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Abstract The existence of the bifractional Brownian motion BH,K indexed by a sphere when
K ∈ (−∞, 1] \ {0} and H ∈ (0, 1/2] is discussed, and the asymptotics of its excursion
probability P

{
supM∈S BH,K(M) > x

}
as x → ∞ is studied.
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1 Introduction

The frational Brownian motion (fBm) has gained a huge attention since the article
[20], due to its intrinsic properties (self-similarity and stationarity of increments) ap-
pearing in many areas of applications. As an extension of the fBm among others (e.g.,
[5, 6] and references therein), the bifractional Brownian motion (bifBm) was firstly
introduced in [10]. It is formally defined on R as a centered Gaussian process with
covariance function

R(t, s) = 1

2K

(
(|t |2H + |s|2H )K − |t − s|2HK

)
, for all t, s ∈ R.

This process satisfies the quasi-helix property (in the sense of Kahane [14]) of index
HK . A brief discussion about the motivations for introducing such a process can be
found in [17], in which the authors examine also the existence of the bifBm for many
cases. They provided a necessary condition for the existence of one sided bifBm
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BH,K(t), t ≥ 0. Some properties of the bifBm have been studied in [24, 30]. In
particular, in [24] the authors show that BH,K behaves as a fBm with Hurst parameter
HK . A stochastic calculus with respect to the process BH,K can be found in [29, 15].

Gaussian random fields indexed by Euclidean spaces, being another interesting
extension of the fBm, are studied extensively. Fractional Brownian field is the well-
known instance of them. Many applications, as texture simulation or geology, require
a fractional Brownian motion indexed by a manifold. Many authors (e.g., [3, 4, 8, 9,
23]) use deformations of a field indexed by Rn. The properties of self-similarity and
stationarity of the increments are lost due to such deformations; instead, only prop-
erties of local self-similarity and local stationarity are available. To overcome this
problem, Istas [11] proposed the construction of the fBm indexed by a manifold as
centered Gaussian field with fractional power of the distance as variance. Unfortu-
nately, the construction of the fBm on nonflat metric space (M, d) is not trivial. One
often needs to prove the positive definiteness of covariance kernel, which depends
on the distance d . By Schoenberg results [25], the fBm indexed by a metric space
(M, d) exists if and only if d2H (·, ·) is of negative type (as defined below). This con-
dition may not hold for some metric spaces, as shown in [31] in the case of cylinders
S

1 × (0, ε), ε > 0. Istas [12] noticed that there exists a fractional index βM ≥ 0
depending on (M, d) such that dβ(·, ·) is of negative type if and only if β ≤ βM.

Recently, the study of random fields on spheres is attracting more and more atten-
tion due to vast applications in astronomy [21], spatial statistics [7, 28], geoscience
[22, 13] and environmental sciences [27]. In [11], the spherical fBm is formally de-
fined as centered Gaussian field BH on a sphere S such that

BH (O) = 0, almost surely,

E |BH (M) − BH (N)|2 = d2H (M,N) , for all M,N ∈ S,

where d(·, ·) stands for the geodesic distance on S and O is a fixed point on S. In a
recent work [1], Cheng and Liu considered the spherical fBm and studied the asymp-
totic of the excursion probability P

{
supM∈E BH (M) > x

}
as x → ∞, when E is ei-

ther the sphere itself E = S or a geodesic disc given by Da :={M ∈S : d(M,O)≤a}.
For the importance of such excursions in both theoretical and statistical point of view,
we refer to [2, 1].

The aim of this work is to show that the bifractional Browninan motion (bifBm)
BH,K indexed by a sphere S exists, if and only if, 0 < H ≤ 1/2, K ∈ (0, 1], and
can be extended to θ -bifBm in order to include the range K ∈ (−∞, 0). Its ex-
cursion probability on a unit sphere P

{
supM∈S BH,K(M) > x

}
as x → ∞ is also

examined when K ∈ (−∞, 1) \ {0}. In what follows we work on probability space
(�,F ,P). The following notations are systematically used: σ 2(M) and Corr(M,N)

denote the variance and the correlation functions of the random field BH,K (defined
below), respectively. ‖·‖ stands for the Euclidean norm with dimension space speci-
fied by the context; while the following symbols O(·), o(·) are the usual big-oh and
little-oh, respectively, and the symbol f (x) ∼ g(x), as x → x∗ is used to say that
limx→x∗ f (x)/g(x) = 1. We set a ∧ b := min(a, b), �(x) := ∫∞

0 tx−1e−t dt and
Var(ξ) denotes the variance of the random variable ξ .

We define the bifractional Browninan motion BH,K on a sphere S (if it exists) as
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centered Gaussian random field with covariance

R(M,N) = 1

2K

{(
d2H (O,M) + d2H (O,N)

)K − d2HK(M,N)

}
, (1)

for all M,N ∈ S. Here d(·, ·) denotes the geodesic distance on S and O is some
fixed point on S. It follows from (1) that BH,K(O) = 0 a.s. Before we state our main
results let us recall some preliminary results about functions of positive and negative
type.

Definition 1. Let M be a set. A symmetric funtion φ : M × M → R is said to be
of positive type if for every M1, . . . ,Mn ∈ M and every λ1, . . . , λn ∈ R,

n∑
j,l=1

λjλlφ
(
Mj,Ml

) ≥ 0.

The following assertions hold true (e.g., [25])

• Any finite linear combination of functions of positive type with nonnegative
coefficients is again of positive type.

• The Schur product theorem: The product of two functions of positive type is
again of positive type.

• A continuous function which is the limit of a sequence of functions of positive
type is itself of positive type.

Functions of positive type are the covariances of random fields indexed by M. In
particular, a centred Gaussian random field indexed by M with covariance φ exists
if and only if φ is of a positive type (see, for instance, [16]). Furthermore they are
of great importance for “kernel method” in machine learning of nonlinear data (e.g.,
[26]). Functions of positive type are strongly related to functions of negative type
(defined below).

Definition 2. Let M be a set. A symmetric funtion ψ : M × M → R is said to
be (conditionally) of negative type if ψ (M,M) = 0 for all M ∈ M, and for every
M1, . . . ,Mn ∈ M and every λ1, . . . , λn ∈ R such that

∑n
j=1 λj = 0 we have

n∑
j,l=1

λjλlφ
(
Mj,Ml

) ≤ 0.

Note that a function of negative type may not have an opposite of positive type,
but the converse is true if the function vanishes on the diagonal. This is why the word
“conditionally ”is used to avoid any ambiguity. This is shown by the example of a
finite metric space M = {M1,M2,M3} with metric d , in which d

(
Mj,Ml

) = ρ > 0
(fixed) for all j �= l. Clearly, the function d is of negative type, but its opposite is not
of positive type. The following lemma is an immediate result of the Schur product
theorem.

Lemma 1. Let φ and ψ be two symmetric functions on M × M of positive and
negative type, respectively. Then φ × ψ is symmetric and of negative type.
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2 Main Results

Theorem 1. The spherical bifractional Browninan motion BH,K exists, if and only
if, 0 < H ≤ 1/2 and K ∈ (0, 1].
Proof. The case K = 1 reduces BH,K to the spherical fBm, which is treated in [11].
We shall treat the case H ≤ 1/2, K < 1. Let M,N ∈ S. We need to show that R(·, ·)
given in (1) is of positive type. Using the fact that for every K ∈ (0, 1) and λ ≥ 0,

λK = K

�(1 − K)

∫ ∞

0

1 − e−λu

uK+1 du, (2)

we obtain

R(M,N) = ρK

∫ ∞

0

du

uK+1

(
e−ud2H (M,N) − e−u(d2H (O,M)+d2H (O,N))

)
, (3)

where ρK = K
2K�(1−K)

. Let M1, . . . ,Mn ∈ S and λ1, . . . , λn ∈ R. From (3) it
follows that

ρ−1
K

n∑
j,l=1

λjλlR
(
Mj,Ml

)
=

n∑
j,l=1

λjλl

∫ ∞

0

du

uK+1

(
e−ud2H (Mj ,Ml) − e−u(d2H (O,Mj )+d2H (O,Ml))

)

=
∫ ∞

0

du

uK+1

n∑
j,l=1

λjλl

(
1 + e−ud2H (Mj ,Ml) − e−ud2H (O,Mj ) − e−ud2H (O,Ml)

)

−
∫ ∞

0

du

uK+1

n∑
j,l=1

λjλl

(
1 − e−ud2H (O,Mj )

) (
1 − e−ud2H (O,Ml)

)

=
∫ ∞

0

du

uK+1

n∑
j,l=1

λjλl

(
1 + e−ud2H (Mj ,Ml) − e−ud2H (O,Mj ) − e−ud2H (O,Ml)

)

−
∫ ∞

0

du

uK+1

∣∣∣∣∣∣
n∑

j=1

λj

(
1 − e−ud2H (O,Mj )

)∣∣∣∣∣∣
2

. (4)

Let ξ(u) = ∑n
j=1 λj

(
1 − e−i

√
2uBH (Mj )

)
, where i = √−1 and BH is the spherical

fBm vanishing at O (which exists because H ≤ 1/2 (see [11, Theorem 3.1])). We
have

E |ξ(u)|2 =
n∑

j,l=1

λjλlE

{(
1 − e−i

√
2uBH (Mj )

) (
1 − e−i

√
2uBH (Ml)

)}

=
n∑

j,l=1

λjλl

{
1 − E

(
e−i

√
2uBH (Mj )

)
− E

(
ei

√
2uBH (Ml)

)
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+ E

(
ei

√
2u(BH (Ml)−BH (Mj ))

)}
=

n∑
j,l=1

λjλl

{
1 + e−ud2H (Mj ,Ml) − e−ud2H (O,Mj ) − e−ud2H (O,Ml)

}
. (5)

On the other hand,

|E (ξ(u))|2 =
∣∣∣∣∣∣

n∑
j=1

λjE

(
1 − e−i

√
2uBH (Mj )

)∣∣∣∣∣∣
2

=
∣∣∣∣∣∣

n∑
j=1

λj

(
1 − e−ud2H (O,Mj )

)∣∣∣∣∣∣
2

. (6)

Combining (5)–(6) with (4) yields

n∑
j,l=1

λjλlR
(
Mj,Ml

) = ρK

∫ ∞

0

du

uK+1

(
E |ξ(u)|2 − |E (ξ(u))|2

)
= ρK

∫ ∞

0

V ar (ξ(u))

uK+1 du ≥ 0,

and we conclude that BH,K exists.
Now let H > 1/2. We shall prove that R(·, ·) is not of positive type. Set 2H =

1 + 2H ′ with H ′ < 1/2. After a change of variables v = ud(M,N), formula (3) can
be rewritten as

R(M,N) = ρK

∫ ∞

0

dv

vK+1

(
dK (M,N) e−vd2H ′

(M,N) − e−v(d2H (O,M)+d2H (O,N))
)

= ρK

{∫ ∞

0

dv

vK+1 1(M,N) +
∫ ∞

0

dv

vK+1 (2(M,N) + 3(M,N))

}
,

where

1(M,N) = dK (M,N)
(
e−vd2H ′

(M,N) − e−v(d2H ′
(O,M)+d2H ′

(O,N))
)

,

2(M,N) = dK (M,N) e−v(d2H ′
(O,M)+d2H ′

(O,N)),

3(M,N) = −e−v(d2H (O,M)+d2H (O,N)).

It is easy to see that j , j = 1, 2, are symmetric and of negative type by Lemma 1
and the condition H ′ < 1/2. Note dK is of negative type since βS = 1 and K ≤ 1
(see [12, Proposition 2.6]). The function 3 is not of negative type because it does
not vanish on the diagonal. However, we have

∑
j,l λjλl3(Mj ,Ml) ≤ 0, for all

M1, . . . ,Mn ∈ S and λ1, . . . , λn ∈ R. As a result,
∑n

j,l=1 λjλlR
(
Mj,Ml

) ≤ 0,
for all M1, . . . ,Mn ∈ S and λ1, . . . , λn ∈ R such that

∑n
j=1 λj = 0. Suppose that

R(·, ·) is of positive type, then the last inequality becomes equality. By choosing
λ1 = −λ2 = 1 and M1,M2 ∈ S so that d(O,M) = d(O,N) = d(M,N)/2 we
obtain a contradiction.
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Theorem 2. Let θ > 0. The symmetric function

Rθ(M,N) = 2−K

∣∣∣∣(θ + d2H (O,M) + d2H (O,N)
)K −

(
θ + d2H (M,N)

)K
∣∣∣∣ ,
(7)

for all M,N ∈ S, defines a covariance function if K ∈ (−∞, 1] \ {0} and H ∈
(0, 1/2].
Remark. Our motivation for introducing θ > 0 in the covariance structures in The-
orem 2 and propositions below is threefold. First, we try to give covariance functions
more general as in [19, Theorem 1], but we consider negative exponents (as param-
eters K < 0 in Theorem 2 or functions νj (M) < 0 in propositions below). Second,
if negative exponents are considered, one has to face the problem that the covariance
may explode. This is what makes the condition θ > 0 very crucial and why it cannot
be dropped. Third, the necessary condition for the existence of bifBm on R+ (see
[17]) to exist is trivial in our case K < 0.

Definition 3. A process indexed by a sphere S is said to be spherical θ -bifBm with
parameters (θ,H,K, ) if it is centered Gaussian process with covariance function
given by (7).

Proof of Theorem 2. First, note that the necessary condition for the bifractional
Brownian motion on R+ to exist is that K ≤ 2 and HK ≤ 1 (see [17]). This condition
is trivial if K < 0 and H ≥ 0. Observe also that for all β, λ > 0

λ−β = 1

�(β)

∫ ∞

0
uβ−1e−λudu. (8)

The case θ = 0, K ∈ (0, 1] is already treated in Theorem 1, and incorporating the
parameter θ > 0 does not affect the proof. Let K < 0 < θ , H ∈ (0, 1/2] and set
β = −K > 0. By using (8) we have, for all M,N ∈ S,

Rθ(M,N) = 2β

[(
θ + d2H (M,N)

)−β −
(
θ + d2H (O,M) + d2H (O,N)

)−β
]

= 2β

�(β)

∫ ∞

0
uβ−1

[
e−u

(
θ+d2H (M,N)

)
− e−u

(
θ+d2H (O,M)+d2H (O,N)

)]
du

= 2β

�(β)

∫ ∞

0
uβ−1e−θu

[
e−ud2H (M,N) − e−u

(
d2H (O,M)+d2H (O,N)

)]
du.

Now let M1, . . . ,Mn ∈ S and λ1, . . . , λn ∈ R. We have

n∑
j,l=1

λjλlRθ

(
Mj,Ml

)
= 2β

�(β)

∫ ∞

0
uβ−1e−θu

n∑
j,l=1

λjλl

[
e−ud2H (Mj ,Ml) − e−u

(
d2H (O,Mj )+d2H (O,Ml)

)]
du

= 2β

�(β)

∫ ∞

0
uβ−1e−θuV ar (ξ(u)) du ≥ 0, (9)
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where ξ(u) = ∑n
j=1 λj

(
1 − e−i

√
2uBH (Mj )

)
with i = √−1. For the equality (9),

see the proof of Theorem 1.

Based on a scalar variogram γ (M,N) defined on an index set D (in general), we
can extend Theorem 2 to include multivariate multifractional Brownian motions. The
following propositions can be established by the procedures used in [19] and the fact
(8). Thus, the proofs are omitted.

Proposition 1. Let θ > 0. If γ (M,N), M,N ∈ D, is a scalar variogram, and
νj (M), . . . , νp(M) are negative functions with νj (M) < 0, j = 1, . . . , p, for all
M ∈ D, then the symmetric functions

R
j,l
θ (M,N) = �

(∣∣νj (M)
∣∣+ |νl(M)|) {θνj (M)+νl(N) + [

θ + γ (M,N)
]νj (M)+νl(N)

− [
θ + γ (M,O)

]νj (M)+νl(N) − [
θ + γ (N,O)

]νj (M)+νl(N)
}

,

M,N ∈ D, j, l = 1, . . . , p,

define a covariance matrix function.

Proposition 2. Let θ > 0. If γ (M,N), M,N ∈ D, is a scalar variogram, and
νj (M), . . . , νp(M) are negative functions with νj (M) < 0, j = 1, . . . , p, for all
M ∈ D, then the symmetric functions

R
j,l
θ (M,N) = �

(∣∣νj (M)
∣∣+ |νl(M)|) {[θ + γ (M,N)

]νj (M)+νl(N)

− [
θ + γ (M,O) + γ (N,O)

]νj (M)+νl(N)
}

,

M,N ∈ D, j, l = 1, . . . , p,

define a covariance matrix function.

Proposition 3. Let θ > 0. If ψ1(M), . . ., ψp(M), M ∈ D, are nonnegative functions,
and νj (M), . . ., νp(M) are negative functions with νj (M) < 0, j = 1, . . . , p, for all
M ∈ D, then the symmetric functions

R
j,l
θ (M,N) = �

(∣∣νj (M)
∣∣+ |νl(M)|) {θνj (M)+νl(N)

+ [
θ + ψj(M) + ψl(N)

]νj (M)+νl(N)

− [
θ + ψj(M)

]νj (M)+νl(N) − [θ + ψl(N)]νj (M)+νl(N)
}

,

M,N ∈ D, j, l = 1, . . . , p,

define a covariance matrix function.

For the excursion probability problem, we follow Cheng and Liu [1]. The idea
is to consider BH,K defined on S as Gaussian random field on the Euclidean space
by using the spherical coordinate transformation. In such way, the local behaviour of
standard deviation and correlation functions of BH,K can be studied under spherical
coordinates. As a result, relevant existing results in Euclidean space can be applied to
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derive the desired asymptotics of the excursion probabilities. Without loss of gener-
ality we consider the unit sphere S = S

n ⊂ Rn+1 with geodesic distance

d(M,N) = arccos

⎛⎝n+1∑
j=1

xjyj

⎞⎠ , (10)

where M = (x1, . . . , xn+1) and N = (y1, . . . , yn+1) are two points on S
n identified

by their Cartesian coordinates. If the point M ∈ S
n is identified by spherical coordi-

nates, it will be denoted as M̃ = (θ1, . . . , θn) ∈ [0, π]n−1 × [0, 2π) = �, and one
has

x1 = cos(θ1),

x2 = sin(θ1) cos(θ2),

x3 = sin(θ1) sin(θ2) cos(θ3),

...

xn = sin(θ1) sin(θ2) · · · sin(θn−1) cos(θn),

xn+1 = sin(θ1) sin(θ2) · · · sin(θn−1) sin(θn).

Let O = (0, . . . , 0, 1, 0) ∈ S
n. Using Cartesian coordinates we have d(O,M) =

arccos(xn) and the standard deviation of BH,K(M) is σ(M) = arccosHK(xn). Clearly,
σ(M) attains its maximum πHK at M∗ = (0, . . . , 0,−1, 0) (or equivalently M̃∗ =
(π/2, . . . , π/2, π) which is an interior point in �). Set

�(x) := (2π)−1/2
∫ ∞

x

e−u2/2du. (11)

We have the following result.

Theorem 3. If 0 < H ≤ 1/2 and K ∈ (0, 1), then as x → ∞ we have

P

{
sup

M∈Sn

BH,K(M) > x

}
∼ Cn,H,K�

(
π−HKx

)
x

(1−2HK)n
HK , (12)

where Cn,H,K = π(2HK−1)nHn
2HK

∫
Rn e−21/(2H)HK‖u‖du and Hn

2HK is the Pickands
constant (see [1]).

In the case K = 1 the process BH,K reduces to the spherical fBm. The asymp-
totics of its excursion probability is already examined in [1, Theorem 3.4]. Before we
prove Theorem 3, we state a technical lemma for which the proof can be found in [2].

Lemma 2. Let M,N ∈ S
n be two points with spherical coordinates M̃ =(θ1, . . . , θn)

and Ñ = (ϕ1, . . . , ϕn), respectively. Let N be fixed. Then as d(M,N) → 0,

d2(M,N) ∼ (θ1 − ϕ1)
2 + (θ2 − ϕ2)

2 sin2(θ1) + · · · + (θn − ϕn)
2

n−1∏
j=1

sin2(θj ).
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Proof of Theorem 3. We consider the process BH,K as Gaussian random field de-
fined on the compact set � ⊂ Rn. The variance function σ 2(M̃) attains its maximum
at interior point M̃∗ = (π/2, . . . , π/2, π). The proof is based on Lemma 3.3 in [1].
Thus, we shall verify the conditions

σ(M̃) = πHK − HKπHK−1
∥∥M̃ − M̃∗∥∥ (1 + o(1)) , as M̃ → M̃∗, (13)

1 − Corr
(
M̃, Ñ

) ∼
∥∥M̃ − Ñ

∥∥2HK

2Kπ2HK
, as M̃, Ñ → M̃∗, (14)

E
∣∣BH,K(M̃) − BH,K(Ñ)

∣∣2 ≤ C
∥∥M̃ − Ñ

∥∥2HK
, for all M̃, Ñ ∈ �, (15)

where C is some nonnegative constant. Since σ(M̃) = σ(M) = arccosHK(xn), the
condition (13) can be established in a similar fashion as it is done in [1, Lemma 3.2]
(just replace β by HK). Let M̃, Ñ ∈ � and set ηK = K/(�(1 − K)). We have

1 − Corr
(
M̃, Ñ

) = 1 − Corr(M,N)

= 1 −
(
d2H (O,M) + d2H (O,N)

)K − d2HK(M,N)

2KdHK(O,M)dHK(O,N)

= d2HK(M,N) + AH,K(M,N)

2KdHK(O,M)dHK(O,N)
, (16)

where

AH,K(M,N) =
(

2dH (O,M)dH (O,N)
)K −

(
d2H (O,M) + d2H (O,N)

)K

= ηK

∫ ∞

0

du

uK+1

(
e−u(d2H (O,M)+d2H (O,N)) − e−u(2dH (O,M)dH (O,N))

)
.

Let ε > 0. Using the fact that
∣∣e−y − e−x

∣∣ ≤ |y − x|, for all x, y ∈ R+, we obtain∣∣AH,K(M,N)
∣∣

≤ ηK

∫ ∞

0

e−εudu

uK+1

∣∣∣e−u(d2H (O,M)+d2H (O,N)−ε) − e−u(2dH (O,M)dH (O,N)−ε)
∣∣∣

≤ ηK

∫ ∞

0

e−εudu

uK+1 · u

∣∣∣d2H (O,M) + d2H (O,N) − 2dH (O,M)dH (O,N)

∣∣∣
≤ KεK−1

∣∣∣dH (O,M) − dH (O,N)

∣∣∣2
≤ KεK−1 H 2

�(1 − H)2

[∫ ∞

0

du

uH+1

(
e−ud(O,N) − e−ud(O,M)

)]2

≤ KH 2ε2H+K−3 |d(O,M) − d(O,N)|2
≤ KH 2ε2H+K−3d2(M,N).

In the last inequality we used the fact that |d(O,M) − d(O,N)| ≤ d(M,N), for all
M , N . It follows that AH,K(M,N) = o

(
d2HK(M,N)

)
(because 2HK ≤ K < 1),
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and (16) becomes

1 − Corr
(
M̃, Ñ

) = d2HK(M,N)

2KdHK(O,M)dHK(O,N)
(1 + o(1))

∼ d2HK(M,N)

2Kπ2HK
, as M,N → M∗. (17)

Let M̃ = (θ1, . . . , θn) and Ñ = (ϕ1, . . . , ϕn). First, observe that M̃, Ñ → M̃∗
implies d(M,N) → 0. By Lemma 2 we have d(M,N) ∼ ∥∥M̃ − Ñ

∥∥ as M̃, Ñ →
M̃∗. Thus substituting d(M,N) by

∥∥M̃ − Ñ
∥∥ in (17) completes the proof of (14).

For the condition (15), we use the concavity of the function x �→ xK to get

I := d2HK(O,M) + d2HK(O,N) − 21−K
(
d2H (O,M) + d2H (O,N)

)K ≤ 0

and

E
∣∣BH,K(M̃) − BH,K(Ñ)

∣∣2
= E

∣∣BH,K(M) − BH,K(N)
∣∣2

= σ 2(M) + σ 2(N) − 2R (M,N)

= d2HK(O,M) + d2HK(O,N)

− 21−K

[(
d2H (O,M) + d2H (O,N)

)K − d2HK(M,N)

]
= 21−Kd2HK(M,N) + I ≤ 21−Kd2HK(M,N).

To complete the proof we must show that there is some C > 0 such that

d(M,N) ≤ C
∥∥M̃ − Ñ

∥∥ . (18)

Set M = (x1, . . . , xn+1) and N = (y1, . . . , yn+1). Considering the Cartesian coor-
dinates xj as functions of (spherical coordinates) θk , k ≤ j ∧ n, and using the mean
value theorem one has

∣∣xj − yj

∣∣ ≤ cj

∥∥M̃ − Ñ
∥∥, for each j , where cj are some non-

negative constants depending only on n. We conclude that there exists C1 > 0 such
that

‖M − N‖ ≤ C1
∥∥M̃ − Ñ

∥∥ . (19)

Set X = d(M,N)/2 and observe that X ≤ π/2. By using the identity (e.g., [18])

‖M − N‖ = 2 sin

(
d(M,N)

2

)
, for all M,N ∈ Sn,

and the fact that 0 ≤ x cos(x) ≤ sin(x), for all x ∈ [0, π/2], we obtain

d2(M,N)

4
= X2 cos2(X) + X2 sin2(X)

≤
(

1 + X2
)

sin2(X) ≤ 1

4

(
1 + π2

4

)
‖M − N‖2 .
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Hence, d(M,N) ≤ √
1 + π2/4 ‖M − N‖. Combining this result with (19) yields

d(M,N) ≤ C
∥∥M̃ − Ñ

∥∥, where C = C1
√

1 + π2/4. Since we have

P

{
sup

M∈Sn

BH,K(M) > x

}
= P

{
sup
M̃∈�

BH,K(M̃)

πHK
>

x

πHK

}
,

we apply [1, Lemma 3.3] to the process X = BH,K/πHK with η = 1, α = 2HK ,
A = HKπ−1I and C = 2−1/(2H)π−1I , where I is the identity matrix, and get the
desired result.

The following result provides the asymptotics of the excursion probability for the
spherical θ -bifBm Bθ

H,K given in terms of Definition 3. It is an immediate result of
Lemma 3 below and [1, Lemma 3.3]. Let σθ (M) be the standard deviation of the
spherical θ -bifBm with M∗ = arg maxM∈S σθ (M). Set

Dθ
H,K = 2Hπ2H−1

(
(θ + 2π2H )K − θK

K

)1/2H−1 (
θ + 2π2H

θ1/2H

)K−1

.

Theorem 4. Consider the spherical θ -bifBm Bθ
H,K with K < 0 < θ and H ∈

(0, 1/2). Then as x → ∞ we have

P

{
sup

M∈Sn

Bθ
H,K(M) > x

}
∼ Bθ

n,H,K�
(
x/σθ (M

∗)
)
x

(1−2H)n
H ,

where Bθ
n,H,K = Hn

2H σθ (M
∗)

(2H−1)n
H

∫
Rn e

−Dθ
H,K

‖u‖
du, �(x) is given in (11) and

Hn
2HK is the Pickands constant (see [1]).

Lemma 3. Consider the spherical θ -bifBm Bθ
H,K with K < 0 < θ and H ∈ (0, 1/2).

Then there exist C(l) > 0, l = 1, 2, 3, such that

σθ (M̃) = 2−K/2
(

θK−
(
θ+2π2H

)K
)1/2

− C(1)
∥∥M̃−̃M∗∥∥ (1+o(1)), as M̃→M̃∗,

(20)

E
∣∣Bθ

H,K(M̃) − Bθ
H,K(Ñ)

∣∣2 ≤ C(2)
∥∥M̃ − Ñ

∥∥2H
, for all M̃, Ñ ∈ �, (21)

1 − Corrθ

(
M̃, Ñ

) = C(3)
∥∥M̃ − Ñ

∥∥2H
(1 + o(1)), as M̃, Ñ → M̃∗. (22)

Here M̃ denotes the spherical coordinate of the point M ∈ S
n and Corrθ (·, ·) stands

for the correlation function of the process Bθ
H,K .

Before we give the proof of our statements (20)–(22), we state the following re-
sults.

(a) The point M∗ maximizes also the function M �→ d2H (M,O), and one has
d(M∗,O) = π ; σθ (M)2 = 2−K

(
θK − (θ + 2d2H (M,O))K

)
.

(b) d2H (M,O)− d2H (M∗,O) = −2Hπ2H−1
∥∥M̃ − M̃∗∥∥ (1 + o(1)), M̃ → M̃∗.
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(c) d2H (M,O)−d2H (N,O) = −2Hd2H (N,O)2H−1 (d(N,O) − d(M,O)) (1+
o(1)), as M → N , provided that N is fixed and N �= O. In particular,
d2H (M,O) − d2H (N,O) = ∥∥M̃ − Ñ

∥∥O(1), as M̃ → Ñ (or equivalently
d(M,N) → 0).

The proof of (b) can be found in [1, Lemma 3.2] (just replace β by 2H ); while
the statement (a) follows by direct computations and the fact that Sn is a unit sphere.

Let us establish the statement (c). Let H ∈ (0, 1/2) and M,N ∈ S
n. By virtue of

(2) we have

d2H (N,O)−d2H (M,O)= 2H

�(1 − 2H)

∫ ∞

0
u−2H−1

(
e−ud(M,O) − e−ud(N,O)

)
du.

By applying Taylor’s theorem with the integral remainder to the function x �→ e−x ,
the above equality becomes

d2H (N,O) − d2H (M,O)

= −2H

�(1 − 2H)

∫ ∞

0
u−2H (d(M,O) − d(N,O)) e−ud(N,O)du

+ 2H

�(1 − 2H)

∫ ∞

0
u−2H−1ru(M,N)du

= 2Hd(N,O)2H−1 (d(N,O) − d(M,O))

+ 2H

�(1 − 2H)

∫ ∞

0
u−2H−1ru(M,N)du,

where ru(M,N) = ∫ ud(M,O)

ud(N,O)
e−t (ud(M,O) − t) dt and

|ru(M,N)| ≤ u |d(N,O) − d(M,O)|
∣∣∣e−ud(M,O) − e−ud(N,O)

∣∣∣ (for all u ∈ R+)

= u |d(N,O) − d(M,O)| o(1), as d(M,N) → 0.

We conclude that the first part of (c) holds true. Since

|d(N,O) − d(M,O)| ≤ d(M,N) for all M,N,

the second part of (c) follows from the previous one and (18). Now we are ready to
prove Lemma 3.

Proof of Lemma 3. Set �(M,M∗) := σθ (M
∗)2 − σθ (M)2 and let K < 0 < θ ,

H ∈ (0, 1/2). Once again, we apply Taylor’s theorem with the integral remainder
and (a) to get

�(M,M∗)

= 2−K
[(

θK − (θ + 2d(M∗,O)2H )K
)

−
(
θK − (θ + 2d(M,O)2H )K

)]
= 2−K

[(
θ + 2d(M,O)2H

)K −
(
θ + 2d(M∗,O)2H

)K
]
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= 2−K

�(−K)

∫ ∞

0
u−K−1e−θu

(
e−2ud2H (M,O) − e−2ud2H (M∗,O)

)
du (by (8))

= − 21−K

�(−K)

(
d2H (M,O) − d2H (M∗,O)

) ∫ ∞

0
u−Ke−u(θ+2d2H (M∗,O))du

+
(
d2H (M,O) − d2H (M∗,O)

)
o(1)

= K21−K
(
θ + 2d2H (M∗,O)

)K−1 (
d2H (M,O) − d2H (M∗,O)

)
(1 + o(1))

= −22−KKHπ2H−1
(
θ + 2π2H

)K−1 ∥∥M̃ − M̃∗∥∥ (1 + o(1)), as M̃ → M̃∗.

In the last equality we used (b). As a result we have

σθ (M̃) − σθ (M̃∗) = σθ (M) − σθ (M
∗) = −�(M,M∗)

σθ (M) + σθ (M∗)
= −C(1)

∥∥M̃ − M̃∗∥∥ (1 + o(1)), as M̃ → M̃∗,

and (20) holds true with C(1) := −21−KKHπ2H−1
(
θ + 2π2H

)K−1
/σθ (M

∗). Note
that K < 0.

Let K < 0 < θ and M,N ∈ S
n with spherical coordinates M̃, Ñ ∈ �. By

definition of the covariance function of Bθ
H,K given in (7) we have

E
∣∣Bθ

H,K(M̃) − Bθ
H,K(Ñ)

∣∣2 = E
∣∣Bθ

H,K(M) − Bθ
H,K(N)

∣∣2
= σθ (M)2 + σθ (N)2 − 2Rθ(M,N)

= 2−K

�(−K)

∫ ∞

0
duu−K−1e−θu

[
2 − e−2ud2H (M,O) − e−2ud2H (N,O)

−2e−ud2H (M,N) + 2e−u
(
d2H (M,O)+d2H (N,O)

)]
= 21−K

�(−K)

∫ ∞

0
u−K−1e−θu

(
1 − e−ud2H (M,N)

)
du

− 2−K

�(−K)

∫ ∞

0
u−K−1e−θu

∣∣∣e−ud2H (M,O) − e−ud2H (N,O)
∣∣∣2 du

≤ 21−K

�(−K)
d2H (M,N)

∫ ∞

0
u−Ke−θudu = −K21−KθK−1d2H (M,N)

≤ −K21−KθK−1C
∥∥M̃ − Ñ

∥∥2H
,

where C is nonnegative constant due to (18). Hence, the proof of (21) is complete. To
establish (22) we make the following notations.

Aα(M) := θK −
(
θ + 2d2H (M,O)

)K

, α = (θ,H,K),

Bα(M,N) := θK −
(
θ + d2H (M,N)

)K

,
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Cα(M,N) := 2
(
θ + d2H (M,O) + d2H (N,O)

)K −
(
θ + 2d2H (M,O)

)K

−
(
θ + 2d2H (N,O)

)K

.

Straightforward computations yield

1 − Corrθ (M̃, Ñ) = 1 − Corrθ (M,N),

= Cα(M,N) + 2Bα(M,N) − [
Aα(M)1/2 − Aα(N)1/2

]2
2Aα(M)1/2Aα(N)1/2 . (23)

We shall evaluate all the terms appearing in (23). First, as M,N → M∗, we have
Aα(M)1/2Aα(N)1/2 −→ Aα(M∗). Second, we apply Taylor’s theorem with the in-
tegral remainder to get

Bα(M,N) = θK −
(
θ + d2H (M,N)

)K

= 1

�(−K)

∫ ∞

0
u−K−1e−θu

(
1 − e−ud2H (M,N)

)
du

= −KθK−1d2H (M,N)(1 + o(1))

= −KθK−1
∥∥M̃ − Ñ

∥∥2H
(1 + o(1)).

The last equality is justified by the fact that d(M,N) ∼ ∥∥M̃ − Ñ
∥∥, as M̃, Ñ → M̃∗,

which in turn follows from Lemma 2. Third, the term Cα(M,N) can be rewritten as

Cα(M,N) =
[(

θ + d2H (M,O) + d2H (N,O)
)K −

(
θ + 2d2H (M,O)

)K
]

+
[(

θ + d2H (M,O) + d2H (N,O)
)K −

(
θ + 2d2H (N,O)

)K
]

=: I1 + I2. (24)

Because I1 and I2 are similar, it sufficies to evaluate the first term I1 on the right hand
side of (24). Using (8) and the fact

∣∣e−x − e−y
∣∣ ≤ |x − y|, for all x, y ∈ R+, we

obtain

|I1| ≤ 1

�(−K)

∫ ∞

0
u−K−1e−u(θ+d2H (M,O))

∣∣∣e−ud2H (N,O) − e−ud2H (M,O)
∣∣∣ du

≤ −KθK−1
∣∣∣d2H (M,O)) − d2H (N,O))

∣∣∣
≤ −KθK−1

∥∥M̃ − Ñ
∥∥O(1) = ∥∥M̃ − Ñ

∥∥2H
o(1) (because H ∈ (0, 1/2)).

The last inequality is justified by (c). Finally, we know that
∣∣x1/2 − y1/2

∣∣ ≤ |x − y|1/2,
for all x, y ∈ R+. Thus,[

Aα(M)1/2 − Aα(N)1/2
]2

≤ |Aα(M) − Aα(N)|
≤
∣∣∣∣(θ + 2d2H (M,O)

)K −
(
θ + 2d2H (N,O)

)K
∣∣∣∣
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≤ 1

�(−K)

∫ ∞

0
u−K−1e−θu

∣∣∣e−2ud2H (M,O) − e−2ud2H (N,O)
∣∣∣ du

≤ −2KθK−1
∣∣∣d2H (M,O) − d2H (N,O)

∣∣∣ = ∥∥M̃ − Ñ
∥∥2H

o(1).

From the previous results we deduce (22). Hence, the proof of Lemma 3 is complete.
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