0, o0]?, mg, ;= E(&,) € [0, 00]?,

me = E(e) € [0, 00]?, and

Mg :=[mg, mg,] € [0, 0012

We call M the offspring mean matrix, and note that many authors define the off-

spring mean matrix as M;. If mg, € Ri, mg, € Ri, the spectral radius of M
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is less than 1, Mg is primitive, i.e., there exists m € N such that g” € R%rxf,
P(e = 0) < 1 and E(1{c0log((e; + e>)'€)) < oo, then, by the Theorem in Quine
[17], there exists a unique stationary distribution & for (X,),ez, - As a consequence
of formula (16) for the probability generating function of & in Quine [17], we have
n
Z VE')(si) A as n — oo,
i=0

where (V,(:)(Ei))kez +»1 € Zy, are independent copies of a 2-type Galton—Watson
process (Vi (&))kez, (without immigration) with an initial vector Vo(¢) = & and
with the same offspring distributions as (X )kez, . Consequently, we have

Y v 2, (11)
i=0

where the series Y o VE’) (e;) converges with probability 1, see, e.g., Heyer [9, The-
orem 3.1.6]. The above representation of the stationary distribution & for (X,),ez.
can be interpreted in a way that we consider independent 2-type Galton—Watson pro-
cesses without immigration such that the i one admits initial vector €, i € 2Ly,
evaluate the i™ 2-type Galton-Watson processes at time point i, and then sum up all
these random variables.

Next, we give sufficient conditions for the strong stationarity of a subcritical

second-order Galton—Watson process with immigration.

Lemma 3. If (X,)n>—1 is a second-order Galton—Watson process with immigration
such that mg, my € (0,1) with mg +m, < 1, P(e = 0) < 1 and Z?il Pe =
j)log(j) < oo, then the distribution of the initial values (Xo, X_1) can be uniquely
chosen so that the process becomes strongly stationary, and we have a representation

o0
o .
Xo=Y Ve, (12)
s

where the series converges with probability 1 and (Vk(')(ei))k>_1, i € Zy, are in-
dependent copies of (Vi(€))k>—1, which is a second-order Galton-Watson process
(without immigration) with the initial values Vo(¢) = ¢ and V_1(¢) = 0, and with
the same offspring distributions as (Xy)x>—1. In fact, the distribution of (X9, X_1) is
the unique stationary distribution of the corresponding special 2-type Galton—Watson
process (Y y)pecz, with immigration given in (5).

Proof. First we show that the process (X;),>—1 is strongly stationary if and only if
the distribution of the initial population sizes (X, X_1)" coincides with the sta-

tionary distribution m of the Markov chain (Y)kez, . If (Xo, x_nT 2 7, then
Yo 2 m, thus (Yi)rez, is strongly stationary, and hence for each n,m € Zo,
(Yo, s Yn) 2 (Yo, .. Youm), yielding

(Xo, X—1, X1, X0, ..., Xu, Xn—1)

D
= (Xm, Xm—1, Xm+la D, I Xn+m, Xn+m7])~
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19

Especially, (X_1, Xo, X1,..., Xy)
(Xn)n>—1 is strongly stationary. Since

(mel ) Xm, Xerl’ ceey Xﬂ+m)’ hence

(va Xm—1, Xm+ls Xmy oo, Xn+mv Xn+m—1)

is a continuous function of (X,,—1, X;u, Xin+1, ..., Xnt+m), these considerations
work backwards as well. Consequently,  is the unique stationary distribution of the
second-order Markov chain (X;),>_1.

The offspring mean matrix of (¥,),cz, has the form

m m
[ ’ 0’]} =M.,

the spectral radius of M ; is ¢ which is less than 1, and M , is primitive, since

2 2
M% _|me my | _|mg +my megmy € (0. 00)2.
n 1 0 mg my

Hence, as it was recalled earlier, there exists a unique stationary distribution x for
(Y )nez, - Moreover, the stationary distribution & of (¥,),ecz, has a representa-
tion given in (11). Using the considerations for the backward representation, we
have (e] Vi(e)kez, = (Vi(e)kez, and (e; Vi()kez, = (Vi1(€))kez, , Where
(Vk(e)i>—1 is a second-order Galton—Watson process (without immigration) with
initial values Vp(¢) = € and V_(¢) = 0, and with the same offspring distributions as
(Xx)k>—1. Consequently, the marginals of the stationary distribution 7 are the same
distributions 7. So, under the given conditions, (X;),>_1 is strongly stationary if and
only if the distribution of (X¢, X_1) coincides with x. In this case the distribution of
Xy is m, and it admits the representation (12). |

Note also that (X,),>—_1 is only a second-order Markov chain, but not a Markov
chain.

Remark 1. Note that there is no overlap between the results in the recent paper of
B6sze and Pap [5] on non-stationary second-order Galton—Watson processes with
immigration and in the present paper. In [5] the authors always suppose that the ini-
tial values Xo and X_; of a second-order Galton—Watson process with immigration
(Xn)n>—1 are independent, so in the results of [5] the distribution of (Xo, X_1) can-
not be chosen as the unique stationary distribution & of the special 2-type Galton—
Watson process (Y ;,),ez, with immigration given in (5), since the marginals of & are
not independent in general. O

3 Proof of Theorem 2

For the proof of Theorem 2, we need an auxiliary result on the tail behaviour of
second-order Galton—Watson processes (without immigration) (X,),>—1 such that
X is regularly varying and X_; = 0.
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Proposition 1. Let (X,),>—_1 be a second-order Galton—Watson process (without
immigration) such that X is regularly varying with index fo € Ry, X_1 =0, mg €
(0, 00) and my € Ry. In case of By € [1, 00), assume additionally that there exists
r € (Bo, 00) with E(§") < co and E(n") < oo. Then for alln € N,

P(X, > x) ~ mfo P(Xp > x) as x — 0o,

where m;j, i € Z, are given in Theorem 2, and hence, X, is also regularly varying
with index Bg for each n € N.

Proof of Proposition 1. Let us fix n € N. In view of the additive property (7), it is
sufficient to prove

Xo
P(Z ;l.%) > x) ~mPP(Xo > x) as x — oo.
i=1

This follows from Proposition A.1, since E(Z\)) = m,, € (0, 00),n € N,by (9). O

Proof of Theorem 2. We will use the ideas of the proof of Theorem 2.1.1 in
Basrak et al. [4] and the representation (12) of the distribution of X(. Recall that
(Vk(l)(si))/@,l, i € Zy, are independent copies of (Vi(€))x>—1, which is a second-
order Galton—Watson process (without immigration) with the initial values Vy(¢) = ¢
and V_i(¢) = 0, and with the same offspring distributions as (Xz)x>—1. Due to the
representation (7), for each i € Z,, we have

Ei
W p :
V(e = > Cj(l())
j=1

where {si, ;“J(’()) :jeN } are independent random variables such that {g“](.f()) 1 j e N}
are independent copies of V; o, where (Vi 0)x>—1 is a second-order Galton—Watson
process (without immigration) with the initial values Vpo = 1 and V_; 9 = 0, and
with the same offspring distributions as (X )x>—_1. For each i € Z, by Proposition
1, we obtain IP’(I/i(l)(ei) > x) ~myP(e > x) as x — 00, yielding that the random
variables Vi(l)(si), i € Z4, are also regularly varying with index «. Since Vl.(l)(e,-),
i € Z4, are independent, for each n € Z,, by Lemma A.5, we have

n

P(Z X/i(i)(si) > x) ~ me‘ P(e > x) as x — 0o, (13)
i=0

i=0

and hence the random variables ) 7_, X/i(i)(e,-), n € Zy, are also regularly varying
with index «. For each n € N, using that Vl-(l)(e,-), i € Z4, are non-negative, we have

O PXo>x) . PR Vi) > x)

liminf ——— = liminf

x—o0o P(e > x) X—>00 P(e > x)
> liminf - 2= Ve =y me
= P(e > x) v

i=0
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hence, letting n — oo, we obtain
mf. (14)

Moreover, for each n € N and g € (0, 1), we have

, P(Xo > x) . P(Xry Vi) + 32, V(e > x)
lim sup ———— = limsup
x—oo Pe > Xx) X—00 P(e > x)

AL i)
< limsup Pz Vi (e > (1 —q)x) + P(XZ, Vi (i) > gx)
x¥—00 P(e > x)
< Ll,n(Q) + L2,n(4)

with

P r-l__l V-(i) &) > (1 —
L1,(q) :=limsup (i ViV (e > (1 - q)x)
X—>00 ]}D(S > x)
P2 v > gx
LZ,n(CI) = limsup (Zlfn i (&) q )
X—>00 ]P’(g > x)

’

Since ¢ is regularly varying with index «, by (13), we obtain

Ly,(g) =limsu P(Z";g Vi(i)(gf) > (1 —¢)x) Pl >0 —¢g)x)
1,n\q) = x_>oop P(e > (1 — q)x) P(e > x)

n—1
=(1—q)™*) m!
i=0

and
L2 n(q) = lim sup P, V"(Z)(Si) > qx) Ple > gx)
n X—00 P(e > gx) P(e > x)
= g~ *limsup (Zl—n (&) qx)
X—>00 P(S > C]X)
and hence

oo
: _ _ —o o
lim Lyu(q) = (1-q) 2;'"
1=

P(YX%, v (&) >
lim L;,(q) =¢ % lim limsup (Zz_n (&) qx)‘
n—00 =00 y_5o0 P(e > gx)

The aim of the following discussion is to show

P(Y® v (g
lim lim sup (X2, Vi" (e > 4x) _ 0, qeO10. (15)
n—00 y_so0 P(e > gx)
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First, we consider the case @ € (0, 1). Foreach x € (0, 00),n € Nand§ € (0, 1),
we have

IP(Z \/i(i)(ai) > x)

= IP’(Z Vl.(i)(e,-) > X, supgis,- > (1— S)x)

izn izn

+]P’<Z Vl.(i)(el-) >x, supo'e; < (1 — S)x)
i>n izn

= IP’(Z V() > x, supo'e; > (1 — 8)x)

. i >
i>n izn

+IP’<Z Vi(i)(gi)l{eig(l—S)g"'x} > X, SHPQiSi <d- 3))6)

i>n izn
< P(sup QiE,‘ > (1 — 8)x) + ]P’(Z Vi(i)(gl')]l{eig(lfé)g_"x} > x>
i>n >
izn
=: Pia(x,8) + Pra(x, ),
where o = A4. By subadditivity of probability,
Pia(x,8) <Y P(o'ei > (1= 8)x) =Y Ple > (1 —8)o 'x).
izn izn

Using Potter’s upper bound (see Lemma A.6), for § € (0, %), there exists xg € (0, 00)
such that
P(e > (1 —8)o 'x)

< (1481 =8 1T < 1+ 81 -8)017"2 (16)
P(e > x)

if x € [xg, 00) and (1 — S)Q_i € [1, 0o), which holds for sufficiently large i € N due
to o € (0, 1). Consequently, if § € (0, %), then

P 8 .
lim limsupM < lim Y (1481 -8 172 =0,
n—00 y_ o0 ]P’(g > X) n—>ooi>n

since Q% < 1 (dueto g € (0, 1)) yields Zfio(g_i)_"‘/z < 00. Now we turn to prove

that lim,,_, o limsup,_, %('éf'l(if)) = 0. By Markov’s inequality,

1 ,
0]
Prn(x,8) < — Y BV (el <1-s)0-ix)-

i=n
By the representation Vl.(i)(e,-) 2 Zj’: 1 g“;%, we have

&
@) M)
E(V;" ()L, <1-8)g-ix) = E(Z fj,oﬂ{s,v«l—s)gfx})
=1
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&
[ (Z £ 0L <(1-p)0-1) 8!‘)} = E(Z ]E(é“l(fé)]l{e,-g(l—a)gix}>

=1
= B0 E(si L (e, <1-8)g-ix)):

since {C;f()) : j € N} and ¢; are independent. Moreover,

o0
E(eilie<a-soin) = E(eLie<a-so-in) =/0 PleLi<a-soin > 1) df

(1-8)0~"x (1-8)0~'x
= / P(r <e<(1—8po 'x)dt < / P(e > 1) dr.
0 0

By Karamata’s theorem (see Theorem A.1), we have

nyIP’(8>t)dt_ 1
Y00 yPe>y) 1—a

thus there exists yg € (0, co) such that

y 2y P
/ P(e > 1)dr < M Y € [yo, 00),
0 _a

hence

(1-8)g'x 2(1—8)g ixP 1-8)o~"
/ P(e > 1)dr < ( Jo 'xPle > ( )o'x)
0 l—«
whenever (1 — 8)Q 'x € [yo, 00), which holds for i > n with sufficiently large n € N

and x € [(1 —8)~! 0" yo, 00) due to o € (0, 1). Thus, for sufficiently large n € N and
x € [(1 —8)~'o™yp, 00), we obtain

P, (x,6) ® / (1-8)07"x
P(e > x) <xP(8>x)ZE(§ 0 P(e > 1) dt

2(1 = 8) ~P(e > (1 =807 'x)
S -« Z P(e > x)

’

i>n
since E({m) ,1 € Z4,by (10) and Cl 0 = 1. Using (16), we get
Py y(x,8) _ 2(1—96) T
- < 14+8)[(1=38)p ' 2
Pes S 1=« D A+8)I1—8)0 ]

i>n

for § € (0, %), for sufficiently large n € N and for all x € [max(xg, (1 — &)~ 0" o),
00). Hence for § € (0, 5) we have

8 2(1 — 82 g
lim limsup M lim % Z[(l —-»o'1"2 =0,
n— 00 —a

n—>00 x 00 IP(e > x) i>n
=
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where the last step follows by the fact that the series Y .o (Qi)% is convergent, since
0 €(0,1).

Consequently, due to the fact that ]P’(Z?in Vl.(’) (&) >x) < Prp(x,8)+Pry(x, d),
x € (0,00),n € N, 8 € (0, 1), we obtain (15), and we conclude lim, o L2, ,(g) =0
for all ¢ € (0, 1). Thus we obtain

P(Xo > x) >
limsup —~"—"> < lim Li(q) + lim Laa(@) = (1 —q) ™) m¢
r—>oo P(g > x) n— 00 n— 00 P

for all ¢ € (0, 1). Letting ¢ | O, this yields

oo

. P(Xg > x)
limsup ———= < me.
xﬁoop P(e > x) ; !

Taking into account (14), the proof of (15) is complete in case of « € (0, 1).
Next, we consider the case o € [1, 2). Note that (15) is equivalent to

P(Y° V() > Jx
lim lim sup (5=, Vim (e = V)
n=00" y 00 P(e > /x)

P Oi V_(i) . 2
= lim lim sup (2, Vi)™ > x)
n—>o0 y 500 ]P’(SZ > )C)

=0.

Repeating a similar argument as for & € (0, 1), we obtain

00 2
P((Z Vi(i)(gi)> > x)

00 2
= <<Z Vi(i)(gi)> > X, sup insiz > (1-— 6)x)

i>n

i>n

n
o) ] 2 '
ZVi(”(sz‘)) > x, supo”e; < (1 —S)X>

00 2
=P<<Z Vf”@i)) > x, supo¥e? > (1 —3)x>

i=n izn

~ 2
+ P((Z Vi(l)(gi)ﬂ{s,k(l—smﬁx}) > x, supo™sf < (I — S)X)

i=n izn
00 2
< ]P)(Sgszlslz > (1 — 8)X> + P((Z ‘/i(l)({;‘i)]]_{sizg(l_a)gz,‘x}> > .x)
Lzn i=n
=: Pl,n(x’ 8) + PZ,n(x’ d)
for each x € (0, 00),n € Nand § € (0, 1). By the subadditivity of probability,

Pl,n(x’ 8) < ZP(QZiEiZ > (1 — 8))6) = ZP(82 > (1 _ 8).9721')(:)

i=n i=n
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for each x € (0,00),n € Nand § € (0, 1). Since &? is regularly varying with index 5
(see Lemma A.1), using Potter’s upper bound (see Lemma A.6) for § € (O, %), there
exists xp € (0, co) such that

P(e? > (1 —8)o %x)

< (141 =80 ¥ < 14+8)[(1-8)0 ¥7% (17)
P(e2 > x)

if x € [xg, 00) and (1 — S)Q_Zi € [1, 00), which holds for sufficiently large i € N

(due to ¢ € (0, 1)). Consequently, if § € (0, §), then

o . Pl,n(xa 8)
lim limsup —/———
n—>o0 y 500 ]P)(SZ > .x)

o0
. _ —2i—%
< lim E A +HIA -8 ] % =0,
=n

since Q% < 1 (dueto o € (0, 1)). By Markov’s inequality, for x € (0, c0), n € N and
6 € (0, 1), we have

2
P2,n(xa ) 1 o0 o
P(e? > x) S xP(e2 > x) E((Z Vi (Ef)]l{sizgu_a)g—ﬂx}

i=n

1 g
3 M), 2 .
= TP n E(Z Vi (&) ﬂ{e,?g(lsm—zfx})
I=n
1 o0
YN
+ mE< 2. Vv, (Sf)]l{s?<(1—6>gfo}l{s§<<1—a>ngx>
i, j=n, i%j

=:D1,n(x,8) + J220(x,9d)

for each x € (0,00),n € Nand § € (0, 1). By Lemma 2, (9) and (10) with Xp = 1
and X_| = 0, we have

n

E(\/i(i)(n)z) —F Z é'(l) Z (l) Z E (é'(l)) (;(l))

/2:1,,/‘7&6

n n
< Csub Z o'+ Z 0'0" < csuwpno' + (”2 - n)Qzl
=1 =1, j£e

< CsubQin + innz

fori,n € N. Hence, using that (&;, \/i(i)(si)) D (&i, Z/ | gj(’())) and that &; and {g“(l)
j € N} are independent, we have
2 BV @) 2 c0-ppin)

J2,1,n(x78)= XIED(82>X)

i=n
1)

&i (@)
— ((Z C ) {ei g(l—&)%gfixi}

xP(e2 > x)
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NG o
_ i Zogega—a)%g—ix% E<(ZJ 15, o) )P(E’ 2
o xP(e? > x)
1=n
i 2 g2\ P(g —
Yocrciiosdguinh (cuwe' €+ ) Ple = 0)

/A
M

xP(e?2 > x)

8ﬁ‘

n

By i Elel 2 1-5)02x))
N pa Coubl xP(e? > x)

i 2 B L2 (1_g)0-21)
xP(e2 > x)

=: J2,1,1,n(x7 8) + J2,1,2,n(x, 6).

Since & is regularly varying with index 3 € [%, 1) (see Lemma A.1), by Karamata’s

theorem (see Theorem A.1), we have

fIP’(82>t)dt_ 1
y—>oo yPE2>y)  1-%

thus there exists yg € (0, oo0) such that

y 2yP(e? > y)
/(\) IP)(82 > t) dt < %a y € [)’09 OO),
2

hence

[e )
E(Szﬂ{‘SZg(l_(g)QfZix}) = /(‘) P(821{£2<(1_5)Q—2ix} > y) dy
(1-8)0~ ,
- / P(y <&?> < (1—38)o %x)dy
0

(1-8)07%x
/ P(s? > 1) dt
0

2(1 — 8o %x P(e > (1—8)o %x)
1—«

N

whenever (1 — 8)o~%x € [yg, 00), which holds for i > n with sufficiently large

n €N andx € [(1—8)"0"y, 00) due to ¢ € (0,1). Thus for § € (0, %),
for sufficiently large n € N (satisfying (1 — 8)o~>" € (1, 00) as well) and for all
x € [max(xg, (1 — 8)~'0?"yp), 00), using (17), we obtain

2(1 = 8) e P(e2 > (1 — 8)0 % x)
8) <
D120, 0) S 75 Z P2 > 1)

2 j=n
_20-9

T Z(1+8>[(1 8o M4

2 i=n

\
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2(1 —8%) & o
= Y- me
2 i=n

Hence for § € (0, 7), we have

2(1 —
lim limsup J2,12.,(x, 8) < ( Z[(l $o H171 =0,
i=

n—=>00 x—o00

yielding lim,— o0 limsup, _, oo J2,1,2,4(x, 8) = Ofor§ € (0, %). Further, if o € (1, 2),
ora = 1 and m; < o0, we have

ng

o
Dian(x.8) < cap Yy 0" ——"——.
— xP(e” > x)

and hence, using that lim,_, o x P(e?2 > x) = oo (see Lemma A.2),

lim lim sup J; ) 11m limsup ——— =
n—00 x—>oop 2L n(x ) Coublile (g@ ) x—)oop XIP)(Ez > )C)

yielding lim,,_, oo limsup, _, . J2.1,1.2(x,8) = 0for § € (0, 1).
If « = 1 and m, = 00, then we have

[e'e} E(é‘]l 1 . 1)

; [e<(1-8)2 g ix2)
J x,8) = CsubO'
2,1,1,n(x, ) Z sub@ Y P2 > %)

i=n

for x € (0,00),n € Nand § € (0, 1). Note that
00 y
E(eliegyy) < / Pleliegyy > 1) dt :/ Pt <e < y)ds
0 0

g/yp(z < &)dt =: L(y)
0

for y € Ry. Because of @ = 1, Proposition 1.5.9a in Bingham et al. [6] yields that
L is a slowly varying function (at infinity). By Potter’s bounds (see Lemma A.6), for
every 6 € (0, 00), there exists zg € (0, 0co) such that

)
(y) < (149 (y)
L(z) z

for z > zg and y > z. Hence, for x > z%, we have
E(s]l

fori > n, where we also used that L is monotone increasing. Using this, we conclude

that for every 6 € (0, 00), there exists zg € (0, co) such that for x > z%, we have

-~ 1 ;o1 ~ | o~ 1
SL(1-8)207"x7) < L(e'x?) < (1+8)0 " L(x?
{€<(175)%Q_ix%}) (« )7 "x?) (e x2) < (1+8)0 "L(x?)

o0

~ 1
L(xi) .
D10 8) < (4 8ewy—5——3 07"

P(e2 > x) p
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. . 00 —is
Here, since o € (0, 1) and § € (0, 00), we have lim;,—, o Zi:n 07 =0, and

Lo LW !
xP@E2>x) x4 x3APE > Jx)

— 0 as x — 09,

by Lemma A.2, due to the fact that L is slowly varying and the function
(0,00) > x = P(¢ > ./x) is regularly varying with index —1/2. Hence
limy o0 limsup,_, oo J2,1,1.n(x,8) =0 foré € (0, 1) in case of « = 1 and m, = oo.
Consequently, we have lim,,_, o limsup,_, o, J2,1,,(x,8) = 0for § € (0, %).
Now we turn to prove lim, oo limsup,_, o, J2,2,,(x,8) = 0foré € (0, 1). Using
that {(¢;, Vl.(l)(e,-)) : 1 € N} are independent, we have

! .- @)
Don(x,8) < m , ];l#] E(Vi (8i)]1{g,.2g(1—3)g*2ix})

()
< E(Vi7 )< 1-8)0-27x))-

Here, using that (8,-, Vi(i)(ei)) D (i Z g“(l)) where ¢; and {g“(l) j € N} are
independent, and (10) with Xo = 1 and X_; = 0, we have

) 0
BV )2 syo-2x) =E 241 Lie2<(1-8)0-2x)

1 .1 1 o1
[(1-8)207'x2] [(1-8)207 x2 |

¢
= E(Y ¢ |Pei=0< Y wPE=0

=0 j=l1 =0
= Qi E(Si]l{gizg(l—a)g)*z")c})
forx € (0,00)andé € (0, 1). Ifa € (1,2),ora = 1 and m, < o0, then

J22.n(x,8)

1 s L
+
S TPEs o Y O EGELg o) BE L2 <a-ng2ix)

i,j=n,i#j
m? ac it m?2 > . 2
< £ i+j < £ i
S xP? > x) Z ¢ S xP(e2 > x) ZQ
i,j=n,i#]j i=n

for x € (0, 00) and § € (0, 1), and then, by Lemma A.2,

2
[o)0]
lim limsup J22,(x,8) < m? lim (Zd) lim sup
n—oo
i

n—>00 y o0 x—so0 XP(e2 > x)

QZn
=m?( lim ——)-0=0,
n—oo (1 — Q)2



334 M. Barczy et al.
yielding that lim,,_, o limsup, _, ., J22,,(x, ) = 0.

If « = 1 and m, = oo, then we can apply the same argument as for J2 1,1 ,(x, §).
Namely,

146)2 > o~
Ban(,8) < — S uehi [ h)y?

2
xP(e >x)lj i
Ca)? & )it
g 1 5 2 (1 5)(l+])
( + ) P(82>x) Z e
i,j=n,i#j

_ , Ty (& (1-8)i
=(1+9) TP (Zg
for x € (0, 00) and § € (0, 1), where
Teh?  (Teh)
xIP’(52>x): T 5 -0 as x — 00,
x2 x1P(e > /x)

yielding that lim, o limsup,_, o J22,,(x,8) = 0foré € (0,1) incase of ¢ = 1
and m, = oo as well.

n ’5 . . .
;z(sz(ix)) =0ford € (07 %) yleldlng (15) n

case of o € [1, 2) as well, and we conclude lim;,,~ L7 ,(¢) = O forall g € (0, 1).
The proof can be finished as in case of o € (0, 1). U

Consequently, lim,_, o limsup, _, o

Remark 2. The statement of Theorem 2 remains true in the case when mg € (0, 1)
and m,; = 0. In this case we get the statement for classical Galton—Watson processes,
see Theorem 2.1.1 in Basrak et al. [4] or Theorem 1. However, note that this is not a

special case of Theorem 2, since in this case the mean matrix M , is not primitive.
O

A Regularly varying distributions

First, we recall the notions of slowly varying and regularly varying functions, respec-
tively.

Definition A.1. A measurable function U : (0, 00) — (0, c0) is called regularly
varying at infinity with index p € R if for all g € (0, 00),

im 29%) _ o
m = .
X—>00 U(x)

In case of p = 0, U is called slowly varying at infinity.
Next, we recall the notion of regularly varying random variables.

Definition A.2. A non-negative random variable X is called regularly varying with
index o € Ry if U(x) :=P(X > x) € (0, 00) forall x € (0, 00), and U is regularly
varying at infinity with index —«.
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Lemma A.1. If ¢ is a non-negative regularly varying random variable with index
o € Ry, then for each c € (0, 00), (€ is regularly varying with index 7.

Lemma A.2. If L : (0, co) — (0, 00) is a slowly varying function (at infinity), then
lim x°L(x) = oo, lim x°L(x) =0, &€ (0,00).
X—00 xX—00

For Lemma A.2, see Bingham et al. [6, Proposition 1.3.6. (v)].
Lemma A.3. If ¢ is a non-negative regularly varying random variable with index
a € (0, 00), then Z?il P(e = j)log(j) < oo.
Proof. Since 23‘;1 P(e = j)log(j) < E(log(e + 1)), it is enough to prove that
E(og(e 4+ 1)) < oo. Since log(e + 1) > 0, we have
o0

E(og(e + 1)) = /OO]P’(log(s +1) > x)dx = / P(e >¢e* —1)dx
0 0

1 [e'¢)
=/ ]P’(s}ex—l)dx+/ Pleze*—1Ddx =1L+ b.
0 1

Here I} < 1, and, by substitution y =e* — 1,

o0 1
L= / y “L(y)——dy,
e—1 I+y

where L(y) := y*P(e > y), y € (0, 00), is a slowly varying function. By Lemma
A.2, there exists yp € (e — 1, 00) such that y"2 L(y) < 1 for all y € [y, 00). Hence

I /yo ““L(y) : d+/oo ““L(y) L g
2 = S e
e,ly Y 1+y Y o Y Y 14y Y
o

Yo 1 ]
< Yy YL(y)——dy + / v dy
/e—l I+y Yo I+y

Yo 1 © 4
</ y‘“L(y)—dy+f y 27 dy
e—1 1+y Yo

/yo 1 ® 4
< —dy+/ y 27 dy < o0,
e—1 1ty Yo

since y"“L(y) =P(e > y) < 1 forall y € (0, 00). O

IR

Lemma A.4. If X| and X, are non-negative regularly varying random variables with
index a1 € Ry and an € Ry, respectively, such that o1 < oy, then P(X> > x) =
o(P(X| > x)) as x — oQ.
For a proof of Lemma A .4, see, e.g., Barczy et al. [3, Lemma C.7].

Lemma A.S (Convolution property). If X; and X, are non-negative random vari-
ables such that X is regularly varying with index ay € Ry and P(X, > x) =
o(P(X1 > x)) as x — o0, then P(X| + X2 > x) ~ P(X| > x) as x — oo, and
hence X1 + X, is regularly varying with index o.
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If X1 and X» are independent non-negative regularly varying random variables
with index o1 € R4 and ar € Ry, respectively, then

P(X; > x) if o <ay,
P(X1+ X2 >x) ~ {P(X1 > x) +P(X2 > x) if a1 =0,
P(X,; > x) if a; > ay,

as x — 00, and hence X1 + X» is regularly varying with index min{o, a2}

The statements of Lemma A.5 follow, e.g., from parts 1 and 3 of Lemma B.6.1
of Buraczewski et al. [7] and Lemma A.4 together with the fact that the sum of two
slowly varying functions is slowly varying.

Theorem A.1 (Karamata’s theorem). Let U : (0, 00) — (0, 00) be a locally inte-
grable function such that it is integrable on intervals including 0 as well.

(i) If U is regularly varying (at infinity) with index —a € [—1, 00), then (0, c0) >
X f(f U (t) dt is regularly varying (at infinity) with index 1 — «, and

. xU(x)

lim ——=1-
x—o0 [T U(r)dt
(ii) If U is regularly varying (at infinity) with index —a € (—oo, —1), then (0, 00) >
X fxoo U (t) dt is regularly varying (at infinity) with index 1 — o, and

. xU(x)
lim

= - l+4a
x=o00 [ U(1)dt

For Theorem A.1, see, e.g., Resnick [18, Theorem 2.1].
Lemma A.6 (Potter’s bounds). If U : (0, c0) — (0, 00) is a regularly varying func-
tion (at infinity) with index —a € R, then for every 6 € (0, 00), there exists xo € Ry
such that

(1—=8)g %% < < (14 8)g—**e, x € [x0,00), g €[l,00).

U(gx)
Ux)

For Lemma A.6, see, e.g., Resnick [18, Proposition 2.6].

Finally, we recall a result on the tail behaviour of regularly varying random sums.

Proposition A.1. Let t be a non-negative integer-valued random variable and let
{¢,¢ i € N} be independent and identically distributed non-negative random
variables, independent of t, such that T is regularly varying with index B € R4
and E(¢) € (0,00). In case of B € [1, o), assume additionally that there exists
r € (B, 00) with E(¢") < 00. Then we have

]P’(Z g > x> ~ ]P’(r > Ef?) ~ (I[-E({))’3 P(t > x) as x — 0o,
i=1

and hence Y"[_, &; is also regularly varying with index B.

For a proof of Proposition A.1, see, e.g., Barczy et al. [3, Proposition F.3].
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