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Abstract A mixture with varying concentrations is a modification of a finite mixture model
in which the mixing probabilities (concentrations of mixture components) may be different
for different observations. In the paper, we assume that the concentrations are known and the
distributions of components are completely unknown. Nonparametric technique is proposed
for testing hypotheses on functional moments of components.
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1 Introduction

Finite mixture models (FMMs) arise naturally in statistical analysis of biological
and sociological data [11, 13]. The model of mixture with varying concentrations
(MVQC) is a modification of the FMM where the mixing probabilities may be differ-
ent for different observations. Namely, we consider a sample of subjects O1, ..., Oy
where each subject belongs to one of subpopulations (mixture components) P, ...,
Py The true subpopulation to which the subject O; belongs is unknown, but we
know the probabilities p;” ~ = PLO; € P,] (mixing probabilities, concentrations of
P in the mixture at the jth observation, j = 1,..., N,m = 1,..., M). For each
subject O, a variable £(O) is observed, which is considered as a random element in
a measurable space X equipped by a o-algebra §. Let

Fu(A)=P[(0)cA|0€eP,], A€,
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be the distribution of £(O) for subjects O that belong to the mth component. Then
the unconditional distribution of &,y = £(0;) is

M
Pléjv € Al= ) plyFu(A), A€3. ()
m=1
The observations &;. y are assumed to be independent for j =1, ..., N.

We consider the nonparametric MVC model where the concentrations pm y are
known but the component distributions Fj, are completely unknown. Such models
were applied to analyze gene expression level data [8] and data on sensitive ques-
tions in sociology [12]. An example of sociological data analysis based on MVC is
presented in [9]. In this paper, we consider adherents of different political parties in
Ukraine as subpopulations ;. Their concentrations are deduced from 2006 parlia-
ment election results in different regions of Ukraine. Individual voters are considered
as subjects; their observed characteristics are taken from the Four-Wave Values Sur-
vey held in Ukraine in 2006. (Note that the political choices of the surveyed individ-
uals were unknown. So, each subject must be considered as selected from mixture of
different P;.) For example, one of the observed characteristics is the satisfaction of
personal income (in points from 1 to 10).

A natural question in the analysis of such data is homogeneity testing for different
components. For example, if X = R, then we may ask if the means or variances (or
both) of the distributions F; and Fj are the same for some fixed i and k or if the
variances of all the components are the same.

In [8], a test is proposed for the hypothesis of two-means homogeneity. In this
paper, we generalize the approach from [8] to a much richer class of hypotheses,
including different statements on means, variances, and other generalized functional
moments of component distributions.

Hypotheses of equality of MVC component distributions, that is, F; = Fj, were
considered in [6] (a Kolmogorov—Smirnov-type test is proposed) and [1] (tests based
on wavelet density estimation). The technique of our paper also allows testing such
hypotheses using the “grouped x 2”-approach.

Parametric tests for different hypotheses on mixture components were also con-
sidered in [4, 5, 13].

The rest of the paper is organized as follows. We describe the considered hypothe-
ses formally and discuss the test construction in Section 2. Section 3 contains auxil-
iary information on the functional moments estimation in MVC models. In Section 4,
the test is described formally. Section 5 contains results of the test performance anal-
ysis by a simulation study and an example of real-life data analysis. Technical proofs
are given in Appendix A.

2 Problem setting

In the rest of the paper, we use the following notation.
The zero vector from R¥ is denoted by Q. The unit k x k-matrix is denoted
by Ixxk, and the k x m-zero matrix by Q. Convergences in probability and in

o P d .
distribution are denoted —> and —, respectively.
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We consider the set of concentrations p = (pj vi=1L... ,Nym=1,....M;
N =1,...) asaninfinite array, p}, y = (p}iy,j=1,....N: m=1,..., M) as an
(N x m)-matrix, and pTN = (p;.";N,j =1,...,N) € Rd and Pin = (p] N
1,..., M) as column vectors. The same notation is used for arrays of similar struc-
ture, such as the array a introduced further.

Angle brackets with subscript N denote averaging of an array over all the obser-
vations, for example,

N
-y
N JiN
Jj=1

Multiplication, summation, and other similar operations inside the angle brackets are
applied to the arrays componentwise, so that

fal NP N Z Npl;;N’ ((aTN)z)N = %Z(‘%N)Zf

i j=1

and so on.
Angle brackets without subscript mean the limit of the corresponding averages as
N — oo (assuming that this limit exists):

<pmak> = ]\}i_{noo@TN“-k;N)N'

We introduce formally random elements 7, € X with distributions F,,, m =
1,...,M.

Consider a set of K < M measurable functions g : X — R% k =1,..., K.
Let g/ be the (vector-valued) functional moment of the mth component w1th moment
function gy, that is,

&' = E[ax(nm)] e R%. )

Fix a measurable function 7 : R x R% x ... x R% — RL. For data described
by the MVC model (1) we consider testing a null-hypothesis of the form

HoZT(gll,...,g’IIg):@L 3)

against the general alternative T(gf, ey g,’§) # 0.

Example 1. Consider a three-component mixture (M = 3) with X = R. We would
like to test the hypothesis Hé’ : Varn; = Varn; (i.e., the variances of the first and
second components are the same). This hypothesis can be reformulated in the form
(3) by letting g1 (x) = g2(x) = (x,xH)7 and T((y11. y12)7. (21, y22)7) = (y12 —
102 y2 — G2)HT.
Example 2. Let X = R. Consider the hypothesis of mean homogeneity Hé’“ cEn =
= Enp. Then the choice of g, (x) = x, Ty, ..., ym) = (y1 — y2, 2 —
¥3s .., ym—1 — ym) " reduces Hj' to the form (3).
Example 3. Let X be a finite discrete space: X = {xi, ..., x,}. Consider the distri-
bution homogeneity hypothesis Hg- : F1 = F,. To present it in the form (3), we can
use g (x) = (I{x = x;i},k =1,....,r = DT and T(y1, y2) = y1 — y2 (yi € R"™!
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for i = 1, 2). In the case of continuous distributions, HOE can be discretized by data
grouping.

To test Hy defined by (3), we adopt the following approach. Let there be some
consistent estimators g;" , for g;". Assume that 7" is continuous. Consider the statistic
f"N = T(g’]l‘N, el g,’g,N). Then, under Hy, fN ~ O, and a far departure of f"N from
zero will evidence in favor of the alternative.

To measure this departure, we use a Mahalanobis-type distance. If «/NTy is
asymptotically normal with a nonsingular asymptotic covariance matrix D, then, un-
der Hy, N Tl\f D~ !'Ty is asymptotically x2-distributed. In fact, D depends on un-

known component distributions F;, so we replace it by its consistent estimator Dy.
The resulting statistic Sy = N Tlg D;,ITN is a test statistic. The test rejects Hp if

SN > QXz (1 — ), where « is the significance level, and 0% (a) denotes the quantile
of level « for distribution G.

Possible candidates for the role of estimators g?,’g y and Dy are considered in the
next section.

3 Estimation of functional moments

Let us start with the nonparametric estimation of F,,, by the weighted empirical dis-
tribution of the form

N

N 1

Fm;N(A) = N E a;’ile{gj;N € A},
Jj=1

where a;.", n are some nonrandom weights to be selected “in the best way.” Denote
em=M{k=m},k=1,...,M)" and
L, .7 . ; M
Iy = ﬁ(P-;N) Py = ((PTNPf;N)N)m,i=1~
Assume that I'y is nonsingular. It is shown in [8] that, in this case, the weight array

m . —1
a.ny = p.;NFN €m

yields the unbiased estimator with minimal assured quadratic risk.
The simple estimator &' for g/" is defined as

N

. . 1

aty = Lgi<x>Fm;N<dx> = < 2N giEN).
j=1

M

We denote I” = limy_o0 'y = ((pipm))i,mzl. Let i : ¥ — R< be any measurable

function.

Theorem 1. ([9], Lemma 1) Assume that:
(1) I exists, anddetI" #£ 0;
() E[lh(nm)|]] <00, m=1,..., M.

Then lAz’I’f, N Elh(nn)]las N —> oo forallm=1,..., M.
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To formulate the asymptotic normality result for the simple moment estimators,
we need some additional notation.

We consider the set of all moments g,’; ,k=1,..., K, as one long vector belong-
ingtoR?, d :=dy +--- +dg:
_ _I\T _K\T\T
g = ((g%) ,...,(gllg) ) e R, (4a)
The corresponding estimators also form a long vector
N A T N T\T
gv = ((8lw) " (8Koy) ) €RY (4b)
We denote the matrices of mixed second moments of gx(x), k = 1, ..., K, and the

corresponding estimators as

gl = E[gcm)ginm) | e R®4 kl=1,...,K, m=1,....M; (5a)
N

. 1
v = D ansk g En) T e R k=1, K. (5b)
j=1

We consider the function 7" as a function of d-dimensional argument, that is,
T(y) =T ..., y%). Then Ty :=T(@n) = T @ .y» -+ &R.n)-
Let us define the following matrices (assuming that the limits exist):

(K ._ k1 roo.s KxK.
orsin = (i vz x = (@@ N PN PN ik € RETE (62)
(ki — . k1 KxK _ .
g 1= (oz”)k)l:1 ’’’’’ K = (/\}gnooa’*“N)k,l:l ..... < eR , rs=1,..., M,
(6b)
. (gKk! e (| k1 om KxK.
Bm:n = (ﬁm;N)kJ:Lm,K = ((a-;NaA;Np-;N>N)k,[=1,—K €R ; (7a)
o k,l o . k.l KxK _
B = (B i = (Jim BRI €ROK m=1m
(7b)

Then the asymptotic covariance matrix of the normalized estimate v/ N (gy — &)
is X, where X consists of the blocks X *-D:

M M
- —rr=\T
sE0= 3 Byal = D anEi(g) e RAX: (8a)
m=1 r,s=1
2= (2®D), g e R (8b)
Theorem 2. Assume that:
(i) The functional moments &', g;"; exist and are finite for k,l =1, ..., K, m =
1,..., M.
ii ere exists 8 > 0 such that E[|gx(nm <o, k=1,....,.K, m =
(i) Th ists 8 > 0 such that E[|gx(nm)|*10] k=1 K
..., M.
(iii) There exist finite matrices I, r-1 ars, and By forr,s,m =1, ..., M.

Then NGy — 3) - ¢ ~ N(Qq, £), N — oo.
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Thus, to construct a test for Hy, we need a consistent estimator for X~'. The matri-
ces oy 5.y and By, y are natural estimators for o, s and B,,. It is also natural to estimate
g,’gl by g?Zf ;. defined in (5b). In view of Theorem 1, these estimators are consistent
under the assumptions of Theorem 2. But they can possess undesirable properties for
moderate sample size. Indeed, note that ﬁ,n ~ 1s not a probability distribution itself
since the weights a’" iy are negative for some j. Therefore, for example, the simple es-
timator of the second moment of some component can be negative, estimator (5b) for
the positive semidefinite matrix gk’  can be not positive semidefinite matrix, and so
on. Due to the asymptotic normality result, this is not too troublesome for estimation
of g. But it causes serious difficulties when one uses an estimator of the asymptotic
covariance matrix D based on g,’;’ 1N in order to calculate Sy .

In [10], a technique is developed of ﬁm; N and fz% improvement that allows one to
derive estimators with more adequate finite sample properties if X = R.
So, assume that £(O) € R and consider the weighted empirical CDF

N
~ 1
Fm;N(x) = N Za;.’éNIl{éj;N < x}.

j=1

It is not a nondecreasing function, and it can attain values outside [0, 1] since some
a;’f » are negative. The transform

F¥ () = sup Fpn ()

y<x

yields a monotone function I:“m; ~ (x), but it still can be greater than 1 at some x. So,
define

EY ) =min{l, ) (0)}

as the improved estimator for F,,(x). Note that this is an “improvement upward,”
since F; N X) = Fy; v (x). Similarly, a downward improved estimator can be defined
as

Fypn ) = inf Fpn (),
Froy () =max{0, F, (0}

Any CDF that lies between F oy (¥) and F :1'  (x) can be considered as an improved

version of I:“m; N(x). We will use only one such improvement, which combines
Fr;;N(x) and FntN(x):

Ery@) i By (x,a) <172,

Fy@) = Fpy() if Byl (e,a) > 172, ©)
1/2 otherwise.

Note that all the three considered estimators ﬁ:; n (k means any symbol from +,
—, or ) are piecewise constants on intervals between successive order statistics of
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the data. Thus, they can be represented as
Froy(x) = Z PN N < x),

where b;”’;\, are some random weights that depend on the data.
The corresponding improved estimator for g;" is

+00

N
= [ Wk = 5 3 e,
N3

—00
Let 4 : R — IR be a measurable function.
Theorem 3. Assume that I" exists and det I" # 0.

(D) If for some c— < cy, c— < Ny < ¢y for allm =1, ..., M and h has bounded
variation on (c_, cy), then hm* — W™ as. as N — oofor allm=1,....M
and x € {+, —, +}.

(II) Assume that:

(i) Forsomey > 0, E[[h(n,)|*T"] < oo.
(i1) h is a continuous function of bounded variation on some interval [c_, c4]
and monotone on (—oo, c_] and [c4+, +00).

Then fz%i — W™ in probability.

4 Construction of the test

We first state an asymptotic normality result for Ty. Denote
ad a
T'(y) == (—T(y), cees —T(y)> e REX4,
ay1 dya
Theorem 4. Assume that:
(1) T'(g) exist.
(ii) The assumptions of Theorem 2 hold.
(iii) The matrix D = T'(g) X (T'(g))7T is nonsingular.
Then, under Hy, «/ﬁf‘N i) N(@Op, D).

For the proof, see Appendix. Note that (iii) implies the nonsingularity of X
Now, to estimate D, we can use

Dy = T/(éN)fN(T/(éN))T,

where gy is any consistent estimator for g,

k,l kil ~
E( K Z 'Bm Nglrcnl N — Z Ol” Ngk N g[ N) € deXdl; (10a)
r,s=1
- k,l
AN = (21(\/ ))kl 1..K € R4, (10b)

where g",.  is any consistent estimator for g;",. . For example, we can use
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N
N =8N == Zb;’iﬁgk(s,-;N>g1<s,-;N>T
./'=1

if X = R and the assumptions of Theorem 3 hold for all 2(x) = gli (X)g(x), i,k =
Lo Ki=1 . don=1,... di,gx) = (g x),.... g ).

Now let the test statistic be Sy = N (TA"N)TIA)X,ITA‘N. For a given significance
level «, the test my o accepts Hp if §x < Q& (1 — @) and rejects Hy otherwise.

The p-level of the test (i.e., the attained significance level) can be calculated as
p = 1 — G(5n), where G means the CDF of Xz-distribution.

Theorem 5. Let the assumptions of Theorem 4 hold. Moreover, assume the following:

(i) gy and g;g’,,N k,l=1,...,K,m =1,..., M) are consistent estimators for
g and g}';. , respectively.

(ii) T’ is continuous in some neighborhood of g.

Then limp —, oo Py {7n o rejects Hy} = a.
Example 2 (Continued). Consider testing HéL by the test wy o with g;(x) = x and
T, -oym) = (1 — y2.¥2 — ¥3, ..., yu—1 — ym)" . It is obvious that T’(y) is
a constant matrix of full rank. Assume that Var[7,,] > O forallm = 1,..., M and
detI" # 0. Then X is nonsingular, and so is D. Thus, in this case, assumptions (i)
and (iv) of Theorem 2, (i) and (iii) of Theorem 4, and (ii) of Theorem 5 hold.

To ensure assumption (ii) of Theorem 2, we need El|nm|*t%] < oo for some

§>0andallm=1,..., M. In view of Theorem 1, this assumption also implies the
consistency of gy and gkl - 1f one uses gN and g gkl v as estimators gy and g;. \ in

|*+9] < o0 is needed to ensure their

Dy, then a more restrictive assumption E[|n,,
consistency by Theorem 3.

5 Numerical results

5.1  Simulation study

To access the proposed test performance on samples of moderate size, we conducted
a small simulation study. Three-component mixtures were analyzed (M = 3) with
Gaussian components Fy,, ~ N(um, 02) The concentrations were generated as
p TN = §] ~/5j:n> where { |y are independent, uniformly distributed on [0, 1] ran-

dom variables, and s;.§y = Zm 1 ¢y In all the experiments, 1000 samples were
generated for each sample size N = 50 100, 250, 500, 750, 1000, 2000, and 5000.
Three modifications of my., test were applied to each sample. In the first modifica-
tion, (ss), simple estimators were used to calculate both fN and f)N In the second
modification, (si), simple estimators were used in Ty, and the improved ones were
used in DN In the last modification (ii), improved estimators were used in TN and
D ~ - Note that the modification (ii) has no theoretical justification since, as far as we
know, there are no results on the limit distribution of ~/N (gﬁ —2).
All tests were used with the nominal significance level @ = 0.05.
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0.02 /W 2+

1 60 200 560 1 ObO 2600 5600 100 200 500 1000 ZOBO SOAOO
Al. o-levels of the tests (H{ holds). A2. B-error for the tests. (H/y does not hold)

Fig. 1. Testing homogeneity of means (HéL )

In the figures, frequencies of errors of the tests are presented. In the plots, [
corresponds to (ss), A to (si), and o to (ii) modification.

Experiment A1l. In this experiment, we consider testing the mean homogeneity hy-
pothesis H(’)L . The means were taken u,, = 0, m = 1,2, 3, so Hé‘ holds. To shadow
the equality of means, different variances of components were taken, namely 0’12 =1,
022 =4, and 032 = 9. The resulting first-type error frequencies are presented on the
left panel of Fig. 1. For the (ss) test, for small N, there were 1.4% cases of incorrect
covariance matrix estimates (ﬁ N Was not positive definite). Incorrect estimates were
absent for large N.

Experiment A2. Here we also tested H{; for components with the same variances as
in Al. But 1 = 2 and ur» = u3 =0, so Hé‘ does not hold. The frequencies of the
second-type error are presented on the right panel of Fig. 1. The percent of incorrect
estimates DN is 1.6% for (ss) and small N.

Experiment B1. In this and the next experiment, we tested H( : 012 = 022. The data
were generated with 1 = 0, ur =3, u3 = =2, 012 = 022 =1, and 022 =4, so Hé’
holds. The frequencies of the first -type error are presented on the left panel of Fig. 2.
The percent of incorrect D ~ in (ss) varies from 19.4% for small N to 0% for large N.

Experiment B2. Now u,, and 032 are the same as in B1, but 012 =1 and 022 = 4,
so HJ does not hold. The frequencies of the second-type error are presented on the
left panel of Fig. 2. The percent of incorrect Dy in (ss) was 15.5% for small N and
decreases to 0% for large N.

The presented results show reasonable agreement of the observed significance
levels of the tests to their nominal level 0.05 when the sample sizes were larger then
500. The power of the tests increases to 1 as the sample sizes grow. It is interesting to
note that the (ii) modification, although theoretically not justified, demonstrates the
least first-type error and rather good power. From these results the (si) modification
of the test seems the most prudent one.

5.2 Example of a sociological data analysis

Consider the data discussed in [9]. It consists of two parts. The first part is the data
from the Four-Wave World Values Survey (FWWYVS) held in Ukraine by the Euro-
pean Values Study Foundation (www.europeanvalues.nl) and World Values Survey
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1 60 260 560 1 ObO ZObO SObO 1 60 260 560 1 600 2600 5000
B1. a-levels for the tests. (HJ holds) B2. B-errors for the tests. (HJ does not hold)

Fig. 2. Testing equality of variances (Hg )

Table 1. Means (i) and variances (0'2) for the subjective income distribution on different
political populations

PR ocC Other
I 2.31733 2.65091  4.44504
ut 2.45799 2.64187  4.44504
o
o

2 0.772514  4.85172  4.93788
2+ 209235 47639 4.93788

Association (www.worldvaluessurvey.org) in 2006. They contain answers of N =
4006 Ukrainian respondents on different questions about their social status and atti-
tudes to different human values. We consider here the level of satisfaction of personal
income (subjective income) as our variable of interest &, so &;,y is the subjective
income of the jth respondent.

Our aim is to analyze differences in the distribution of £ on populations of ad-
herents of different political parties. Namely, we use the data on results of Ukrainian
Parliament elections held in 2006. 46 parties took part in the elections. The voters
could also vote against all or not to take part in the voting. We divided all the popula-
tion of Ukrainian voters into three large groups (political subpopulations): P; which
contains adherents of the Party of Regions (PR, 32.14% of votes), P, of Orange
Coalition supporters (OC which consisted of “BJUT” and “NU” parties, 36.24%),
and P3 of all others, including the persons who voted against all or did not take part
in the pool (Other).

Political preferences of respondents are not available in the FWWVS data, so we
used official results of the elections by 27 regions of Ukraine (see the site of Ukrainian
Central Elections Commission www.cvk.gov.ua) to estimate the concentrations pT N
of the considered political subpopulations in the region where the jth respondent
voted.

Means and variances of & over different subpopulations were estimated by the
data (see Table 1). Different tests were performed to test their differences. The re-
sults are presented in the Table 2. Here u, means the expectation, and 0,121 means
the variance of & over the mth subpopulation. Degrees of freedom for the limit x>
distribution are placed in the “df” column.

These results show that the hypothesis of homogeneity of all variances must be
definitely rejected. The variances of £ for PR and OC adherents are different, but the
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Table 2. Test statistics and p-values for hypotheses on subjective income distribution

Hypotheses ss si ii df
ny=py=p3 11776 10.8658 883978 2
p-value 0.00277252  0.0043704  0.0120356

1 =y 2.15176 2.04539 0621483 1
p-value 0.142407 0.152668 0.430497

1= p3 10.7076 10.0351 8.75216 1
p-value 0.00106696  0.00153585  0.00309236

1y = 3 7.40835 7.10653 7.17837 1
p-value 0.00649218  0.00768036  0.00737877

ol =0} =07 158317 14.786 6.40963 2
p-value 0.000364914  0.000615547  0.0405664

o} =03} 14.7209 13.8844 5.95528 1
p-level 0.000124657  0.000194405  0.0146733

o} =03 1.92166 1.77162 0.826778 1
p-level 0.165674 0.183182 0.363206

0} =03 0.000741088  0.00072198  0.00294353 1
p-level 0.978282 0.978564 0956733

tests failed to observe significant differences in the pairs of variances PR-Other and
OC-Other. For the means, all the tests agree that PR and OC has the same mean &,
whereas the mean of Other is different from the common mean of PR and OC.

6 Concluding remarks

We developed a technique that allows one to construct testing procedures for differ-
ent hypotheses on functional moments of mixtures with varying concentrations. This
technique can be applied to test the homogeneity of means or variances (or both) of
some components of the mixture. Performance of different modifications of the test
procedure is compared in a small simulation study. The (ss) modification showed the
worst first-type error and the highest power. The (ii) test has the best first-type error
and the worst power. It seems that the (si) modification can be recommended as a
golden mean.
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A Appendix
Proof of Theorem 2. Note that Sy = vVN(gy — 3) = Z}v:] ¢j.n, where

1 .
Giv = —=(diy (01Em) — M[giEn)]) i=1.... k)"

VN
We will apply the CLT with the Lyapunov condition (see Theorem 11 from Chapter 8
and Remark 4 in Section 4.8 in [2]) to Sy. It is readily seen that ¢;.y, j =1,..., N,

are independent for fixed N and E[¢;, 5] = 0.
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Let X'j,y = Cov(¢j;n). Then X}, v consists of the blocks

200 = —ak yal (B[ (1Em) ] — E[gk &) E[215:m)]")

M M T
k - _
= ]Na]N<ZpJNgkl (ZPJ;N8?>(ZP1;N871> )
m=1

m=1

»—n2>—

It is readily seen that Z?’:] Z‘](kié) — Y*&Das N — o0. So
CovSy - X asN — oo. (1)

To apply the CLT, we only need to verify the Lyapunov condition

N
S E[|¢n]*] = 0 for some § > 0. (12)
j=1

Note that assumption (iii) implies

sup |a;”.N| < Cj
1<j<N,l<<m<M,N>Ny

for some Ny and C; < o0; thus,

244

Ci
ZE!&,N\Z“ ZNHW E[lg&n] 7). (13)

j=1

where g(x) = (g1(0)7. ..., gr(x)T). Since [g(&}:n)I> = Y4_; Ig(&j;n)I? and, by
the Holder inequality,

g7 < KWZ FAGE

k=1

we obtain

K
Efle@m 7] = K2 Y Efls | "]

k=1
K M ves
VU +
:KS/ZZZP;;NE|g(77m)| < (3 < 00,
k=1 m=1
where the constant C> does not depend on j and N. This, together with (13), yields
(12). By the CLT we obtain Sy —> N(O, X). n

Proof of Theorem 3. Part (I). Since F ;{ y (X) is piecewise constant and Fj, (x) is
nondecreasing, the sup, of |F r: N (X) — Fp(x)| can be achieved only at jump points

of ﬁ:l';N(x). But I:"’;;N(x) > ﬁm;N(x) for all x, and if x is a jump point, then

Fn (=) < Ef (=) < oy (6) < By ().
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Therefore, . .
sup | Fr (X)) = Fin(x)] < sup | Fpon (x) = F ()]
xeR xeR

Similarly,
supl N ) = Fu(x)| < sup | Fpn (x) = Fru ().
xeR

By the Glivenko—Cantelli-type theorem for weighted empirical distributions (which
can be derived, e.g., as a corollary of Theorem 2.4.2 in [7])

sup |1:"m;N(x) — Fp(x)] >0 as.asN — oo

if sup;_; _ n.n>n, 14}y < 00. The latter condition is fulfilled since detI" 7 0.
Thus,
Sllp| oy (X) = Fp(x)] = 0 as.as N — oo. (14)

For any & : R — R and any interval A C R, let V4 (h) be the variation of 47 on A.
Take A = (c_, c4). Then, under the assumptions of the theorem,

A — | = ‘/ h(x)d(Fpy (x) = Fp(x))

IA

sup ’Fm;N(x) — Fm(x)| «Va(h) - 0 as.as N — oo.

x€A

Part (II). Note that if the assumptions of this part hold for some A = (c_, c4),
then they will also hold for any new c_, ¢4+ such that A C (c—_, c¢4). Thus, we may
assume that F,,(c_) < 1/4 and F,,(c4+) > 3/4.

Consider the random event lev = {ﬁriN(x) = I:"’;;N(x) forall x < c_}. Then
(14) implies P{B }—> las N — oo.

We bound

|AE — ™| < 4+ o+ I, (15)

where
Cc—

5= / hEO(FE () — Fu(0)],

—00

h= / Bd(FE () = Fu(0)],

+00
I = / h)d(FE () = Fu(0)]-

C+

Then J; i) 0 as in Part (I).
Let us assume that the event B ]lv occurred and bound

c_

Ns || hd(F () = Fa)|. (16)

—00
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If h(x) is bounded as x — —o0, then we can take c_. = —o0 and obtain J; = 0.
Consider the case of unbounded 4. Since 4 is monotone, we have i(x) — +oo or
h(x) - 400 as x — —oo. We will consider the first case; the reasoning for the
second one is analogous. Thus, h(x) — 400 as x — —o0, and we can take 2(x) > 0
forx < c_.

By the inequality (16) in [10],

Plsup £y () = Fu()] > ¢] = CI(FPwe N2+ F@e 2N 7)), (7)
r<x ’

where F(x) = Zrﬂle F,(x), C| < oo. .
Let us take xg, ..., X, ... such that A(x;) = 2/h(c_). By assumption (ii) and
the Chebyshev inequality,

M M
Fo)y =Y Plom <x1= Y h 27 @ E[lhtn 7],
m=1

m=1

and _
F(x;) < D273

for some D < oo.
Lete; =2~ I+7/9iIN=1/4 Then by (17)

Plsup |Fory () = Fu(0)] > &;] = C(27INT! 4 277I2N7172)
1<xj ’

for some C, < 0o. Denote B = ﬂj{sup,<xj |I};;;N(t) — Fn(®)| < ¢;). Then

P[BIZV] 21— ZCZ(Z_VJN_I +27VENT > 1 - CNTH = CuNTV 5 1
j=1

as N — oo. Now, J| = |ff;o h(x)d(I:“,:{,N(x) — F,(x)]. If lev and BI2v occur, then

N
j=0

N
<3 (e 2 MINTIA QI Z ) < CsNTIA,
j=0

J1 <

/ ] |F1:;_,N(x) - Fm(x)ih(dx)

Xj+1

Thus, P[J; < CsN~Y/4] > P[BL, N B3] — land J; — 0.

- P
Similarly, J3 — 0.
Combining these bounds with (15), we accomplish the proof. g

Proof of Theorem 4. This theorem is a simple corollary of Theorem 2 and the con-
tinuity theorem for weak convergence (Theorem 3B in Chapter 1 of [3]). O
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Proof of Theorem 5. Since gy and §,’€’;, N are consistent, E‘N —P> Y. Similarly,

the continuity of T’ and consistency of gy imply T’(gn) L (g). Then, with
det D # 0 in mind, we obtain ﬁ;,l —P> D1,

Denote sy = N 7215 D_lf‘N. By Theorem 4 and the continuity theorem,
SN —d> X%. By Theorem 4 N f"N is stochastically bounded. Thus,

’EN —§N| = ’\/ﬁf]\];(D_l - ﬁ&l)(\/ﬁfN” i) 0.

Therefore, sy converges in distribution to the same limit as Sy, that is, to X12; O
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