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Abstract In this article, the compound Poisson process of order k£ (CPPoK) is introduced and
its properties are discussed. Further, using mixture of tempered stable subordinators (MTSS)
and its right continuous inverse, the two subordinated CPPoK with various distributional prop-
erties are studied. It is also shown that the space and tempered space fractional versions of
CPPoK and PPoK can be obtained, which generalize the process defined in [Statist. Probab.
Lett. 82 (2012), 852-858].
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1 Introduction

The Poisson process has been the conventional model for count data analysis, and
due to its popularity and applicability various researchers have generalized it in sev-
eral directions; e.g., compound Poisson processes, weighted Poisson distributions,
fractional (time-changed) versions of Poisson processes (see [0, 21, 13, 2, 1], and
references therein). A handful of researchers have also studied the distributions and
processes of order k in [11, 23, 18]. In particular, the discrete distribution of order
k, introduced by Philippou et al. (see [24]), includes binomial, geometric and nega-
tive binomial distributions of order k. These distributions play an important role in
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several areas, such as reliability, statistics, finance, and actuarial risk analysis (see
[19, 29, 4]).

In risk theory, the total claim amount is usually modeled by using a compound
Poisson process, say Z; = ZZNZ(? Y;, where the compounding random variables Y;
are iid and the number of claims N(¢), which are independent of {Y;};>1, follows
the Poisson distribution. Due to the restriction of single arrival in each inter-arrival
time, the model is not suitable to use. Kostadinova and Minkova [10] introduced a
Poisson process of order k (PPoK), which allows us to model the arrival in a group of
size k. Recently, a time-changed version of Poisson processes of order k is studied by
[29], which allows group arrivals and also accommodates the case of extreme events,
which was not covered by [10]. In spite of its applicability, we observe that this model
does not cover the phenomenon of underdispersion, where the variance is less than
the mean (see [25, 32] and references therein). Therefore, a generalization of this
model is essentially required and is proposed in this article.

To the best of our knowledge, such a generalization is not yet studied. There-
fore, we introduce the compound Poisson process of order k (CPPoK) with the help
of the Poisson process of order k (PPoK) and study its distributional properties. Re-
cently, tempered stable processes and their inverses have been widely used for time-
change (subordination) as their moments are finite and hence various real-life sit-
uations can be modeled easily (see [12, 26, 20]). Various versions of Poisson pro-
cesses, using subordination like space and time-fractional Poisson processes have
been studied in the literature (see [22, 17]). Hence, it is worth exploring the time-
change of CPPoK with a special type of Lévy subordinator known as mixture of
tempered stable subordinators, its right continuous inverse, and analyze some prop-
erties of these time-changed processes. These processes also generalize the process
discussed in [22].

The article is organized as follows. In Section 2, we introduce CPPoK and de-
rive some of its general properties along with martingale characterization property.
In Section 3, we introduce two types of CPPoK with the help of MTSS and its
right continuous inverse. Further we derive some important distributional proper-
ties.

Acronym

PoK Poisson distribution of order k

PPoK Poisson process of order k

PP Poisson process

CPPoK Compound Poisson process of order k
FDD Finite-dimensional distribution

11D Independent and identically distributed
MTSS Mixture of tempered stable subordinators
TCPPoK Time changed compound Poisson process of order k
pmf Probability mass function

pgf Probability generating function

LRD Long-range dependence
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2 Compound Poisson process of order k and its properties

2.1 Compound Poisson process of order k

In this section, we introduce CPPoK and derive its distributional properties. First, we
define the Poisson distribution of order k.

Definition 1 ([23]). Let N® ~ PoK (1), the Poisson distribution of order k (PoK)
with rate parameter A > 0, then the probability mass function (pmf) of N® is given

by
X1+x2+.. Xk
—ra A

PIN® =nj= > ,n=01,...,
X0 xylxo!xg!
Y1 jxj=n
where the summation is taken over all non-negative integers xp, xa, .. ., xx such that

X1 +2x2 4+ - +kxip =n.

Philippou [23] showed the existence of PoK as a limiting distribution of negative
binomial distribution of order k. Kostadinova and Minkova [10] later generalized PoK
to evolve over time, in terms of a process which can be defined as follows.

Definition 2 ([10]). Let {N(¢)};>0 denote PP(kA), the Poisson process with rate pa-
rameter kA, and {X;};>1 be a sequence of independent and identically distributed
(IID) discrete uniform random variables with support on {1, 2, ..., k}. Also, assume
that {X;};>1 and {N (¢)};>0 are independent. Then {N(k)(t)},zo, defined by N® @) =
Z,N:(i) X; is called the Poisson process of order k (PPoK) and is denoted by PPoK (A).

However, the clumping behavior associated with the random phenomenon in [8]
cannot be accommodated by PPoK [10]. Hence, there is a need to generalize this
notion as well. Now we propose the following generalization of PPoK.

Definition 3. Let {N® (1)} >0 be the PPoK (\) and {Y;};>1 be a sequence of IID ran-
dom variables, independent of N ®(r), with cumulative distribution function (CDF)

(k)
H . Then the process {Z(¢)};>0 defined by Z(t) = ZIN=1 @ Y; is called the compound
Poisson process of order k (CPPoK) and is denoted by CPPoK (A, H).

From the definition, it is clear that:
(@) fork =1, {Z(t)};>0 is CPP(A, H) the usual compound Poisson process.
(ii) for H = 61, the Dirac measure at 1, {Z(t)};>0 is PPoK(}).
(iii) fork = 1and H = 61, {Z(t)};>0 is PP(A).

Next, we present a characterization of CPPoK (A, H), in terms of the finite-dimen-
sional distribution (FDD).

Theorem 1. Let {Z(t)};>0 be as defined in Definition 3. Then the FDD, denoted as
Fza),. 2O oo ) = PLZ(t1) < y1, ..., Z(ty) < yul has the following form

n v v M .
Fzy.znO1s -y = Y [ pitan) / / [T r¥" em)dixm,
—0o0 —00m=1

jl’---jn =1
ey
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where the summation is taken over all non-negative integers j; >0, i =1,2,...,n,
Vk = Yk — Zf;ll x,k=1,...,n Aty =ty — tj_1, h is the density/pmf of H, pj, is
the pmf of PPoK ().), and (xj,) represents the j,-fold convolution.

Proof. Let 0 = #p < t; < --- < t, = t be the partition of [0, 7]. Since, the
increments of {N ®) (1)} are independent and stationary, we can write N ® @) =
NI N®@y),i=1,...,n,and PIN® () = j1=p;1), j =0, 1,....

N® (1) N® (1)

Fz(t).Z@) V15 -+ o5 Yn) =P[ Yo Yi<y..., Y Vi< yni|
i=1 i=1
J1 ZLI Ji n
SDIL DTN SRR ) IV
Jlseeedn i=1 i=1 =1
Let us denote Yi =Y, . Zl]l;:]j_]n 1+ Y; = Y (jn), then it becomes

Fza)),. @) V1 -5 Yn)

= Pi(APIY (1) < yi,..os ) YD) <y
S Teacane| > (o =]

Jsewdn 1=1

211"! n

= Z npjl(Atl) /yl /)" >k]m(xm)dxm

wjn =1

= Y TTrian [ [T 4 Gondn

Jiseedn =1 m=1
|

Remark 1. Forn = 1, (1) reduces to P[Z(t) < y] = Z(;'io pi@®) 7 h;{ (x)dx,
which is the marginal distribution of CPPoK(A, H).

Remark 2. Forn = 1 and H has discrete distribution, the probability mass function
(pmf) of CPPoK (A, H), denoted as P[Z(t) = n] = P, (t) is given as

Py(t) =P[Z(t) =n] = memh (n),

where pp(t) = PIN® (t) = m), the pmf of PPoK ()) and, h;’l” is the m-fold convolu-
tion of pmf of Y1. Difference-differential equation satisfied by the pmf of CPPoK (A, H)
is given as

d 00 00 mnk
TP =3 (n) om0 =Y ) [—kxpm O+ XY P (t)}
m=0 m=0 j=1

with the initial condition P, (0) = h*’” (n), n =1,2,...and Py(0) = h;‘,’l” (0) and
m A k = min(m, k).
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Next, we present some examples of CPPoK (), H) by taking different distribution
of H.

Example 1. Let H has geometric distribution with parameter p € (0, 1]. Then the
marginal distribution of CPPoK (X, H) is given as

e y )
Z pj(t) f hy (x)dx
j=0 o

Fzai0(y) =PIZ(¢) < y]

o0
= Y L3,y +Dp;),
j=0

where I, = B&ab) gy _ | s the regularized incomplete beta function,
B(a.b) g p

B(x;a,b) = f(f t“’](l — 0P~ is the incomplete beta function.

Example 2. Let H has exponential distribution with parameter i > 0. Then the
marginal distribution of CPPoK (X, H) is given as

s Yoo
Fz(») =PIZ() < 3] = ij(t) | e

(> 1y)
> 10

where y (s, x) = “ e~ 15714t x > 0 is the incomplete gamma function.
14 0 p g

Here we plot the pmf of the considered process when Y; ~ Geo(p), p € (0, 1].
Fixt=1, A=1, p=0.5, andk = 1.

pmf

000 005 010 0.15

0 20 40 60 80 100

n

Fig. 1. Plot for P[Z(¢) = n]

Theorem 2. The mean, variance and covariance of the process {Z(t)};>0 can be
expressed as

(i) E[Z(n)] =EIEIN® @),

(i) Var[Z(t)] = Var(Y)E[N® ()] + E[Y > Var(N© (1)).

(iii) Cov[Z(s), Z(t)] = Var(Y)E[N® (s At)] +E[Y*Var[N® (s A 1)], where s A
t = min(s, t).
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Proof. E[Z(1)] = E[YY|V ¥;] = E[YIEIN® ()] = X205 /R[ Y], Hence, part
(i) is proved.

Next, we derive the expression for variance of Z(¢). Let p,(t) be the pmf of
PPoK (). Then

Var{Z(1)] E[Z(r) — E[Z(1)]]?

= Y EIUZ() — BIZOIPINe(@) = nlpa(t)

n=0

= Y E[s —EYEN® (r)]]2 pa(t), where S, =Y,
n=0 o

= Y EI(S, —nEIY]) + E[Y] — E[YIEIN® (1)]DT pa (1)
n=0

= Y [Var(s) + EY PRI - EINO 1] pato)
n=0

= Var(V)E[N® ()] + E[Y]*Var(N© (1)),

which proves part (ii).
Now, in order to derive the covariance term, first we evaluate E[Z(s)Z(¢)]. So

E[Z(s)Z()] = E[ZS)IEIZ(1) — Z(s)] + E[Z(s5)*]
= E[Z(s)IE[Z(r) — Z(s)] + Var[Z(s)] + E[Z(s)]?
Therefore,
Cov(Z(s), Z(t)) = E[Z(s)Z({®)] - E[Z(s)]E[Z(1)]
= Var(ME[N® (s A 1)] + E[Y]*Var[N® (s A 1)],
hence, part (iii) is proved. O

Remark 3. Now we present the mean and covariance formula for some specific cases
of CPPoK (), H) that we discussed in Definition 3.

S. No. | CPPoK (), H) Mean Covariance Variance

1. For H = §; EIN® )] [VarlN® (s At)] [ Var[N® ()]
2. Fork =1 E[YIE[N()]|E[Y?]E[N(s A t)]|E[YZ]E[N(1)]
3. For H =561 andk = 1|E[N(1)] Var[N (s A 1)] Var[N (1)]

From this table, we make the following observations.

1. For H = §, it reduces to mean and covariance formula for PPoK (1) (see [29]).
2. For k = 1, it reduces to mean and covariance formula for CPP()\, H).

3. For H = §; and k = 1, it reduces to mean and covariance formula for PP(}).

Further we present the plots of mean and variance when Y; ~ exp(u), u > 0 for
different setting of parameters. Fix t = 10.
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(a) A=3, k=2, p=3 () A\=3, k=3 pu=2

30 T T T T T T T T T 150 T

Mean Mean
25 — Variance 4 Variance
20} 1 100
15
10 4 50
1)

0 1 2 3 4 5 6 7 8 9 10 0 2 4 6 8 10

Fig. 2. Plots for mean and variance

2.2 Index of dispersion
In this subsection, we are going to discuss the index of dispersion of CPPoK (A, H).

Definition 4 ([16]). The index of dispersion for a counting process {Z(¢)};>0 is de-

fined b
g _ Var[Z(1)]

0= F700

Then the stochastic process {Z(¢)};>0 is said to be overdispersed if /(¢) > 1, under-
dispersed if 7 (¢) < 1, and equidispersed if I(¢) = 1.

Alternatively, Definition 4 can be interpreted as follows. A stochastic process
{Z(t)}i>0 is over(under)-dispersed if Var[Z(¢)] — E[Z(¢)] > O(< 0). Therefore, we
first calculate

Var[Z(¢)] — E[Z(1)] = MXI [Var[Y] —E[Y]+

2k + 1)
2 3

]E[Y]z]

- @M []E[Yz]—]E[Y]+2k3—_2E[Y]Z]. )

From the above definition, the following cases arise:
(i) If Y/s are over and equidispersed, then CPPoK (), H) exhibits overdispersion.

(ii) If Y/s are underdispersed with non-negative integer valued random variable
ie., [E(Y2) —E(Y)] > 0, then CPPoK (1, H) shows overdispersion.

(iii) If Y. l.’ s are underdispersed, then CPPoK (A, H) may show over, equi and under-
dispersion.

Further we present some examples to discuss the index of dispersion.

Example 3. If Y; ~ exp(u), where > 0, then (2) becomes
k(k+ 1 1 (2k+4
Var[Z(1)] — E[Z(1)] = kDL <—+ —1].
2u u 3
(a) If 0 < u < 1, then CPPoK (A, H) exhibits overdispersion.
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b Ifl <u< 2]‘3—+4, then CPPoK (1, H) shows overdispersion.

© Ifu= zli%‘, then CPPoK (A, H) shows equidispersion.

d If u > 2"3—”, then CPPoK (A, H) shows underdispersion.

Example 4. If Y; ~ Geo(p), where p € (0, 1], then (2) becomes

_ 2

If 0 < p < 1, then CPPoK (A, H) exhibits overdispersion.

2.3 Long range dependence

In this subsection, we prove the long-range dependence (LRD) property for the
CPPoK (), H). There are several definitions available in literature. We used the defi-
nition given in [15].

Definition 5 ([15]). Let 0 < s < t and s be fixed. Assume a stochastic process
{X (¢)}:>0 has the correlation function Corr[X (s), X (¢)] that satisfies

c1()™ < Corr[X (), X()] < cals)r ™,
forlarge r,d > 0, c1(s) > 0 and c2(s) > 0. i.e.,

. Corr[X(s), X(1)]
lim ———

t—00 t—d

=c(s)

for some c(s) > 0 and d > 0. We say that, X (¢) has the long-range dependence
(LRD) property if d € (0, 1) and short-range dependence (SRD) property if d €
(1,2).

Proposition 2.1. The CPPoK (A, H) has the LRD property.
Proof. Let 0 < s < t. Consider

Cov[Z(s), Z(1)]
JVarlZ($)VarlZ(D)]

Corr|Z(s), Z(t)] =

= k(k;l)ksvar(y) + k(k+l)6(2k+l)ME[Y]2 from Theorem 2
MEED 3 pVar(y) + KEHDEED 3 gy 2

= c(s)r /2, 3)

where. 0 © k(k2+1))\Svar(y)+k(k+1%(2k+1)mE[y]z
< c(s) =
> k(k;rl))Lvar(y)+k(k+l%(2k+l))\]E[y]z >

law t~1/2. Hence CPPoK (%, H) has LRD property. U
Corollary 1. Let Y; = 1, then CPPoK (A, H) reduces to PPoK()) and Corr[Z(s),

Z(t)] becomes s'?t=V/2. Hence LRD property also holds for PPoK (see
[29, Lemma 3.1]).

which decays like the power
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2.4  Martingale characterization for CPPoK

It is well known that the martingale characterization for homogeneous Poisson pro-
cess is called Watanabe theorem (see [5]). Now, we extend this theorem for
CPPoK (), H), where H is discrete distribution with support on 7% and for this,
we need following two lemmas.

Lemma 1. Let D(t) = Zj\,:(tl) X, t = 0 be the compound Poisson process, where
{N(®)}i>0 is PP(kL) and {X;};>1 are non-negative IID random variable, indepen-
dent from {N(t)};>0, withpmfP(X; = i) = o;, ( =0,1,2,...,j =1,2,...).
Then {D(t)}:>0 can be represented as

D)LY izir), 120,

i=1
where, Z;(t), i = 1,2, ... are independent PP(k\«;), and the symbol 4 denotes the
equality in distribution.

Proof. We prove this lemma by showing that the probability generating function
(pgf) of L.H.S. and R.H.S. coincides. Let G p(;)(u) is the pgf of {D(t)};>0, then

Gpwyw) =EuPD] = Y EWN"PIN@) = n]
n=0

= exp[—Arkt(1 — E[uX])]
e .
= exp|:)\kt Zozj(uf - 1)i|.
j=1
Now we compute the pgf of Z?i] iZi(1),1ie.,

]

E[uzglizi(t)] — ]E[uizf(l)]
i=l

u™PLZ;(t) = n;]

I
—18
M2

0

I
_

nj

Y
uin; e—k)»ot,'t (k)\‘al t) !
n;!

I
12
WK

I
_

i l’ll'O

Akt Zai u' — 1)].

i=1

= exp

1

Hence, this lemma is proved. O

Lemma 2. The pgfof Z(t) = ZN(i)(t) Yi, t = 0 has the following form

=

o D), @ )
4 q: 4+ .o+ q:
Gz@)(u) = exp | Akt Z B . X 4

J1=1

@' -1,
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where Y;, i = 1,2, ... are non-negative integer valued IID random variables with
PlY; =nl=¢q,, n=0,1,....

Proof. Let G yw ;) (u) is the pgf of {N® (1)};>0, which is given by (see [29, Remark
2.2))
G yw W) = exp[—kAt + At{u +u® + - + uF}].

The pgf of {Z(t)};>0, denoted as G z(;) (1) = E[uZ®], is then given by

Gziyw) = explA{Gy@) +---+ Gi¥(u)} — krr], where Gy (u) = E[u"]
= exp| A Z qjult + Z q*zu“ -+ Z q*kuj1 — kAt
L J1=0 J1=0 J1=0
B ] Jk=1
= exp| At qu,u” -+ Z quk G jpult b =kt
L J1=0 J1=0  jik=0
n ]m 1
Let us denoteq l_[ Z QjuQjnr—ju - dj1—jo> B =1,..., k.
m=2 j,,=0
o0 o
= exp| At Z qj.ll)(uj' D+ 42t Z q/(.f)(uj' -1
J1=0 J1=0
(eY) (2) (k)
= exp | Akt U Ty ' —1)
p “XZ:I -
O
g+t . .. .
Remark 4. Setaj, = 41—, j1 =0, 1,2,.... Substituting aj, in Lemma I, we
get the following relation
N® (1)
D(t)—ZzZ(t)— Z Y;, t >0, )

i=1 i=1

where Yl.’ s are non-negative integer valued random variables and N ® (1) is PPoK Q).

Theorem 3. Let {Z(t)};>0 be the F;-adapted stochastic process, where {F;} is non-
decreasing family of sub-sigma algebras. Then {Z(t)};>¢0 is a CPPoK(\, H), where
H is discrete distribution with support on Z+ iff process M (t) = Z(t)— @ME[Y],
t > 0 is an F; martingale.

Proof. Let {Z(t)};>0 be the F; adapted stochastic process. If {Z(¢)};>0 is a com-
pound Poisson process of order k, then

EM@)|Fs1 = E[Z(@) — kk ;r )M]E[Y]|}‘] 0<s <t
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ktk+1
— E[Z0)|F] - %m@[y]
k(k+1)
= E[Z(1) — Z$)|Fs]1 + E[Z(s)| Fs] — TME[Y]
k(k + 1)
= E[Z(t) — Z(s)]+ Z(s) — TME[Y]
kk+1
= Z(s)— %ASE[Y] = M(s).
Hence, the process {M (¢)};>0 is F; martingale.
Since in Remark 4 it is shown that Y i i Z; () 4 ZlN:U;)(t) Y;, then the other part
easily follows using [31, Theorem 5.2]. O

Remark 5. We know that CPP is a Lévy process and in (4) it is proved that CPPoK
is equal in distribution to {D(t)};>0. Hence, CPPoK is also a Lévy process and hence
infinitely divisible.

Remark 6. The characteristic function of CPPoK (1, H) can be written as

0
E[e/Z ] = exp[r > (@ = Dira j], 5)
j=1
where, aj, j = 1,2, ... are as defined in Remark 4, and ko j = v; is called the Lévy

measure of CPPoK (A, H).

1. For K =1, (5) reduces to E[¢""*()] = exp[t 352, ("™ — 1)ha;], which is
the characteristic function of CPP(\, H).

2. For H = 81, (5) reduces to E[e'"*(")] = exp[Akt Z§=1(¥ — 1)), which is
the characteristic function of PPoK (A).

3. For H =81 and k = 1, (5) reduces to E[e'V?(")] = exp[At (¢!¥ — 1)], which is
the characteristic function of PP(}).
3 Main results

In this section, we recall the definitions of Lévy subordinator and its first exit time.
Further, we define the subordinated versions of CPPoK (), H) and discuss their prop-
erties.

3.1 Lévy subordinator

A Lévy subordinator {D ¢ (f)};>0 is a one-dimensional non-decreasing Lévy process
whose Laplace transform (LT) can be expressed in the form (see [3])

E[e *Pr®O) = ¢=t/®) ) > 0,

where the function f : [0, o0) — [0, 00) is called the Laplace exponent and

f) =bk+/ (1 —e)v(dx), b > 0.
0
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Here b is the drift coefficient and v is a non-negative Lévy measure on positive half-
line satisfying

/Oo(x A Dv(dx) < oo and v([0, 00)) = o0,
0

which ensures that the sample paths of Dy (f) are almost surely (a.s.) strictly in-
creasing. Also, the inverse subordinator {E ¢ (#)},>¢ is the first exit time of the Lévy
subordinator {D ¢ (t)};>0, and it is defined as

Ef@t)=inf{r 20: Ds(r) > 1}, t > 0.

Next, we study CPPoK (A, H) by taking subordinator as mixture of tempered stable
subordinators (MTSS).

3.2 CPPoK time changed by mixtures of tempered stable subordinators

The mixtures of tempered stable subordinators (MTSS) {Séfll,ﬁ? (t)}s>0 is a Lévy pro-
cess with LT (see [7])

s
Efe 5o O = exp{—t(c1((s + )™ — u%") + c2((s + u2)® — u$)}, s > 0,

where ¢; + ¢ = 1,¢1,¢2 > 0, 1, wo > 0 are tempering parameters and oy, o €
(0, 1) are stability indices. The function f(s) = c1((s + pu1)* — ,u(f') + co((s +
p2)* — pu5?) is the Laplace exponent of MTSS. It can also be represented as sum of
two independent tempered stable subordinators Sk, () and Sy (t) as

Skl @) = Shl(c1t) + Sy2(cat), c1, ¢2 > 0.

The mean and variance of MTSS are given as

EISELE 01 = (o™ + oo™, ©
Var[S‘é‘Lll,&’f O] =t(crai(l — al)ﬂ?liz ¥ eran(l — (Xz),u,gz*z). o

Definition 6. Let {Sh'4(f)};>0 be the Lévy subordinator satisfying
E[Sk, 45 (£)?] < oo for all p > 0. Then the time-changed CPPoK (A, H), denoted by
TCPPoK (., H, S4'42) is defined as

NO (S o (1)

Zy(t) = ZSEeay = Y Y 120,
i=1
where {Z(t)};>0 is CPPoK (), H), independent from {S4 &2 (t)}1>0.

Remark 7. If a1 = ay = «, and uy = puy = 0, then MTSS becomes a-stable sub-
ordinator; reducing Z1(t) to TCPPoK (), H, Sy), which we call as space fractional
CPPoK and written as

NO (S (1))

ZS.) =Y, Y, t=0.
i=1
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Let Y!s = 1, then Z(S4(t)) reduces to space fractional PPoK, denoted as
PPoK (X, Sy). Its pgf is given as

o k o
Gziin(m) = P ML

It can be seen as extension of space fractional Poisson process (see [22]).

Remark 8. Ifa; = ar = «, and 11 = W, up = 0, then MTSS reduces to tempered o-
stable subordinator and Z(t) becomes tempered space fractional CPPoK, denoted
as TCPPoK (1, H, S&), can be written as

NOSE @)

ZSEm)y= Y. Y, t>0,
i=1

where w > 0 is tempering parameter. Substituting Y/s = 1, it becomes tempered
space fractional PPoK, denoted as PPoK (., SH.

Theorem 4. The finite dimensional distribution of TCPPoK (A, H, Sg,ﬂ{;,,”;) has the
following form

n V1 v, M .
Fzy)enzi V1 - 90) = Y Hqﬁ(mz)/ f [T Gmdcm,
—0Q —00
J m=1

e 1=1
®
where the summation is taken over all non-negative integers j; >0, i =1,2,...,n,
At = t) — 11, vk = Yk — Z;:ll xi,k = 1,...,n, h is the density of H, and
q;(t) = PIN® (S (1) = j1, where {(Si| &y (D)}i=0 is the MTSS and {N® (1)};=0
is PPoK()).

Proof. The result easily follows from the proof of Theorem 1. O

Now, we present some distributional properties of TCPPoK (X, H, Sg‘l"*a";).

Theorem 5. Let 0 < s < t < 00. Then the mean and covariance function of
TCPPoK (A, H, Sk'42) are given as

(i) E[Z1()] = E[Z(DIE[Sa,' a5 (1)),
(ii) CovlZi(s), Z1(1)] = EIZ()*Varl Sk, 4y ()] + ELSk ks ()1Varl Z(1)].

On putting s = t in part (ii), we can get the expression for variance of TCPPoK (A, H,

1,12
SO[],OQ .

Proof. The proof follows from (see [14, Theorem 2.1]). O

Remark 9. Here are some specific cases of mean and covariance for CPPoK (A, H,

ShL &) that we discussed in Definition 3.

(a) For H = 8y, (i) reduces to B[ Z1(t)] = E[N® () IE[Sk &2 (t)] and (ii) reduces
to Cov[Z(s), Z1()] = E[N® () Var[ Sk, &2 ()1 +E[Sk, &2 ()] Var[N O (1)]
which is mean and covariance of TCPPoK-I as discussed in (see [29, Theorem
3.2]).
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(b) For k = 1, (i) reduces to E[Z1(t)] = AE[Y]E[Sk, 42 (t)] and (ii) reduces to
Cov[Z1(s), Z1(t)] = AE[YD)>Var[ Sk &2 ()] + B[Sk 45 (s)INE[Y 2] which is
the mean and covariance of time-changed CPP(A, H).

(c) For H = 8y and k = 1, (i) reduces to E[Z(t)] = E[N()IE[Sy, &> ()]

and (ii) reduces to Cov[Zi(s), Z1(t)] = EIN()*Var[S'E2(s)] +
E[Sgll,b’?(s)]Var[N (1)] which is the mean and covariance of time-changed
PP(A).

Now, we discuss the index of dispersion for TCPPoK ()., H, S&L,',’(ﬁ?). For this, we
evaluate

Var{ Z1 (1)] — B[ Z1 ()] = E[Z(1)]*Var[ Sk 12 ()]

o],02

+ B[Sy 7 (O {Var[Z(D] = E[Z(D]} . ()]

oy,02

Since {Sk, @2 (t)}i=0 is a Lévy subordinator, therefore E[Shy, 4> (t)] > 0. Thus the
following cases arises:

(i) If Z(1) is over/equidispersed, then TCPPoK (A, H, Séf,l,’o’éz) exhibits overdisper-
sion.

(ii) If Z(1) is underdispersed, then TCPPoK (A, H, Sy, &) may show over, under
and equidispersion.

Moreover, we discuss the index of dispersion by taking some example of
TCPPoK (A, H, St 4y)-

Example 5. When H has exponential distribution with parameter u > 0, (9) be-
comes

k(k + DA
2p
k(k+ 1A [2k+4 B 1}

2 3u

2
Var[Z(1)] — E[Z;(£)] =Var[ Sy, 5. (1)] [ } + E[Sg, 27 (O1x  (10)

ar,02

1. If 0 < u < 1, then Z(1) is overdispersed. Since the sample paths of Lévy sub-
ordinator Séfl‘,}x’? (t) are strictly increasing (see [28, Theorem 21.3]), so
E[S4 4 ()] is positive, and both the terms of (10) is positive. Therefore Z; (t)

shows overdispersion.

2. Ifu = %, then Z(1) is equidispersed. Second term becomes zero but the

first terms of (10) is positive. Therefore Z(¢) shows overdispersion.

3. Ifu > 2"3—+4, then Z (1) is underdispersed. So the second term in (10) becomes

negative and the following cases arises

2
(@ i [MEE0E | VarlSE L (0] > BISELR 014050 [1 - %44 then
Z1(t) shows overdispersion.
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2
() if [HEED [ Varl St (o))
Z1(t) shows equidispersion.

E[Sk, & UHW [1 - %] then

A

2
o) if [W] Var[SK1E2 (1)
Z1(t) shows underdispersion.

E[Sk, &y UHW [1 - %] then

3.3 Long-range dependence
Now we analyze the LRD property for TCPPoK (A, H, Sk 4).

Theorem 6. Let {Z1(t)};>0 be the time-changed CPPoK (A, H). It has the LRD prop-
erty.

Proof. We have E[Sk, 452 (£)"] ~ (clal)ffl_l —i—czaz)f;rl)”t”, ast — oo, from [7].
Therefore
Var[Z;(¢)] ~ E[SH*2(r)]Var[Z(1)] ~ Kt, (11)

op,02

where K = (c1aiA%" ™ + 2002227 ) Var[ Z(1)].
Let0 <5 <t < 00, then
Cov[Zy(s), Z1(1)]
VVar[Z ($)]Var[Z, ()]
VCov[Z(s), Z1(1)]

Corr[Z(s), Z1(1)]

KN4 , from (11)
= c(s)f]/ 2,
where c(s) = —W}_W > 0. Hence from the Definition 5, TCPPoK (A, H,
Sk &) captures LRD property. O

3.4 CPPoK time changed by the first exit time of mixtures of tempered stable subor-
dinators

In this subsection, we consider CPPoK (A, H) subordinated with first exit time of
MTSS and discuss the asymptotic behavior of its moments.

The first exit time of Lévy subordinator Sk, 4.2 () also known as inverse subordi-
nator is defined as

Eglly’o’fzz(t) =inf{r >0: S&‘l"&“; (ry>1t}, t>0.

Definition 7. Let {Z(¢)};>0 be the CPPoK (), H) as discussed in Definition 3, then
the subordinated CPPoK with first exit time of MTSS, denoted as TCPPoK (A, H,
ELED) is defined as

N®EGZ2 (1))

Zo(t) = Z(EL )= > Y, t=0
i=1

where the process {Z(t)};>0 is independent from {Ely; 4,2 (t)}s0-
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Remark 10. If 11 = uo = 0, then Eé}ég (t) becomes inverse mixed stable subor-
dinator as discussed in [9], reducing Z,(t) to TCPPoK (A, H, Ey, «,), which we call
as mixed fractional CPPoK and written as

N® (Eqy oy (1))
= Y, Y,1=0
i=1

Proposition 3.1. The marginal distribution of TCPPoK ()., H, Eb'k?) is given as
(o)
Fz,iy(y) = / Fz)(V)gE(x, t)dx,
0

where Fz(0)(y) = Z;’O:O pjx) f_yoo h;k,{ (z)dz is the marginal distribution of
CPPoK (), H), and gg(x, t) is the density function of Ey. 47 (t).

Proof. We prove this proposition by using the conditioning argument on E}/ 42 (t).
|

Then the rest follows from Theorem 1.

Theorem 7. The mean and covariance function of TCPPoK (., H, El/'4}) are given as
1. E[Zy(1)] = E[Z(DIE[EY! 42 (D],
2. Cov[Za(s), Za)] = VarlZDIE[EL! 27 ()] + E[Z(1)]*Cov[E 4 (s),

Eg/ 55 (0],

Proof. The proof follows as given in [14, Theorem 2.1]. O
Now, we discuss the asymptotic behavior of moments of TCPPoK (A, H, E!47%).

First we need the following Theorem (see [3, 30]).

Theorem 8 (Tauberian Theorem). Let [ : (0,00) — (0, 00) be a slowly varying
function at O (respectively o) and let p > 0. Then for a function U : (0, 00) —
(0, 00), the following are equivalent.

1. Ux) ~xPl(x)/ T+ p), x = 0 (respectively x — o0).

2. O(S) ~ s_p_ll(l/s), s — 00 (respectively s — 0), where l7(s) is the LT of
U(x).

‘We know that LT of pth order moment of inverse subordinator {E f(¢)},>0 is given
by (see [16])
ra+p) »
s(fsHr’
where f(s) is the corresponding Bernstein function associated with Lévy subordina-
tor.

ZIE(Ef)P] = >0,

Proposition 3.2. The asymptotic form of mean and variance of {Z2(t)}:>o is given
as

E[Z2(1)] ~ E[Z(1)] p —, ast — oo.
ClaAg + i,

Var(Z,(t)] ~ Var[Z(1)] p —, ast — o0.
cronAf'T + o)y
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Proof. Let M(s) be the LT of E[E4 42 (r)]. Then

1

Y — M1, —
MO = LB Ea e Ol = T @ =) + (G + 3% — 22

op,02

~ 5 T ass — 0, (see [7]).
s=(croh + a2,

Then, by using Theorem 8, we have that

ElZ2(0)] = E[Z(DIE[EG 37 (D]

o],02

~ E[Z(])] — ast — oo.
clal)fl’” + coo0)y

Now we compute the asymptotic behavior of variance of {Z5(#)};>0. So

2
PIE(EFR2(1))2] =
[E( or,02 )] s(c1((s + ApY _)‘(l“) + ca((s + Ap)*2 _)\‘52))2

2
~ ass — 0.

s3(c1a1)ff‘_l + czazkgrl)z

Therefore

VarZ,(t) = Var[Z(1)JE[EX1:E2 (1)) + E[Z(1)])*Var[ X2 (1)]

= Var[Z(DIE[EL!12(0] + EIZ(DPELEL L2 (1)) — BIELE (1))
t

~ Var[Z(1)]

clal)»‘{”_l + 200057

O

There are few studies available in the literature which consider underdispersion
phenomenon such as [27] uses hyper-Poisson regression model, [25] uses weighted
Poisson distribution, and [21] uses compound weighted Poisson distributions. In this
work, we have proposed a model accomodating more number of parameters, which
makes this model more flexible to use.
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