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Abstract Sharp large deviation results of Bahadur—Ranga Rao type are provided for the g-
norm of random vectors distributed on the E’;,-ball B’; according to the cone probability mea-
sure or the uniform distribution for 1 < ¢ < p < oo, thereby furthering previous large
deviation results by Kabluchko, Prochno and Thile in the same setting. These results are then
applied to deduce sharp asymptotics for intersection volumes of different £’ -balls in the spirit
of Schechtman and Schmuckenschlédger, and for the length of the projection of an Z’I’,—ball onto
a line with uniform random direction. The sharp large deviation results are proven by provid-
ing convenient probabilistic representations of the g-norms, employing local limit theorems
to approximate their densities, and then using geometric results for asymptotic expansions of
Laplace integrals to integrate these densities and derive concrete probability estimates.
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1 Introduction

The study of convex bodies in high dimensions, known today as asymptotic geometric
analysis, has arisen from the local theory of Banach spaces, which aimed at analyzing
infinite-dimensional normed spaces via their finite-dimensional substructures, such as
their unit balls. Despite having its origin in the realm of functional analysis, the field
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has since established itself in its own right, considering problems also beyond the
study of centrally symmetric convex bodies that occur naturally as the unit balls of
Banach spaces. In high dimensions convex bodies exhibit certain regularities, such
as concentration of measure phenomena (see, e.g., [23]), which make it highly use-
ful to approach them from a probabilistic perspective. As pointed out in [6], it might
seem counter-intuitive to analyze something exhibiting regularities from a probabilis-
tic perspective, as probability concerns itself with studying the nature of irregularity,
i.e. randomness, of given quantities. But as with well-known limit theorems from
probability such as the law of large numbers and the central limit theorem, with large
sample sizes (and analogously — with high dimensionality) random objects exhibit
interesting patterns well characterized in the language of probability and vice versa.
Many results analogous to those from classic probability have been found for high-
dimensional convex sets, such as the central limit theorem (see, e.g., Anttila, Ball
and Perissinaki [5], Klartag [34, 35]). For further background on high-dimensional
convexity, see [6, 11, 23, 24].

The E’I’,-ball ]B%’;,, n € N, has been a prominent object of study, as it is the unit ball
of the (finite-dimensional) sequence space £7,, and has been the subject of a multitude
of results. We will name only a select few and refer to the survey by Prochno, Thile
and Turchi [40] for a comprehensive summary of classic and contemporary results.
Let us denote by Uy, , the uniform distribution on the Euclidean E'I’,—ball IEB';? and by

C,,p the cone probability measure on the £ -sphere S’I’,_l. Schechtman and Zinn [46]
and Rachev and Riischendorf [41] showed a generalization of the Poincaré-Maxwell—
Borel lemma, proving that, for k € N with k < n, the k-dimensional marginal distri-
bution of a random vector distributed according to C, , converges to a k-dimensional
generalized Gaussian distribution as n increases. They also provided a probabilistic
representation for such random vectors in terms of these generalized Gaussian distri-
butions, which will be a key building block in our main results. The primary quantity
of interest of this paper however is the behaviour of the g-norm || Z||,; of a random
vector Z in S’I’,’l and IB%;. This was first studied by Schechtman and Zinn [46], who
derived concentration inequalities for || Z||, with Z ~ C,, , and Z ~ U, , forg > p.
This is closely related to the intersection volume of #-multiples of volume-normalized
¢ -balls D, = voln(IBsy,)—l/"]Bag, i.e. vol, (%, N D) with ¢ € [0, 00), for which
Schechtman and Schmuckenschlidger [45] gave the asymptotics for # % 1. Schecht-
man and Zinn [47] expanded their previous results in [46], by not only considering
the g-norm, but also images of random vectors under Lipschitz functions in general.
Thus, they gave concentration inequalities for f(Z), with Z ~ C,, , and Z ~ U, p,
p € [1,2),and f aLipschitz function with respect to the Euclidean norm. Schmuck-
enschliger [48] provided a central limit theorem (CLT) for ||Z]|, with Z ~ C, ,
and Z ~ U, , and used it to refine the previous intersection results in [45] for all
t € (0,00). Naor [38] gave concentration inequalities for ||Z||Z with Z ~ C, p,
showed that the total variation distance between C, , and the normalized surface
measure oy, , on S’;]_l tends to zero proportional to n~'/2, and used the previously
mentioned results to show a concentration inequality for || Z ||Z with Z ~ o, ,. He
also discussed how concentration results similar to Schechtman and Zinn [47] for
IZ]l4 could already be derived from previous results of Gromov and Milman [22]
for the concentration of Lipschitz functions on convex bodies. Kabluchko, Prochno
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and Thile [28] gave a multivariate CLT for (|| Z]ly,, ..., IZllg,) with Z ~ U, , in
the spirit of [48] and also considered the asymptotics for the intersection volume of
multiple Zg-balls, i.e. vol, (]D)’;7 N tl]D)Zl N---N td]D);d) with ¢; € [0, o0). This CLT
was furthermore applied by the same authors to infer a central limit theorem for the
length of B, projected onto a line with uniform random direction. Moreover, they
provided a large deviation principle (LDP) for || Z||; with Z ~ C,, , and Z ~ U, p.
In a follow-up paper [30], the same authors showed a CLT for || Z]|,, where the distri-
bution of Z is taken from a wider class of p-radial distributions P, , w, introduced by
Barthe, Guédon, Mendelson and Naor [8], consisting of mixtures of U, , and C, ,,
combined via a measure W on [0, 0o). This class contains both U, ; and C, ,, but
also distributions corresponding with geometrically interesting projections (see, e.g.,
[30, Introduction, (iii)]). Finally, they gave a moderate and a large deviation principle
for || Z|ly with Z ~ P, , w.

Generally, studying large deviations within asymptotic geometric analysis has
started fairly recently with Gantert, Kim and Ramanan [20], who gave an LDP for
projections of random points in £},-balls with distributions Cy, , and U, , onto both
random and fixed one-dimensional subspaces. Today, large deviations theory has be-
come a well-established toolbox in high-dimensional convex geometry, giving rise
to a plethora of results (see, e.g., [3, 4, 28-30, 32, 33]). Recently, a new tool from
large deviations theory was introduced to asymptotic geometric analysis by Liao and
Ramanan [37]. They gave sharp large deviation (SLD) results in the spirit of Bahadur
and Ranga Rao [7] and Petrov [39] for the projections of random points in 7 -balls
with distributions C, , and U, , onto a fixed one-dimensional subspace. Other works
in asymptotic geometric analysis have also employed methods from sharp large de-
viations theory as well, such as Kabluchko and Prochno [27], who derived asymp-
totic volumes for generalizations of E'[’,-balls, known as Orlicz balls, and showed a
Schechtman and Schmuckenschlédger-type result by considering intersection volumes
of Orlicz balls. Their results on Orlicz balls were then expanded upon by Alonso-
Guiterréz and Prochno in [2], who gave the exact asymptotic volume of Orlicz balls
and provided thin-shell concentrations for them, augmenting their results into sharp
asymptotics under certain conditions.While LDPs only give tail asymptotics on a log-
arithmic scale, the sharp asymptotics provided by sharp large deviations theory can
give tail estimates for concrete values of n € N, which makes them significantly
more useful for practical applications. Moreover, a lot of idiosyncrasies of the un-
derlying distributions, that are drowned out on the LDP scale, are still visible on
the SLD scale, thus giving a deeper understanding of the geometric interpretation of
the quantities involved. This paper will follow closely in the footsteps of Liao and
Ramanan [37] and establish SLD results for the g-norms of random vectors with dis-
tribution C,, , and U, ,,. Furthermore, we will use these results to expand on works of
Schechtman and Schmuckenschliger [45], Schmuckenschlédger [48], and Kabluchko,
Prochno and Thile [28] for intersection volumes of ¢/, -balls by giving sharp asymp-
totics for vol, (D, N 7DY) at a considerably improved rate for 1 < ¢ < p < o0
and r > C(p, g) bigger than some constant dependent on p and g only. Addition-
ally, we will also apply our results for £7,-spheres to retain sharp asymptotics for the
length of the projection of an Z’;—ball onto the line spanned by a uniform random
direction.
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The paper will proceed as follows: in Section 2 some basic notation and defini-
tions will be provided while also giving some appropriate background on the involved
large deviations theory. Furthermore, we will recapitulate some existing results that
are relevant to this paper. In Section 3 we will present our main results regarding the
g-norms of random vectors on £’,-spheres and £),-balls. Also, we will present and
prove their application to intersections and one-dimensional projections of £7 -balls,
and outline the idea of the two central proofs. In Section 4 we will reformulate the tar-
get probabilities from the main results in terms of useful probabilistic representations,
using well-established representations of random vectors in Z'I')-balls of Schechtman
and Zinn [46] and Rachev and Riischendorf [41]. In Section 5 local density approx-
imations of these probabilistic representations will be provided. In Sections 6 and 7
we will prove the SLD results for £%,-spheres and £')-balls, respectively, by integrat-
ing over the density estimates. For that, we will utilize some geometric results for
asymptotic expansions of Laplace integrals from Adriani and Baldi [1] and Breitung
and Hohenbichler [12].

2 Preliminaries

2.1 Notation and important distributions

We denote by vol, the d-dimensional Lebesgue measure on R? and write B (Rd) for
the o-field of Borel sets in RY. For a set A € B(Rd) we write A°, A, dA, and A°
for the interior, closure, boundary and complement of A, respectively. Furthermore,
we write (-, -) for the standard scalar product in RY. For g: RY — RY, we denote
by J,g(x*) the Jacobian of g with respect to the vector x evaluated at x* € RY,
and for f : RY — R by V, f(x*) and H, f(x*) the gradient and the Hessian of f
with respect to the vector x evaluated at x* € R?, respectively, and use the shorthand
notation

F . ah did £l

lilyig) X)) = — ... —— [, _ . (1
ot E)x’ll Bxid =

We write (x1,...,xq) € R4 for a standard column vector and for x, y € R4, we

write their product x”y as xy, skipping the explicit transpose notation for brevity.
Given a random variable X with distribution P, we write X ~ P and denote by EX
its expectation. For two random variables X, Y with the same distribution we write

X 4 Y. For a random vector X in R and s € R?, denote by ¢x(s) := E[e!s-X)]
and Ax(s) := loggx(s) the moment generating function and cumulant generating
function (m.g.f. and c.g.f.), respectively. We call the set of s € R? for which A x (s) <
oo the effective domain Dy of A x. Moreover, for x € RY we denote by A’)‘((x) =
sup,cral[(x,s) — Ax(s)] the Legendre—Fenchel transform of the c.g.f. Ax. When
considering sequences in n € N, we denote by o(1) a sequence that tends to zero as
n— oo.

Let us consider the class of distributions at the core of the probabilistic construc-
tions throughout this paper. We say a real-valued random variable X has a generalized
Gaussian distribution if its distribution has the Lebesgue density

b b
fgen(x) = €_(|x_m|/a) s x eR,

24T (})
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where m € R and a,b > 0, and denote this by X ~ Ngen(m, a, b). As men-
tioned in the introduction, the generalized Gaussian distributions are essential for
constructing probabilistically equivalent representations of the quantities of interest,
based on results of Schechtman and Zinn [46] and Rachev and Riischendorf [41]. For
these constructions we will be using the specific generalized Gaussian distribution
N := Ngen (0, pl/r, p), p € [1, 00), with the density

1 P
fr(x) = ——————— M7y eR
2prr(145)

For X ~ N, and r > 0, we write M, (r) := E|X|" for the r-th absolute moment of
X, for which

r+l
g T (1+5)

)

Mpy(r) =E|X|" = )

2.2 Background material from (sharp) large deviations theory

We will give some basic notions and definitions from large deviations theory. To keep
this paper self-contained, we will present them here, while referring the reader to
[17, 18, 31] for additional background material on large deviations. Furthermore, we
want to give some insight into the methods of the lesser known theory of sharp large
deviations.

Definition 1. Let (P,),cy be a sequence of probability measures on RY. We say
that (P,)nen satisfies a large deviation principle (LDP) if there are two functions
s :N—> Rand T :RY — [0, 00), such that T is lower semi-continuous and

1

a) limsup —logP,(C) < -Z(C) forall C C R" closed,
n—00 Sln)

b) liminf —logP,(0) > -Z(0) forall O C R" open,
n—oo  s(n)

where for B C R? we define Z(B) := infycp Z(x). We call s the speed and L the rate
function. We say that L is a good rate function, if it has compact sub-level sets.

We apply the definition of LDPs to sequences of random variables as well by
applying the above definition to the sequence of their distributions. In our setting the
sequence parameter n € N will furthermore coincide with the space dimension d €
N, as we are considering the effects of increasing dimensionality. Given a sequence
(X™), ey of i.i.d. random vectors in R4, one is frequently interested in the behaviour
of the sequence (S™),cn of the empirical averages S := %Z?:l x® e R,
One of the most well known and most frequently used results in the theory of large
deviations is the theorem of Cramér, which states that if the c.g.f. Ay is finite in an
open neighbourhood of the origin, then (S M)y, o satisfies an LDP in R? with speed
n and rate function A§ (see, e.g., [17, Theorem 2.2.30, Theorem 6.1.3, Corollary
6.1.6]). Hence, under suitable exponential moment assumptions for the X ) we can
already infer the large deviation behaviour of (S My, cN.



244 T. Kaufmann

The classic LDP gives us an idea of the asymptotic deviation behaviour of a se-
quence of distributions on a logarithmic scale. By doing this however, a lot of sub-
tleties of the underlying distributions can be drowned out. Many small and medium
scale properties of a given sequence of distributions are often missed in the asymp-
totic analysis of LDPs, since they either disappear for very large n € N or are drowned
out by other, more significant phenomena of the distribution. Thus, one is also inter-
ested in considering large deviations on a nonlogarithmic scale, which we refer to
as “sharp” large deviations (also called “precise” or “strong” large deviations in the
literature). One of the first and most prominent results in this regard was shown by
Bahadur and Ranga Rao [7]. They showed that for a sequence (X M)y, ey of i.i.d.
random variables and any z > E[X ™7 with A% (z) < oo, it holds that

IP’(S(") > z) = -
V2mnk(2)E(2)

where « (z) and £(z) are only dependent on the distribution of the X and the de-
viation size z. This is proven via a (somewhat implicit) application of the the so-
called saddle point method (or method of steepest descents), which was established
by Debye [16], and brought to the realm of probability by Esscher [19] and Daniels
[14]. The saddle point method generalizes Laplace’s method for integral approxima-
tion to the complex plane, and is therefore highly useful when dealing with integrals
of characteristic functions. In general, for appropriate functions f, g and n € N
large, the saddle point method gives a way to approximate Laplace-type integrals
/ P g(z)e /@ dz along complex paths P, by deforming the integration path using

D1+ o(1)),

Cauchy’s theorem, into some P that passes through a saddle point of f. The mass
of the reformulated integral is then heavily concentrated around the saddle point and
standard integral expansion methods, such as Edgeworth expansion, can be used to
great effect. In the realm of probability, this has been used for both tail probabili-
ties (e.g., Esscher [19], Cramér [13]) and densities of random variables (e.g., Daniels
[14], Richter [42, 43]), by writing them as an integral of their characteristic functions,
using the Fourier inversion formula, and then approximating those integrals via the
use of a complex saddle point. We say that this was used “somewhat implicitly” in
certain results, such as those of Esscher [19], Cramér [13] and Bahadur and Ranga
Rao [7], since the technique used therein, which is a certain change of measure, often
called exponential tilting or Esscher/Cramér transform, under the surface employs
saddle points as well. For further background on this method, we refer to the book of
Jensen [26].

As mentioned in the introduction, Section 5 will provide density estimates for
our probabilistic representations from Section 4, which are derived using the saddle
point method. However, since our probabilistic representations are given as sums of
i.i.d. random vectors, we will refer to previous results where this was done explicitly,
while making sure that the conditions for their application are still met in our setting.
Generally, the core idea of the saddle point method, which is reformulating an integral
so that all of its mass heavily concentrates around a critical point, around which we
can then employ approximation methods, is used in the overall proof of our main
results in a broader sense as well. We reformulate our target probabilities via some
convenient representations, whose densities we also provide, such that the remaining
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integrals then heavily concentrate their mass around a given critical point, such that
approximations at that point yield accurate results, as we will see in Sections 6 and 7.

2.3 Distributions on Z’Z,—balls

For p € [1,00],n € N,and x = (x1, ..., x,) € R" we denote by
n l/p
> |x-|P> 1p <0
xllp = (izl ’ 3)
max{|x1|a""|xn|} :pzoo

the Z’I’,—norm of x. Let IB%’I’, = {x € R" : |lx]|, < 1} be the unit E'I",—ball and S’I’,’l =
{x e R" : |lx||, = 1} be the unit E'I’,—sphere. We define the uniform distribution on IBS’I’,
and cone probability measure on S’I’,_l as

vol, () vol,({rx :r €[0,1],x € -})

U, ()= o) 4 C, ()=
np(+) vol,(Br) np () vol, (B

The following result is the basis of our probabilistic representations for random vec-
tors with distributions C,, , and U, ;, and is due to [41] and [46].

Lemma 2. Let p € [1,00), Y = (Y1,...,Y,) be a random vector in R" with

Y; ~N, iid., and U be an independent random variable uniformly distributed on
[0, 1]. Then,

i) the random vector Y /||Y ||, has distribution C,, , and is independent of ||Y || ,

ii) the random vector UV™ Y /|| Y| p has distribution U, p.

2.4 LDPs for g-norms in £} -balls

Throughout this paper we assume 1 < g < p < oo. The main variables of interest
will be the g-norms of the random vectors Z ) Fn) ¢ IB%’;, with Z(™ ~ C,,p and
Z™ ~ U, ,. Note, that we will always denote quantities related to Z™ ~ U, ,
cursively. To get nontrivial results, our target variables also need to be appropri-
ately rescaled. Thus, for random vectors zm F0 ¢ IB%’]; with ZW ~ C,.p and
F™ ~ U, ,, our target variables will be n!/P=1/4 || z™|| . and n'/P=Va | ™|,
respectively. We set

1Z0 = (n/77 0 Z0)) o and ) = (02O )

ne neN

It follows via the strong law of large numbers and the continuous mapping theorem
applied to the probabilistic representations in (4) and (5) that the expectations of || Z||
and || Z'|| converge tomp, 4 := Mp(q)]/q as n € Nincreases. For fixed n € N we will
denote

E[n!/77 11200, | =g and B [n 77O ] = 2

Furthermore, LDPs for || Z|| and || Z || have been given in previous works, which we
want to include here explicitly. But first, let us look at the following probabilistic
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representations of ||Z|| and || Z ||, since the LDPs are given with respect to the c.g.f.
of these representations: Let (Y("))neN be a sequence of i.i.d. random vectors Y™ .=

(Y 1("), e, Y,g")) with Yi(n) ~ N, and U be a random variable, independent of the
Yl.("), and uniformly distributed on [0, 1]. Then, we can see via Lemma 2 that

1 7\ "/4
oy, (3 Xy

Up=1/q 7y 4 1/p—1/q
n 1Z% Mg =n = , “4)
Yy ) p\l/p
1Y, (% Sy )
and
1 1 m),a\ /4
. d 1y Y@ (s T )
nl /=g gy Lyl /p=1/g /e ”Y_(n)”q =yl/n : N ®)
n
b (E Z?:l |Yi | )
Define
v .— (vf’”, o v,;'“) cR> ©)
with
q P
v = (1),
and
7 (%1“”, L %@)) e R %)
with
7, = (11 vyt
We denote the m.g.f. and c.g.f. of the Vi(") as
@p(1) 1= /Renly\qurzly\pfp(y) dy,
and
Ap(r) = log f etPIHE £ (y) dy, ®)
R

fort = (11, 1) € R2, and the Legendre—Fenchel transform of A, as

A%(x) = sup [(x.T) — A,()]. xeR%.

reR?

Let D), be the effective domain of A,. Since ¢ < p, for the integral in both ¢,
and A, to be finite, the sign of the dominant term in the exponent must be negative.
Remembering the definition of f),, one can see that this is valid for 7, < 1/p, thus
D, = R x (=00, 1/p). Now, we want to characterize the points x € R2 for which
there exists a T(x) € D), such that

A (x) = (x, T(x)) = Ap(r(x)), ®
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i.e. for which the function g, (7) := (x, ) — A ,(7) does not attain its supremum at
infinity. We will do this along the lines of [1, Section 2]. It holds that A , is convex in
7 (see standard properties of the c.g.f. in, e.g., [17, Lemma 2.2.31]), hence g.(7) :=
(x, T) — Ap(7) is concave as a sum of concave functions. Then, for a given x € R2,
there either exists a 7(x) € R? that satisfies x = V; A p(7), i.e. that is a root of
V. gx(1), or the supremum of g, will be attained at infinity. If such a 7 (x) exists and
lies in D), then Aj;(x) = (x,7(x)) — Ap(r(x)) < oo (see [17, Lemma 2.2.31]).

Since the Vi(") are not concentrated on a hyperplane (as 1 < ¢ < p < 00), the
covariance matrix of their distribution given by H; A (0, 0) is positive definite and
thereby invertible. H; A, (t) for T € D) can also be interpreted as the covariance

matrix of an exponentially shifted distribution of Vi(") (see [1, p. 374]), which, by the
same argument, is also not concentrated on any hyperplane, hence the H; A, (t) are
positive definite as well. This implies that A ,(7) is strictly convex on D, thereby
also making g, strictly concave on D),. Hence, the strict concavity of g, then ensures
that 7 (x) is unique in D, in the above described property. We denote the set of x € R?
for which such a 7(x) € D), exists as J), and call it the admissible domain of A7,.

Remark 3. Note that the admissible domain 7, is the image of D, under the deriva-
tive of the c.g.f. A,. It actually holds that V; A, (1) is a bijection from the interior
of the effective domain of A, into the interior of the effective domain of A7, by the
properties of the Legendre transform (see [44, Theorem 26.5]). Since D), is open and
Vi A, continuous on D, we thereby get that the effective domain of A; is also open
and thus, J), is simply the effective domain of A;.

For the sequence || Z|| the following LDP has already been shown by Kabluchko,
Prochno and Thile [28, Section 5.1]:
Proposition 4. Let 1 < g < p < oo and Z™ ~ C,,p be a random vector in S’;j_l.
Then the sequence (nl/Pfl/‘f ||Z(”)||q)
rate function

1en Satisfies an LDP with speed n and good

inf A;‘,(tl, n) :z>0
1,1 >0
Zyzy(2) i={ Mag .
+00 1z <0.
In [37, Lemma 2.1, Appendix A] Liao and Ramanan established a simplification
of a similar rate function in a different setting. Their arguments can be analogously
applied in our setting to derive the following result.

Lemma 5. Let z > m 4 be such that z* := (24, 1) € J)p. Then

Tyz)(2) = llviélfw AL, ) = A5,

/g, —1/p _ .
I] t2 =z

with 7* being the unique point at which A*I‘, attains its infimum under the above con-
ditions.

To keep this paper self-contained, we will present the analogous proof of this
in the Appendix. For the sequence || Z||, the following LDP was also provided by
Kabluchko, Prochno and Thile in [28, Theorem 1.2].
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Proposition 6. Ler 1 < g < p < oo and Z™ ~ U, , be a random vector in B},

Then the sequence (nl/”_l/q | ™ ”‘I)neN satisfies an LDP with speed n and good
rate function

w_il}f7 [IHZH(ZI) +IU(Z2)] 7> O
=212

I”:ZH (Z) = 71,22 >0
+00 <0,

with 1)z as in Proposition 4 and

—log(z2) :z2€(0,1]
Ty (z2) := s .
: otherwise.
We again show that the above infimum is attained at a unique point satisfying the
infimum condition.

Lemma 7. Assume the same setting as in Proposition 6. For z > m 4, we can
simplify the rate function by combining the two infimum operations to get

Tiz(z) = inf [A% (11, 12) — log(13)].

. Ma,=1/p
z=1""1 13
t1,1p > 0,13 € (0, 1]

We define
Ls(t) == [N} (11, ) = log(13)], n.heR, 1re(1l]

and set 7* == (z4,1) € R2, 7#* := (79, 1, 1) e R3. Ir then holds for z > m, 4 with
7" € Jp that
Ziz)(2) = Ls(z™) = A (2",

with 7** being the unique point at which Ls attains its infimum under the above
conditions.

Thus, for z > m, , with z* € J), both || Z|| and || Z || satisfy LDPs with the same
speed and rate function. Again, the proof of this is relegated to the Appendix.

Remark 8. Note that in the results within this paper, deviations from the “limit expec-
tation” m , , are considered, even though the sequences || Z|| and || Z|| have respective
expectations my, p 4 and 772, p 4, that only converge to m,, 4, asn € Nincreases. This,
however, is not an issue for our results. As seen in (4) and (5), the sequences are repre-
sented via the empirical averages of probabilistic representations seen in (6) and (7).
The expectations of these representations only ever play a role in our proofs regarding
the behaviour of the corresponding c.g.f.s, specifically only in the case of || Z|| (e.g.,
in the proofs of Lemma 7 and Lemma 17, or implicitly in the proof of the density ap-
proximations in Section 5). As the Vi(") in (6) are i.i.d., they all share the same c.g.f.
as given in (8) and the same expectation E[Vi(")] = (My(g), Mp(p)) = (m?,,q, 1).
Hence, the fact that the expectation m,, , 4, only converges to m , , does not affect our
proofs. This is in keeping with classical results from large deviations theory like the
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Girtner—Ellis theorem (see [18, Theorem V.6]), where an arbitrary (i.e. not necessar-
ily i.i.d.) sequence of random variables is not required to have a shared expectation,
but rather that the sequence of the (appropriately rescaled) c.g.f.s of the individual
random variables in the sequence converge to a fixed function with the origin in the
interior of its effective domain. The resulting LDP then considers deviation probabil-
ities from the limiting expectation as well. In the case of ||Z|| the c.g.f.s of the %(")
are not employed at all (neither themselves nor their limit in 7). Instead, we simply
use the density approximation in Proposition 18 for the sum of the Vi(n) and make

use of the independence of U!/" from the coordinates of Vl.("). Since our main results
assume n € N to be sufficiently large (that is, large enough for the local density ap-
proximations in Section 5 to hold), this effectively means that for n € N sufficiently
large, the difference of m , 4 and my, p 4, 7724, p 4 is of order at most o(1) and therefore
does not affect our SLD estimates.

2.5 A few remarks on Weingarten maps and curvature

As outlined in the introduction, we will finish the proof of our first main result in
Theorem 11 by integrating over a previously established density estimate via a result
of Adriani and Baldi [1] for Laplacian integral expansions. This result has a heavily
geometric flavour and relies on the Weingarten maps of certain hypersurfaces, which
in our case are simply curves in R?. We will therefore just give a brief reminder of the
Weingarten map in this setting, recall some of its properties, and refer to the relevant
literature (e.g., [25, 36]) or Adriani and Baldi [1] for a more in-depth discussion of
the topic.

In general, the Weingarten map of a smooth hypersurface M C R¢ at a point
p € M is an endomorphism of the tangent space T, M at p, mapping any y € T, M
to the directional derivative of a normal field of M in p in the direction of y. However,
as remarked in [1, Example 4.3], for d = 2, hypersurfaces simplify to planar curves
and the Weingarten map at a point p simplifies to the absolute value of the curvature
K (p) of the curve at p. For implicit curves, i.e. curves given as the zero set of a
function, we have the following formula for its curvature from [21, Proposition 3.1].

Lemma 9. Let F : R? — R be a smooth function. For a curve € = {x € R? :
F(x) = 0} given as the zero set of F, and a point p € €, where VyF(p) # 0, it
holds that

Foo1  Fun
(_F[O,l]fF[l,O])<F[1 1 Fo ) (CFo: Firo)

(F[1,012+ Fon

with derivatives Fy; j) = Fj; jj(p) as in (1).
Remark 10.

i) Given the set-up of the previous lemma, straightforward calculation of the
above fraction gives that

Fio.1* Fiz.01 — 2F0.11Fi1.01Fiiy + Fiu.012 Fio.2)
32 :
(Fior® + Fio?)”

K(p) =
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ii) In case that & is the graph of a smooth function f : R — R, ie. € =
{(x1,x2) € R2:x; = f(x1}, and p = (x, f(x)), the above reduces to

Lf" ol

K(p)=— 10
p) 0 +f’(x)2)3/2

3 Main results

Using the concepts and notation established in the previous section, we now proceed
to present our main results and their applications.
3.1 Sharp asymptotics for q-norms of random vectors in Sg_l and B,

For Z"W ~ C, p» We want to give sharp asymptotics for the probability
]P’(nl/”_l/q ||Z(”)||q > z) for z > mp, such that z* € J,, with z* as defined in
Lemma 5. Before presenting our results, let us define the deviation-dependent func-
tions £(z) and « (z), as mentioned also in the sharp large deviation results of Bahadur
and Ranga Rao [7]. For x € R?, we set

Nx = HeAp(T(x)) (10)

to be the Hessian of the c.g.f. Ap(r)inT € R?, evaluated at 7(x). For z > mp 4 such
that z* € J,, we then define the deviation-dependent functions as

£(2)7 == (9 T(2), T(2")) det 5+, )

and
k()% :=1—ce(2), (12)

where ¢, (z) is given by
(@} +13)" 1pa(p — 92|
r@3 (921), —2r@nr@ (921) +@d (92) |2+ p2g 2

Theorem 11. Let 1 < g < p < oo, n € N, and ZM be a random vector in IB%; with

zm ~ C,,p. Then, for n sufficiently large and any z > m,, 4 such that 7* € Jp, it
holds that

1
V2rn Kk (2)§(2)
We want to do the same for P (nl/”_l/q ||.,°Z°(")||q > z) with Z® ~ Uy,,p and

Z > mp 4. Again, we start by defining our deviation-dependent function for z > m 4
as

P (nl/p—l/q”Z(n)”q - Z) — e (1 1 0(1)).

y(@)?% = det 9+ 1(z*)? (gz77(z")1 + 1)
2497 229 [, O « 27q9(q — p)
x [ p2 (ﬁz*)11+7(ﬁz*)12+<ﬁz* )22+T(Z )IT}'

13)
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Theorem 12. Let1 < g < p < oo, n € N, and F™ be a random vector in IB%’;, with
Fm ~ U, p. Then, for n sufficiently large and any z > m,, 4 such that z* € [J), it

holds that

P (n!raZ ), > ) = e M (14 0(1)).

1
N2mny(z)

We have seen in Section 2.4 that || Z|| and || Z || both satisfy LDPs with the same
speed and rate function for z > m, , such that z* € [, despite the underlying
distributions being different. Comparing Theorem 11 and Theorem 12 now paints
a different picture, with the sharp asymptotics for || Z|| and || Z| being noticeably
different. As mentioned in our introductory statements, idiosyncratic phenomena of
underlying distributions, which can be drowned out on the LDP scale, are often still
visible on the scale of sharp large deviations. This is in keeping with what was shown
in [37, Theorem 2.4, Theorem 2.6] for one-dimensional projections of £’ -spheres and
£ -balls.

Remark 13. Let us draw a brief comparison between our results and the concen-
tration inequality that follows by the Gromov—Milman theorem as discussed in [38,
Remark, p. 1062]. Therein, it is shown that the Gromov—Milman theorem from [22]
implies that for | < ¢ < p < 0o and a random vector Z™ ~ C,, p» it holds that

B([n!/P= 1 Z 0y =y ] 2 2) = C exp (—en g™,

where C > 0 and ¢ > 0 are constants. If we consider the set-up of Theorem 11, i.e.
1 <qg <p<ooandz > myp,,and only consider deviations without the absolute
value, we can derive from the above that

P(nl/p_l/qHZ(")Hq > z) < C exp (_anmaX{Z,p}) .

Comparing this with our sharp large deviation results from Theorem 11 for z > m 4
such that z* € 7,

1

—n A*(z%) 1+ 1 ,
N e N

[P(nl/[?—l/q”Zm)”q - Z) -

we can see that our results improve the estimate in terms of n € N by a factor of
n~1/2 and give explicit and deviation-dependent terms « (z) and £(z) instead of fixed
constants for all deviations z.

Remark 14. When comparing the SLD results in Theorem 11 and Theorem 12 to
those of Liao and Ramanan [37, Theorem 2.4, Theorem 2.6], one directly notices
the core difference in the settings. Liao and Ramanan examine projections of ran-
dom vectors on S;‘;l and ]B%’;7 with respective distributions C,, , and U, , onto fixed
one-dimensional subspaces, and therefore have to consider weighted sums of depen-
dent random vectors as probabilistic representations. Thus, all their results have to
be conditioned on the projection space and include additional terms accounting for
the specifics of the subspace. In our case however, the probabilistic representations
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are given as sums of i.i.d. random variables (see Section 4), which does not necessi-
tate these additional factors. Therefore, when using results from Liao and Ramanan
[37], we adapt their usage accordingly to the given probabilistic representations in
our setting. Beyond that however, the SLD results share several similarities, espe-
cially when comparing the deviation-dependent terms «, £ and y, which for ¢ = 1
are almost equal.

Both proofs of Theorem 11 and Theorem 12 contain three essential steps, as al-
ready briefly mentioned in the introduction. The first will be rewriting the probabili-
ties in both theorems with respect to convenient probabilistic representations, specif-
ically S® and & given in (16) of Section 4 as the respective empirical averages of
the V;") and "Z.(") in (6) and (7). The idea is to write the deviation probabilities as an
integral of their distribution over a given “deviation area”. The second step is giving
local density approximations for these representations. Since the entries of both the
V@™ and the 77 are highly dependent, no canonical joint densities are available to
us to easily do so. However, their Fourier transforms can be given explicitly, thus, for
n € N large enough one can use the Fourier inversion theorem to write the densities
of S and ™ as integrals of their Fourier transforms. Heuristically speaking, this
means that while the individual Vi(") and 7/1'(") do not possess densities in R2, but
for n € N sufficiently large their empirical averages S® and & asymptotically
do. The resulting integrals can then be approximated using the saddle point method.
Since our representations are given as sums of i.i.d. random vectors, for whom this
has been done in previous results (see, e.g., [10, 14, 42, 43]), we will not prove the
density approximations here explicitly. The third and final step then is to calculate the
integrals of these densities over their respective deviation area. For || Z]|, this is done
by a result of Adriani and Baldi [1], which construes the boundary of the deviation
area and the level sets of the rate function in the corresponding LDP as hypersur-
faces, which are just planar curves in our setting, and uses their Weingarten maps to
approximate the integral. For || Z ||, this is not applicable, as certain differentiability
conditions are no longer met. Thus, a result by Breitung and Hohenbichler [12] is
used, which allows for multi-dimensional Laplace integral approximations under less
restrictive differentiability conditions.

3.2 Intersection volumes of t',-balls

We want to use our sharp large deviation results to further the findings of Schechtman
and Schmuckenschliger [45] and Schmuckenschliger [48] for intersection volumes
of t-multiples of different K’;,-balls. We will first give a brief overview of the orig-
inal results. For p € [1, 00), we define ]D)’;) = vol, (]B%;’,)_l/" IB%;’) to be the volume
normalized €’-ball and recall that

n
1+ %))

(2r
vol, (IB%;) =

(
F(1+§>

1/n 1
cn.p = n'? vol, (IE’B';,) and cp :=261/1’p1/”1"<1+—>,
p

‘We furthermore set
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and recall that it was shown in [45] that lim ¢, , = cj,. Moreover, for p,q €
n—oo
[1, 00), p # g, we set
Cn,p Cn,p .
Cn,p.q = , Appg i=—", and Apg = lim Ay p 4.
Cn,q Mp.qCnyq n—0o0

Hence, it follows that

b (g 1)
_ ¢ ( +;>
p.q = =

Mp.q Cq F(1+$>F(q7+1)l/q

el/P—1/q.

Lastly, for t > 0 and n € N, we define 7, > 0 such that
Apg

ty =1.

Anp.q
Having established the necessary notation, we shall now recall the result of Schmuck-
enschliger [48, Theorem 3.3]. Therein, it was shown that for p, g € [1, 00), p # q,
and ¢ > 0 it holds that

I Ay t>1
vol, (Dy,mﬂ))g) — L =1 (14)
0 Apqt <

To prove this, a central limit theorem for nl/p=1/a) g ll; with FW ~ U,,p and
p,q € [1,00), p # q, is shown in [48, Proposition 2.4, Proof of Theorem 3.2], since
vol, (]DD’;, N tID);') can be written as

A
vol, ({z € D; iz e, 214 ]D)Z})
An’P’q

Cn,q
= vol, ({z eDlizetApgmpy C—DZ})
n.p

vol, (D;’, N t]D)Z)

_ voln({z € vol, (B2 "/ B :
2 €ty Apgmpgn'I7YP vol, (B 1/ ]E%Z})
= vol, (B!
x vol, ({z eBizet Apgmpy nl/a=1/p IEB;})
_ P(n‘/l’*‘/qnz(")nq <t A,,,qm,,,q). (15)

However, we know from the Berry—Esseen theorem (see [49, Theorem 2.1.3]) that
the error of the Gaussian approximation given by a central limit theorem decreases
with rate n~1/2. Thus, using (15) and the central limit theorem from [48], we can only
infer a rate of convergence of n~!/? in (14). Using Theorem 12, we can considerably
refine that rate of convergence in the first of the three cases in (14) from a sublinear
rate to an exponential rate for | < g < p < oo.
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Proposition 15. Let 1 < g < p < oo and n € N. Using the notation established
above, it holds fort > mp 4 cn,p’,fl such that (t ¢y, p.q)* € Jp, and sufficiently large
n € N that

1
V2ny(tcnp,q)

Proof. Let 1 < g < p < 00, > My g4 Cn pg " such that (1 ¢, pg)* € Jp, and
assume Z™ is a random vector in IB%’I', with Z® ~ Uy, p. Using (15), we get that

vol, (D';, n tD;) —1- e85 enp ) (1 4 o(1)).

vol, (]D)Z N t]D)Z) = P (nl/p_l/qﬂz(n)”q SthApg mP,Q)

= =P (nP O > 1A mp).

-1 -1 — —
Now,byt > mp 4 cn pg~ ", wehave thatfmp’q Cnpg =tAnpg=th Apg > 1,and
hence tcy pg =th ApgMpg > Mp g With (t ¢, p g)* € Jp. Thus, by Theorem 12,
it follows that

1
N2y (t Cn,pq)

which finishes our proof. O

vol, (I N1Dj) =1 - e~ A enra (1 4 o(1)),

3.3 One-dimensional projections of £ -balls

In Remark 14 we have already discussed the differences between the setting of the
results of Liao and Ramanan [37] and the setting of this paper. However, a geomet-
rically similar result to those in [37] follows from Theorem 11. In [28, Section 2.4]
Kabluchko, Prochno and Thile derived a central limit theorem for the length of the
projection of an €7 -ball onto the line spanned by a random vector 6™ e S with

6™ ~ C,  as a corollary of their main results. We will proceed similarly and derive
sharp large deviation results in the same setting. To be specific, in [37] sharp asymp-
totics where provided for the scalar product of a random vector Z™ ~ C, , on
S’I’,’l with a random vector ™ ~ C,.2 on S"~! which can be negative. We, on the
other hand, consider the absolute value of the scalar product of such random vectors,
thereby only considering nonnegative values.

In the following, for ¢ € [1, o], define its conjugate ¢g* via 1/g + 1/g* = 1,
setting 1/00 = 0 by convention. Furthermore, for a vector oM e S*—1 we write
Py By, for the projection of By onto the line spanned by 6. Then, our quantity of

interest is the projection length vol; <P0(n)BZ).
Corollary 16. Let2 < g < 00 and 0™ e $" pe a random vector with ™ ~ C.o.

Then, for any z > 2my 4+ such that (5)* € J)p, and sufficiently large n € N, it holds
that

1
P (nl/2—l/q vol; (Pg(n)BZ) > Z) =

Vo (9 )

with Ay as in (8) and &, k as in (11), (12), respectively, for ¢* and p = 2.

e AS((5)) (1+ o(1)),
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Proof. It holds that

]P’<n1/2_1/q vol; (Pg(n)IBgZ> - Z) = P <n1/2—1/t] 2 sup|(x,9("))| - Z)
xeBg

_ P(nl/zfl/q 10|« > E)'
T2

Since 2 < g < oo, we have 1 < g* < 2 = p, whereby we can apply Theorem 11 to
the above to get that

1 k(2 \*
P (nl/H/q vol; <P <n)IB%”> > z) - MG (1 4 0(1),
T Varni (3)§ (3)
with Ay, &, k as described above, which concludes our proof. O

4 Probabilistic representation

Recalling the definitions of the random vectors V" and '™ from (6) and (7), we
define

1 & 1 &
s .= - Z Vi(") and SW .= - Z‘Wi(") (16)
i=1 i=1

as the empirical averages of their respective coordinates. Furthermore, we define the
sets 1 1

D, :={(t,n) €R: 11,10 > 0,1/, /7 > z)
and

D, ={t1, 0, 13) €R> 11,12 > 0, 13€ (0, 1], 131717 > 2},

It then follows from the reformulations of || Z™ g and | Z ) l in (4) and (5) that we
can write the probabilities within Theorem 11 and Theorem 12 with respect to S
and S respectively, as

9
1 n 1 n P
1/p—1 _ () (n)
P(n /p—=1/q ||Z(")||q>z) - P Z'Y 19 > 74 (;Z'Yl |P>
i=1 i=1
- P <S(") c DZ> 17)
and
n n 4
_ g 1 1 P
IP’(nl/p Yz, > z) = P|u- ;Zw}”)w > 74 (Z ZW,-(")I”)
i=1 i=1

- P (s<"> c 91) . (18)

We refer to these sets as “deviation areas”, as S or £ lying in D, or 9, represents
a deviation of || Z® g and | Z ) llg- Note that the boundaries of the deviation areas

D, = {(t1,0) e R* : 11,10 > 0, tll/” tz_l/” =z}
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and
09, = {(t1,n, 1) € R?:11,0>0,13€(0,1], 13 tll/q tz_l/p =2z

are the same sets given by the infimum conditions in the respective LDPs for || Z|| and
| Z || in Proposition 4 and Proposition 6. The fact that for z > m,, 4 the rate functions
of these LDPs both assume a unique minimum on d D, and 99, respectively, as was
shown in Lemma 5 and Lemma 7, will be essential to the proof of our main results
in Sections 6 and 7. We can expand this unique infimum property onto the entirety of
D, and 9., as the following lemma will show.

Lemma 17. Assume the same set-up as in Lemma 5 and Lemma 7. Let z > mp 4
such that z* € Jp. Then

i) 2% = (29, 1) is the unique point at which A}, attains its infimum on D,

ii) 2 = (24, 1, 1) is the unique point at which L attains its infimum on D..
Proof. We start off by showing i). Let € R? such that 7 € D?, meaning tll/ 1, 1/p
z. Then, for Z := tll /a tz_ 1/p we assume that z € [J), as otherwise our claim trivially
holds by Remark 3. We then have that t € 9 D3, thus, by Lemma 5, A;‘,(tl, 1) >

AL, 1) = Zjz(2). We know that A% is a convex function with a root in the

>

expectation (m?,,q, 1) of the Vi(") from (6), since it is a rate function (apply arguments
from [17, Lemma 2.2.5] in R?). We also show in Lemma 21 ii) that HXA; (x) = .6;1,
and have argued in Section 2 for why $), is positive definite on D), hence the Hessian
of A7, is also positive definite on 7}, giving us the strict convexity of A7 and, thereby,
strict convexity of Zz)(z) = A}, (z") on J),. Hence we know that Z) 7 (z) is strictly
increasing in z for z > m, 4. Thus, as Z > z > m,, 4, it follows that

ALt ) > ApE1 1) =172 > Iz (2) = A1, 1) = AL(Z5),

showing that z* = (z4, 1) minimizes A; over D.. The proof of ii) is analogous, also
using the strict monotonicity of the rate function. O

Suppose that the distributions of ™ and &™) have respective densities /™
and % . Then we can formulate our probabilities of interest as

P (nl/”_l/q 1z™), > z) - JP(S('” c Dz> - /D A (x) dx (19)

and

P (nl/l’—l/q 1™y, > z) —P (é’(”) e 92) - f AMxyde.  (20)
2,

The following section will be devoted to showing the existence of these densities /™
and /4 and presenting them explicitly, while Sections 6 and 7 will then approximate
their integrals over their respective deviation areas D, and ;.
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5 Joint density estimate

Recalling the notation and definitions established in Section 2, we assume the same
set-up as in Section 4 and can formulate the following local limit theorems for the
densities 2 and /4 of our probabilistic representations S and .

. . q p
Proposition 18. For S® = LS v i v = (v, [v/"1"), y™ ~ N,
i.id., and x € [Jp, it holds that for sufficiently large n € N the distribution of S ) has
the Lebesgue density

A (x) = 21 (det )72 ™50 (1 4 0(1)),
JT

where $) = H;Ap(t(x)) as in (10).

For the proof of this, we refer to the results of Borovkov and Rogozin [10] or
their convenient reformulation in [1, Theorem 3.1]. Therein, a local density estimate
is derived for a sum of i.i.d. random vectors in R via the saddle point method. As
discussed in Section 2.2, this means that one writes the density via the Fourier inver-
sion theorem as a complex integral of its Fourier transform and then uses Cauchy’s
theorem to deform the path of integration, so that it passes through a complex saddle
point. For sufficiently large n € N, the mass of the integral then heavily concentrates
around that saddle point and standard integral expansion methods can be used to great
effect. Naturally, this requires the conditions of the Fourier inversion theorem to be
met, that is, the Fourier transform of the density has to be integrable. In [1, Theorem
3.1] this follows from the assumption that all the i.i.d. random vectors have a com-
mon bounded density, though it is noted in [1, Remark 3.2], that this can be replaced
by any argument ensuring that the Fourier inversion theorem can be applied. In our
q (n) p

Y

setting, the i.i.d. vectors are given by V;") = (|Yi(")| ), whose coordinates

are highly dependent, thus such a density of the Vi(”) is not available. However, one
can write the Fourier transform of Vl.(") with respect to the underlying distribution
N, of the Yi(”), and then infer integrability via the properties of its density f}, and
the Hausdorff—Young inequality, as was done by Liao and Ramanan in [37, Lemma
6.1]. As the considered settings are quite similar, virtually the same arguments can
be applied in our case, thereby making sure our referral to [1, Theorem 3.1] is indeed
justified.

Proposition 19. For §® = 15 g iy 2 — y ™" 1y™|" yim),
Yl.(n) ~ N, i.i.d., U uniformly distributed on [0, 1] independently of the Yl.(n), andx =

(x1,x2) € Jp, y € (0, 1], it holds that for sufficiently large n € N the distribution of
8™ has the Lebesgue density

2
A (x1, %2, y) = ;— vl (det §5,) 712 e TsCixad) (1 4 o(1)),
JT

where Ls(x1, X2, y) := [A;(x) —log(y)] and )y := H A p(t(x)) as in (10).
Proof. By direct calculation, we can see for y € [0, 1] that P(U/" <y) =
P(U < y") = y", hence the density of U!/" is given by fyim(y) = ny"" . As
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Uuln is independent of the Y i(n), and thereby also of g — (|Yi(n)|‘1 7 |Yi(n)|p), the
density of S = % Z?=1(|Y,~(n)|q, |Yi(n)|1’7
densities, hence

U'/™) is given by the product of their

A0 (x1, x2, y) R (x1, x2) fyim (¥)

2
= 2y etny) T2 e NN (1 4 o(1)).

This completes our proof. O

6 Proof of the main result for £} -spheres

In (19) we have reformulated the deviation probability P (n!'/P=1/4 | Z ||, > z) as
an integral of the density estimate 2" of the probabilistic representation ™ over
the deviation area D.. In Proposition 18 we gave 1™ explicitly. For the proof of
Theorem 11 it remains to calculate that integral. To do so, the integral will be split up
into a neighbourhood B; of the point z*, that has been shown in Lemma 17 to be the
infimum of A;‘, over D, and its complement B{. The LDP from Proposition 4 will
be used to show the negligibility of the integral outside of the neighbourhood of z*.
Within the neighbourhood B,, we use a result from Adriani and Baldi [1], which uses
the Weingarten maps of the planar curves given by the boundary of D, N B, and
the level set of A; at z*, to compute the integral. Following that, we will give these
Weingarten maps explicitly, finishing our proof.

Proof of Theorem 11. We assume the set-up of Theorem 11 and use the reformula-
tion (19) to proceed by considering P (S m e DZ). Let B, C R? be an open neigh-
bourhood around z*, small enough that B, C 7). Then

P(S™ e D,) = / ™ (x) dx
D,

/ ™ (x) dx +/ ™ (x) dx. 1)
DN B, DN B¢

Since z* ¢ B{, by Lemma 17, there exists an 7 > 0, such that

. f A* A* *
ye[l)lzlﬂBZ” » (V) > ALED) + 1,

and thus, by the LDP in Proposition 4, it holds that

1 .
limsup —logP(S™ € D, N BS) < — inf A%(y) < =A%) — .

n—oo N yeD;N B;‘

This gives us that

P(s™eD.n BY) = N4 o()

1 «
= en—ne—"’\»(Z (1 + o(1)). (22)
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Furthermore, by our density estimate in Proposition 18, it holds that

/ RO (x) dx = —— det H,) 2D dx (1 4+ o(1).  (23)
D.NB. 27 Jp.ns.

To calculate this explicitly, we will rely on a technique established in [1, Proof of The-
orem 4.4]. Therein, an asymptotic integral expansion of Bleistein and Handelsmann
[9, Equation (8.3.63)] for Laplace integrals is reformulated via the Weingarten maps
of the integration area and the level set of the exponential function at its minimum,
both seen as hypersurfaces. We will present it as one concise result, similar to that
formulated in [37, Lemma 4.6].

Proposition 20. Ler D C R? be a bounded domain such that 3D is a differentiable
hypersurface in RY. Furthermore, let g : R? — R be a differentiable function and
¢ : D — [0, 00) be a nonnegative function that is twice differentiable and attains a
unique infimum over D at x* € dD. Define the hypersurfaces

€p =09D and  Gp={x eRY:p(x) = (")),

and denote by Lp and Ly their respective Weingarten maps at x*. Then, for suffi-
ciently large n € N, it holds that

/ g(x) e 9™ dx
D

@m) @012 det(L, " (Ly — L))~/
T D2 (H ()T Vi (x%), Vi (x¥))1/2

g(x*) e "0 (1 4+ o(1)).

The proof of this is given by first applying the result from [9, Equation (8.3.63)]
for Laplace-type integrals and then using the reformulation of the terms therein from
[1, Equation (4.6)] with respect to the Weingarten map.

Let us now check that the above conditions hold for the integral in (23). We have
that D, N B; is bounded, and for z > m 4, we can write 0 D, as the graph of the in-
finitely differentiable function f : (0, co) — (0, co) with f(¢;) = z77 t]p / “_ thus both
dD, and (D, N B;) are differentiable planar curves. As discussed in Section 2, for
x € Jp, 8x(t) := (x, ) — Ap(7) has a unique supremum 7 (x),i.e. x =V Ap(t) =0
has a unique solution in (x, 7). It was also dicussed that H. A ,(7) is invertible for
all T € D), thus, it follows from the implicit function theorem that x +— 7(x) is as
differentiable in x as (x,7) — (x — V:A,(7)) is in 7. As A, is the logarithm of
the joint m.g.f. of the Vi(") from (6), the components of its derivatives are themselves
infinitely differentiable within D, by the standard properties of the m.g.f. (see, e.g.,
[15, Theorem 5.4]), yielding that t(x) is infinitely differentiable on J,. This over-
all gives us the infinite differentiability of the function A ,(z(x)) and thereby also
of A;‘,(x) on Jp. For B; chosen small enough, it follows that for any z > m , with
z* € Jp, A}, is twice differentiable on D; N B;. Nonnegativity of A}, follows directly
by the standard properties of rate functions (apply arguments from, e.g., [17, Lemma
2.2.5] in R?). By the infinite differentiability of A ,(z(x)) in x, we get the differen-
tiability of g(x) := (det$,) ™% = (det H, A ,(r(x))~"/? in x. Lemma 17 gives us
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the uniqueness of z* = (z9,1) € (D, N B;) as an infimum on D, and D, N B,.
Thus, in view of the above, we can use Proposition 20 for D = D, N B. C R? with
g(x) = (detH,)™"/%, ¢ (x) = A%(x), and x* = z*, and get that

/ h™ (x) dx
D.N B,

o @m)'2 det(Ly(La — Lp))~'/? (det§5,4)"1/2 e A
C2m (M A0 T Ve A (), Vi AB(24)!/2

(I +o(1)),
(24)
for the respective Weingarten maps at z* of the curves
€p = 9(D. N B,) and Ga = {x e R?: A%(x) = A5 (%)

Let us present the following identities for some of the terms in the fraction above, re-
sulting from the definition of 7 (x) and the properties of the Legendre—Fenchel trans-
form:

Lemma 21. It holds that
i) VeA% () = 1(x),
i) HxAp(0) = 7"

Proof. We start by showing that V, A*;)(x) = 7(x). We have defined 7(x) as the
supremum of [{x, 7) — Ap(t)]inT € RR? (see (9)), thus it follows that

Ve[(x, 7) —Ap(r)]|r:r(x) =x— V:A,(r(x)) =0. (25)
With this, it follows that
ViAy () = Vi[(x, 1(x)) — Ap(z(x)]
= 1)+ Lt(x)x — VeAp(r(x))
= 1)+ Lht()x — Lt(x)ViAp(t(x))
= () + St () [x = Ve Ap(T(x))]
T(x).

Let us now prove that HXAZ x) = f)x_l. On the one hand, it follows from the above
that
Hi A (x) = JyT(x), (26)

while on the other hand, it holds that
HoAp(x) = He[(x, T(x)) — Ap(r(x)]
= Hi[tr. T0))] = He[Ap ()]
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= L[Velx, t)] = L[VeAp(r(x)]
= L[t + Lt @)x] = L[t () Ve Ay (2 (1) ]
= JLt() + L[ Lr@)x] — Het(x) Vi Ap(1(x))
— I T () e[ Ve A p(T(x))]
= 24,7(x) + Het(0)[x = Vi A p(r(x))]
—Jet () kT () He Ap(t(x))
= 2J,7(x) — St (x) JoT(x) He A p(T(x)). 27

Equating the terms (26) and (27) yields

Jer(x) = 20t (x) — Syt (x) Lt (x) He Ap(T(x))
& 0 = Jit(x) = Lt(x) Lyt (x) He Ap(T(x))
& 0 = L—Jitx)HAp(t(x))
& LT(x) = HehpO))T

where I, denotes the identity matrix in R2. Again using (26) on the above yields
Ho A (x) = Lot (x) = He Ap(r(x) ™ = 971,

and thereby finishes the proof. g

Via Lemma 21, we get
(He A5 @7 Ve ABE, Vi A = (90 @), @)

With the definition of E(z)2 in (11) the integral in (24) hence simplifies as follows:

/ h™ (x) dx
DN B,

1
 2nn &)

We see that it only remains to prove that det(L;\1 (Lpn = Lp)) = k(2)%. We proceed
to calculate the Weingarten maps of the curves €p and €5 explicitly. As discussed
in Section 2.5, the Weingarten map of a planar curve at a point x reduces to the
absolute value of its curvature in x. As previously mentioned, d D, is the graph of a
function f : (0, 00) — (0, 00) with f(#;) = z‘ptf/q. Thus, the same holds locally
for €p = 9(D, N B;) in a neighbourhood of z*, so by the curvature formula for
graphs of functions, as seen in Remark 10 ii), it holds that

P V(0
P A e

—1/2
e

(det(Ly"(La —Lp))~ e (14+0(1).  (28)
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where .
f/(tl)z = <pq_l 7z P tl(l’/l])—l> = f/(Zq)Z — p2q_2z_2q’

and

f"(t) = pg~! (pq‘l —~ 1) 7P PO o 11 = (p - pg)gr X,

This yields
PP =p9)g 7] |pq(p — )21 @9
D= (1 + p2q—27-20)3/2 ~ (324 + p2q~2)3/2°
The curve @, is the zero set of the function F(x) := A”;,(x) — A’;(z*). From

Lemma 21 we know that

a a
(Fi1015 Fio,1) = (—A;(Z*), a—szZ(Z*)> =1(z")

0x1
and
2 82
A* * * *
Fpo Fuin 82x; p(@) 9x20x] p(@) _ 5!
F F - 2 92 I
ax10xy P 2xy P

for derivatives F; j; = Fj; jj(z*) as in (1). Hence, by the curvature formula for im-
plicit curves from Lemma 9 and Remark 10 1), we get

T3 (95') —2e@nTE)2 (92')  + @7 (95
e ‘ 2( )11 (r(z*)%-i-r(z(*)%)32212 1< )22" (30)

Since both L p and L 5 are one-dimensional, it follows from (29) and (30) that
—1 -1 Lp 2
det(L, (Lpa —Lp)) =L, (La—Lp)=1- . =«k(2)".
A

for k()2 as in (12). It now follows with (28) that

1 % (%
h(n) dx = — —nA%(z%) 1 D). 31
/Dz“Bz W& = oo W 3D

Comparing (31) with the upper bound of the integral outside of B, in (22), we can
see that the integral over B{ is negligible for large n € N. Thus, combining (21), (22)
and (31) finishes the proof of Theorem 11. O

7 Proof of the main result for Z;-balls

We use the notation and definitions established in Sections 2 through 4. Let 1 < ¢ <
p < ooand z > mp, be such that z* € J,. We proceed similarly to the previous
proof, using the reformulation of P (nl/ =l zm g > z) from (20) in conjunction
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with the density approximation from Proposition 19. The resulting integral over <,
is again split into a neighbourhood of the minimum of Zs over 9, and its comple-
ment, which, according to Lemma 17, is attained at z** = (z4, 1, 1). For the integral
within that neighbourhood, we apply a result of Breitung and Hohenbichler [12],
which yields an integral approximation under less restrictive differentiability condi-
tions than those in Proposition 20. This result is again geometric in nature, as the
behaviour of the density on 09, still heavily dictates the value of the overall approx-
imation. However, since this result is formulated for a certain neighbourhood of the
origin, we first need to construct a sufficient transformation, mapping our deviation
area into such a neighbourhood. After that, we calculate the specific approximation
in our setting.

Proof of Theorem 12. We assume the set-up of Theorem 12 and use the reformula-
tion (20) to proceed by considering P (S € 9.). Let %, C R? be an open neigh-
bourhood around z** = (z4, 1, 1) small enough that the first two coordinates of points
within %, lie in J, and the third is positive. Then it holds by Proposition 19 that

]P’(CS’(”) e@z) - / A (x1, x2, y) dx1dxa dy
2,N B,

+ f AW (x1, x2, y) dx1dxs dy. (32)
DN BE

As in the proof of Theorem 11, we can deduce from Lemma 17 ii) and the LDP in
Proposition 6 that there is an n > 0, such that

P (W) €PN %g) < e IsEHmm(p 4 o(1y)

1 ‘i
— "M (1 1 0(1)), (33)

et

with Zg(t) = [A;(rl, 1) — log(t3)], as defined in Lemma 7. Let us now consider
the first integral in (32). Since z* € J,, for sufficiently small 9., we have that
x = (x1,x2) € Jpand y € (0, 1]. By the density approximation from Proposition 19,
it holds that

/ % (x1, x2, y) dx; dxp dy
P.n B,

n2

== y 7 (detH,) 712 e Es 0129 qxy dxa dy (1 + o(1).
27 Jg.ns,

As we have seen in Lemma 17, Zg attains its infimum on @Z at z**. However, we
cannot use the result of Adriani and Baldi from Proposition 20 here, since at z**
the boundary of &, N A, is not differentiable, and thereby not smooth. Hence, we
use the following asymptotic integral approximation results based on Breitung and
Hohenbichler [12], which gives a Laplace integral approximation very similar to that
in Liao and Ramanan [37, Lemma 5.1], but under weaker conditions.

Proposition 22. Let F C R3 be a bounded closed set containing the origin in its
interior. If
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(a) f: F —> Randg : F — R are continuous functions with g(0) # 0, where
0 = (O’ 01 0))

(b) f(x)> f(0)forallx € FN (Rﬁ x R)\ {0},

(c) there is a neighbourhood V. C F of 0 in which f is twice continuously differ-
entiable,

(d) fr,0,00 >0, flo,1,00 > 0, and fi0,021 > 0, with derivatives f[i,j,k] = f[i,j,k] ()]
as in (1),

then

N2 x*
/ gx) e dy = 73 87
FA(R2 xR) 2% f11,0,01.110,1,01v/ 10,0,2]

Remark 23. This is the result from [12, Lemma 4] for n = 3, k = 2 and functions
g and (— f) instead of & and f. The parameter A in our setting is replaced by the
integer n € N. Furthermore, a typo within the said result has been corrected, namely
the sum in [12, Equation (11)] is replaced by a product (compare proof therein). This
proposition is quite close to [37, Lemma 5.1], but does not require the same level of
smoothness of f and g, and g does not depend onn € N.

eI 4 0(1)).

To apply this, we use a transformation of 2, N 9%, mapping z** = (z4, 1, 1) to 0.
Consider J : R? — R3 with

j(xl’XZ? y) = (yqxl _qug/p’ 1 - y7 X2 — 1) = (tl’ t2’ t3)
It holds that J(z**) = 0 and J(9,) = @z ={teR3:t1>0,p€[0,1),13 > —1}.

Furthermore, in a neighbourhood of z** small enough such that #, < 1, J is invertible
with

3 Nt 12, 13) = <t1 +(Z]q(i3t:_)ql)q/p, B4+1,1— tz).
Let us calculate the Jacobian of 37!
1 g+29 (4 1)1/py 2L+ @/P
= T e o : (34)
0 —1 0

Thus, we have that | det ;371 (1)| = (1 — 12)™7. We set
g(x1,x2,y) ==y~ (det5,)7"/2,

as well as %, := J(%.), and transform the area of integration via J~!, yielding
P (&W €, N «%)

= f AL (x1, x2, y)dx1dxp dy
P.N B,
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2
_n / 1 (det §9,) 172 e A5G0 41 ds dy (14 o(1))
27 Jo.n%,
2
= / g(x1,x2,) e " Ls@x2.9) qxy dxy dy (1 +o(1))
21 Jo.na,

2
= n_ /: ) g o 3*] (t) e*VlI&Oj*I(I) (1 _ tz)*q d[ (1 + 0(1))
21 Jo.na%.

We now set 3(t) == (1 —12) "4 g 0 371 (t) and f(r) := Zs 0 31 (¢), then

2 -
P (&W €2.N %) = ;—n /9 g TOdt (1 +o). (39

We intend to apply Proposition 22 to the integral in (35) for F = .. It holds that
9 N 95’ is bounded and since the value of the integral is the same if we integrate
over the open set %’ or its closure, we will continue to work with %’ Further, we
have that %, contains the origin in its interior, as the interior point z** of 9, is again
mapped by the continuous function J onto an interior point, which is J(z**) = 0.
Since we have chosen the neighbourhood &, of z** small enough for 9?2 to not
contain (t1, 1, #3), it holds that

gt =(1—1)1 [(1 ) (detﬁ(j—l<z>1,3—1(t>3>)71/2]

is also differentiable on sz N @Z as a composition of differentiable functions and
thereby continuous on B.. The differentiability of 37!, together with that of A
shown in the proof of Theorem 11, yields the differentiability (and thereby the conti-
nuity) of f ) :=ZgoT 1) on 93’1. It holds furthermore that

2(0) = (det )12, (36)

which is positive, since ), is positive definite on ), as discussed in Section 2.
Again, for 98, small enough, it also holds (up to a null set) that Q??Z N (]R?|r x R) =

%. N D, on which we know from Lemma 7 and Lemma 17 that 0 = J(z**) is the
unique infimum of f since

f©0) =T50371(0) = Zo(z*) = A% (2. 37

We can see from (34) that all partial derivatives of J~! are continuously differentiable
in a sufficiently small neighbourhood of 0. Thereby, J~! is twice continuously dif-
ferentiable in such a neighbourhood. The two-fold continuous differentiability of A7,
has already been shown in the proof of Theorem 1 1. Finally, by Lemma 21 1), it holds
that

0 0 1
Vi Ls (@) = (WA (x1, X2) A »(x1, x2), —;)

1
= (‘C(.x)1,f(x)2,——>
y

(x1,x2,y)=z**

(x1,%2,y)=27**
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= (t@)1, 12 1),
from which we can deduce that

Vif0) = Vi onLs@) LIH0)
1 gz 7244
* * p
(t@H1.7@2,-1) | 0 0 1
0 -1 0

(T(Z*)l» gzt () +1, 21 %T(Z*)l + t(z*)z) - (38)

It thereby follows that V; f (0) #£ 0, as the first two components cannot be equal to
zero simultaneously. But since f(r) attains its infimum on %, N (Ri x R)int =0,
it holds that ];[1,0,0] > 0 and f[o,l,o] > 0, as otherwise a step into either direction
t1, t» would maintain or decrease the value of f , contradicting the unique infimum
property of 0. On the other hand, by the same argument, it has to hold that f[o,o, 1=>0
and ﬁo,o,z] > 0, as otherwise a step into either direction 73, (—#3) would maintain or
decrease f, again contradicting the unique infimum property of 0. Hence, we have
shown all conditions for Proposition 22, whereby it follows for the integral in (35)
that

2 -
P (és(n) cP.n g,ﬁz) ;_n / CgWe ™ Wdr (14 0(1))
9.N B,

= _/g? . R)g(t)e*”f(”dt(uro(l))
N(RE x

_ (0 e O 4 o(1)). (39)

2mn ];[1,0,0] ];[0,1,0]\/ ];[0,0,2]

The final term that remains to be calculated explicitly is f}o’o)z], as f[] ,0,01 and f[o, 1,0]
are given in (38). We start by noting that

9 29913 + 1)a/p-1

—3 ) P 1,0

13 =0 (1 —1n)4 t=0

_ (Zqz, 1 0) ,
q
and

92 299 (L2 —1)(r3 + 1)@/P)=2
—371(t)|_0 — P(p ) 0,0
9%t 1= (1 —1n)4 =0

q42 q
_ (%_ﬂ,o,())_
p p
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By Lemma 21 ii), we get that

Hxy o Ls (@) = (5;1) (5:—)7_*1) 0
’ 21 ’ 22

It thereby follows that
2

= 0 1
fi0,021 = 82—%150.1 0)

dat3

8 ~—1 8 ~—1
= — [V onZs(@ @) —T @)
o3 =0

5 d
= [Vewn T @]| |, a0
o [ (x1,x2,y) s( ())] t=0 013 ©
ok 92 -1
‘|‘v(x1,)czyy)I°5)(Z ) 82—[3:] ©

q q
= <Zq;, I, 0) H(X1,x2’y)I§(Z**) <Zq;, L O)

942 q
+(r @, 7@, 1) (% -t o)

+ @) (@ - Zq—q) (40)
p
Plugging the terms from (36), (38) and (40) into the fraction in (39), we get
800
];[1,0,0] f[O,l,O] ];[0,0,2]
= (detH) 2 @@ (g2t @ + D!
2

29 42 274 q q —172
q ( —1) 4q —1> ( —1) * (Z q- <z CI)
x [ p? D) p ("62* p TP ), +7@h P2 p
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= [detﬁz* (x@N)” (g9t @ +1)°

(ﬁ (53;1>11 n ZZ;’CI (5;1)12 i <ﬁ;1)22+ T(Z*)lzqq(z; P)>]—1/2

X
p
=y@7", (41)
with y (z) as in (13). Hence, it follows with (37), (39), and (41) that
P (501) €PN 952) L N (4o, 42)
V2rny(2)

Combining the representation from (32) with the two integral estimates from (33)
and (42) shows that the integral in the complement of 93, can be neglected and we
have that

P (nl/pfl/q“g(n)”q > Z) =P (5(”) €, N %Z)
1 —n A* (Z*)
= ———— "N 400,
V2rny(z)
which proves our second main result for E;’,—balls. 4

Appendix
Proof of Lemma 5. Let z > m,, , be such that z* = (z9, 1) € J,,. Then

Tizy(x) = inf  A%(n,) = inf  AGG], 7)) = inf A%, ).
1,1 >0 1,>0:11=z1 >0
,ll/qtz—l/P:Z

We set t, := (913, 7}), then with (9) it follows that

Tjz)(2) = inf sup ({s,12) = Ap() = inf [ (26, 12) = Ap(r(t))]

>0 cR2 >0

Our goal is to show that the infimum is attained at tz* = z*, i.e. at f» = 1. Recall
the definition g (s) := (s, ) — A, (s) for t € J, from Section 2.4. By the definition
of 7(t;) it holds that g, (s) attains its supremum at 7(t;), thus Vy g, (s)}

t: = VsAp(s)|

s=t(t;) =

——— 0, which gives

o ~ a d
t; = (thzq, [;) = (EAP(S)NS—T(Q)’ a—szAp(S)L_r(tz)) . (43)

We now aim to write aiszA p(s) with respect to %A p(s) and then use the above
equations. To do so, we firstly want to reformulate A , along the lines of [20, Lemma
5.7]. It holds that

Ap(s) = logA;e“l’vlqﬂzmpfp(y)dy
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1 a—L— p
- 1o —/eslm La—psolyl? 4 )
g(zpl/pr(1+%) R Y

The change of variables x = (1 — ps3)!/?y then gives
-1/ " a7 Ix1
Ap(s) = log( (1 —ps)™ /P | et=r fp(x)dx
R
L ogt )+ 1 il
= ——log(l — ps 0 —_,
D g ps2 gPIx (0= psy)il?

where ¢|x¢ is the m.g.f. of a random variable | X |? with X ~ N,. Hence,

9 Ap(s) 9 lo =
N Ky = — 1 _ oNgd/p
B P oy | CBOXIT\ (1 ps2)/P
_ IR _
= e\ gz ps2)d/P as; |\ = ps2)d/P

= X0 = pspelr
51

q
) fm(l — ps2) TP |x |4 - ? . fp(x)dx

-1
_ _ —q/p _ s ! S
= (I —ps) VP x <(1 _ psz)q/p> P1xa ((1 _ psZ)q/p) ’

where ¢y, (U—;W) = ¢ () ‘ o, - Moreover, with the above we get
f=—21
(l—p.yz)q/p

that

8A()
— s
3S2p

0
=(1- psz)_l + — |log x| 0
ds2 (1 — ps2)a/p

—1
= (1 —ps2)~" +oxpe <S71> 9 |:¢|X|‘1 (s—]>]
(1 — psy)a/p 052 (1 — psy)a/p

=(1—ps)~!
-1 51 q
S1 qsi q T psr)lP [x]
o ((1 - psm/!’) /R (= pspyarorp X1 €T S d
=(1—ps)”"!

qs1 51 ! p 51
+ x| 7 Cxe\ 7 a7
(1 — psy)a+p)/p 1- psZ)q/p (1-— psz)‘i/l’

=(1—psy)!
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-1
7R _ M| |
1 — q/p S / -
s, (TP i ((1 = Psz)q/”> “ixe ((1 - PS2)q/”)

0
=1 —ps) ' +gs1(1 — psy)”! a—SlA,xs). (44)

Plugging in the identities from (43) into (44) it follows for s = (7 (1)1, T(1,)2):

== prt)) " +qrt)i(1 — pr(t)2) " 2773. (45)

Using this, we can calculate the derivative of A*[;(tz) in t (we write ¢ instead of 7, for
notational brevity), where (¢;) is considered as a function in ¢ as well. It holds that

d 0
—A*(t,) = —A* (99, tP
ot »(12) Py »(2 )

ad
= 5[“@ (1)) — Ap(f(tz))]

il
= S [T + 17T () — Ap(r (@)
d d
= qutq_lt(tz)l + thqaf(tz)l + ptp_lt(tz)Z + tpgf(tzh

d
—5, Ap(T(E)

0 d
= 29177 "t (t)1 + 20Tt + ptP (1) + 1ot (t:)a
— IV ()|,

9 9
= gt T ()1 + T+ ptP (1)) + 1Tt

d a A a a A
TR p<s)|s=,(tz)—5r(rz)za—s2 PO e

We now use the identity from (43), which yields

d d 0
EA;(Q) = qutq_lf(tz)l —|—th‘1§‘[(2‘1)1 +Ptp_lr(tz)2+tpgf(tz)2

d 0
—Er(tz)lzqtq — gr(tz)zt”
= 29197 2 (1)1 + prP e (1)n. (46)

Reformulating the identity in (45) yields
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tP = (1 — pr(t)2) "+ qr(t)i(1 — pr(t)2)~" 2717
& (1 — pr(t))rP™t — 71 = 27197 e (1)1 (47)

Thus, if we set %Aj‘,(ra) = 0, we get from (46) and (47) that

a
EA;(IZ) =0 & 0=zl 2@t + pt’ e (t,)n

& 0=>1-pr))t’ ' =t + prP 7l (t)s

& r=1.

Hence, the infimum of A; over dD; is attained at tz* = (z9,1) = z* Since A; is
strictly convex (see properties of the Legendre—Fenchel transform), this minimum is
unique. Thereby, our claim is proven. O

Proof of Lemma 7. Let z > m, 4 be such that z* = (z9, 1) € J,,. Furthermore, set
7= (z9,1,1) and Zs(¢) := [A;‘,(n, 1) —log(t3)], t € R3. We use the definitions
of Z)zy and Zy, together with Lemma 5, to get that

Lz = inf Ts()
_YMa,~Vp,
1 3
1.1y > 0,13 € (0, 1]
= inf inf  AL(t1, ) + Ty (22)
=212 1.t >0
71 > 0,23 €(0,1] 1/q —1/
1>0.22 D

= 4=H}1f [A;(z‘{, 1) — log(zz)] .
721 >0,z € (0, 1]

By the same arguments as in the proof of Lemma 17, we know that Z;z(z) =
A;(zq , 1) is strictly convex in z on J, with a unique root in m 4. Hence, it fol-
lows that for z > m, , with z € J, the function Zz|(z) = Aj‘,(zq, 1) is strictly
increasing in z. Since zo < 1,z = 7122, and 1 < ¢, we have zi’ > z > mp 4, meaning
that Aj;(z?, 1) is strictly increasing in z;. Furthermore, we can see that — log(zy) is
strictly decreasing in z;. Hence, rewriting z; with respect to z» then gives

na = o [((2)'1) -]
2 €(0,1]

which is strictly decreasing in zo. Thus, choosing zo = 1 gives z; = z and
L)z (2) = Zs (™) = A (),

finishing the proof. U
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