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1 Introduction

The deterministic predator—prey model with modified version of Leslie-Gower term
and Holling-type II functional response is studied in [1]. This model has the form

dxi(t) = x1(1) (a —bxi (1) — m:iz—i?(t)> ar

fxa(t) > ar.

ma + x1 (1) M

dx (1) = x2(t) (r -

where x1(¢) and x> (¢) are the prey and predator population densities at time 7, respec-
tively. The positive constants a, b, c, r, f, my, mp are defined as follows: a is the
growth rate of prey x1; b measures the strength of competition among individuals of
species x1; ¢ is the maximum value of the per capita reduction rate of x| due to xp;
m1 and my measure the extent to which the environment provides protection to the
prey x1 and to the predator x;, respectively; r is the growth rate of the predator x;,
and f has a similar meaning to c. In [1] the authors study boundedness and global
stability of the positive equilibrium of the model (1).

In the papers [0, 7, 9] the stochastic version of model (1) is considered in the form

dxr®) = x10) (@ = b1 () — —2D Y a1 4+ axy ()dw1 (1),
my + x1(2)
dxa(t) = x20) (r - ﬂ) dt + Brx(dw (@, Q)
my + x1(2)

where wi(t) and wy(¢) are mutually independent Wiener processes in [6, 7], and
processes w(t), wa(¢) are correlated in [9]. In [6] the authors proved that there is
a unique positive solution to the system (2), obtaining the sufficient conditions for
extinction and persistence in the mean of predator and prey. In [7] it is shown that,
under appropriate conditions, there is a stationary distribution of the solution to the
system (2) which is ergodic. In [9] the authors prove that the densities of the distri-
butions of the solution to the system (2) can converge in L' to an invariant density or
can converge weakly to a singular measure under appropriate conditions.

Population systems may suffer abrupt environmental perturbations, such as epi-
demics, fires, earthquakes, etc. So it is natural to introduce Poisson noises into the
population model for describing such discontinuous systems.

In this paper, we consider the nonautonomous predator—prey model with modi-
fied version of the Leslie-Gower term and Holling-type II functional response, dis-
turbed by white noise and jumps generated by centered and noncentered Poisson
measures. So, we take into account not only “small” jumps, corresponding to the
centered Poisson measure, but also the “large” jumps, corresponding to the noncen-
tered Poisson measure. This model is driven by the system of stochastic differential
equations

ci(t)x2(t)

M] dt + oi (t)x; (t)dw; (1)

dx;(t) = x; (1) |:ai(t) —bi(H)x;(t) —
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+_/)/i(lsZ)xi(l)\71(dl,dZ)+/5i(l,Z)Xi(t)V2(dt,dZ),
R R
xi(0)=x0>0,i=1,2, @3

where x1(¢) and x;(¢) are the prey and predator population densities at time ¢, respec-
tively, bo(t) = 0, w;(¢),i = 1, 2, are independent standard one-dimensional Wiener
processes, v;(t, A),i = 1, 2, are independent Poisson measures, which are indepen-
dent on w;(t),i = 1,2, v1(t, A) = vi(t, A) — tT11(A), E[vi(t, A)] = tI1;(A),
i=1,2,T1;(A),i = 1, 2, are finite measures on the Borel sets A in R.

To the best of our knowledge, there have been no papers devoted to the dynamical
properties of the stochastic predator—prey model (3), even in the case of centered
Poisson noise. It is worth noting that the impact of centered and noncentered Poisson
noises to the stochastic nonautonomous logistic model and to the stochastic two-
species mutualism model is studied in the papers [2—4].

In the following we will use the notations X () = (x1(¢), x2(¢)), Xo = (x10, X20),

IX()] = /x}(@®) +x3(1), RT ={X e R?: x; > 0, x, > 0},

wi(t) = ai(t) + / 5:(1, D 2(d2),
R

o?

pi(t) = ’20) +/[Vi(tvZ)_ln(1+yi(tsZ))]Hl(dz)_/ In(1+6; (1, 2))2(dz),
R R

i = 1, 2. For bounded, continuous functions f;(¢),7 € [0, +00),i = 1,2, let us
denote

fisup == Supﬁ(t)’ ﬁlnf == infﬁ(t)al == 1? 27
>0 t>0
Smax = max{ fi sups f2sup}’ Smin = min{f1inf, f2int}.

‘We prove that the system (3) has a unique, positive, global (no explosion in a finite
time) solution for any positive initial value, and that this solution is stochastically ulti-
mately bounded. The sufficient conditions for stochastic permanence, nonpersistence
in the mean, weak persistence in the mean and extinction of solution are derived.

The rest of this paper is organized as follows. In Section 2, we prove the existence
of the unique global positive solution to the system (3) and derive some auxiliary re-
sults. In Section 3, we prove the stochastic ultimate boundedness of the solution to
the system (3), obtainig conditions under which the solution is stochastically perma-
nent. The sufficient conditions for nonpersistence in the mean, weak persistence in
the mean and extinction of the solution are derived.

2 Ecxistence of global solution and some auxiliary lemmas

Let (2, F, P) be a probability space, w;(¢),i = 1, 2,¢t > 0, are independent stan-
dard one-dimensional Wiener processes on (€2, F,P), and v;(¢, A),i = 1,2, are
independent Poisson measures defined on (€2, F, P) independent on w; (¢),i = 1, 2.
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Here E[v;(t, A)] = tI1;(A), i = 1,2, v;(t, A) = v;i(t, A) — tI1;(A), i = 1,2,
I1;(-),i = 1,2, are finite measures on the Borel sets in R. On the probability space
(2, F,P) we consider an increasing, right continuous family of complete sub-o-
algebras {#;};>0, where F; = o{w;(s), vi(s, A),s <t,i =1,2}.

We need the following assumption.
Assumption 1. It is assumed that a; (¢), b1 (¢), ¢ci (¢), 0;(t), yi (¢, 2), 6i (¢, 2),i = 1, 2,
m(t) are bounded, continuous on ¢ functions, a; (t) > 0,i = 1,2, b1inf > 0, ¢jinf > 0,
i = 1,2, mipr = infysom(t) > 0, and In(1 + y; (¢, 2)), In(1 + 6; (¢, 2)),i = 1,2, are
bounded, IT;(R) < c0,i =1, 2.

In what follows we will assume that Assumption | holds.

Theorem 1. There exists a unique global solution X (t) to the system (3) for any
initial value X (0) = Xo € R%, and P{X (1) e R3 } = 1.

Proof. Let us consider the system of stochastic differential equations
¢i (t) exp{&2()}
m(t) 4 exp{&1 (1)}

it dwi (1) + / In(1 + y;(t, 2))51 1, d=) + / In(1 + 8 (1, 2))P(dt, d2),
R R

d&i(t) = [di (1) = bi(t) exp{&i (1)} — - ﬂi(t)i| dt

v;i(0) =Inx;o, i =1,2. 4

The coefficients of the system (4) are locally Lipschitz continuous. So, for any ini-
tial value (£1(0), £2(0)) there exists a unique local solution E(¢) = (§1(¢), &2(¢)) on
[0, Te), where sup, _, |E(7)| = +o0 (cf. Theorem 6, p. 246, [5]). Therefore, from the
Itd formula we derive that the process X (f) = (exp{&1(?)}, exp{&2(¢)}) is a unique,
positive local solution to the system (3). To show this solution is global, we need
to show that 7, = 400 a.s. Let ngp € N be sufficiently large for x;o € [1/ng, nol,
i =1, 2. For any n > no we define the stopping time

n :inf{t €l0,t.): X(t) ¢ (%n) X (%n)}

It is easy to see that 7, is increasing as n — +o00. Denote 75, = lim,_, », T, Whence
Too < T, a.s. If we prove that 7o, = o0 a.s., then 7, = oo a.s. and X () € ]R%r a.s.
for all t € [0, +00). So we need to show that 7o, = oo a.s. If it is not true, there are
constants T > 0 and € € (0, 1), such that P{to < T} > &. Hence, there is n| > nog
such that

P{t, <T}>¢, Vn=>ny. (®)]

2
For the nonnegative function V(X) = > k;j(x; — 1 — Inx;), X = (x1, x2), x; > 0,
i=1
ki > 0,i =1, 2, by the It6 formula we obtain

2
dV(X(1) = Zki{m 0 -1 [a,- (6) = by (i (1) —

i=1

ci(1)x2(1) }
m(t) + x1(t)
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2
+Bi(1) + / 8i(t, Z)xi(f)nz(dz)}dt + Zki{(xi(t) — Doi(t)dw; (1)
i=1

R

+ /[w (t, 2)xi (1) = In(l + yi (7, 2)) V1 (dr, d2)
R
+/[8i(t,z)xi(t) —In(1 +8,-(t,z))]172(dt,dz)}. (6)
R

Let us consider the function f (¢, x1, x2) = ¢ (¢, x1) + ¥ (¢, x1, x2), x1 > 0, x5 > 0,
where

§(t.31) = —kib1 (0x} + ki (1) + b1 x1 + k1B (1) + kafa(r)
—kiai (1) — kaa (1),
Y1 x2) = () + 0~ [ ~kaea O+ (kaazt) — kit (0) x142

+ (koo (m (o) + k11 (D) + kaca(0) ) 2|
Under Assumption | there is a constant L1 (k1, k2) > 0, such that
G(t,x1) < ki [_blinfxlz + (1 sup + bisup) xl] + Bmax (k1 + k2) < Ly(k1, k2).
If ap 5up < 0, then for the function ¥ (¢, x1, x2) we have

—kacainxs + (ki + k2)cmaxx2
m(t) + x1

Yt x1,x2) < < Ly(k1, k2).

If otp qup > 0, then for ky = ki ;21 i‘:l]-: there is a constant L3(kq, k) > 0, such that

2
Yt x1,x2) < {_k2c2infx2 + (kaotz sup — k1C1inf)X1x2 + |:k2a2supmsup

_ ki C1infC2 inf
+(ky +k2)cmax]X2}(m(t) +x) 7 = e {— N3

&2 sup

C1inf

+[Clinfmsup + (1 + ) Cmax]XZ} < L3(k1, k2).

&2 sup

Therefore, there is a constant L(ky, kp) > 0, such that f (¢, x1, x2) < L(k1, k2). So,
from (6) we obtain by integrating

V(X(T N tw)) = V(Xo) + Lk1, ko)(T A )

T ATy T ATy

2
+Zki{ / (x; (t) — Doi(t)dw; (t) + //[Vi(t»z)xi(l)_ln(l
i=1 0 0 R
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T ATy

ntan]panan+ [ [ [&»(z,z)xi(r)—ln(l+6i<r,z>)]az<dr,dz)}. )
0 R

Taking expectations we derive from (7)
E[V(X(T At)] = V(Xo) + L(k1, k2)T. ®)

Set 2, = {t, < T} for n > ny. Then by (5), P(2,) = P{zr, < T} > &,Vn > ny.
Note that for every w € 2, at least one of x1(t,, ) and x3(7,, ®) equals either n or
1/n.So

1
V(X (t,)) = min{k;, kp} min{n — 1 — Inn, — — 1 + Inn}.
n

From (8) it follows
V(Xo) + L(k1,k2)T = E[1q, V(X (10))]
> emin{ky, ko} min{n — 1 — Inn, % — 1+ 1Inn},
where 1g, is the indicator function of £2,,. Letting n — o0 leads to the contradiction
oo > V(Xg) + L(k1, k2)T = oo. This completes the proof of the theorem. |
Lemma 1. The density of the prey population x1(t) obeys

1 t
lim sup M <0, Vimn > 0, a.s. )

—00

Proof. By the It formula for the process e’ In(m + x1(¢)) we have

t
e In(m + x1(t)) — In(m + x10) = / é* {ln(m + x1(5))
0

x1(s) c1(s)x2(s) 2(s)x3(s)
m+ x1(s) [‘” R T m(s)]_ 2(m + x1(5))2

v1(s, 2)x1(s) yi(s, 2)x1(s)
+/[ln<l+ m + x1(s) )_ m + x1(s) ]Hl(dz)}ds
R

! 01(S)X1(S) y1(s, 2)x1(s) \ -
+/oe 1() ()+//eln<l+ m —+ x1(s) > 1(ds, d2)

81(s, 2)x1(s)
//e tn <1+ m+ x1(s) ) Vs d2). - (10)

For 0 < « < 1, let us denote the process

01(S)X1(S) Vl(s 2)x1(s) \ -
belt) = /0 PRSI (”//e 1“( T x1(s) > 1(ds, d2)
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81(s, 2)x1(s) K ("o xi(s) \?
//e In (1+ () )2(ds,dZ)_§‘/(;e O'](S) (m) ds
J/l(S 2)x1(s) s y1(s, 2)x1(s)
//|:< p— > —1—«é’ln <1+—m+x1(s) )j| I1(dz)ds
81(s 2)x1(s)
"//[( () > ]]Hz(dZ)ds'

By virtue of the exponential inequality ([3], Lemma 2.2) forany 7 > 0,0 < « < 1,
B > 0, we have

P{ sup & () > B} < e *P. (11)
0<t<T

Choosing T = kt,k e Nyt > 0,k = ge kT, B = 0kl nk,0 <e < 1,0 > 1,
we get

1
P{ sup &c(t) > 0efTe ™ Ink} < —
0<t<T k

By the Borel-Cantelli lemma, for almost all @ € €2, there is a random integer ko (w),
such that, for Yk > ko(w) and 0 < ¢ < k7, we have

01(S)X1(S) y1(s, 2)x1(5) -
./oem—f-xl() ()+//el<1+ m—i—xl())](ds’dZ)
51(S 2)x1(s)
f/e in < m + x1(s) )2(ds’dZ)§
€ /’eh (01(S)x1(S)) _//[( L. z)xl(s))
2ek7 Jo m + x1(s) m+ x1(s)

e 14 1600
1 —c¢ce 1H(1+ m+ ) >:|H1(dz)ds

Skt

kt
il f[( IICE Z)’”(s)) - 1} Madods + 2K (12
e m + x1(s) €

OR

By using the inequality x” < I+r(x—1),Vx > 0,0 < r < I, withx = 144524,

r = e’ %7 and then with x = 1 + %, r = ge*~%7_we derive the estimates

_//[( m(sz)xl(s)) o
m ~+ x1(s)
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—ce In <1+ m+ x1(s) )]Hl(dz)ds

t
s | vi(s, Dx1(s) v1(s, 2)x1(s)
5//e [7m+x1(s) In <1+7m+x1(s) )] I (dz)ds, (13)
0R
—kt
81(s 2)x1(s)
—// (+3e2)” | mao

s 018, 2)x1(8)
// e Y M, (dz)ds. (14)

From (10), by using (12)—(14) we get

t

e'In(m + x1(¢)) < In(m + x19) + /
0

x1(s) c1(s)x2(s) ]_ a7 (5)x{ (s)
m + x1(s) m(s) +x1(s) | 2(m+ x1(s))?

_ o8kt 81(s, 2)x1(s) 0k Ink
x(l ce )+/—m+x1(s) Hz(dz)}ds+ ——. as. (1)

e {ln(m + x1(s))

[al ($)=b1(s)x1(s)—

It is easy to see that, under Assumption [, for any x > O there exists a constant L > 0
independent on k, s and x, such that

2
b

ln(m+x)_x 1(S)+xa1(S)§L'
m-+x m+x

So, from (15) for any (k — 1)t <t < kT we have (a.s.)

Inom +x1(t)) _ _,In(m +x19) L » 0ekT Ink
< — (1 — .
Int =¢ Int + lnt( e+ gek—DTnk — Dt
Therefore,
. In(m 4+ x1(t))  Oe*
limsup —— < a.s.

t—00 Int
Ifo | 1,7 ] 0,¢e 1 1, we obtain
In(m + x1(t))

limsup——— <1, as.
t—00 Int
So,
In t
lim sup M <0, a.s.
t—00 t



Long-time behavior of a nonautonomous stochastic predator—prey model with jumps 25

Corollary 1. The density of the prey population x1(t) obeys

. In x1(2)
lim sup <0, a.s.
t—00 t

Lemma 2. The density of the predator population x»(t) has the property that

Inxa) _

— Y

lim sup
—0o0

a.s.

Proof. Making use of the Itd formula we get

a(9)x(s) 03
m(s) + x1(s) 2

t
e'Inxy(t) —lnxyg = / es{lnxz(s) + az(s)—
0

+ [ (14 26.0) = o | mas fas v ao)
R
where

t
t
Y(r) = / S oa(s)dwn(s) + / / e In(1+ 72(5,2) )71 s, d2)
0
0OR

t
+// & ln(l +82(s,z)>v2(ds,dz).
0OR

By virtue of the exponential inequality (11) we have

P{sup &c(t) > Bl <e P Yo<k<1,8>0,
0<t<T

where

t t

1 s
oy =v -5 [ oo - [ [[a+mear -1
K

0 0 R

t
—ke* (1 + s, z))]l’[l(dz)ds - %// [(1 18005, 7)< — 1] M, (dz)ds.
0OR

Choosing T = kt, ke N, 7 >0,k = ekt B = 0kt Ink,0 > 1, we get

1
P{ sup &c(t) > 05T Ink} < -

0<t<T k
By the same arguments as in the proof of Lemma 1, using the Borel-Cantelli lemma,
we derive from (16)

c2(8)x2(s)

t
e Inxa(t) < 1nx20+/0 es{lnxz(s)—i-az(S)—m
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‘722(5) k k
-5 (1 — ' T) + / 82(s, z)l'[z(dz)}ds + 60" Ink, as., 17
R
for all sufficiently large k > ko(w) and 0 < ¢ < krt.
Using inequality Inx — cx < —Inc — 1, Vx > 0, ¢ > 0, with x = x2(s),

2l __we derive from (17) the estimate

€= e’

t
e Inxy(r) <lInxag + / e’ ln(msup + x1(s)>ds + L —1)+ 0" In k,
0

for some constant L > 0.
So, for (k — 1)t <t <kt,k > ko(w), we have

t

. In x> (7) . 1 s—t
lim sup <limsup— [ e ln(mSup + xl(s)>ds <0,
t—00 t—oo0 I
by virtue of Lemma 1. O

Lemma 3. Let p > 0. Then for any initial value x1o > 0, the pth-moment of the prey
population density x1(t) obeys

limsupE[xf(t)] < Ki(p), (18)

t—0o0

where K1(p) > 0 is independent of x10.
For any initial value x9 > 0, the expectation of the predator population density
x2(t) obeys

limsupE [x2(1)] < Ko, (19)
11— 00

where Ko > 0 is independent of xy.

Proof. Let 7, be the stopping time defined in Theorem 1. Applying the It6 formula
to the process V (¢, x1(t)) = e’x{’(r), p > 0, we obtain

AT,

V(AT x1(EATy)) = xly + f esx]p(s){l + p|:a1(s) —b1(s)x1(s)
0

c1($)x2(s) } p(p — Do} (s)

_ b
m(s) + x1(s) > +ﬂ![(1+3’1(&z)) 1—pyi(s,2)] 1 (d2)

tAT,

+/[(1 +81(s, 2)P —1] Hz(dz)}ds + /pesxf’(s)al (s)dw1 (s)

R 0
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AT,

[[ X (8) [(1 4+ yi(s, 2)P — 1] D1 (ds, dz)

[ATy,

+ //e xP () [(1 + 81 (s, 2)P — 1] va(ds, dz).
0 R
(20)

Under Assumption 1 there is a constant K{(p) > 0, such that

e’x {1 +p [al(s) bi(s)x; — cL($)x2 } p(p = Dof (S)

m(s) + x1 2

+/[(1+V1(Sa D)’ =1=pyi(s, 2)] Hl(dZ)+/[(1 + 8105, 2)P = 1] Hz(dZ)}
R R
= Ki(p)e'. (21

From (20) and (21), taking expectations, we obtain
E[V(t ATy x1(E ATp))] < xfy + Ki(p)e'.
Letting n — oo leads to the estimate
"Elx{ (] < x{y + €' K1 (p).- (22)
So from (22) we derive (18).

Let us prove the estimate (19). Applying the It6 formula to the process
U(t, X (1)) = e'[kix1(t) + koxa ()], ki > 0,i = 1, 2, we obtain

au, X)) = et{klm(t) + koxa (1) + ki [al(t)xl(t) — bi()x{ (1)

e (1)x3(t) ]
m(t) + x1(2)

c1()x1()x2(2)
—7,”(” o ] + kp [az(t)xz(t) —

2

2
—i—Z ki /xi(t)ai (t, Z)Hz(dZ)}dl +€t{zki [xi(t)oi(t)dwi(t)
i=1 & i=1

+/xi(t)y,-(t,z)f)1(dt,dz)+/x,-(t)&-(t,z)f)z(dt,dz)]}. (23)

R R

For the function

1 _
f(f,X1,X2)=m{lq[—bl(f)x?-ir <1+a1(t)+81(t)—b1(t)m(t)>x12
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+m(t)(1+a1 (1) +351 (t))xl] + [k2(1 Fart) + Sz(r)) — ke (t)]xlxz
+k2[—cz(t)x§ + m(t)(l Far(t) + Sz(t))xz] }

where §; (f) = /5,-(;, DI (d2), i =1,2,

R
we have
@1(x1, x2) + P2(x2)
t,x1,x2) < ,
f(t, x1,x2) S
where

d1(x1,x2) = ky [—blinfxl3+(d1 _blinfminf)x% + msupdlxl]
+[k2d2 - klclinf]xle

d2(x2) = k2 I:_C2infx% + msupd2x2] , di = 1+4a; sup + |Si|supa i=1,2.

For ky = kjcyinf/d> there is a constant L’ > 0, such that ¢ (xq, xp) < L'k; and
@2(x2) < L'ky. So, there is a constant L > 0, such that

f(t, x1,x2) < Lky. (24)

From (23) and (24) by integrating and taking expectation, we derive

E[U ATy, XEAT))] < ki |:X10 + %xzo + Let:| .
)

Letting n — oo leads to the estimate

¢'E [x1(t) + c““fxz(t)} < x10+ %00 + Le'.
) d>
So,
dy s dy
E[x2(1)] < x10+x20)e  + L. (25)
Clinf Clinf
From (25) we have (19). O

Lemma 4. If prinf > 0, where p(t) = ax(t) — Ba(t), then for any initial value
x20 > 0, the predator population density x> (t) satisfies

0
limsupE <L> <K@®),0<6<1, (26)
x2(2)

t—0o0



Long-time behavior of a nonautonomous stochastic predator—prey model with jumps 29

Proof. For the process U () = 1/x2(¢) by the Itd formula we derive

t

U = U<0>+/U(s)[
0

c2(s)x2(s)

RS ATt AT 2
me) i 2O T

t

2
+R/% (dz)}ds_/U(S)Uz(S)dwz(s)

t

_ y2(s, 2) 82(s,2)
//U()1+J/2( Z) vi(ds,dz) — /fU()1+62( va(ds, dz).

0R
Then, by applying the Itd formula, we derive, for 0 < 6 < 1,

t

1+U@)! =1 +U©0)’ + / o(1 + U(s))H{(l + U(s)HU(s)

2
—ax(s) + azz(s)—l—/ %Hl(dz)}
R

+%U2(s)022(s)

1 14+ UG) +1205,2) \’ )
— 14+ U(s))? -1
* R/[( U ((<1+yz(s,z>><1+U<s>)>

+0(1+U(s ))M}Hl(dz)
+y2(s,2)

]
+é/(1+U(s>)2[< L+ U) + 505, 2) ) —l]l'lz(dz)}ds
R

X[ c2(s)x2(s)
m(s) + x1(s)

>

(1 +82(s,2)(A1 +U(s))
t

- f 01+ U()!~1U (5)o2(s)dwa(s)

0

U(s) 4 .1
* /[( L+ (s, Z)) — (1 +U(s) ]\q(ds,dz)

n f[( ves) )9 —a +U(s))9]\72(ds d7)
1+ 8,2(s, 2) ’

t
— A+ U0) + / 61+ U()" 27 (s)ds
0
_Il,stach (t) + I2,stoch (t) + I3,stoch (t)7 (27)
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where [ s1och (1), j = 1, 3, are the corresponding stochastic integrals in (27). Under
Assumption 1 there exist constants |K1(0)| < oo, |K2(0)| < 00, such that for the
process J (¢) we have the estimate

C'ZSupU_1 ()

+ 022(t)
Minf

J(@) =+ U(t))U(t)[—az(t) +

2
1% (s, 2) :| 0—-1_, 2
+R/ TG o) 0 6.2) IMi(dz) | + 5 U“(s)o5(s)

+1f[(1+U())2<< ! + ! )0—1)
J s 1+ 0s.2)  1+U@)

+O(1 + U(s))illji))f((j’;) ]m (dz)

1 5 1 1 o
+5f<1+U<s)) [(HSZ(“) + 1+U(s)> —1]Hz(dz)
R

o5 (t)

>

< Uz(l‘)[—az(t) + + / v, I (dz7) + %ozz(t)

+

| -

1
/[(1 +y2(t,2)) 7 — 1T (d2) + 5 /[(1 +82(t,2) 7% — 1]H2(dz)]
R R
+K1O)U (1) + K2(0) = —Ko(t, )U*(t) + K1 (O)U (1) + K2(8),

where we used the inequality (x + y)? < x% +6x°"1y,0 <6 < 1,x,y > 0. Due to
tim | 20300+ 5 10+ pate.207* - Mm@z
im | = — -
g0+| 272 2 2tz e
R

1
+§ /[(1 +82(t,2)) "7 — 1x(d2) +/1n(1 + v (t, )1 (d2)
R R

+/ln(1 +82(t,z))1'[2(dz)] = lim A(0) =0,
0—0+
R

and the condition p>iyr > 0 we can choose a sufficiently small 0 < 6 < 1 so that

Ko(0) = inf Ko(t,0) = inf[p> () — AO)] = paint — AO) > 0

is satisfied. So, from (27) and the estimate for J(¢) we derive

d[1+U®)] <00+ U0 2—Ko@)U*(t) + K1 (O)U (1) + K2(0)]dt
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U(t) )9

01+ U®)" U@ o2 dwr (1) + /[(1 T
R

U(t)

6
0|~
m) —(1+U@®)) :|l)2(d[’dz)‘ (28)

—(1+U(r>)9]ﬁ1(dz,dz)+/[(1+
R

By the Itd formula and (28) we have
d[e(1+U@)'] =21 +U@)dt +eMd [(1+ U@)’]

<eMo(l + U(r))H[ <K0(9) )Uz(t) + (K1 ©) + 29 )U(r)

+K2(0) + g]dt — 01+ U0’ ' U@0)or(t)dwa (1)

0
CsT

0
R

Let us choose A = A(6) > 0, such that Ko(6) — A /6 > 0. Then there is a constant
K > 0, such that

(1+ U(r))“[ <K0(9) —~ —)U (1)

(K1(9)+20 >U(t)+K2(9)+gi|§K. (30)

Let 7, be the stopping time defined in Theorem 1. Then by integrating (29), using
(30) and taking the expectation we obtain

1\* o
B[+ U AT ] < (1 + —) +oK (M —1).
X20 A

Letting n — oo leads to the estimate

0

60
E[A+U@)] < <1+i0> +XK(e’\’—1). (1)

From (31) we obtain

. 1\ )
e | (1) | i)

li E|l(1+U
< lim sup [A+U@)"] = — Y0

this implies (26). O

a
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3 The long-time behaviour

Definition 1 ([8]). The solution X (¢) to the system (3) is said to be stochastically
ultimately bounded, if for any ¢ € (0, 1), there is a positive constant x = x(¢) > 0,
such that for any initial value X¢ € Ri, the solution to the system (3) has the property
that

limsupP {|X ()| > x} < e.

—>00

In what follows in this section we will assume that Assumption 1 holds.

Theorem 2. The solution X (t) to the system (3) with the initial value X € Rﬁ is
stochastically ultimately bounded.

Proof. From Lemma 3 we have the estimate

limsup E[x;(t)] < K;, i =1,2. (32)
11— 00
For X = (x1,x) € Ri we have |X| < x; 4 xp, therefore, from (32)

limsup,_, o E[IX(H)|]] < L = K1 + K. Let x > L/e, Ve € (0,1). Then apply-
ing the Chebyshev inequality yields

1 L
limsupP{|X ()| > x} < —lim sup E[|X(#)|]] < — < e.
t—00 t—00 X

O

The property of stochastic permanence is important since it means the long-time
survival in a population dynamics.

Definition 2. The population density x(¢) is said to be stochastically permanent if for
any ¢ > 0, there are positive constants H = H (¢), h = h(e) such that

liminfP{x(t) < H} > 1 —e, liminfP{x(t) > h} > 1 — &,
t—00 =00

for any inial value xg > 0.

Theorem 3. If prins > 0, where p(t) = ax(t) — Ba(t), then for any initial value
x20 > 0, the predator population density x»(t) is stochastically permanent.

Proof. From Lemma 3 we have estimate

limsup E[x2(t)] < K.
11— 00

Thus for any given ¢ > 0, let H = K /¢, by virtue of Chebyshev’s inequality, we can
derive that

1
limsup P{xz(t) > H} < — limsup E[x2(?)] < ¢.
H 11— 00

—00

Consequently, li[m infP{x,(t) < H} >1—¢.
—00
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From Lemma 4 we have the estimate

1 0
limsupE (—) <K@®),0<6<1.
t—00 x2(1)

For any given ¢ > 0, let h = (¢/K (6))'/?, then by Chebyshev’s inequality, we have

6
lim sup P{x» (1) < h} < limsup P ( ] ) >n?
x2()

t—>00 t—00
1\
ghelimsupE < ) <e¢
t—00 X2(t)
Consequently, litm infP{xp(t) > h} > 1—¢. O
— 00

Theorem 4. If the predator is absent, i.e. x2(t) = 0 a.s., and piinf > 0, where
p1(t) = a1(t) — B1(t), then for any initial value x1¢9 > 0, the prey population density
x1(t) is stochastically permanent.

Proof. From Lemma 3 we have the estimate

limsup E[x1(¢)] < K.

—0o0

Thus for any given ¢ > 0, let H = K /¢, by virtue of Chebyshev’s inequality, we can
derive that

1
limsupP{x;(#) > H} < — limsup E[x1(?)] < ¢.
t—00 H t—00
Consequently, li[m infP{x;(r) < H}>1—¢.
—00
For the process U(t) = 1/x1(¢), by the It6 formula we have

t

U(t) =U(0) + / U(s)[ln(s)xl(s) —ai(s) + o (s)

0
1

P

o) _/

+/1+V1(s,z)nl(dz)]ds U (s)oy(s)dw (s)
0

v1(s,2) 1(s,2)
//U()l—i-)/l( = vi(ds,dz) — //U()l—i—(S]( Z)vz(ds,dz).

Then, using the same arguments as in the proof of Lemma 4 we can derive the esti-
mate

1 0
limsupE (—) <K@®), 0<6 <1.
t—00 x1(2)
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For any given ¢ > 0, let 1 = (¢/K(9))'/?. Then by Chebyshev’s inequality, we have

0
lim sup P{x(r) < h} = limsup P ( ! ) >h?
x1(t)

t—00 t—>00
1\
ShelimsupE ( ) <eg
t—00 x1(2)
Consequently, 1itm infP{x;(¢) > h} >1—¢. O
—00

Remark 1. If the predator is absent, i.e. x2(¢) = 0 a.s., then the equation for the
prey x1(t) has the logistic form. So, Theorem 4 gives us the sufficient conditions for
the stochastic permanence of the solution to the stochastic nonautonomous logistic
equation disturbed by white noise, centered and noncentered Poisson noises.
Definition 3. The solution X () = (x1(¢), x2(¢)), t > 0, to equation (3) will be said
extinct if for every initial data Xo € Ri, we have lim;_, o, x; (f) = 0 almost surely
(as.),i =1,2.

Theorem 5. If

t

1
pi = limsup — / pi(s)ds < 0, where p;(t) = a;(t) — Bi(t), i = 1,2,

t—o0 I
0

then the solution X (t) to equation (3) with the initial condition Xy € R%_ will be
extinct.

Proof. By the It6 formula, we have

ci (D)x2(1)
m(t) + x1(t)
<lai(®) = Bi®)]dt +dM; (@), i = 1,2, (33)

dInx;(1) = [ai(l) — bi(t)xi (1) — - ,Bi(t)] dt +dM;(r)

where the martingale

t

t
M;() = /Gi(s)dwi(S) + /ln(l + v (s, 2))v1(ds, dz)
0 0R

t
+f/ In(1 4 6; (s, 2))va2(ds, dz), i = 1,2, 34)
0R

has quadratic variation

t

t
(M;, M;)(t) = /aiz(s)ds + /1H2(1 + yi(s, 2))I11 (dz)ds
0 0 R
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t
+// In%(1 + 8; (s, 2))a(dz)ds < Kt, i =1, 2.
0OR

Then the strong law of large numbers for local martingales ([10]) yields
lim;— oo M;()/t =0,i = 1, 2, a.s. Therefore, from (33) we obtain

t

nx;(t 1
lim sup xi(0) < lim sup—/pi(s)ds <0, as.
t—00 t—oo 1
0
So, lim; 00 xi(2) =0,i = 1,2, a.s. |

Definition 4 ([11]). The population density x(#) will be said nonpersistent in the
mean if
t

1
lim — x(s)ds =0 a.s.
t—oo t Jy

Theorem 6. If pi = 0, then the prey population density x1(t) with the initial condi-
tion x10 > 0 will be nonpersistent in the mean.
Proof. From the first equality in (33) for i = 1 we have

t t

Inx (1) < Inxio + / pr(s)ds — b / 1(5)ds + My (1), (35)
0 0

where the martingale M (¢) is defined in (34). From the definition of ﬁi‘ and the strong
law of large numbers for M (¢) it follows, that Ve > 0, 379 > 0, and IR, C €2, with
P(2;) > 1 — ¢, such that

t
1 £
_ ds < p¥ -,
[/P1(S)S_P1+2
0

M (1) £
<5 iz weQ

So, from (35) we derive

t
Inx1 (1) — Inx10 < (5" + &) — brint / 1 (s)ds
0

t
=te — blinffX1(S)dS, Vt > 1y, w € Q. 36)
0

Let y1(¢) = fé x1(s)ds, then from (36) we have

dy (¢
ln( y;t( )> < &t —brinty1(t) +1nxyo
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iy Ayt
= eblmf}l(f)):il_t() < x10€°",Vt > 19, w € Qp.

By integrating the last inequality from 7 to ¢ we obtain
D1infy1(1) biintx10 et £ty b1infy1(t0)
e’lin 5—(6 —e )+e in , Yt > 1y, w € Q.
e
So,
1 brinfy1(f0) biinfX10 o eto
yi(t) < ——In|e’lin +7(€ —e ) , YVt > 1y, we Qq,
btint €
and therefore

t

. 1 e
hmsup?/xl(s)ds < b

t—00 1inf
0

, Yo € Q.
Since ¢ > 0 is arbitrary and x1(¢) > 0 a.s., we have
t
1
lim — /xl(s)ds =0a.s.
t—o0 t
0

O

Theorem 7. If p5 = 0 and p} < 0, then the predator population density x>(t) with
the initial condition x>0 > 0 will be nonpersistent in the mean.

Proof. From the first equality in (33) with i = 2 we have, for ¢ = c2inf/Msup,

t t
Inxa(r) < Inxao + / P2(s)ds — Cain f #%dwwz)
0

0

' t
- [ x)n0)
= IHX2O+O/p2(s)ds 62me/ o) [Xz(S) ) +x1(s)}ds+Mz(t)

t t t
/ / / x1(s)x2(s)
<lInxy + | pa(s)ds —c | x2(s)ds +c | ———————ds + M>(t), (37)
0 0 Mgup + X1 (s)

where the martingale M>(¢) is defined in (34). From Theorem 5, the definition of p3
and the strong law of large numbers for M>(t) it follows, that Ve > 0, Jr9 > 0, and
3R, C Q with P(2,) > 1 — ¢, such that

t

1 —x
7| p29)ds = py +
0

My (t t
MO 0Oy weqn
2 t 2" mggp + x1(2)
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So, from (37) we derive

t
Inxz(r) —Inxa < 1(ps +¢) —c(l — 8)/)62(S)ds
fo

t
=te—c(l— 8)/x2(s)ds, vVt > ty, w € 2. (38)
1

0

Let y2(1) = ftf) x2(s)ds. Then from (38) we have

dt

_ oo 920
dt

dy,(t
In < »( )> <et—c(l —e)y2(t) +1Inxy
< xp0€”,Vt > 19, w € Q.
By integrating the last inequality from 7 to ¢ we obtain

ecmen® < el = el (e =€)+ 1, Vi > 19, ® € Q.
e

So,

c(l —e)x (esz _ eezo)

}7VIZZO7Q)GQ&‘7
&

1
yz(f) < m In |:1 +

and therefore

t

1
limsup; /xz(s)ds < ﬁ, Yo € Q..

t—>0o0

Since & > 0 is arbitrary and x,(f) > 0 a.s., we have
. t
lim — /xz(s)ds =0a.s.
t—00 t
0

O

Definition 5 ([11]). The population density x (¢) will be said weakly persistent in the
mean if

1 t
X* = lim sup A / x(s)ds > 0 a.s.
0

t—00

Theorem 8. If p5 > 0, then the predator population density x(t) with the initial
condition x2¢ > 0 will be weakly persistent in the mean.
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Proof. If the assertion of theorem is not true, then P{x = 0} > 0. From the first
equality in (33) we get

1 IR 1 [P ca(s)xa(s) M (1)
?(lnxz(t) —1Inxyy) = ; f pa(s)ds — —/ o +x1(s)ds + ;

t
> l/ pz(s)ds—ﬂ/ 2(s)ds + Z(I)
t Jo Minft Jo

inf

where the martingale M>(¢) is defined in (34). For Vo € {w € Q| xJ = 0} in virtue
of the strong law of large numbers for the martingale M»(¢) we have
Inx, (¢
lim sup 2()_p2>0.

1—00

Therefore,

. In x2 ()
Plw € Q| limsup p >0¢ >0.

t—00

But from Lemma 2 we have

1 t
P{a)e Q| limsup nx;() 50} =1.

—>00

This is a contradiction. O

Theorem 9. If pi > 0 and p5 < O, then the prey population density xi(t) with the
initial condition x1y > 0 will be weakly persistent in the mean.

Proof. Let P{x] = 0} > 0. From the first equality in (33) withi = 1 we get

1 1 ! 1 /!
—(nx1(t) — Inxyo) = —/ pi1(s)ds — —/ bi(s)x1(s)ds
t t Jo tJo

_l/t c1(8)x2(s) dS+M1(t)

o m(s)+ xi(s) t

1 ! by ! ‘ ! M (t
> - f pi(s)ds — 22 f xi(s)ds — 2 / x 10 39)

rJo tJo Minft Jo !

where the martingale M (¢) is defined in (34). From the definition of pY, the strong
law of large numbers for the martingale M (¢) and Theorem 2 for x,(¢), we have
Ve > 0,319 > 0, AQ, C Q with P(2;) > 1 — ¢, such that

t

1 Mt 1t
;fPI(S)dszﬁT—f, 10, ¢ ;/ a(oyds < S0
0

3 t 3 Clsu
0 p

vVt > ty, w € Q.

So, from (39) we get for w € {w € Q|x] =0} N Q,

. In x1(2)
lim sup
1—>0o0

>pl—e>0
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for a sufficiently small ¢ > 0. Therefore,

—0o0

1 t
P{we Q| limsup nx;() > O} > 0.

But from Corollary 1

—>00

Inx (t
P{wem 1imsupnx+() 50} — 1.

Therefore we have a contradiction. O
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