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1 Introduction

Several discrete distributions in probability concern nonnegative integer valued ran-
dom variables. A random variable X has a power series distribution if

k

)
P(X =k) = Dk(a)

for each integer k > 0,

where § > 0 is called power parameter, {d; : k > 0} is a family of nonnegative
numbers and the normalization D(§) := ) ;- disF € (0, 00) is called the series
function. Typically, analytical properties of the series function D(-) can be related to
some statistical properties of the power series distribution. Moreover, the probability
generating function of a power series distributed random variables X can be easily
expressed in terms of the function D; in fact we have

D(ud)
D(5)

for all u > 0.

E[uX] =

The reference [19] made great advances in the theory of power series distributions.
Another important contribution was given by the modified power series distribu-
tions in [14], which include distributions derived from Lagrangian expansions (see,
e.g., [4]). Other more recent references on these distributions concern some families
which contain the geometric distribution as a particular case: the generalized hyper-
geometric family, the g-series family and the Lerch family. Among the references on
the Lerch family we recall [13] and [15]; see also [17] as a reference on the related
Hurwitz—Lerch zeta function.

In this paper we consider a family of random variables {N(z) : ¢+ > 0}, whose
univariate marginal distributions are expressed in terms of a family of power series
distributions {P; : j > 0} with power parameter §; moreover, for all j > 0, we
set § := §;(t) for some functions {§;(-) : j > 0}. A precise definition is given at
the beginning of Section 3 (some assumptions are needed and they are collected in
Condition 1) and it is a generalization of the basic model with a unique power series
distribution, i.e. the case with

_ diB)

P(N@t) =k) = D) for each integer k > 0

for some coefficients {d} : k > 0}, a series function D(-) and a function §(-).
We recall that, when we deal with the basic model, we have suitable weighted
Poisson distributed random variables; in fact, for each integer k > 0, we have

&
w(k) (MIS)) =M

P(N(t)=k) = with w(k) = %dk.

X w() 80

This kind of structure was already highlighted in [1, Section 4] for the case §(¢) = t"
anc.l di = F(+k+1) (for some v € (0, 1]), and therefore w (k) = % Weighted
Poisson distributions are often related to the concepts of overdispersion and under-
dispersion; for some insights on this topic see, e.g., [5, 6], the recent paper [3] and
references therein.
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Our main results in the present paper concern large (and moderate) deviations as
t — oo for the above mentioned general family {N(¢) : ¢+ > 0}. We remind that the
theory of large deviations deals with asymptotic computation of small probabilities
on an exponential scale (see, e.g., [7] as a reference on this topic).

At the best of our knowledge, we are not aware of similar results in the literature
for power series distributions; therefore we think that our general results may find
applications in several models and may bring to further investigations. In this paper
we apply the results to different classes of fractional counting processes found in
the literature, where the function D(-) can be expressed in terms of the Prabhakar
function (the definition of this function will be recalled in Section 2.2). Namely, in
Section 4 we shall present two particular examples. The first one is related to the
fractional process in [20], and it allows us to generalize some large deviation results
in the current literature, as discussed at the end of Section 4.1. The second one is
related to a fractional process in [10], and we discuss a class of cases for which
certain conditions on some involved parameters fail.

We also point out that the model in [20] is a particular case of the family in
[3, Section 3.1, Eq. (48)], where the weights are expressed by a ratio of Gamma
functions; thus, as a possible future work, one might try to investigate a wider class
of models defined by suitable generalizations of the Prabhakar function.

We conclude the introduction with the outline of the paper. We start with some
preliminaries in Section 2. In Section 3 we give a precise definition of the model, and
we prove the results. Finally, in Section 4, we apply our results to some examples of
fractional counting processes found in the literature.

2 Preliminaries

In this section we start with some preliminaries on large deviations. Moreover, in
view of the examples presented in Section 4, we present some preliminaries on some
special functions.

2.1 Onlarge deviations

We start with the definition of large deviation principle (LDP from now on). In view
of what follows, our presentation concerns the case t — 0o; moreover, for simplicity,
we refer to a family of real-valued random variables {X; : t > 0} defined on the same
probability space (€2, F, P).

A lower semicontinuous function / : R — [0, oo] is called rate function, and it
is said to be good if all its level sets {{x € R : I (x) < n}: n > 0} are compact. Then
{X; : t > 0} satisfies the LDP with speed v; — oo and rate function 7/ if

1
limsup —log P(X; € C) < — 1nf 1 (x) for all closed sets C

t—oo Ut

and

hmlnf— log P(X; € O) > — 1nf I (x) for all open sets O.

t—00 Uy



210 C. Macci et al.

The notion of moderate deviations is used when we have a class of LDPs for
families of centered (or asymptotically centered) random variables which depend on
some positive scaling factors {a(¢) : ¢+ > 0} such that

a(t) —> Oand via(t) —> coast — o0 €))]

and, moreover, all these LDPs (whose speed functions depend on the scaling factors)
are governed by the same quadratic rate function vanishing at zero. We can also say
that, as usually happens, this class of LDPs fills the gap between a convergence to
zero and an asymptotic normality (see Remark 4).

The main tool for large deviations used in this paper is the Gértner—Ellis theorem
(see, e.g., [7, Theorem 2.3.6]; actually we can refer to the statement (c) only), and
here we recall its statement for real-valued random variables. In view of this, we also
recall that a convex function f : R — (—o00, o] is essentially smooth (see, e.g., [7,
Definition 2.3.5]) if the interior of Dy := {6 € R : f(#) < oo} is nonempty, f is
differentiable throughout the interior of Dy, and f is steep (i.e. | f'(t)| is divergent
as t approaches to any finite point of the boundary of D). In our applications the
function f is always finite everywhere and differentiable; therefore f is essentially
smooth because the steepness condition holds vacuously.

Theorem 1. Let {X; : t > 0} be a family of real-valued random variables defined
on the same probability space (2, F, P) and let v; be such that v; — 00. Moreover
assume that, for all 6 € R, there exists

1
£(6) = lim —1og1E[e9Xt]
1—00 v,

as an extended real number; we also assume that the origin 6 = 0 belongs to the
interior of the set D(f) := {0 € R : f(0) < o0}. Then, if f is essentially smooth
and lower semicontinuous, the family of random variables {X;/v; : t > 0} satisfies
the LDP with speed v; and good rate function f* defined by f*(x) 1= supycr{fx —

VACH)S

2.2 On special functions for some fractional counting processes
In this paper, for @ € (0, 1] and 8, y > 0, we consider the Prabhakar function E(’; P ©)

defined by

k
y o u (y)k
Ea’ﬁ(u) = kE>0 kilI‘(ozk s (foru € R),

where

e | ik =0,
V=1 yr+ ) (k=1 ifk>1

is the rising factorial (Pochhammer symbol). The Prabhakar function is also known
as the Mittag-Leffler function with three parameters; the Mittag-Leffler function with
two parameters concerns the case y = 1, and the classical Mittag-Leffler function
concerns the case § = y = 1. Here we are interested to the case of a positive
argument u# and we refer to the asymptotic behavior of E” /3( -) as the argument tends
to infinity (see, e.g., [1 1, page 23], which concerns a result in [18] where the argument
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z of EZ ﬂ(-) is complex; obviously we are interested in the case | arg(z)| < %). In

particular, for some w (u) such that w(u) — 0 as u — oo, we have

1 e v=8 1 k
E' \(u)= —e"" ua — cu" (1 4+ w)), 2
«p® = T — D _au” (1 +ow) ©))
k>0

where the coefficients {c; : k > 0} are obtained by a suitable inverse factorial ex-
pansion. Moreover, when we shall present the first application of our results to some
fractional counting processes (see Section 4.1), we shall restrict the attention to the

case with a positive integer y; then we refer to [11, Eq. (4.4)], i.e.
+1 ) 1
E} ()——Zd,ya,,Ea,g ;@) 3)

for some coefficients {d (r) R j €1{0,1,...,y}} defined by a recursive expression

provided by [11, Eq. (4. 6)] and in particular we have d(y) wp =1 We also recall the
following asymptotic formula for the case y = 1 (see, e. g [12, Eq. (4.4.16)]), i.e.
1 I 18 i/
Ea’ﬁ(u): &u @ e + O(1/u) asu — oo. “4)
As we shall see, the Prabhakar function plays an important role in the examples pre-
sented in Section 4 based on some fractional counting processes found in the litera-

ture. We also mention that a different use of the Prabhakar function can be found in [9]
for the definition of a new class of Lévy processes (called Prabhakar Lévy processes).

3 Model and results

We consider a family of power series distributions {P; : j > 0} such that, for each
J = 0,7P; has the probability mass function

p/()

for each integer k > 0,
D()

where § > 0, and {dy,; : kK > 0} is a sequence of nonnegative numbers such that

D;(8) == dy ;8" € (0. 00).
k>0

Then we consider a family of random variables {N(¢) : + > 0} whose probability
mass functions depend on {di i : k > 0} only; more precisely, assuming that

d; 8
P SLIT (0, 00) for all § > 0,
— D;(3)
j=0
we have
di k(B (1)*
P(N(t) =k) := DGO o each integer k > 0,
dj j(3;(t)))
Zhﬁ?ﬂ@@)

and §;(t) — oo ast — oo (forall j > 0).
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Remark 1. In the next Section 4 we show how our results can be applied to some
stochastic processes found in some literature. Actually the authors of these works
use the term “stochastic process” even if they do not specify the joint distributions
of the involved random variables. In our results we do not need to define the joint
distributions of the random variables {N(¢) : t+ > 0}; indeed we only need to consider
their univariate marginal distributions and, for this reason, we use the term “family
of random variables”. In a possible future work one could investigate the possibility
to define all the finite-dimensional distributions in order to prove sample-path large
deviation results.

In our results some hypotheses are needed, and they are collected in the next
Condition 1.

Condition 1. We consider the following hypotheses.

(B1): There exists n > 0 such that the elements of both sequences {P; : j = 0} and
{6;(-) : j = 0} do not depend on j > n; in particular, for j > n, we simply
write dy in place of di j, D(-) in place of D;(-), and 5(-) in place of §;(-).
Moreover we assume that there exist two functions v : (0, co) — (0, 0o0) and
A : (0,00) — R such that v(t) — oo ast — o0,

1
lim —— log D(ut) = A(u) forallu > 0, (®)]

t—00 v(t)
and A(-) is a differentiable function.

(B2): The set {k > 0 : di r > 0} is unbounded; thus, if we refer to the case k > n,
the set {k > 0 : dy > 0} is unbounded.

(B3): Forallk € {0,1,...,n— 1} we have:

dik B ()
Dy (1) _

A —gear — V>0 ©
D(8(1))

and di x = 0ifdy = 0.
Firstly we note that the function A(-) is increasing. Moreover, if n = 0, we have

the basic model with a unique power series distribution and, in particular, (B3) holds
vacuously (because the set {0, 1, ..., n — 1} in (B3) is empty).

Remark 2. Here we illustrate two consequences of (B2) and (B3) in Condition 1.
Firstly (B2) allows to avoid the case P(0 < N(t) < M) = 1 (for all + > 0) for
some M € (0, 00); in fact, in such a case, it is easy to check that the results proved
below hold with A(f) = 0 for all 8 € R, where A is the function defined in Eq. (11).
Moreover (B2) and (B3) yield

di (3(1)*

di x (8k(1)*
im kO 6 q tim KOO 6 g ank > 0. )
t—>o00 Dy (8r()) t—oo D(8(1))
In fact, for all £ > 0, there exist 4 > k such that d; > 0, and therefore

_ &GOF _ &G0t
= DGW)  dGm)

— 0 (ast — 00);
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moreover the first limit in Eq. (7) follows from the second one in Eq. (7) together
with (B3).

We also briefly discuss some particular cases concerning the functions v(-) and
A(-) in Eq. (5).

Remark 3. Assume that there exists

. v(ut)
lim
t—o0 v(t)

=:v(u) forallu > 0 3

as a finite limit; then the limit in Eq. (5) can be verified only for # = 1, and we have
A() = A(D)v(u) forall u > 0.

In particular, if v(-) is a regularly varying function of index o > 0 (see, e.g., [8,
Definition A3.1(b)]), the limit in Eq. (8) holds with v(x#) = u®. On the other hand,
if v(-) is a slowly varying function (see, e.g., [8, Definition A3.1(a)]), the limit in
Eq. (8) holds with v(x) = 1 (and this case is not interesting).

In view of what follows, it is useful to introduce the following notation:

0 ifn =0,
it ) 1= { ) (Gt _ sl iy O
where n is the value in Condition 1. Then we have
zl—lf& R,(u,t) =0; (10)

this is trivial if n = 0 and, if n > 1, this is a consequence of Eq. (7) (for k €
{0,1,...,n—1}).

We start with the first result.
Proposition 1. Assume that Condition 1 holds. Then {U(S(t))
LDP with speed v(8(t)) and good rate function A* defined by

t > O} satisfies the

A*(x) := sup{fx — A(0)}, where A(0) := A(”) — A(1). (1)
feR

Proof. We want to apply the Girtner—Ellis theorem (Theorem 1). In order to do this
we remark that, for all & € R, we have

logE [eQN(’)]

die i (P 8 ()
_ 1 2 k20 = Do)

T 060 B d; j(8;()
() 3 g L)y

=0 "D;03,0)

1
v(8(1))

1 dei(e®8 ) 1 d;.j(8;(1)
= 1 : — 1 .
V6@ ‘% D) vB®D) Og;o D;(;()
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di (98 (1))
—1 D6 —_
(8(r)) o8 ((”)g Di(5¢ (1))
1 8;(0)7
_ 1 8 JJ
w6 8| P ())Z D; (1)
So, if we prove that
. 1 di k(s )|
Jim 00 log D(S(t))gm =AQ@)forallu >0, (12

where A(-) is the function in Condition 1, the limit in Eq. (12) withu = ¢ andu = 1
yields

lim logE [e‘)N(f)] — A = A(l) = A@) foralld € R,  (13)
=00 v(8(1))

where A () is the function in Eq. (11). Then the desired LDP holds as a straighforward
application of Theorem 1.

So in the remaining part of the proof we show that the limit in Eq. (12) holds.
This will be done by considering n > 1; actually, for n = 0, we have the same
computations and some parts are even simplified. Firstly, if we consider the function
R, (u, t) defined in Eq. (9), for all u > O we have

3 ik (1) Dud ()
Di(5c(t)) D)

+ Ry (u, 1); (14)
k=0

in fact we have

1

3 de W ()* =

de k(U8 (1))* iy die s ()

=0 Dy (8¢ (1)) iy DPr(G@) pret D(5(1))
die s ())k
= Y Rl’l ’ ’
Z DG + Ry(u,t)

and we get Eq. (14) by taking into account the definition of D(-). Then Eq. (14) yields

d 1)
DG Y. klj(?ak((f)))) = Dud(®)) + Ry(u, NDG (1))
k>0

= Dud(1)) (1 + Ru(u, t)m) ;

D(ué(t))

thus (if we take the logarithms, divide by v(§(¢)) and let ¢ go to infinity) the limit in
Eq. (12) holds if we show that

lim Rn(u,t)m =O0forallu > 0. (15)
=00 D(ud(t))



Asymptotic results for families of random variables having power series distributions 215

So we complete the proof by showing that the limit in Eq. (15) holds. In fact, we
have

R, (u,t)

D@G(1) ”Xi(dk,k(usk(r))k dk(u5([))k> D(5(1))

Dus(1)) Di(3c()) D) ) D)

dy (s ()
Daman dwsO)  dews®)* ) DG®)

dka(L(tgg));" D(@(1)) D(8()) | Dué(1))

=

=0
-1

3

—1 { i@k
<[ ooy R ACIOICIO)

diB(0)*
5\ aew D) Dwb(®)

1 dra (G0
S Dr k(D) di(us(1))*

di(8(1)* Dus ’
paard gwm) wd (1))

and the desired limit in Eq. (15) holds by the limit in Eq. (6), and by the second limit
in Eq. (7) (here we have ud(¢) instead of 6(¢), and that limit still holds). O

Now we study moderate deviations. More precisely, we prove a class of LDPs
which depends on any possible choice of positive numbers {a(z) : ¢ > 0} such that (1)
holds with v; = v(§(¢)), which is the speed in Proposition 1. We remark that A”(0)
that appears below (Proposition 2 and Remark 4) cannot be negative; in fact, as we
have seen in the proof of Proposition 1, the function A is the pointwise limit of log-
arithms of moment generating functions, which are convex functions (see, e.g., [7,
Lemma 2.2.5(a)]).

Proposition 2. Assume that Condition 1 holds and, if we refer to the function A(-)
in that condition, let A(-) be the function in Eq. (11). Assume that there exists A" (1),
and therefore there exists A" (0). Moreover assume that, for D(-), §(-) and v(-) in
Condition 1 (and for A(-) in Eq. (11)), the following conditions hold:

ifu(t) > last — oo, then

H (1) := log % — v ) (Au(t)) — A1) is bounded, (16)
— oy SODBW) Y |
Hy(t) := +v(§()) (A 0) v(8(t))D(8(t))> is bounded, (17

H3(t) .= 1 <5(t)D &)

v(8() \ D)

Then, for every choice of {a(t) : t > 0} such that Eq. (1) holds with v, = v(5(t)),

{W«/v(ﬁ(z‘))a(r) > 0] satisfies the LDP with speed 1/a(t) and good

rate function A* defined by

— E[N(t)]) is bounded. (18)

2
- A7) for A”(0) > 0,

A¥(x) = 0 ifx=0, o 19
{ 0o ifx 0, for A"(0) = 0.
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Proof. We want to apply the Gértner—Ellis theorem (Theorem 1). So, in what follows,

we show that

0 NO-E[N®]

lim
o 1/a(t)

in fact it is easy to verify that

A*(x) := sup{fx — A(0)}
6eR

coincides with the rate function in the statement of the proposition.
Firstly we observe that

M0) o= s gt ey 5T

1/a(t)
o k
di i e VYW 8. (1)
2 k=0
—a@t) | log > Dy (8¢ (1)) _

)3 dj,j(8;(®)/ V(6 ())a(t)

J20 DG,

0

E[N(1)]

6 NO-EINOI 92 -
logE [eam B0 V”(‘S(‘”““)] - 7A”(O) =: A@®) forall 0 € R;

(20)

Moreover, we set again u(t) := e Vo604 ; in fact, by Eq. (1) with v, = v(§(?)), we

have u(t) — 1 because /v(§(¢))a(t) — oo. Then we can check that

A (0) = A1 (1) + A2(1) + A3 (),

where
A1(t) == a(r)
0 k
dy i | e VPBDD 5 (1)
2 k=0 D 3x ()
log —= LR —v(8(M))A ( )
d;j j(é; 1) WV
ijo /DJ]-((SJJ-(t)) v(8(1))a(t)
Du(®)é())
im0y T Ra(u(), 1) 6
D(8(1)) t _
=a(t)|lo —v(§@)A
“()( g 1+ Ru(1, 1) L) («/v(é(ﬂ)a(ﬂ))

(in the last equality we take into account Eq. (14) with u = u(¢t) and u = 1),

Ar(t) = vB()alr) <A ( 6 ) B 0 51D/ (5(1))
T v@@)a®))  vE@)VV(E@)a) DE()
" o 5(t)D'(5(1))
t 1
As(t) = a(t) v(rS(t))a(t)( e —E[N(t)]),

).
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So, if we refer to the function A(-) in Eq. (20), we complete the proof if we show that
(for all 0 € R)

lim A (1) =0, lim A>(t) = A(0), lim Asz(t) = 0. 1)
11— 00 11— 00 11— 00

We start by considering H;(¢) in Eq. (16), and we have

D@(1)é(t))

Mo =log =550

0
vOnA (w(a(t))a(t))

0
by the definition of the function A(-) in Eq. (11) and by u(¢) = e v?¢®a® , Then we
can easily verify that

Bty + Ra@®.0 | D@®)s)
1+ Ry(1,1) Y0

A1(t) = a(®)H (1) + a(r) <10g DEM)

:a(t)Hl(t)+a(t)log<1+Rn(u(t)’t) DG )

D(u(r)8(t))
—a(t)log(1+ Ry(1, 1)),

where, since a(t) — 0, a(t)H;(t) — 0 by Eq. (16), and a(¢) log(1 + R,(1,¢)) — 0
by Eq. (10) with u = 1. Moreover, we have

pEM)
D@®sm) ~

in fact this is trivial if » = 0 and, if n > 1, we have

Iim R, (u(t),t)
11— 00

D($(1))
0< |Rn(u(t),t)lm
_ i di k(SO di®3@)* | DE®)
il Dr@) D@@) | Du(®)s(r)
(U k
|| dupm | Ao
k:O % D(u(t)8(t))
k
e oy | @)t
i d,’s((‘f;({,)))f D(u(t)s(2))

and, since u(t) — 1, the last expression tends to zero by the limit in Eq. (6), and by
the second limit in Eq. (7). Then the first limit in Eq. (21) is verified.
Now we consider the Taylor formula for A(-), and we have

A0
2( )2 1 o)

A(n) = A©0) +A'(0)n +
———
=0
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© 0(,;’22) — 0asn — 0. Then
A3(t) = v((1))ar) (A( 6 ) 6 smDBW) )
T Vu@@)a@®)  JuE@)al) v(é1)DE(1))

visnain ( (Ao — SODE@) 0
= v(8(1))a(t) << - v(5(t))D(5(f))> v(8(1))a(t)

+A”(0) 62 +0< 1 ))
2 v(8(t))a(t) v(8(t))a(t)

=at)6Hy(t) + ( )92 +v(d()a()o (

1
v(8(t))a(t)) ’

and the second limit in Eq. (21) holds by Eq. (17) and a(¢) — 0, and also by
v(8())a(t) — oo.
Finally, we have

A3(t) = Va()0H3(1),
and the third limit in Eq. (21) holds by Eq. (18) and a(t) — 0. g

We conclude with some consequences of Proposition 2, which are typical features
of moderate deviations.

Remark 4. The class of LDPs in Proposition 2 fill the gap between two following
asymptotic behaviors.

N®O-E[N@®)]

v(8(1))
tribution with variance A”(0) (in fact the proof of Proposition 2 still works if
a(t) = 1 and, in such a case, the first condition in Eq. (1) fails).

1. The weak convergence of { it > 0] to the centered Normal dis-

N@®O-E[N(®)]
v(8(1))

sponds to the case a(t) = m (in such a case the second condition in Eq. (1),
with v; = v(§(1)), fails).

2. The convergence of { it > 0} to zero (in probability) which corre-

Actually in the second case we have in mind cases in which the limit

E[N®)]

A 6wy A @2

holds. To better explain this fact we remark that, if the limit in Eq. (22) holds, then
we have

[ 9(N(t)fIE[N(f)l)]

1
lim ————1logE |e
=00 v(8(1))

logE [e“’(”] _ 9% = A @) — 0A(0)

for all & € R (here we take into account the limit in Eq. (13)); then, if we
apply the Girtner-Ellis theorem (Theorem 1), the family of random variables

= lim !
=5 (3(1))
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N@®O-E[N@®]
v(8(1)
J defined by

> 0} satisfies the LDP with speed v(8(¢)) and good rate function

J(y) = ;qu{@y —(AO) =N (0)} = A*(y + A (0)),
€

and the rate function J uniquely vanishes at y = 0 (because A*(x) uniquely vanishes
at x = A’(0)).

4 Application of results to some fractional counting processes

In this section we present two examples of applications of our results to some frac-
tional counting processes found in the literature; so we refer to the content of Sec-
tion 2.2. The first example (in Section 4.1) concerns the basic model, i.e. the case
n = 0; the second example (in Section 4.2) depends on two sequences of parameters
{aj : j = 0} and {a; : j > 0} satisfying suitable conditions. So, in Section 4.2.2,
we discuss a class of cases for which such conditions fail, and we cannot refer to a
straightforward application of our results because the hypotheses of the Gartner—Ellis
theorem (Theorem 1) fail.

4.1 An example related to the basic model

A reference for this example is [20]; some other connections with the literature are
presented below in the last paragraph of this section. In this example we have n = 0.
For B, y,A > 0and o € (0, 1], we set

R
T KTk + B)’

where () )y is the rising factorial; therefore we get
D(u) = Eg 5 (),

where E/ () is the Prabhakar function.
We start with a discussion on Condition 1. Moreover we discuss Eqgs. (16), (17)
and (18) in Proposition 2; in this case we assume that y is a positive integer.

Discussion on Condition 1. We start noting that (B2) and (B3) trivially holds. More-
over, as far as (B1) is concerned, we have

v(8(1)) := (8(1))/* and A(u) := (au)/?, (23)
and therefore we have A(0) = A1/ (/% — 1)

(we refer to Eq. (2) for the limit in Eq. (5)). Note that the function v(-) in Eq. (23)
is regularly varying with index o = é; in fact (see Remark 3) we have A(u) =

A(D o) with 5(u) = ul/® and A1) = A/,
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Discussion on Egs. (16), (17) and (18) in Proposition 2 (when y is a positive integer).

V)

In view of what follows, we remark that, by Egs. (3)—(4) and d)(,’ wp = 1, we have

y—1
y+1 _ 1 1 ) zl
Eap 0 =007 [ Bapy @)+ >4 pFap—;0)
=0
e g XA oy s 1/
= o V)t —ul
= m u + Zdj,a,ﬁ“ + OC(e Ju)
j=0
eul/a y+1=8 y—1
— * = 1/a
e 1 T ot
j=0
ul/e y+1-B
_ ¢ —1/a
= T (1+0(u )). (24)

We start with Eq. (16). We take u(r) — 1 ast — oo and, by Eq. (24), we have

E} g Qu(n)(1))

£ G0) () R A U103 ) KA RA)

H(t) = log

OO Gu(n)81) T (14+ O(w®d@) /)
IO G() T (14 0((B(@)~ 1)

— SOV (@' = 1)

P ogu(t) + log (14 ow®s)™/)

o

~log (1 + 0((5(;))*1/‘*)) — 0 (as t — 00).

=lo

Thus Hj(¢) is bounded and Eq. (16) holds.
Now we consider Eq. (17). We recall that

d 1
D'(u) = AEE;[;()\M) = xyEgLﬂ(xu)

(see, e.g., [16, Eq. (1.9.5) with n = 1]). Then, since A’(0) = 22, again by Eq. (24)
we get

SRy Ey oy s (13(1)
_ 1/a ! — .
Ha(t) 13)) (A 0) (a(t))l/aEZ’ﬁ()LS(t))

= (8(1)) /%0 (ﬂ
o

_ a1/ rHget _
() eny 250 (1+ 06 ~)

@3/ St
e (L+ 0@ @)~
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aAle Ve 114 0((8()~ YY)
_ 1/Q2a) _
=00 ( ¢« <1+0<<6<t>>—1/a>))

0((8(1)~")
1+ O((8(t))~ /)
B 2 L/e 0((80))—1/(20!))
a1+ 0@V
Thus H;(¢) is bounded and Eq. (17) holds.

Remark 5. We have just shown that H>(#) — 0ast — oo; then we can immediately
verify the limit in Eq. (22) in Remark 4 noting that

1
= 22 syt
o

— 0 (ast — 00).

E[N
Hy (1) = v(8(1)) (A/(O) - M)

v(3(1))
and v(6(t)) — oo.

We conclude with Eq. (18) which can be immediately verified; in fact we have
H3(t) = 0 because n = 0, and therefore H3(¢) is bounded.

Connections with the literature. If we set 8 = y = 1 and §(¢t) = 1%, we recover the
case in [1, Section 4], and therefore the case in [2] with m = 1. Moreover the function
A in Eq. (23) coincides with the function A, ;(8) in the proof of Proposition 4.1 in
[1] and with the function A (@) in [2, Eq. (7)] specialized to the case m = 1 (in both
cases the parameter v in [1] and [2] coincides with « here). In particular, we recover
the case of Proposition 2 in [2] with m = 1 by applying Proposition 2 to the example
in this section with 8 =y = 1 and §(¢) = ¢“.
We also note that, by Eq. (23), we get
)ul/a )\,1/0[

A(0) = and A”(0) =

a?’

In particular, the equality A”(0) = ’\01[# coincides with the equality in [2, Eq. (9)]
for the matrix C specialized to the case m = 1 (and therefore the matrix reduces to a
number); in fact, if we consider « in place of the parameter v in [2], we get

1/
@ .— 1 (l — 1) A lkl/a = #
a \«o o o

4.2 An example with eventually constant parameters

A reference for this example is [10]; more precisely we refer to the definition in (3.5)
therein. Here we assume that n > 1; in fact, if n = 0, we have a particular case of
Example 1. For A > 0 and for some {«; : j > 0} with; € (0, 1] for all j > 0, we

set
k

A
dy,j ' = —— (forall k, j > 0);
k= T g oAtk /=0
therefore we get
Dj(u) = Eg, 1 (),

where E (}{j’ ,(+) is the Mittag-Leffler function (with o = «;).
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As far as the functions {§;(-) : j > 0} are concerned, here we consider the case
8;(t) =1

for some @; € (0, 1] (for all j > 0). Note that the parameters {&; : j > 0} allow to
have a generalization of the case in [10, Eq. (3.5)], which can be recovered by setting
aj =1 (forall j > 0).

4.2.1 On the conditions in Section 3

We start with a discussion on Condition 1. Moreover we discuss Egs. (16), (17)
and (18) in Proposition 2. In particular, as far as Condition 1 is concerned, we present
sufficient conditions on the parameters {«; : j > 0} and {@; : j > O} in order to have
(B3); moreover, in order to explain what can happen when these sufficient conditions
fail, a class of cases is studied in detail in the next Section 4.2.2.

Discussion on Condition 1. We start with (B1). It is easy to check that we have to
consider the following restrictions on the parameters that do not appear in [10]: there
existn > 1 and @, @ € (0, 1] such that

aj=aanda; =« forall j > n.
Thus we have }
5() =1*
and, for j > n, we can refer to the application to fractional counting processes in
Section 4.1 with 8 = y = 1; thus we set

k

dy = —— (forall k > 0),
K= Tk dorallk=0)

and we have
D(u) := E}  (Au).

Then, referring to the statement above with Eq. (23) (with 8 = y = 1), we can say
that (B1) holds with
v(t) = 1'% and A(u) = ()%,

thus, in particular, we have )
v(8(r)) = 1%,
Condition (B2) trivially holds because all the coefficients {di ; : k, j > 0} are
positive. We also note that the limits in Eq. (7) hold; in fact (see Remark 2) we have
di (SNt Wk (%)
D) Tlak+ 1 EL | (a)

— 0 (ast — 00) (25)

and -
didapk A (G
DG(t) T(ak+1) E;J(At&)

— 0 (ast — 00), (26)

where the limits hold by Eq. (4) with u = A% and u = Ar%.
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Finally we discuss (B3). We trivially have d; > 0 and, moreover
E! a
E, (%) '

(t%)*
diesc (8 (1) -
D.(1) i Eapa ™) T@k+1) gan Fo,
GGk Tk <ta>’< Tk + 1 E! ()
DG() T@k+D) E1 | (%) @k + 1’ Eua 1%
thus, by taking into account again Eq. (4) with u = At% and u = At“, the limit in
Eq. (6) holds if, for all k € {0, 1 — 1}, we have
a  a
———<0 27
o o

g—a—k_Oandak—a<0

o o

Discussion on Egs. (16), (17) and (18) in Proposition 2. For Egs. (16) and (17) we
can refer to the discussion for Example 1, with § = y = 1. For Eq. (18) we start

or

noting that
1

_ §@D'(8(1)
H3(t) = IO ( EWO‘)])
—1

D(8(1))
awm% Z:mw@aw Ezaﬂ&m%
Dy (8 (1))

1
v(8(1)) ; D@ = De®) \ =

We remark that, by Eq. (14) withu =1
di 1 (Br (1)K
e,k Bk (1)) — 14 Ry (1. 1):

Z Dp(8c(t))

k=0

thus we can easily check that

(14 R, (1,0)~!

B0 =75
dk k(8 (1)K

de(8(0)*
1+ R,(1 k————
S CRR R B T Bty

k>1
(14 Ry(1,1)”! 30
= k——
G0 10 2K D60
AEDF , dis e
k — k—
| &4 D60r ~ & Do)

v(8())D(8(1))

k>1
= (L4 Ro(1, 1) Re (1, DD OW) sy
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I+ R,(1,0)” IZ (dk(r?(t))k dk,k(Sk(t))k)
JuE (@) D((1)) Dr(8k(1)) )~

Then we have the following statements.
ko de g Bk
o ABOY Al s 0 by Egs. (25) and (26).

* By Eq. (14) with u = 1 (and by Eqgs. (25) and (26) again)

n—l1 k ek k avk
)\' k
Ru(l,) =3 0 A ) Lo
= (agk + 1) E(}lk’l()\’[ak) [(ak +1) E;,l()‘ta)

actually, as it was explained for Egs. (25) and (26), we can say that R,,(1,7) — 0
exponentially fast, and therefore

R, (1,1)y/v(8(t)) — 0O,
because v(8(r)) = 1%/,

. %% — A’(0), because we can refer to the limit in Eq. (22) stated in

Remark 5 (for the previous example) with § = y = 1.

In conclusion, Hz(t) tends to zero, and therefore it is bounded. Thus Eq. (18) is
verified.

4.2.2 A choice of the parameters for which Eq. (27) fails

In this section we illustrate what can happen if Eq. (27) fails. For simplicity we con-
sider the case n = 1; however we expect to have a similar situation even if n > 2
(but the computations are more complicated). Thus we consider the framework in
Section 4.2 with n = 1 and

a o
———>0.
o g

We recall that dy, dp,o > 0. The aim is to show that, for all & € R, there exists the
limit

| Zkoam%ww
>
W) = lir logE[eWWO] lim log DGO g
(8( ) t—>00 v(8(1)) 3 d; j(8; (1)

J=0 "D;(3;()

(28)
but the function W(-) is not differentiable and we cannot consider a straightforward
application of the Gértner—Ellis theorem (Theorem 1), as we did in Proposition 1.

Firstly we analyze R, (u, t) in Eq. (9). Under our hypotheses it does not depend
on u, and therefore we simply write Rj(¢); then we have

do.o do  doo do

Ri(t) = — = — =~ — —3 —.
Do(So(2)) D(8(1)) an’l(kt‘m) E,  (At%)
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So we can say that R;(r) > 0 eventually (i.e. for 7 large enough) and R;(r) — 0 as
t — oo by Eq. (4) with u = At*® and u = At*. Moreover,

1 do.o do
log Ri(t) = ——log Tz~ — =i —
v(8(1)) 1o/ E, (%) E, (M%)
doo
1 d Ejy 1 (10)
e (OM&) r—
ol Eg (%)
doo
1 d 1 Ej.1 (%)
= i 8 (E—l &7&)) o loe | g !
ol EL (m9)

and

lim log Ri(1) = lim Llog(do —uley
t—00 U((S( ) t—00

1 d()() _(}Ltao)l/a0+(kta)l/a
+t£oo¢a/a log(d0 —1
_()Ltoto)l/ao + ()\.t&)l/a

’

—AVe 4 lim

t—00 [5‘/01

thus, by taking into account that % — ‘;‘—g > 0, we get

tl_l)rgo 200 log R1(¢) = 0. 29)

Now we take into account Eq. (14). Then, by Eq. (5) in Condition 1, for all u > 0

we have
1 1 Dus (1))

lim 0og
=00 v(8(t)) D(5(1))

Then we can prove the following result.

= A(u) — A(1).

: di g (8 ()*
Lemma 1. For all u > 0 we have llmt%mmlog Zkz()%

max {A(u) — A(1), 0}.

Proof. Firstly, by Eq. (14) with n = 1 and recalling that R{(#) > 0 eventually (i.e.
for ¢ large enough), we can apply Lemma 1.2.15 in [7] and, by Eq. (29), for all u > 0,
we have

dy (i (1)
] s 77
e () k; Dy(¢(1)
B 1 D(u(1)) 1
= max {l‘fii‘ép 60 2 DEw) P G0y 8 Rl(”}

ax {A(u) — A(1),0}.
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Moreover, in a similar way (actually here the application of Lemma 1.2.15 in [7] is
not needed), for all u > 0, we have

dy x (U8 (£)*
lim inf Z ek (Ui (1))
1=oe vw(é(@) T Di(8(®)
_ | timinf o mlog% =A@w) — A1) ifu>1,
= | liminfi - o0 55i log R (1) =0 ifu e (0,1],
which yields
1 di ;8 (1)
liminf ———log ) Dk WS (A) — A1), 0}
= v(8(10) = De(8(0)
because A(-) is an increasing function. O

Finally, if we refer to the limit computed in Lemma | with u = ¢?, there exists
the limit in Eq. (28) (for all 8 € R) and we have

W(0) =max {A(e?) — A(1), 0} — max {A(eo) — A, 0}
=max {A(e”) — A(1), 0} .
Moreover, by Egs. (11) and (23), we get
() = max (A (), 0} = max {2./(e?* 1), 0}

In conclusion, the function W (-) is not differentiable at the origin & = 0, indeed the

e . e 1/
left derivative is equal to zero and the right derivative is equal to %
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