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Abstract In this study, we consider a bias reduction of the conditional maximum likelihood
estimators for the unknown parameters of a Gaussian second-order moving average (MA(2))
model. In many cases, we use the maximum likelihood estimator because the estimator is con-
sistent. However, when the sample size n is small, the error is large because it has a bias of
(0] (n_l). Furthermore, the exact form of the maximum likelihood estimator for moving aver-
age models is slightly complicated even for Gaussian models. We sometimes rely on simpler
maximum likelihood estimation methods. As one of the methods, we focus on the conditional
maximum likelihood estimator and examine the bias of the conditional maximum likelihood
estimator for a Gaussian MA(2) model. Moreover, we propose new estimators for the unknown
parameters of the Gaussian MA(2) model based on the bias of the conditional maximum like-
lihood estimators. By performing simulations, we investigate properties of this bias, as well as
the asymptotic variance of the conditional maximum likelihood estimators for the unknown pa-
rameters. Finally, we confirm the validity of the new estimators through this simulation study.
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1 Introduction

Estimators of unknown parameters must be consistent. The consistency is ensured
when we have large samples. The estimators might have a bias if the sample size is
small. In recent years, some computational methods has been developed to compute
estimates for unknown parameters. However, an analytical solution for the bias en-
ables us to know a relationship between unknown parameter and the bias. It means
that the bias changes depending on unknown parameters. Many analytical evaluations
for the bias for a class of nonlinear estimators in models with i.i.d. samples have been
conducted for many years. Tanaka (1983) [14] provided asymptotic expansions of
the least square estimator for the first-order autoregressive process AR(1) and com-
puted its bias. Tanaka (1984) [15] also gave asymptotic expansions of the maximum
likelihood estimators for autoregressive moving average (ARMA) models, including
AR(1), AR(2), MA(1), and MA(2), and also computed their bias. Cordeiro and Klein
(1994) [8] derived the bias of the maximum likelihood estimators for ARMA models
in another way although the result for MA(2) was not shown. Cheang and Reinsel
(2000) [7] developed a way to reduce the bias of AR models using the restricted
maximum likelihood estimation.

Practically, we often rely on the conditional maximum likelihood estimation for
reducing the computational cost of the maximum likelihood estimation and for a pre-
diction of an unobserved variable which is the next value of the observed data (see
Section 2 for the definition of the conditional maximum likelihood estimation). The
conditional maximum likelihood estimation is often referred as the quasi-maximum
likelihood estimation (QMLE). Statistical properties of the conditional maximum
likelihood estimation have been discussed in some literatures (see [3] and [4] by Bao
and Ullah, for example). Giummole and Vidoni (2010) [9] showed the bias of the con-
ditional maximum likelihood estimator for a Gaussian MA(1) model in a process of
obtaining improved coverage probabilities for ARMA models. However, the bias of
the estimator for a Gaussian first-order moving average (MA(1)) model was slightly
strange. Hence, Kurosawa, Noguchi, and Honda (2017) [12] corrected the bias and
deduced a simple expression for the bias using a method by Barndorff-Nielsen and
Cox (1994) [5]. We also should note the recent remarkable results by Y. Bao (2016)
[1] and (2018) [2]. We shall discuss his results in Remark 3.4 below.

In this study, we show the bias of the conditional maximum likelihood estima-
tors of unknown parameters for a Gaussian second-order moving average (MA(2))
model followed by the method in [12]. In Section 2, we introduce a Gaussian MA(2)
model and the conditional maximum likelihood function. In Section 3, we derive
both the bias and the mean squared errors (MSEs) of the conditional maximum likeli-
hood estimator for a Gaussian MA(2) model, and then propose new estimators based
on the O(n~") term in the bias of the conditional maximum likelihood estimators.
Moreover, we show that the proposed estimators are less biased and have the lower
MSE:s than those of the conditional maximum likelihood estimators. In Section 4, we
conduct a simple simulation study to verify our results. Furthermore, we apply our
method to GNP in United States of America as an illustrative example of our method
in Section 6.
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2 A Gaussian MA(2) model and the conditional maximum likelihood estimator

Let {Y;} be a Gaussian MA(1) model (see, e.g., [6, 10]) defined by

-
Yi=p+e+ps1, & ~ NO,o?  (=1), (1)

where |p| < 1. Kurosawa, Noguchi, and Honda (2017) [12] computed the bias of the
conditional maximum likelihood estimator under the condition that

g =0 2

for the Gaussian MA(1) model. Assumption (2) is a useful condition for not only an
estimation problem but also a prediction problem, since e7 (T = 1) can be written by

a linear combination of Y7, ..., Yr. Then, the best linear unbiased estimator Y74, of
Yrin (h > 0) given S = {¥Y1 = y1,..., YT = yr} is described using a finite linear
combination of g1, ..., e7 (see, e.g., [12]). They gave the following:

Theorem 2.1 ([12]). The bias of the conditional maximum likelihood estimators of
the unknown parameters given (2) for the Gaussian MA(1) model is

E[@—pnl = o™,
_ S50 1
Elo—0c] = —4o0on ),
4n
20— 1
Ep—-pl = L= tom™).

In this study, we consider a Gaussian MA(2) model defined by

Yi =p+& + p1&—1 + p261-2 =1, 3)

where ¢, - N(,0%) and @ = (i, o, p1, p2) " is a vector consisting of the unknown
parameters. Although the MA(2) model has the property of stationarity regardless of
the values of p; and po, we assume the invertibility, which means

pr—p2<l1l, pr+p2>-1, —l<p<l,

to identify the model uniquely. Otherwise, the maximum likelihood function takes
the same value at different points.
If we consider an estimation problem for the maximum likelihood function with
Y1, ..., Y,, then the likelihood function can be expressed using the infinite number of
es. To avoid the problem of infinite number of ¢s, we solve the conditional maximum
likelihood function given
Ep=¢&-1= 0 (4)

for the Gaussian MA(2) model. In this case, Y7, ..., ¥, can be transformed using the
finite number of es. The conditional log-likelihood function using the finite number
of s for the Gaussian MA(2) model given (4) is expressed as

n

Z(0: y) = —3 log(2m) = Slog(?) = )

t=1

{e:(0; y))?
202 ’

®
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The likelihood function with (4) is referred as the conditional likelihood function
(see [11, p. 653] and [17]). We use the following lemma to compute the bias of the
unknown parameters in the Gaussian MA (2) model.

Lemma2.2. LetY = (Yy, ..., Y,) " be avector of random variables generated by a
Gaussian MA(2) model in (3). Assume that (4) holds. Then, we have

t—1 ft—k—1
(0 Y) =& = Z( > A’lxg—k—l*) Yes1—p)  @=D, (6
=0

k=0 4
where
—p1+ A —p1 — A
=—F A=—"
2 2
The proof will be in the Appendix. We know that

8 A =,/p} —4p2. (7

1 oo k
Y=y =Y Y M —w

& =
(1 =2 L)(1 —aoL) k=0 1=0
—1 t—k—1
- 5 (o
k=—00 =0

since the process is invertible. The lemma suggests that the coefficients of ¥; (+ < 0)
are zero when gg = ¢_; = 0.

Since the conditional likelihood function is expressed as a function of indepen-
dent samples ¢1, ..., &,, we can apply the following lemma in [5] to the conditional
log-likelihood function. We apply Lemma 2.3 for i.i.d. random variables €, not Y.
The high-order differentiations of the conditional log-likelihood function (5) are re-
quired to obtain the bias and the MSEs of the maximum likelihood estimators and
Lemma 2.2 will be used for the calculations. An asymptotic expansion of the bias of
the maximum likelihood estimator is given by the following:

Lemma 2.3 (See Barndorff-Nielsen and Cox (1994) [5, p. 150]). Let 0 =
@1, ..., Gd)T be a vector of unknown parameters for a random variable Z, and
0= (é\l ey é\d)T be a vector of the maximum likelihood estimators of 0 for a vector
of random samples Z = (Z1, ..., Zn) . Then, the bias of/@\, (1 <r <d) is given by

d d
~ 1 0.0, - _
Eolfy = 6,1 = 5 3 3 3 i% i (g, + 2v,0.0,) + O ~>)
s=1 t=1 u=I
r=1,...,d),
where £(0; Z) is the log-likelihood function for Z = (Z4, . .., Zn)T,
, o 026:2) _0°20:2) _020:2)
b = 30, A% T 000, %% T 50.56,006,
00— (In(0)_1>”, vo.6,6, = Ezllo.6,0,1,  Vve,6,.6, = Ezllo.6,l6,],

and 1,,(0) is the Fisher information matrix for Z.
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3 Main results

In this section, we compute the biases of estimators for the unknown parameters of the
Gaussian MA(2) model using the conditional maximum likelihood estimate, and also
propose new estimators for these parameters. Before obtaining the results on bias,
we observe the MSEs. The MSEs appear in the diagonal elements in the covariance
matrix by

E[6-6)0—-0)"1=1,0)"+o0n™"),

where I,(0) is the Fisher’s information matrix. It can be simplified by applying
asymptotic properties

lim nl,(0)"! = J(6).
n—oo

Therefore,

E[@-0)6—-0)"]1= %”') +o(n™"). (8)

Theorem 3.1. The elements in the asymptotic covariance matrix of the conditional
maximum likelihood estimators of the unknown parameters under (4) for the Gaus-
sian MA(2) model in (3) is given by E[(it — p)(@ — )] = E[(iL — w)(p1 — p1)] =
E[(11 — )2 — p2)] = E[@ — 0)(P1 — p1)] = E[(@ —0) (2 — p2)] = o(n™ ") and

2 1 2 2
Bl -t = 02D 06, EIG -0 = 4o,
n 2n
_pg
n

+o(n™h),

~ 2 I_P% -1 -~ 2 1
E[(p1 — p1) ]=T+0(n ), El(p2—p2) 1=

o1l —p2)
n

E[(B1 — p1) (P2 — p2)] = +o(n™h.

The proof is given in Section 5.1. By applying Lemma 2.3 to (5), we obtain the
bias of the conditional maximum likelihood estimators.

Theorem 3.2. The bias of the conditional maximum likelihood estimators of the un-
known parameters under (4) for the Gaussian MA(2) model in (3) is given by

E[@—pnl = o™, ©)
. To _
E[6—0] = —— +omn™), (10)
4n
—1
Elpi —p] = m*%w(n*‘), (11)
300 — 1
Elpr—pl = 27 +om™. (12)

The proof is given in Section 5.2. We observe that the bias of the conditional
maximum likelihood estimators for the Gaussian MA(2) model is the same as that
for the full maximum likelihood estimators for a Gaussian MA(2) model (see Tanaka
(1984) [15]). Although (11) looks different from the result by Tanaka, we can deduce
the same result for the bias of 62 (see (14)).
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Remark 3.3. We note that MA(2) is reduced to MA(1) if we put po = 0 in (3).
However, the bias for p(= p1) in Theorem 2.1 is not obtained even if we put pp = 0
in (11). The results in Theorem 3.2 with pp = 0 are obtained from a solution of the
maximum likelihood estimate in four dimensions. The bias of MA(1) in Theorem 2.1
can be considered as the bias of MA(2) given pp = 0 in Theorem 3.2. This im-
plies that Theorem 3.2 is not result under the assumption with algebraic relationships
among unknown parameters such as p»p =0, 00 =1, A = pf —4p, = 0, and so on.
Namely, we do not assume any algebraic relationships among the unknown parame-
ters in advance. Thus, A # 0 which is equivalent to A1 # A, is used in the proof of
Theorem 3.2 and Propositions and Lemmas in the appendix except for Lemma 2.2.

Remark 3.4. We have recently found the notable results by Y. Bao (2016) [1] al-
though we originally proved Theorem 3.2. The abstract in [1] claims that the bias of
the conditional Gaussian likelihood estimation with nonnormal errors is derived. The
gap between the “Gaussian” and the “nonnormal errors” imply that he used likelihood
function (5) even if the errors follow a nonnormal distribution. For the calculation of
the bias, we require the values of the skewness y; and the kurtosis y». Namely, he
derived the bias regarding the likelihood function as the Gaussian likelihood function
without the conditions y; = 0 and y» = 3 for a normal distribution. He gave the bias
of various models including MA(2) with a matrix representation which was originally
studied by Corderio and Klein (1994) [8], while we use the roots of the characteristic
function for the derivation of the bias. We purely focus on the Gaussian MA(2) model
with the conditional likelihood function and evaluate the corrected bias. Furthermore,
we propose a new estimator below based on the corrected bias and discuss the cor-
rected estimators under a pure Gaussian MA(2) model in detail using the (estimated)
bias and the MSE in the simulation study.

Using (10), (11), and (12), we propose the following new estimators for the Gaus-
sian MA(2) model:

78 ~ ~ ﬁ1+ﬁ2_1 ~ ~
T P=p- . =P

30, — 1
4n’ n '

13)

oc=0+

As we can see, the proposed estimators are asymptotically equal to the usual estima-
tors. We consider the MSEs of the new estimators:

E[6] = (1 - l) o +on), E[B= (1 - 3) o2 tom™).  (14)
4n ’ n '
Thus, we have

~ 2 o’ -1
E[(c —0)]= EJrO(n ).

In other words, the MSEs of & and ¢ are asymptotically the same as well:

. 1—p3 p1+p2—1 _
E[pi] = pi+ 2+2,01? +o(m™"),

. 1 —p3 3p2 — 1 _
E[3] = pi+—2+2p +om™"),
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—~ 3p1+p2—1 _
E[p1p2] = mpz+mT+0(" h.

Therefore, we have

- 1— p? - 1— p2
E[(1 — p1)*] = sz +om™),  ElF— p)H = sz +om™h).

In other words, the MSEs of p| and p; are asymptotically the same, as are the MSEs
of p> and p>.

4 Simulation study

In this section, we conduct a simulation study in order to verify Theorems 3.1 and 3.2
and evaluate the validity of the new estimators. Let # = 1 and o = 1. For a fixed
n and a fixed p, we generate y = (y1,...,y,)' 30,000 times from the Gaussian
MA(2) model. For each y, we calculate a vector of the conditional maximum likeli-
hood estimators @ = (11, @, p1, p2) | . Using the 30,000 replications, we calculate the
estimated bias and MSEs using Monte Carlo simulations. In Subsetions 4.2 and 4.3,
we also compute the full maximum likelihood estimators OMLE 1o compare it with
our estimators.

4.1 Evaluation of asymptotic variances

We evaluate how much the MSEs of the conditional maximum likelihood estimators
change depending on the true values of the unknown parameters. Table 1 shows the
estimated MSEs and the values of J(@)/n obtained in Theorem 3.1 of the conditional
maximum likelihood estimators for each unknown parameter.

Table 1. Comparisons of the estimated MSEs and J (@) /n for each unknown parameter (upper:
the estimated MSE, lower: J (@) /n)

(p1, p2) = (0.25, —0.25) (p1, p2) = (=0.40, —0.59)

n n a 01 ) n n c 01 )

50 0.02046  0.01133  0.03102  0.03684 50 0.01412  0.01146  0.04705  0.02783
0.02000 0.01000 0.01875  0.01875 0.01312  0.01000 0.01304 0.01304

100  0.01020 0.00526  0.01136  0.01233 100  0.00691 0.00578  0.01566  0.00944
0.01000  0.00500  0.00938  0.00938 0.00656  0.00500 0.00652  0.00652

150 0.00675 0.00346  0.00706  0.00739 150 0.00453 0.00386  0.00921  0.00564
0.00667  0.00333  0.00625  0.00625 0.00437  0.00333  0.00435  0.00435

(p1, p2) = (0.15, —0.55) (p1, p2) = (0.15,0.55)

n n o Pl ) n n c Pl )

50 0.00786  0.01148 0.03108  0.03334 50 0.05849  0.01099 0.01943  0.02612
0.00720  0.01000  0.01395  0.01395 0.05780  0.01000 0.01395  0.01395

100  0.00379 0.00526  0.01051 0.01123 100  0.02907  0.00520  0.00814  0.00937
0.00360  0.00500  0.00698  0.00698 0.02890  0.00500  0.00698  0.00698

150 0.00248 0.00346  0.00597  0.00620 150 0.01932  0.00343  0.00511 0.00559
0.00240  0.00333  0.00465  0.00465 0.01927  0.00333  0.00465  0.00465

We conducted simulations under the four settings. The top-left table is prepared
for checking of performance under the condition that the true parameters are within
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the invertibility condition. On the other hand, the top-right table is close to the bound-
ary of the invertibility condition. The two bottom tables are made for checking the
symmetry of p;. It is clearly observed from Table 1 for all the settings that the esti-
mated MSEs decrease when the sample size n is large. The estimated MSE of & does
not depend on the values of p; and p,, which coincides with the result that J (6)/n of
& in Theorem 3.1 does not include p; and p; in the expression. Since J (0)/ns of py
and 0, depend on the value of p; but are independent of the value of p|, we expect
that the estimated MSEs of pj and p> on (p1, p2) = (0.15, —0.55) and (p1, p2) =
(0.15, 0.55) are close, but the results show different values in the small sample size
n = 50. This result may be the influence of o(n~!). We compare n times the esti-
mated MSEs and J (@) on (p1, p2) = (0.15, —0.55) and (p1, p2) = (0.15, 0.55) of
n =50 and n = 1000 to verify the influence by o(n~") in Table 2.

Table 2. Comparisons of n times the estimated MSEs and J (@) of n = 50 and n = 1000

(o1, p2) = (0.15, —0.55)

o G 01 02
n =50 0.39307  0.57401 1.55412 1.66715
n=1000 0.36061 0.51210 0.72833 0.71769

J(0) 0.36000  0.50000  0.69750  0.69750

n x the estimated MSE

(o1, p2) = (0.15, 0.55)

u G o1 02
n =50 292462  0.54941 097164 1.30611
n=1000 2.88205 0.51144 0.69979 0.71517

J(0) 2.89000  0.50000  0.69750  0.69750

n x the estimated MSE

Generally, n times the estimated MSEs converge to J (@) if n is large. The result
shows that the estimated MSE of p is close to p; for n = 1000. Next, we present the
behavior of the estimated MSEs for p; = 0.25 and p, = —0.25 when the sample size
is small in Table 3.

Table 3. Behavior of the estimated MSEs when the sample size is small

n D a 1 ”

10 0.14485 0.09400 0.41133 0.36819
11 0.12914  0.08262  0.34886  0.33276
12 0.11453  0.07419  0.29700  0.29798
13 0.10000 0.06659 0.26646  0.27767
14 0.08955 0.06034 0.23022 0.25188
15  0.08262 0.05502 0.21125 0.23577
16  0.07426  0.05051 0.18974  0.21314
17 0.06889 0.04616  0.17351 0.19723
18  0.06413  0.04295 0.15869  0.18569
19  0.05969 0.04028 0.14624 0.17146
20 0.05529 0.03762  0.13552  0.16067

The estimated MSE becomes smaller as the sample size becomes larger.
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4.2  Estimator of ¢
We express the bias of & as

. To 1
Elc —ol=e +e, eg=——, e=o0n ),
4n

which implies that
e1 + ey 1is the bias of the conditional maximum likelihood estimator,
e> is the bias of the conditional maximum likelihood estimator without the term

omn™h.
Table 4. Evaluation of the estimated bias of &
(p1, p2) = (0.25, —0.25) (p1, p2) = (0.15,0.55)
n el t+ep e) n el t+e e
50 —0.03579  —0.00079 50 —0.02814  0.00686
100  —0.01635 0.00115 100 —0.01322  0.00428
150  —0.01035 0.00132 150 —0.00825 0.00342

The bias of & does not depend on the value of p; and p;, which coincide with
(10). Moreover, |e»| is smaller than |e; + e>| because of the exclusion of the term
O (n~1). Next, we compare the bias and MSEs of & and the proposed estimator & for

p1 = 0.25 and pp = —0.25. We also compute the full maximum likelihood estimator
~MLE
o .

Table 5. Comparison of the bias and MSEs of & and &

Bias MSE

n Cd oMLE o n o oMLE o

50 —0.03579  —0.04193  —0.00204 50 0.01133  0.01195 0.01077
100 —0.01635 —0.01820 0.00087 100 0.00526  0.00531  0.00517
150  —0.01035 —0.01142 0.00120 150 0.00346  0.00347  0.00343

The estimated bias of & is lower than those of & and 3MLE. On the other hand,
there is no difference among the three estimated MSEs. This result certainly is in
accordance with the discussion in Section 3.

4.3 Estimators of p1 and py
We express the bias of@ (i=3,4) as

E[f;, —6il=ei+e, e =0n""), e=onh,

where e; = (p1 +p2—1)/nfori =3,e1 = 3py—1)/nfori = 4. Then, e; 4+ ¢ and
ep imply the bias of the conditional maximum likelihood estimator and the bias of the
conditional maximum likelihood estimator without the term O (n ™), respectively.
Except for the case where p; and p; are close to the boundary condition (p1, p2) =
(0.40, —0.59), |ez| is smaller than |e; + e3|. The bias of p; depends on the value of
p1 and po. The bias of 0, depends on the value of 7 but not p1, which coincides with
(12). Next, we compare the bias between p; and p] and between p and p,. We also

compute the full maximum likelihood estimators ﬁlMLE.
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Table 6. Evaluation of the estimated bias of p; and pj

(p1, p2) = (0.25, —0.25)

(p1, p2) = (0.40, ~0.59)

P1 P2 P1 P2
n el t+e ey el t+e e n e t+e ey e t+e ey
50 —0.03591  —0.01591 —0.04913  —0.01413 50 —0.13333  —0.10953  —0.00976 0.04564
100 —0.01319 —0.00319  —0.01969  —0.00219 100 —0.07309  —0.06119 0.01046 0.03816
150  —0.00847 —0.00181 —0.01271 —0.00104 150 —0.05414  —0.04621 0.01191 0.03037
(o1, p2) = (0.15, —0.55) (p1, p2) = (0.15,0.55)

P1 P2 P1 P2
n el t+e ey el + e ) n el + e ) el te ey
50 —0.06690 —0.03890 —0.06690  —0.01390 50 —0.00862  —0.00262 0.00769 —0.00531
100 —0.02493  —0.01093  —0.02765 —0.00115 100 —0.00305  —0.00005 0.00247 —0.00403
150 —0.01475 —0.00542 —0.01663 0.00104 150  —0.00250  —0.00050 0.00095 —0.00338

Table 7. Comparisons of estimated bias for the estimator of p; and pp

(o1, p2) = (0.25, —0.25)

n P1 pyE o1 02 pyE )

50 —0.03591 —0.03166 —0.01421 —0.04913  —0.05512 —0.01118
100 —0.01319 —0.01087 —0.00286  —0.01969 —0.02115 —0.00160
150 —0.00847 —0.00716 —0.00166 —0.01271 —0.01338  —0.00079
(p1, p2) = (0.40, —0.59)

n P pYLE o1 02 PYLE 02

50 —0.13333  —0.08952 —0.10667 —0.00976  —0.05341 0.04623
100 —0.07309 —0.03134  —0.06057 0.01046 —0.01752 0.03784
150 —0.05414 —0.01796  —0.04592 0.01191 —0.01095 0.03014
(p1, p2) = (0.15, =0.55)

n o1 pYLE o1 ) PYILE 02

50 —0.06690 —0.06346 —0.03622 —0.06690 —0.09484 —0.00988
100 —0.02493  —0.01971 —0.01041 —0.02765 —0.03755 —0.00032
150 —-0.01475 —0.01109 —0.00521 —0.01663  —0.02199 0.00137
(p1, p2) = (0.15,0.55)

n o1 pMLE 1 ) pYILE 02

50 —0.00862  —0.00733  —0.00260 0.00769 0.02588 —0.00577
100 —0.00305 —0.00265 —0.00004 0.00247 0.00854 —0.00410
150  —0.00250 —0.00223  —0.00049 0.00095 0.00473 —0.00340

The biases of the proposed estimators p1 and 0, are less than those of p; and 03,
respectively, except for the case as mentioned the above. Moreover, the calibration of
p1 and py depends on the values of p) and p;. Next, we compare the MSEs between
o1 and p1, and between p> and p>.

There is no difference between the estimated MSEs of p; and p; (i = 1, 2), which
certainly coincides with the discussion in Section 3.

5 Proof of theorems

We show our main Theorems 3.1 and 3.2 using lemmas and propositions in Ap-

pendix A.
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Table 8. Comparisons of the estimated MSEs for the estimators of p; and py

(p1. p2) = (025, —0.25)

n Pl pMLE o1 123 PYLE 3
50 0.03102  0.03332  0.02822 0.03684  0.04005 0.03055
100 0.01136  0.01157 0.01090 0.01233 0.01264 0.01124
150  0.00706  0.00711  0.00686  0.00739  0.00748  0.00695
(p1, p2) = (0.40, —0.59)

n 1 pE o1 02 pyE )
50 0.04705  0.03905 0.03866 0.02783  0.03581  0.02665
100 0.01566  0.01050 0.01364 0.00944 0.01016  0.01021
150  0.00921 0.00579 0.00826  0.00564 0.00569  0.00619
(01, p2) = (0.15,-0.55)

n h1 pMLE o1 ) PYLE 2
50 0.03108  0.03492  0.02635 0.03334 0.04263  0.02561
100 0.01051 0.01124 0.00972  0.01123  0.01288  0.00985
150  0.00597 0.00613  0.00568  0.00620  0.00668  0.00569
(p1, p2) = (0.15,0.55)

n 1 pE o1 02 pyE )
50 0.01943  0.01993 0.01848 0.02612 0.03126  0.02306
100 0.00814 0.00818 0.00795  0.00937 0.00993  0.00883
150  0.00511 0.00513 0.00503  0.00559 0.00577 0.00538

5.1 Proof of Theorem 3.1

445

The second derivatives are given by the inverse of the Fisher information matrix and
the components of the matrix can be obtained by the expectation of the second deriva-
tive of the log-likelihood functions. The expectations of the components are given in
Proposition A.4, and then the Fisher information matrix is

where

. 1 ¢ .
ipp = —Elly,) = o2 Zdtz—l’ loog =
=1

I, (0) =

ipipp = —Ellpp1= Z

n t=2

=
OOOY;

0 0 0
ivo 0 0

0 ipp ipipm

0 ippy ippm

n

t=1 k=1

2n

_E[loo] = ;,

t—1
> (i (k)*.

n

t—1

ippon=—Ellpypy =D D (@100)%,  ippy=—Ellpypl =Y Y or(k)pi(k — 1).

t=1 k=2

t=1 k=1
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The functions ¢ and d; are defined in (A.3) and (A.5), respectively. Thus, the inverse
matrix is given by

0 0 0

1,(6)7! 0 " 0 0 15
@) =1 o jmm jem | (15)
0 0 iPe2 jmm:
where
2 2
o 1 _ o o 1 o
e =i T
I D=1 diy loo n
PPl — g1 o2 — gl 0202 — A1
l =M ipp, i =M ipp, I =M""ipp,

. . . 2
M =ippipypp = (ipi )~

We shall compute the limiting values for i##, {7, {PLP1 jP1P2 and i#2P2. Using
the different expression (B.4) for ¢, we have

1 e1() — 1t +1)

(16)
1+ 02 I+ p1+pm

t
di1 =Y gi(k) = s

t=1

We consider the summation from ¢ = 1 to n of d12—1 to get i*#. The second term in
d;_1 is not a main term for the summation as n — o0. Therefore,

2 2
1
o _ L+ p1+ p2) Yot ).

Similarly, we have

1—1 2 2t t 2 2t
1 (A=A — A — A

E (<p1(k))2———A2< AT R Vi s B 2)

k=1

1—2% l—py  1-13
and
t—1 2 2t—1 t 2 2t—1
1 (A5 —A 1—p5 A3—A5
Z<m<k><m(k—1)=—2(1 L +p1 + — .
= A 1 — A7 1—po 1—25
and then
W T A
i =i =— -2 + n+o(n
o101 = Lpaps A2<1—)\% - 1_)% (n)
1+
= - 5 '022 n+o(n)
(1= p} + 202+ p)(1 = p2)
and

i = [ P 22 ) o)
PR\ -2 = 11—
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= il n+o(n).
T —pi 420+ p3)(1 —,02)

Thus,

1
(1= pf +2p2+ p) (1 = p2)?

. . . 2
M =ippiipyp = (pipp)” = —

Therefore, we obtain

. p1p . 1- ,0% -1
jPIPT P2 +o(m™h,
n

1 —
oo Pl P2)+0(n—1)_
n

5.2 Proof of Theorem 3.2

n® + o(nz).
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a7

18)

Eq. (9) is trivial by Lemma 2.3 and Proposition A.6. We show (10) using Lemma A.7.

The lemma can be reduced to

E[0, — 0,1 = = 9'9’ Zzle’g“(ve 66, + 28,6,.6,) + 0%
t=1 u=1

19)

if i%% = 0 forall s # r. We see i°#* = {°P! = (P = () from (15), and then we can

apply (19) for the bias 6. The components in the sum (19) are

2
iuﬂ(”a,uu + 2V p, ) = ( Z dt2 l) P
Zt 1

2
. o 2n
ZUU(VJJJ +2vaa,o) = <__3) =
2n o

’

|
l\)q|>—

Mo

_ Zipipiipp
Mo

Q

20 I
i P1P1 _ -1 _ L. _ _=tpip1ip2p2
P Wopipr + 2V0p1,01) =M™ ipyp, ( lﬂl/’l) = ,

[\

0202 =M =
l (Voparpr + 2Vopy,pr) =M™ ipp, < Glpzpz

0102 ;0201
! (Vopipy + 2Vopy,py) + 1 (Vopapr + 2Vops,p1)

_ i,
= 2 (Wopipy + Vopi,p0 + Vops,pr)
. 2
= —om7Y (—Ei ) _ M)
= P12 o2 | = .
o Mo

The summation of (22), (23), and (24) is

. . . 2
_4’/7101 Lpapo 4 4(ipi1py) _ _i
Mo Mo o

By adding (20) and (21) on the above, we obtain (10).

(20)

ey

(22)

, (23)

(24)
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Next, we show (11) and (12) using Proposition A.8. The 10 components of the
equation in Lemma 2.3 which are used for the calculation of the biases of p; and p;
are given by merely substituting the results in Proposition A.8:

n t—1

-2 Z Z di—1di—g—191(k)

t=1 k=1

n
D di
s=1

Py —
Wy + 2vp ) =

oo
l (Uploo + 2”,010,0) =0,
n

i (10101 + 2Vpiprp) = M iy Z(Sl,t +2T0,0,0),

=1

n
. 1.
2iP12 Vpipipr T Voipror T Voipa.p) = —2M " ip E (S2,r + To,1,0 + T1,0.0),
t=1

n
. 1.
P22 (V1 papy + 2Vp1pp.pn) = M gy py 2(53,1 +2T1,1,0),

t=1

and
n t—2

-2 Z Z di—1d;—k—291(k)

t=1 k=1

n
2 di
s=1

o —
P Wpppn + 2vppu,u) =

i%? (vpzaa + 2Vp2c7,cr) =0,

n

. 1.

i Worpip1 + 2V0301,0) =M™ ipypy § :(SO,t—l +2T1,0.0),
=1

n
. 1.
2iP'P2 (v, papy + Vorpn.pr  Vorpnpr) =—2M " Vi, Z(Sl,tfl + 11,16 + T10,0,6-1),
=1

n
e e AP Mﬁlimm Z(Slt—l +2T0,1,1),
=1
where §), ; and T), , ; are defined in (A.26) and (A.27), respectively. Now, we want to
know the limiting values of the right-hand side of the above equations and to evaluate
the sum of the first 5 equations and the remaining 5 equations. Let U and V be the sum
of the first 5 equations and that of the remaining 5 equations, respectively. We see that

n t—1

1
di_1ds—j— N = — ’
;; t—1di—k—1901(k) (p1+,02+1)3n+0(n)
n t—2 1
Y diidikapik) = ——————n+o()

3
pr ot (o1 +p2+ 1)
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by (16). What regards the other summations, the values are constructed by S, , and
Tpg,:- The componeqts of .Sp,q and TP{N are given by }Jsing (B.4) and (B.5) whi.ch
are a sort of geometric series. We consider the summations of S, , and T}, 4, with
respect to ¢ from 1 to n as n — oo. Since the components are expressed as a sort of
geometric series, the following limiting evaluations are useful.

n t a n t 012(2 a)
k _ k+1 __ —
ZZO[ = 1_Oln—i—o(n), ZZ(k—i—l)a —Wn—i—o(n),
t=1 k=1 t=1 k=1
n t t—k

. g
DXL = a o

t=1 k=1 m=1

for any |a| < 1 and |B| < 1. Then, the summations of S, ; and T}, ,, with respect to
t are

n

2p1(p2 + 1)
D S = TP 122n+0(n),
pry (o2 — Dipy — (o2 + 1)}
- 2(p? — p2(p2 + 1)?}
Sy = 1 n+o(n),
; " (02— D2p? = (o2 + D22
n 2
2p1{=p7 +202(p2 + D}
S3 = n+o(n),
; " (= DR} — (o DR
. 2{1 + mQ2 — pi + p2)}
So.1—1 = 1 n+o(n),
,; T (= Do} — (o + D22
n
2p1(p2+ 1)
Sti—1= n+o(n),
,:ZI T (2= Do} — (o2 + DR
. 2{p} — pa(p2 + D%}
Spio1 = ! n+o(n),
; T (= D2} — (e + 2P
n
=2p1(p2+ 1)
Too,r = n+o(n),
,; " (o2 DI} — (o2 + D22
“ —2{p} — p2(p2 + D?}
Toi: = L n+o(n),
; " (= D2eE — (o + DR
n 2 2
+ (o2 +1
S Ty = — LR,
! (02 = Dipy — (02 + D7}
n 2 2
p1(1 + py —2p2 —3p3)
Thi,= n+o(n),
; " (o= Dol — (o2 + D22
“ -2 +1
Z To,0,1-1 = PPt D) n+o(n).

p ;2= Dip} — ;2 + D2
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Now, we are ready to use Lemma 2.3. Using the above evaluations, we have

o 2 4p1pa+ D = 21l + (2 A D)
prtpm+l (of = (2 + 12 ’

vo_ 2 A4eie2t Dip} = pa(er+ D) 42071+ pf — 202 = 3p))
p1t+p2+1 (1= p2){p7 — (p2 + D22
+ o(1).

By (17) and (18), the biases of the unknown parameters p; and p; are

I I 1
R e
n
and 1 1 300 — 1
Elpy = p2l = 507U + 5i72V = 2 4 otn™).

Therefore, we obtain (11) and (12).

6 Practical examples

We provide a practical example using quarterly U.S. GNP from 1947(1) to 2002(3),
n = 223 observations. The original data which are provided by the Federal Reserve
Bank of St. Louis [16] are introduced after being adjusted as a good example for
MA(2) in [13] when the data are transformed to compute the GNP rate from X, by

Y, = Viog(X), (25)

where X; is the U.S. GNP. The adjusted data which are different from the original
can be obtained from the web site by the author of the book.

We do not know true values for unknown parameters in the MA(2) but we assume
that the GNP rate follows

Y; = 0.0083 + & 4 0.30285;_1 + 0.2036¢&;_3, (26)

where the coefficients are calculated by the (full) maximum likelihood estimation
using n = 223 — 1 = 222 observations because we need to take the difference by
(25) and confirm whether the bias using the model with the last 20 samples is reduced
by our method or not.

For an unknown parameter 6 (6 = u, o, p1, p2), MLE and QMLE in Table 9
correspond to the maximum likelihood estimate HMLE and the conditional maximum
likelihood estimate (quasi-maximum likelihood estimate) @\using n = 20 observa-
tions. The corrected MLE and corrected QMLE correspond to the result by Tanaka
(1984) [15] and 6 defined in (13), respectively. The reason why there are dashes (-)
in the table for u is that the correction is not required for w. The four biases in the
table from the bottom correspond to those for MLE, QMLE, corrected MLE, and cor-
rected QMLE. We note that the corrected MLE is expected to be the best when we
use n = 20 observations because the estimate uses the full maximum likelihood esti-
mation. The both corrections work well, namely the bias for true model (26) become
small against the models without the corrections.
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Table 9. MLE and conditional MLE with a correction for U.S. GNP using MA(2)

“ o o1 02
TRUE (n = 222) _ 0.0083  0.0094  0.3028  0.2036

MLE (n = 20) 0.0071 0.0060 0.1446 0.1370
QMLE (n = 20) 0.0072 0.0060 0.1564 0.1321

corrected MLE - 0.0065 0.1824 0.1680
corrected QMLE - 0.0065 0.1939 0.1639

Bias for MLE ~ —0.0012 —0.0035 —0.1582 —0.0666

Bias for QMLE  —0.0012 —0.0035 —0.1464 —0.0714

Bias for corrected MLE - —=0.0029 —-0.1204 —0.0356
Bias for corrected QMLE - —0.0029 —0.1089 —0.0397

A Lemmas

We show the derivatives of the conditional log-likelihood function and expectations.
Let

AMAr=—p, Ai—l=A, AMlr=p (A.1)
and
A4 pihi+p2=0 (A.2)

for i = 1, 2. Furthermore, we define the following functions:

k—1
ACED I (A.3)
=0
31 (k
(k) = —2 gl( ), (A4)
L1
and
t+1
d=7 " g1k, (A.5)
k=1

These functions reduce calculation costs. We list the lemmas and propositions in the
following. Their proofs are provided in Appendix B except for Lemmas A.3 and A.5
because Lemmas A.3 and A.5 just list the derivatives of the log-likelihood function
and they are easily obtained by the chain rule for (A.6) and (A.7).

The first derivatives of the conditional log-likelihood function (5) for the Gaussian
MA(2) model are given by

1 — n 1 <
li=—=> diie, lb=——+—=Y ¢, (A.6)
S o 9O
1 <& s 1 g
Iy, = —— =L 1 =——§: . A7
o1 o2 €t 901 02 o2 €t 90 (A7)

=1 =1
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Lemma A.1. The first derivatives of ; in (6) are given by

881

= —d, (A.8)
o

9 t—1 t—1

ﬁ = —Zsol(k)er_k:—zjsol(t—k)ek, (A.9)
881 88[ 1

o :—Z¢1(k)s, 1 =— th— — Der. (A10)

Lemma A.l implies that de;/dp; does not depend on &;, but is expressed as a
linear combination of ¢, ..., &_;. Furthermore, d¢;/9p> does not depend on &;_1
and &, but depends on €1, ..., &_».

Lemma A.2. The second derivatives of &; in (6) are given by

3¢, ad,_, !
= = — k)d;—j—1, A.ll
e ” I;m( )d; k-1 (A.11)
32 ey ddi_ =
s = === ) pi(di, (A.12)
©dp2 nap1 02 P
92¢ =2 =2
7 = 2ol De =) et =R, (A.13)
01 k=1 k=1
82£[ 828[_1 =3
= — Z¢z<k+1>s, k2= @t —k =D, (A14)
901002 90 p
e 926, =
— = Z¢z<k+1>s, k3= ¢t —k —2er. (A.15)
9p; 8,01 k=1
Similarly, 828t/8p12 is expressed as a linear combination of ei,..., &2,
32&/8,018,02 is a linear combination of ¢y,...,&_3, and 828,/3,0% is that of
Ely ..y Et—4.

Lemma A.3. The second derivatives of the conditional log-likelihood function (5)
for the Gaussian MA(2) model are given by

n

1 < 2 & ad | de
Liw = ——5Sd% . Lo =——Sd_1e1. Ly = Zi=l —’)

1 & ad, e n 2 & 9
~1 t 2 t
l = = |a— +d_—>, I =———§a, lopy = —5 €17
o2 02 = < t 3p2 t 1302 oo 02 04 e t ap] 03 e tapl
2 & e 1 & (38; )2 32e
I = S) a— lyp=—— L) e —1,
apy o3 Pt apn P1P1 o2 P 901 t o 2

; LK der e Z der 828,
P, = ”2#1 301 3p2 taplapz s ,02/72 2 8p2 ap% '



Bias reduction of MA(2) models 453

Since de;/0p; is a linear combination of g (k = 1,...,¢ — 1), and de;/0p; is a
linear combinationof g; (I = 1, ..., —2) by Lemma A.1, their expectations equal 0.
Lemma A.3 is easily obtained by the first derivatives (A.6) and (A.7) with the chain
rule.

Proposition A.4. The expectations of the second derivatives of the conditional log-
likelihood function (5) for the Gaussian MA(2) model are given by

1 & 2n
Elly) = —— Y df ). Ellsel=—=3,
02 t=1 t 62
E[l;/.o] = E[l,u.pl] = E[lupz] = E[lopl] = E[lapz] = O,
n t—1
Ellpp] = =) (¢1(0),
t=1 k=1
n t—1
Ellpp] = =) o1(0gi(k—1),
t=1 k=2
n t-2
Ellpyp] = =) (p1()*. (A.16)

t=1 k=1

Lemma A.5. The third derivatives of the conditional log-likelihood function (5) for
the Gaussian MA(2) model are given by

2
St 0°dy_1 der ddy_1
l =0, I = di_181, 1 = di1—5 +é&r +2— ,
o noo = ;1 1— He1P1 = S Z( = 3p12 p1 9py

1 & 82¢; 32d,_, der dd;_
IVPZPZ_OTZ(dtla_ZJret 5 +2——=],

03 03 dp2 9p2

dd;_1 der ae, dd,_; 82d,_; 3¢,
lpoipr = 2

&t +di—q
1 9 3»01 9p2 19,2 dp1pa

2 <, 12 s, 2 | [ oe 8%
lﬂuuzgzdt—ly lfm”:_ﬁ"'ﬁzgw lopip) =73 ( ) e (>
t=1 t=1 1

o° iz 901 9p3
L2y (ag,)z%E 3¢ Z der e 0%
2= 53 | \op, Yop2 | lopi; = 3 a1 o2 T aprop )
n ad | 2 n t—1
lorn ===3 Z -1 3;;1 == > di_1dig—191(K),
t=1k=1
6 85t 8 8[ 38; 8 8[
lpjoo = = Z:Eta’ loyp1pr = 2 2; ( 2 91 +ér 997
38[ () 8[ l)St () &t 3381
l +e¢ ,
Pie2pa =50 Z (3/01 a3 3/02 901002 taplapg

dey 32 et 0st 328t 33£t
Lpyprpp = ) Z( — &

;2 ap dm ap19p2 ap? 1002
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) n ad | n t-=2
g =——5 ) d1—— = Z D di1di 291 (R,
S KT b et
6 " 38[ a 8; dSt 3 8;
lpzaaszzgti» lp Z( + & .
4 20202 = 2
ot = 9, = 2 8py ap2

We easily obtain the third derivatives in Lemma A.5 by Lemma A.3 and the chain
rule. The following three propositions are derived from the expectations of the third
derivatives and the products of the first and second derivatives of the conditional log-
likelihood function (5). The three propositions correspond to the unknown parameters
WU, o, p1 and py, respectively.

Proposition A.6. The expectations of the third derivatives and the products of the first
and second derivatives of the conditional log-likelihood function (5) for the Gaussian
MA(2) model are given by

Vupp = Vupoo = Vupipr = Vupapr = Vupiprs = 0,
Vo = Vuo,o = Vupr.pr = Vupr,pr = Vupr.or = Vupa.pr = 0.
Proposition A.7. The expectations of the third derivatives and the products of the first

and second derivatives of the conditional log-likelihood function (5) for the Gaussian
MA(2) model are given by

n
2 2 10n
Voup = ; E dt—l’ Vooo = ?7
t=1
2. 2. 2.
Vopip1 = _’mpw Voprpp = ;’ﬂzm’ Vopipp = ;’mm’
6n 2.
Vou.u = 53 § : t—1> Voo.o = o3 Vopr.p1 = _;’mmf
2. 2, 2,
Vopa.po = _;l,ozﬂz7 Vopr.p2 = _glmﬂz’ Vopy.p1 = _;lmm'

Proposition A.8. The expectations of the third derivatives and the products of the first
and second derivatives of the conditional log-likelihood function (5) for the Gaussian
MA(2) model are given by

n t—1

) n t—2
Vouun = ZZZde, 191K, Vo = =5 Y0¥ dirdi k291 (K),

t=1 k=1 t=1 k=1

(A.17)

Vpoo =0, Vproo =0, (A.18)
n n

Vpupior =3 S, Vpspipr = O _(So.-1+2820),  (A.19)

t=1

n n
Vorpaes = P (3.0 +251-1), Vorpaor =3 Y Sai-1, (A.20)

t=1 t=1
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n t—1 n t-2
Vo =" ZZdt 1191, Vo === Z di—1di—k 201 (),
t=1 k=1 t=1 k=1
(A.21)
Vpio6 =0, Vpo,o =0, (A.22)
n n
Voupror = O (To.0.0 = 1), Vorpror = »_(Tios — S0, (A23)
n
Voupnor = Y (T110 = S1ic1), Vprpaor = P _(To.10-1 = Sau-1).
t=1
(A.24)
n n
Voror = O _(To.1.0 = S0.-1), Vpsorn = O _(To.0.4-1 = S3.1), (A.25)
t=1 t=1
where
t—p—1
Spi = Y o1tk + p)pak + 1), (A.26)
k=1
t—p—1t—k—1-p—q
Tpge = = ) D e1gik+m+p+qeim
k=1 m=1
t—1t—k—g—1
Y eReik+m—p+q)pi(m). (A27)
k=1 m=1
B Proof of lemmas and propositions
B.1 Proof of Lemma 2.2
We show that the solution of
& =Yy — L — P1&—1 — P2E1-2 (=1,
e_1=¢ =0
coincides with (6) by a mathematical induction. For # = —1 and 0, the values of the

both sides of (6) are 0. Then, (6) holds when r = —1, 0.
We assume that

s—=3 [/s—k—3
g2 = ( Ayt 3) Yiy1 — ),

~

s—k—2
£5—1 = ( Aﬁxg"‘"‘2> (Y1 — 1)
=0
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hold for s > 1. By (A.1) and (A.2), we have

gs = (Y5 — ) — p185—1 — P2E5—2

s—2 [s—k—2
=Y —w—p)y, ( > A’lxg—"—’—z) Vi1 — 1)
0

k=l
K s—k—3
—pzz( Z Ayt 3) Yie1 — 1)
k

s—k—3
S im0+ { Do MaT - mxi‘k—z} Yest = )
k=0 =0
s— s—k—1
= — 0+ < 2 A;“‘) Yer1 — 1),
k= 1=

Therefore, (6) holds for all t > —1.

B.2  Proof of Lemma A.1

First, we show (A.8). We see that ¢; can be written using ¢ as

t—1
=Y it —k)(Yir1 — ).

k=0

Thus,
de
—’ = Zwl (t — k).

Therefore, (A.8) follows by (A.5).
Next, we show (A.9). We have, by (A.4) and (B.1),

9e 7]
—2o= =) ot =) (Y1 — )
01
k=0
t—1
=Y @2t —K)(ers1 + prex + paer-1)
k=0
=2

=) (@0 —k+ 1D+ pi1p2(t —0) + p2o2(t —k — 1))ex

k=1
+ (p192(1) + 92(2))er—1 + @2 (1)g;

(B.1)

(B.2)

since e_1 = g9 = 0. We note that ¢(2) = —2(8’\‘ + 3,02) =2 and ¢y(1) = 0. Thus,
the function does not contain &; in the linear comblnatlon We know by (A.2) that

o1k +1) + p11(k) + p21(k — 1) = 0.

(B.3)
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Therefore,
2k + 1) + p1g2(k) + p2g2(k — 1) = 2¢1(k),

and then the coefficient of g3 (1 <k <t — 1) in (B.2)is 2¢1(t — k).
Finally, we prove (A.10). By (B.3), we have

dp1(k+1) aQt’l(k) 3§01 (k — 1)
+ o1

1k —1),
92 002 902 s
and then
B C 2 <8(p1(t—k+l) do1(t — k) do1(t —k — 1))
P1 + 02 &k

a2 Pt 002 2

-2
dg1 (1) dg1(2) dg1(1) 4

+<p1 4 + 2 >8t—1+ v st=—Zw1(t—k—1)8k
002 002 002 P

by the same way as in (B.2).

B.3  Proof of Lemma A.2
First, we show (A.11). Egs. (A.8) and (A.9) yield

t—1 t—1

8dt_1 828t agt k
=- =) ok =—) ¢i1(k)dr—g-1.
ap1 p10pn ,; au k; '

By applying the same way to (A.10), we have
odi—y  9%& 9 g1 Odi o
a2 dd  dp dp dp1

Then, we obtain (A.12).
Next, we show (A.13). First, we express ¢; in a different form. By (A.1), we have

0A o1 pr Ok A+ A Ok A+pr M

ap1 /7/)12_4[)2 A ap 2A A ap 2A A

‘We note that we do not have any algebraic relationship among unknown parameters
(u, 0, p1, p2) such as A = p12 —4p; = 0, u = 0, etc., which makes a different
problem. Using these derivatives, we have

A=k

pi(k) = A (B.4)
2 k

el = om0 +keh+ D] (B.5)

This implies

k
2) oiDg1k+1 1) = ok + 1)
=1
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and then, we get with (A.4)

1 t—k—1
9 & g1 (k)
= -k — @1k Der_k—
dp1 9p1 Z::{ &r—k — ¢1(k) 1§:1 o1&k 1}

t—2 S
a 1
_ Z: %4_2:(pl(k)(pl(s-l—l—k)}gt—s—l

k=1
902(8 + Dery1.

This gives (A.13), and we also obtain (A.14) and (A.15) by (A.10).

B.4  Proof of Proposition A.4
We show only (A.1 6) because the remaining equations are trivial by Lemma A.3. The
upe; 1s not a function of & (1 < s < 1). As

for l5, , it contains a , but ag; isa hnear combination of &1, ..., &_1 by (A.9). The

expectation of &,&; (1 < s <t — 1) vanishes. So, we only consider (A.16) carefully.

] L[S o o
p1P2 o ]3,013/02

1 rn t—11t=-2
=——E DY erkE ki (m)erm
Li=1 k=1 m=1
1 n t—1 n t—1
=——E D> eker k- 1)8,2_,(} =- p1(k)p1(k — 1).
Li=1 k=2 1=1 k=2

B.5 Proof of Proposition A.6

The log-likelihood functions appearing in the first line in Proposition A.6 are linear
functions of ;. Thus, the expectations vanish because the expectation for g is O.
For the expectations in the second line, we see that the first or the cubic power of
&k appears in the product of the first and the second derivatives of the log-likelihood
functions as in

1
Vip = Ellpuly —__4 [szz 18sds— 1:| =0,

t=1 s=1

Vuo,o = — [szt 1€E5 :| =0.

t=1 s=1

We also see that the functions in the expectations of the following values are ex-
pressed as the product of three linear combinations of ¢i. At least, the first power or
the cubic power of ¢ is included in the expression. Therefore, we have

1 "N i 08 e~ e de, e
Vumvplz_FE Zzgt 901 Ssa——i-ZZd,,l—es— =0,

=1 s—=1 PL T o1 0p1

Vior,o2 = Vupr.o1 = Vupz,oo = 0.
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B.6  Proof of Proposition A.7

Unlike Proposition A.6, the product of the first and the second derivative of the log-
likelihood function is expressed as the sum of the second or the fourth power of ¢.
The expectations are obtained by presenting courteously the power of &; as

2 . 2 <
Vouu = —_E [szt 161ds— 18{| =-=F |:Zd12—13z2i| =3 D diy.
= t=1

t=1 s=1

2 2
n n-no 3n-no
S A R B ‘_E[ZZE }
t=1 s=1
3n®> 3 6n
=———nmn+2)=——.
o3 o3 (n+2) o3

Similarly, the following expectations are given by the second and the forth moments.
The resulting values are expressed using i,, ;, ip; p,» and i, o, which are components
in the Fisher information matrix.

n n 2
de;  0& 2 Z > [ 0&
= — = ——E —_—
Yopr.p [ZZSZ ap1 o ,01:| o3 |: o (3,01> :|

t=1 s=1 t=1

n t—1t—1
= ——E [ZZ > elpi(t — Kyerg (t — m)sm}

t=1 k=1 m=1

) n t—1
—= > Y (o1t —k)*e?
t=1 k=1
n t—1

=-= Z > (i (k) = zplpl,

tlkl
n t-=2

Vopypr = == Z Y (k) = lpzpzv

tlkl

n

2 de;,  Oe, 2 N L I
i = = 5B 3 2 }—[ 2o
t=1

901 d 5 301 9
| == oo o o 1 002

o) Fn t—1t=-2
= —SE| YYD steit = Rewpit —m = D,

Lt=1 k=1 m=1

) Fn =2
=-—E ZZe?mt—km(r—k—nei}
o Lr=1 k=1

n t—1

2
— —;ZZ(Pl(k)(Pl(k -H=- ’mpz’

t=1 k=2

2 " dg; 0¢ 2.
i =25 DY e b =2

dp2 " dp1
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B.7  Proof of Proposition A.8

Eqgs. (A.17) and (A.18) are trivial by the expressions of Iy, ., Lpy s Lpjoo» and {pyoo-
First, we show (A.21). The expectation of /,, , ,, is expressed as

va_— [ZZ i1y, lsv]+ E[ZZ@ 1—ds m]. (B.6)

t=1 s=1 t=1 s=1

The first term of the right-hand side in (B.6) is given by

n n
L[S } —Z

t=1 s=1

n t—1

ZZd, 1191 (k).

t=1 k=1

Similarly, the second term in (B.6) is given by

e[S

=1 s=1

n n t—l1
= ——E [Zzzdt 191t — k)erds— 185:|

t=1 s=1 k=1
n t—1

n t—1 —
=——E [ZZd, 1di— 1(p1(t—k)8k:| = %ZZdz—ldz—k—lwl(k)

1=1 k=1 t=1 k=1
Hence, we obtain

n t—1

vpluu—_gzzzdt 1di—k—191(k).

t=1 k=1
By the same process, we have

n t=2

2
— di1di—k—201(k).
o

=1 k=1

Voou,pu =

Eq. (A.22) is trivial. Next, we show (B.7), (B.9), and (B.10) to prove (A.19), (A.20),
(A.23), (A.24), and (A.25). We have

-1 -1

325# +1 0&; g
E|———| = -E t—p—k+ Depi(t —m)e
[ 507 op) Z @2t —p Jer@1(t — m)ey

m=1

—_ =

t—p—

k=

P
= =02 ) et —kpt—p—k+1)
=1

=~



Bias reduction of MA(2) models 461

t—p—1
= —0° Y @+ peak+1)=—0S,,. (B.7)
k=1
Moreover, we have
|:Zn: g p 0g; Bsy_q:|
= 91 o1 " Ipy
n t—p—1¢t—1s—q—1
=—E|Y ). Q1(t — p — k)exg1(t — m)emespi(s — q — Dey

(B.8)

by (A.9) for p, g > 0. We consider the right-hand side of (B.8). First, we fix k and m.
Forl (1 <l <s —qg — 1), s must not be /. The summation appears only when s = k
and/ =m,orl =k and s = m. When s = k and /[ = m, we have
t—p—1k—g—1
E| Y Y oit—p—keit —meik —q —meie,,

1 m=
1

k=
t—p—lk—g—
= o Z Z @1t — p =1t —k + g +m)epi(m)
k=1 m=1
t—p—1lt—k—1-p—q
= o Z Z 1)1 (k +m + p + q)p1(m).
k=1 m=1

t—1 m—qg—1
E > 01t —p— kit — m)gi(m — q — ke e}
m=1 k=1
t—1 m—q—1
= o*'> D et -meit —m+k—p+qeik)
m=1 k=1
t—1t—k—g—1
= o o1(k)g1(k +m — p+ @)p1(m).
k=1 m=1

Therefore,

0g;—p dg;  0€
|: Z t—p 9ct &5 S— q:| 4Zqul (B9)
t=

(= p ap1 01

Moreover, we consider the following expectation:

& &
"o apn

t=1 s=1
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1

—q—
Z ea(t — p — k)exespi(s — g — m)en
t=1s=1 k=1 m=1

Similarly, we fix ¢ and k. Then, the summation appears only when s = ¢ and m = k.

n t—p—2

D) m—p—heit —q—kee
t=1 k=1

t—p—=2

p
=o' > eik+p—qg+ ek +1).
t=1 k=1

N

Therefore,

8 &1 P, 0e5—¢ 4 "
=—0 Sp—g+l.i—q- (B.10)

t=1 s=1

We complete the proof of the lemma by (B.7), (B.9), and (B.10).
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