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Abstract In this paper, a sample estimator of the tangency portfolio (TP) weights is con-
sidered. The focus is on the situation where the number of observations is smaller than the
number of assets in the portfolio and the returns are i.i.d. normally distributed. Under these as-
sumptions, the sample covariance matrix follows a singular Wishart distribution and, therefore,
the regular inverse cannot be taken. In the paper, bounds and approximations for the first two
moments of the estimated TP weights are derived, as well as exact results are obtained when
the population covariance matrix is equal to the identity matrix, employing the Moore—Penrose
inverse. Moreover, exact moments based on the reflexive generalized inverse are provided. The
properties of the bounds are investigated in a simulation study, where they are compared to
the sample moments. The difference between the moments based on the reflexive generalized
inverse and the sample moments based on the Moore—Penrose inverse is also studied.
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1 Introduction

How to efficiently allocate capital lies at the heart of financial decision making. Port-
folio theory, as developed by [35], provides a framework for this problem, based
on the means, variances and covariances of the assets in the considered portfolio.
The theory revolves around the trade-off between expected return and variance (risk),
denoted by mean-variance optimization. In this setting, investors allocate wealth in
order to maximize expected return given a certain level of risk or conversely allocate
wealth to minimize the risk given a certain level of expected return. Although it has
received a lot of criticism (see, e.g., [42] and [27]), the framework remains one of the
most crucial components in portfolio management.

In this paper, we consider the tangency portfolio (TP) which is one of the most
important portfolios in the financial literature. The TP weights determine what pro-
portions of the capital to invest in each asset and are obtained by maximizing the
expected quadratic utility function. For a portfolio of p risky assets, the TP weights
are given by

w7 p :a_lz_l(’l,—rflp), (H

where p is a p-dimensional mean vector of the asset returns, X is a p X p symmetric
positive definite covariance matrix of the asset returns, the coefficient « > 0 de-
scribes the investors’ risk aversion,! r r denotes the rate of a risk-free asset and 1, is
a p-dimensional vector of ones. We allow for short sales and, therefore, some weights
can be negative. Let us also note that wr p determines the structure of the portfolio
which corresponds to risky assets and does in general not sum to 1. Consequently, the
rest of the wealth 1 — w. ,1,, needs to be invested into the risk-free asset.

Naturally, the TP weights wr p depend on knowledge of the mean vector u and
the covariance matrix X. In general, these quantities are not known and need to be
estimated from data on N historical return vectors Xi, .. ., Xy. Plugging sample es-
timates of the mean vector and covariance matrix into (1) leads us to the sample
estimate of the TP weights expressed as

Wrp=a 'ST & —rsly), )

where S is the sample covariance matrix and X is the sample mean vector, respec-
tively, of X1, ..., Xy.” The statistical properties of W7 p have been extensively studied
throughout the literature. [18] derived an exact test of the weights in the multivariate
normal case. [39] obtained the univariate density for the TP weights as well as its
asymptotic distribution, under the assumption that returns are independent and iden-
tically multivariate normally distributed. Further, [4] provided a procedure of mon-
itoring the TP weights with a sequential approach. [6] obtained the density for, and

I This value represents how willing an investor is to accept upward and downward risks on their invest-
ment. It can be determined through, e.g., qualitative assessment, such as interview questions posed to the
investor.

21t is worth to mention that a similar structure appears in the discriminant analysis. Namely, the coeffi-
cients of a discriminant function that maximizes the discrepancy between two datasets are expressed as a
product of the inverse sample covariance matrix and the sample mean vector (see, for example, [6, 14]).
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several exact tests on, linear transformations of estimated TP weights, while [32] pro-
vided approximate and asymptotic distributions for the weights. [3] studied the dis-
tribution of Wz p from a Bayesian perspective.’ [15] studied the TP weights in small
and large dimensions when both the population and sample covariance matrix are sin-
gular. Analytical expressions of higher order moments of the estimated TP weights
are derived in [29], while the article [31] presented the asymptotic distribution of the
estimated TP weights as well as the asymptotic distribution of the statistical test on
the elements of the TP under a high-dimensional asymptotic regime. [38] derived a
test for the location of the TP, and [37] extended this result to the high-dimensional
setting. Furthermore, [9] derived central limit theorems for the TP weights estimator
under the assumption that the matrix of observations has a matrix-variate location
mixture of normal distributions. More recently, [30] investigated the distributional
properties of the TP weights under a skew-normal model in small and large dimen-
sions.

The common scenario considered is that the number of observations available
for the estimation, denoted by N, is greater than the portfolio size, denoted by p.
In this case the sample covariance matrix S is positive definite, and Wz p can be
obtained as presented in (2). However, when the considered portfolio is large, it is
possible that the number of available observations is less than the portfolio dimension.
This can be due to a lack of data for all the assets in the portfolio, but it may also
occur due to the fact that covariance of asset returns tends to change over time. As
such, the assumption of a constant covariance might only hold for limited periods of
time, hence limiting the amount of data available for estimation. Many applications
consider portfolios of large dimensions, containing up to 50, 100 or even 1000 assets
(see, e.g., [41, 26, 34, 2, 20, 16, 22, 5, 12, 1]). If returns are measured on weekly
or monthly intervals, data reaching back several decades might be required to ensure
p < N. Unless the considered assets can be assumed to have a constant covariance
matrix over very long time periods, data spanning such long time intervals is not
suitable to use in the estimation, or might simply not be available. Any such situations,
where p > N, would result in a singular sample covariance matrix S, which in turn
is noninvertible, in the standard sense.

This issue can be remedied by estimating £ ™! in (1) with the Moore—Penrose
inverse of S, which we will denote by S*. This generalized inverse has previously
been successfully employed in portfolio theory for the p > N case by [10, 11, 44,
15].* Applying the Moore—Penrose inverse, the TP weights are estimated as

Wrp =a 'ST(R—rfly). (3)

An attractive feature of applying the Moore—Penrose inverse ST in (1) is that it is the
least square solution to the system of equations described by

Sv=a"l(x—rs1,) 4

3In the Bayesian setting, the posterior distribution of TP weights is expressed as a product of the (singu-
lar) Wishart matrix and Gaussian vector. Statistical properties of those products are studied by [7, 8, 13, 9].

“Instead of using the Moore—Penrose inverse, one can consider regularization techniques such as the
ridge-type method [43], the Landweber—Fridman iteration approach [33], a form of Lasso [19], or an
iterative algorithm based on a second order damped dynamical systems [24, 25].
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which in the singular case generally lacks exact solution. That is, as shown in [40], for
any vector v € R?, we have that ||Sv—a ™! X—=rr1p)2> ||SS+()'(—rf1p)—oF1 x—
rf1p)|l2, where ||-||2 denotes the Euclidean norm of a vector. Phrased differently, (3)
provides the best solution to equation (4), in the least square sense. In addition, when
p < N, we have that ST = S—! and Wyp = Wrp, such that Wrp can be viewed
as a general estimator for the TP weights, covering both the singular and nonsingular
case. For further properties of the Moore—Penrose inverse, see, e.g., [17].

The expectation and variance of an estimator are key quantities to describe its sta-
tistical properties. With the standard assumption of normally distributed asset returns,
the stochastic components of Wy p consists of ST and X, which are independent under
the assumption of normally distributed data (see, e.g., [10]). Unfortunately, there exist
no derivation of the expected value or variance of S*, when p > N.In [21] however,
these quantities are presented in the special case of £ = I,. The authors also pro-
vided approximate results, using moments of standard normal random variables, and
exact results for moments of the generalized reflexive inverse, another quantity that
can be applied as an inverse of S. Further, in a recent paper [28], several bounds on
the mean and variance of ST are provided, based on the Poincaré separation theorem.
Our paper builds on the results presented in [21] and [28] to provide bounds and ap-
proximations for the moments of the TP weights, E[wrp] and V[wrp], where E[:]
and V-] denote the expected value and variance, respectively. We also present a simu-
lation study, where various measures compare the derived bounds with the equivalent
sample quantities obtained from simulated data. Finally, we compare the moments
obtained applying the reflexive generalized inverse and the sample moments based
on the Moore—Penrose inverse.

The rest of this paper is organized as follows. Section 2.1 provides exact moment
results for the case X = I,,. Section 2.2 presents bounds for the moments of wr p
in the general case, while approximate moments are derived in Section 2.3. Exact
moments applying the reflexive generalized inverse are derived in Section 3. The
simulation study is presented in Section 4 while Section 5 summarizes.

2 Moments with the Moore-Penrose inverse

Let X be a p x N matrix with N asset return vectors of dimension p x 1 stacked
as columns, where p > N. Further, we assume that these return vectors are inde-
pendent and normally distributed with mean vector g and positive definite covari-
ance matrix X. Thus X ~ MN, y(uly, X, Iy), where MAN, ,(M, X, U) denotes
the matrix-variate normal distribution with p x N mean matrix M, p X p row-
wise covariance matrix X and N x N column-wise covariance matrix U. Further,
let the p x 1 vector X be the row mean of X. Now, define Y = X — )‘(1;\,, such that
Y ~ ./\/l/\/'p,N(O, ¥, Iy). Further, let S = YY'/n, such that rank(S) = n < p with
n =N —1,and nS ~ W(n, X), i.e. nS follows a p-dimensional singular Wishart
distribution with n degrees of freedom and the parameter matrix X. Let S = QRQ’
denote the eigenvalue decomposition of S, where R is the n x n diagonal matrix of
positive eigenvalues and Q is the p x n matrix with corresponding eigenvectors as
columns. Further, define

St =QRrRQ.
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Then, ST constitutes the Moore—Penrose inverse of YY'/n, and S* is independent of
X (see [10]).

In the following, let = o~ '(X — rfly) and 6 = E[n] = o l(p — relp).
Consequently, from Corollary 3.2b.1 in [36], together with the fact that E[X] = u and
VIx] = X/(n + 1), we obtain that

/ / Z
Bl = 00+ o )
Eyl = 00+ 12 ©)
2+ 1)
- o w(TE)

Further, let s/ denote the element on row i and column j of ST, and let o/ denote
the element on row i and column j of £~!. Also let e; denotes a p x 1 vector where
all values are equal to zero, except the i-th element, which is equal to one. Moreover,
we assume that A (M) > Ao(M) > --- > A,(M) are the ordered eigenvalues of a
symmetric p X p matrix M, and that A <; B denotes the Lowner ordering of two
positive semi-definite matrices A and B.

2.1 Exact moments when & =1,

When ¥ is the identity matrix, it is possible to derive exact moments of the TP weights
obtained from the Moore—Penrose inverse in the singular case. First, note the follow-
ing results presented in Theorem 2.1 of [21], which state that in the case £ = I, and
p > n + 3, we have that

E[ST] = ail,, ®
V[vec(ST)] = az(Ipz + sz) + 2a3vec(Ip)Vec/(Ip), )

where C 2 is the commutation matrix, vec(-) is the vectorization operator and

2
n
= — 10
S P (10
3 1) - N
o — n’[p(p—1) —n(p—n—2)—2] an

p(p=D(p+2(p—n)(p—n—-1(p—-n-3)
o = me—m+%@—m@—m+w@—m. a2
Prp—=D(p+2)(p —n)(p—n—1)2%(p—n—3)
Note that constants in (10)—(12) differ slightly from the constants presented in [21],
since our paper considers results for nS ~ W, (n, X), while [21] derived the results
for W ~ W (n, X). The moments in (8) and (9) allow us to derive the following
results.

Theorem 1. If p > n+ 3 and X =1, then

Elwrpl = aiwrp,
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al + (p + Day + 2a3
a?(n+1) P

Viwrpl = (a2+2a3)WrpWrp + |:a2W/TPwTP +

with constants ay, ap and a3 that are defined in (10)—(12).

Proof. Since wrp = o 'ST(x — r¢1p), the first result follows directly from (8) and
the independence of ST and X. For the second result, first note that as discussed in
[21], equation (9) can be written as

Cov(s', s*) = ar(8ix8 j1 + 818 jx) + 2a38;8u,

where §;; = 1if i = j and O otherwise, so that §;;, 7, j = 1..., p, denote the
elements of I,,. Hence, we have that

E[s¥s*] = ax(Bikdj1 + 8irdjk) + (Cll2 +2a3)8;8k1- (13)

Also note the following element representations of matrix operations, where A and B
are symmetric p x p matrices and tr(-) denotes the trace operator of a matrix:

P
AwBA)]; = aj ). Z by, (14)
k=1 I=1
P p
[ABAL;; = ) ) buaaj
k=1 I=1
PP
= ZZbklailajk. (15)
k=1 I=1
Moreover, with § = «~!(X — r1,) and E[n] = 0,
Viwrpl = V[STy] = E[E[STyy'ST | n]] — E[ST106' E[ST]. (16)

By letting H = n»’ and applying equations (13)—(15) we obtain

p P
Z Z hy Els™* 571

k=1 I=1

E[STHS™ | n];;

hiilaz(8;j6k + 8i18kj) + (@} + 2a3)dixé 11

~
Il

Il
Mm
= 1M

11
ar [1 ptr(HIp)]l.j + aa[1,HI, J;j + (af + 2a3)[1,HL, ;.

Consequently,
EISTHST | 9] = (af + a2 + 2a3)H + axtr(H)1,
and inserting the above result into (16) together with (5) and (8) gives
VISt = (@ +ay+2a3) (00’ + oz*zN*le) +
tar (tr(00/) +a 2N p) 1, — a200’

and the theorem follows noting that § = wyp when X =1,,. O



On the mean and variance of the estimated tangency portfolio weights for small samples 459

A direct consequence of Theorem 1 is that the estimator wr p is biased, with bias
factor a;. Hence, in the case of £ = I,, we have that afIWT p constitutes an un-
biased estimator. Further, in accordance with Corollary 2.1 in [21], as n, p — 00,
assuming n/p — r, with 0 < r < 1, the constants of V[wr p] emits the following
asymptotic magnitudes: a; = O(1), ay = O(n™") = O(p~!) and a3 = Om2) =
O(p~?). Consequently, since tr(wr pWr5 p) = O(p) in the general case, we have that
aztr(prw’TP) = (O(1). Hence, unless w7 p has some specific structure, V[wrp]
does not vanish to zero under this asymptotic regime. This is not unique for the sin-
gular case, since the corresponding is also true for Wy p in the nonsingular case, when
n, p — oo. Finally, we note that in practice the population covariance matrix of a
portfolio of assets will likely never be equal to I,, and hence the results in this sec-
tion are mainly of theoretical nature.

2.2 Bounds on the moments
This section aims to provide upper and lower bounds for the expected value of wr p
and upper bounds for the variance of wr p. First, define the following p x p matrices,

D = a(A,(Z7)°Z,
U, = aiuEHE,
n
U, = —nEH1,
b p—n— 1 1( ) P
with elements d;;, ufja) and ux’), respectively. Further denote by e;; the elements of
E[ST] and let ulgf) = min{ul(?), ug’)}, i =1,..., p. Then we can derive the following
result.

Theorem 2. Suppose p > n + 3 and ¥ > 0. Let w; and 0;, be the i-th elements
of the p x 1 vectors w = E[Wrpland @ = o~ (n — r¢1p), respectively. Then for
i=1,...,p,itholds that

P P
viith + Zvijej <w; <zi0 + ZZiij
JF JF#
where, fori,j =1,...,p,

i — 8ij if@j >0,
Y hij if@j <0,
i = 8ij if@j <O,
Y h,‘j if@j >0,

with gii = d;i, hi; = ul? while fori # j,

i’

dij — \/(M,(f) - dii)(“?}) —djj),
u® — Wl — i@ — ).
b b
~J@? — i) -,
() ()

BT

gij = Mmax
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dij + \/(uﬁ) - dii)(”;j) —djj),

(a) (a) (a)
”ij +\/(u,’i _dii)(”jj _djj)a
b b
Jal —dina) —a;,
Gk) (%)

Ui Ujj

h,‘j = min

Proof. The result follows directly from the element-wise bounds in Lemma A2 and
that due to the independence of ST and X we have E[wrp] = E[ST]6. O

Note that when £ = I,, we have that )q(Z’l)2 = kp(271)2 = 1, and hence
E[ST]=D=U, = al,. Consequently g;; = h;; = 0,i # j, and g;; = h;; = ay,
i=1,...,p,since u??) =a) < alg = u?f), and p > n. Hence, Theorem 2 yields
that E[wrp] = a0, consistent with the result of Theorem 1.

The following result provides two upper bounds for the variance of the TP weights
estimate Wr p.

Theorem 3. Suppose p > n+ 3 and X > 0. Then
ViWrel <o Qo+ )i (T En1Z + kI ER'Eyl), (7)
VIWwrpl <p Qe+ )i (ET) EL' ], (18)
with the expected values given in (5)—(7) and

n*l(p—n)(p—n—D(p—n-31",

cp =
2 = (p—n—2cy,
P [1+n— (p+1)(p(n+1)—2)}g’
p(p+1)—=2 p
b = [1 (p+1)(p—n)}n
2 = - | —.
pp+1)—=2 ]p

Proof. We are interested in bounds for the quantity &’ VW pla = o’ V[STy]e, for
all @ € RP. First, by the tower property we have

VISTy] = E[E[STyy'S* | 9] - E[ST106"E[ST].
Hence, we can obtain
o' V[Style = E[E[«'STyy'STa |y]]— o E[STI00'E[ST]e’
= E[El@S D | n]] - @ EsT10)

Then, by noting that (¢’ E[S*]0)? > 0 and applying the bounds from Lemma A4 on
E[(a’ST7)?] we can derive

' VISThle < Qer+e)((ET)?

X E [k @20 + k@ Za)0'En),
' VSTnle < () Qe + ) El@a) ('),

and with the aid of (5)—(7) the result follows. |
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2.3 Approximate moments

Regarding general X, it is possible to provide approximate moments for w7 p using
simulations of standard normal matrices. Following Section 3.1 in [21], we denote the
eigendecomposition of ¥ as ¥ = FAT’, with A; denoting the i-th diagonal element
of A, and let Z ~ MN pn (0,15, 1), with z; denoting row i of Z. Further, denote
mij(A) = E[z;(Z'AZ) %z;] and v;j u(A) = Cov[z}(Z'AZ)?z;, 2} (Z'AZ) 7],
where Cov[ X, Y] denotes the covariance between X and Y.

Also define
P
M) = n Z)»imii(l\)eie;,
i=1
p P
VA) = DO hikjvinji(A)(ei€; @ e;e)

i=1 j=1

P p
Z inxjv,-j,,-j(A)(ejef, ®eie))(I,2 +C,2)

p
Z Tiiii (A)(ei€] © eje] >} (19)
and make the decomposition
L STRREERI 21
TeDvVAT'eI) = oo , (20)
W, o W,
where W;; are p x p matrices, i, j = 1, ..., p. The following result can then be

derived.
Theorem 4. If p > n+3and X > 0, then

Elwrp] = TIM(A)I'0,

- 1 /
Viwrp] = ZZ(Z/ 2(n +1)> i/+mrM(A)AM(A)r

i=1 j=I

with 6; = Ol_l(/,Ll' —rf).

Proof. From Theorem 3.1 in [21], we have that E[ST] = 'M(A)I". Then the first
result follows due to the independence of S* and X. For the second result, we have
that

VISTa] = E[E[STyy'ST | 9] - E[ST106"E[ST]. 2D
Again we let H = ny’. Applying Theorem 3.1 in [21] we have that

Vivee(SH)] = TDVA)T I,
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and in accordance with equation (6.8) in [23], we get
p P
E[STHS']1 =) " hi;¥;; + E[STTHE[S],
i=1 j=1

where W;; is obtained from the decomposition (20). Inserting the above into (21)
gives

p P
VIStyl = > ) Elh;;]¥;; +EISTIEH]E[ST] — E[S"]106' E[S*]
i=1j=1
P p
Tij 1 /
- Z Z (el-ej + W) ¥ij + — TM(A) AM(A)T
i=1 j=1
due to (5) and since I’XT = A. The theorem is proved. O

In [21] the authors note that the moments m;;(A) and v;; (A) do not seem to
have tractable closed-form representations. However, these quantities can be approx-
imated by simulation of Z, given the eigenvalues of X.

3 Exact moments with reflexive generalized inverse

An alternative to using the Moore—Penrose inverse St to estimate X !

tion of the reflexive generalized inverse, defined as

is an applica-

St — y-1/2 (271/252‘%1/2)4r x12,

where the elements of ST are denoted s . Then, the TP weights vector can be esti-
mated by

wrp =81,
and we derive the following result.

Theorem 5. If p > n+ 3 and X > 0, then

]E[W:;"p] = a\wrp,

VIwyp] (a2 +2a3)Wr pWrp

2
+(p+ Daz +2
+ |:612W/TPEWTP + aitp+Da a3:| -1

al(n+1)

Proof. The first result follows directly from Corollary 2.3 in [21], and the indepen-
dence of S and x. For the second result, we have that

VISTy] = E[E[S*nn’ST|n]]—E[sT]00’1E[sT]. 22)
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Again we let H = 9/, and note that by Corollary 2.3 in [21] we have

E[s;'ks;j] = ag(aijakl + Uilokj) + (a% + 2a3)aikaﬂ

which combined with (14)—(15) allows us to obtain

E [S*Hs"‘ | n]

so sthat

E[STHS' | 9] = (¢} + a2 + 2a3) T 'HZ ™! + apu(HZ " Hz !

ij

ME

P o
thl E [s;rksl‘j]
11=

p .. . .
thl (az(OUO'kl +O_llakj)

~
I
—_

Mu

~
Il

1
+(a% + 2a3)0ik0jl)

~
—_

(@* + ay + 2a3) [E_IHZ_I]

1

Inserting this into equation (22) gives

ViSty =

and applying the first result on E[ST] together with (5) concludes the proof.

@+ ay +2a3) T Elgn' 127 + aotr(E[py'12 " H T !
—E[ST100' E[ST],

463

+au@EEH [z
J L

O

An obvious drawback of w; p is that ¥ must be known in order to construct S*.
Moreover, in the case of ¥ = I, the results in Theorem 5 coincide with the results in
Theorem 1, since in this case ST = S$.

4 Simulation study

The aim of this section is to compare the bounds on the moments of Wz p derived in
Section 2.2 with the sample mean and sample variance of this estimator. We will also

investigate the difference between the moments of W; p derived in Theorem 5 and the
sample moments of Wz p. Ideally, the bounds should not deviate from the obtained
sample moments very much. To this end, define b/ and b” as the p x 1 vectors with

elements

P
b = vii/Li+Zvij,uj,
J#
)4
b = ZiiMi-i-ZZij/Lj,

J#i
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such that b’ and b* represent the element-wise lower and upper bounds for the ex-
pected TP weights vector presented in Theorem 2, where we set@ = 1 and ry = 0.
Let

Bl = Qa+e)uE N (MZEmZ + kI ER'E),

B, Qe1 + ) (E ) EI ML,

represent the bounds in equations (17) and (18) in Theorem 3, respectively. Further,
letm and V respectively denote the sample mean vector and sample covariance matrix
of wrp based on an observed matrix X, as described in Section 2. Moreover, we
define

1. |b' — m|
n = 177—, (23)
1 |b* — m|
t =-L7¢—, (24)
_ 1| E[w),] —m
4= %, (25)

so that 7, 7, and t7 measure the element-wise difference between the sample mean
vector and the lower and upper bounds on the mean, and mean of WTT p» respectively.
Dividing by p allows comparing the measures between various portfolio sizes. Fur-
ther, let

1,8, —V) 11,‘
I = o (26)
1,(B, - V) 1,,‘
no= @
) 1, (Viwhpl = V) 1,
Tt = = , (28)

where 1), is a p x 1 vector of ones. Then, 77 and 7, provide a measure of discrepancy
between the sample covariance matrix and bounds presented in Theorem 3, while
T™ measures the discrepancy between the variance of w; p presented in Theorem 5
and the sample covariance matrix of wrp. Since it is divided by pz, the number
of elements in By, By, V[WTT pl and V, the measures T, TT and T» again allow for
comparison between different portfolio sizes. Moreover, define

fi = b —m|%/m|%, (29)
fu = Ib*—=m|3%/lm|3, (30)
ff = IEw) .1 —m]%/|m|%, (1)

Fi = By =V[%/IVI%, (32)
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B> — VI%/IVI%, (33)
IVIwh o1 = VIZ/IVI%, (34)

)
FT

where ||M||% denotes the Frobenius norm of the matrix M. Hence fi, f>, F] and F>
represent the normalized Frobenius norm of differences between the bounds and the
sample variance, while f T and FT denote the differences between the moments of
w; p and the sample variance of Wrp.

In the following, we will study simulations of (23)—(34) for various parameter
values. In order to account for a wide range of values of u and X, these values will
be randomly generated in the simulation study. Each of the p elements in the mean
vector u will be independently generated as /(—0.1, 0.1), where /(/, 1) denotes the
uniform distribution between / and u. The positive definite covariance matrix X will
be determined as ¥ = T AT, where the p x p matrix I represent the eigenvectors
of ¥ and is generated according to the Haar distribution. The p x p matrix A is
diagonal, and its elements represents the ordered eigenvalues of X. Here we let the
p eigenvalues be equally spaced from d to 1, for various values of d. Then, the pa-
rameter d represents a measure of dependency between the p assets in the portfolio,
where d = 1 represents no dependency and larger d represents a stronger dependency
structure. Consequently, the simulation procedure can be described as follows:

1) Generate u, with u; ~U(—0.1,0.1),i =1..., p.

2) Generate T according to the Haar distribution, and compute ¥ = T' AT, where
diag(A) =d..., 1.

3) Independently generate X ~ N, 1(, X/N) and nS ~ W, (n, X).
4) Compute Wy p.

5) Repeat steps 3) and 4) above s = 10000 times.

6) Based on the s samples of W p, compute m and V.

7) Given m and V, compute (23)—(34).

The above procedure is repeated r = 10 times to get r values of (23)—(34) for
a given combination of p, N and d. Figures 1-12 display the mean value, for the r
simulations, of each respective measure, for p = {25, 50, 75, 100}, d = {1, ..., 10}
and N = {2,0.4p,0.7p, p — 3}.5 For easier reading, the values are displayed on
a logarithmic scale and are connected with a solid line. First, we notice that most
measures seem to increase with increasing dependency measure d. Further, #;, t,,, ¢,
Ty, T», T' increase with increasing sample size N. However, F;, the measure of the
discrepancy between the sample variance of wr p and the variance bound B,, on the
contrary, decreases with increasing N. Regarding the bounds on the expected value

5The computation time for each set of simulations for p = {25, 50, 75, 100} is {12, 26, 55, 107} min-
utes, respectively, when calculation is run on 15 threads of an AMD Ryzen 7 5800H CPU. Hence, for
future research, it is possible to explore even larger sample sizes on a standard PC.
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Fig. 1. The logarithm of t; plotted for various values of p, N and d

of Wrp, t; and t, become very similar, and so do f; and f>. The measures of the
difference between E[w7 p] and E[w; pls t+ and f T are fairly small for most of the

considered simulation parameters. This suggests that ]E[WTT pl can serve as a rough
approximation of E[Wr p], especially for N € (0.4p, 0.7 p). Furthermore, when d =
1 we have £ = I, and hence the both bounds by and by, as well as E[WTT pl, provide
equality with E[Wr p]. In particular, for d = 1, these measures simply capture sample
variance for the mean of m. Similarly, when d = 1, T* and F' capture the sample
variance of V. Further, for N < p — 3 and low values of d, Tt and FT are fairly
small, suggesting that V[w; p] could be applied as a rough approximation of V[wrp]
in these cases. Finally, we notice that the measures F| and F; become very large for
most of the combinations of p, N and d. It is however important to note that the
Frobenius norm of differences, that these measures are based on, captures element-
wise squared discrepancies, while By and B, are not element-wise bounds, but rather
bounds in the Lowner order sense.

5 Summary

The TP is an important portfolio in mean-variance asset optimization framework of
[35], and the statistical properties of the typical TP weight estimator have been thor-
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Fig. 2. The logarithm of t,, plotted for various values of p, N and d

oughly studied. However, when the portfolio dimension is greater than the sample
size, this estimator is not applicable since standard inversion of the now singular
sample covariance matrix is not possible. This issue can be solved by applying the
Moore—Penrose inverse, to which a general TP weights estimator can be provided,
covering both the singular and nonsingular case. Unfortunately, there exists no deriva-
tion of the moments for the Moore—Penrose inverse of a singular Wishart matrix, and
consequently the moments of the general TP estimator cannot be obtained.

In this paper, we provide bounds on the mean and variance of the TP weights es-
timator in the singular case. Further, we present approximate results, as well as exact
moment results in the case when the population covariance is equal to the identity
matrix. We also provide exact moment results when the reflexive generalized inverse
is applied in the TP weights equation.

Moreover, we investigate the properties of the derived bounds, and the estima-
tor based on the reflexive generalized inverse, in a simulation study. The difference
between the various bounds and the sample counterparts are measured by several
quantities, and studied for numerous dimensions, sample sizes and levels of depen-
dencies of the population covariance matrix. The results suggest that many of the
derived bounds are closest to the sample moments when the population covariance
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matrix implies low dependency between the considered assets. Finally, the study im-
plies that in some cases the moments of TP weights based on the reflexive generalized
inverse can be used as a rough approximation for the moments of TP weights based
on the Moore—Penrose inverse. For future studies, it would be relevant, for example,
to perform a sensitivity analysis on how fluctuations in the population covariance
matrix affect the estimated TP weights.

Appendix

Lemma Al. The elements of E[S*] have the bounds, fori =1, ..., p,

a
0<dij<ei =< ugi),

and, fori,j=1,...,p, i # ],

ejj < min{dij,u,(?)}‘f‘\/(u,(?)_dii)(u%)—djj),
eij = max{dj, Mg}l)} - \/(M,(?) - dii)(“j'? —djj).
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Proof. First note that in accordance with Theorem 3.2 and Theorem 3.3 of [28], we
have that

DfL ]E[S+] <L Ua’
E[ST] <. U,.

Further, by definition of the Lowner order we have, with & € R”, that
a'Da < o’ E[ST]e < a'Uex. (35)

Thus, since o’ (E[ST] — D)a > 0, we have that E[ST] — D is a positive semi-definite
matrix, and the same holds for U — E[S™]. This gives that 0 < d;; < e;; < u??),
i=1,...,p.

Moreover, note that every principal submatrix of a positive definite matrix is also
positive definite. Combined with (35) it provides the following inequalities, for any

i,j=1,..., p,and with arbitrary nonzero scalars x; and x»,
2. (a) (@) 2 (a)
xju;; + 2x1x2uij + XU =
2 2
xieii +2x1x2e;; +x5ej; >
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xlzdii+2x1x2dij +x22djj > 0.

Now, first assume x; > 0, xp > 0. Then, the above expressions can be applied to

obtain
2 .. . 2 ..
xieij + 2x1x2e;; + x5e;; >
2 (a) 2 (a)
xiu;; +2x1xze,-j+x2ujj >

foranyi,j =...

eij

xlzd,',' + 2x1x2d;j + x22djj,

(36)

xidi; 4 2x1x2d;; + x3dj;,

x%(u??) —di;) + x%(u;‘;) —djj) — 2x1x2d;

_xl(ug?) —dii) x(uj;

2x1x2

W —dj))

2x7

+d;;  (37)

2x1

, P, 1 # j. As the right-hand side is a lower bound, we would like

to obtain values x| and x, that maximizes this concave function. Deriving and setting
the expression equal to zero, we obtain that it has its maximum at

(@)

2
xq (g

—dij) = x3(u

Jjj

(@)

djj).
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Fig. 6. The logarithm of Tt plotted for various values of p, N and d

Without loss of generality we can set x; = 1 and thus obtain the maximum at

x1 = 1,

X2 =

Applying this result to equation (37) yields

eij = dij— \/(u(a) dii)(uﬁ‘;) —djj). (38)
With an equivalent approach, again with x; > 0, x, > 0, we can use inequalities

2, (@)

xlzdii—i-lexzeij—i—x%djj < Xxiu;; —|—2x1x2u —}—x2 @

Ji’
b (u,(?) —dii) + x5 (uﬁ) —djj) + ZX1X2M§;)

2x1x2

ej =

in order to obtain the upper bound

ey = 1+ W —dnw® —aj), (39)



472 G. Alfelt, S. Mazur

p=25 p=50
© - © -
o -~ N =
g N %_) N
o o
o - o -
o o
T T T T T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
d d
p=75 p=100
0 o= © -
W <+ -
g N o g N
O o
o o o -
o o
T T T T T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
d d

| B N=2 @ N=04p @ N=0.7"p B N=p3 l

Fig. 7. The logarithm of f; plotted for various values of p, N and d

Instead considering x; < 0 and x» > 0 (or x; > 0 and x» < 0), with a similar
approach, we can obtain the bounds

eij = dij "‘\/(”5?) — i) — ),
e = Jul® —ana —aj.

Letting x;1 < 0 and x» < 0 again yield bounds (38) and (39). Expressing it differently,
the above bounds can be written as

min{d;j. 1) + /@ — dip @D - dj)).

€ij = ij ii
ejj > max{dij,u§7)} —\/(M,(?) _dii)(u%) —djj),
concluding the proof. O

The results in Lemma A1 can be further extended, by also considering the bound-
ing matrix Uj. The following lemma summarizes this result.

Lemma A2. The elements of E[S1] have the bounds, fori =1, ..., p,
(%)

0<gi:=di <eyj <hj:=u;,
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()

where ;" = mln{u(a) g-’)}. Further, fori, j=1,...,p, i # j,

1220

gij =< eij < hij

with

dij = J @l — diy @) — djp).
u —J ) — diy @' — djp),

gij = max _\/(u(b) dii)(u%) i, ’
dij + \/(u(*) - d”)(u( ) djj),
hij = min ) :;)\/(“(u) (b‘fii)(ld%) —djj),
\/(u dii)(uj; = djj),
i
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Proof. First, we have that

dij \/(u(*) d,-i)(u;j.) djj) <ejj <dij + \/(u(*) dii)(bl;j') —djj),

since ¢;; (and e;;) in (36) can be replaced by either ”‘1(7) or ul(f’) whichever is the

smaller. Then
u® — J — diy@® — ) aff + @ — i) - dy)
\/( ®) du)(l/t(b) djj) eij S\/( ® du)(u(b) djj)

follows directly from Lemma A1 and the fact that Uy, is diagonal and thus ug’) =0.

Finally,
P < oy < Dy

(*) (*) < _m < elj m (*) (*)

The lemma is proved. O

A

eij

A

follows from
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Fig. 10. The logarithm of Fy plotted for various values of p, N and d

In the following, let
nlpn+1) —2]
plp(p+1) =21
n(p —n)
plp(p+1) =21
Further, define g(L) = [[/_, [Li|+ and c¢(n, p) = (27)"?/?2"s(n, p), where |L;|+
and s(n, p) are defined as on pages 128 and 129 in [28].
Lemma A3. Let ann x p matrix L satisfy LL' = 1,,. Then, for all o, x € R?,

(i) [(e'L'Lea)(xXL'Lx)g(L)dL = kjc(n, p)(@'x)? + kac(n, p)(oa)(X'x),
(ii) [(@'L'Lx)*g(L)dL = ksc(n, p)(a'x)? + kac(n, p)(a'a)(x'x).

k3

kg

Proof. In accordance with page 130 in [28], we have
n(@,2 + K, p) + n’vec(I,)vec (I,)
—c(n, p)”! /(L QL) {p(Inz F K + p2vec(I,,)Vec/(I,,)} x

x (L ® L)g(L)dL, (40)
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where K. . is the commutation matrix. Now note that

(@ ®x)'T2(e®x) = (¢'a)(xx), 41)
@®%)K, (@ ®x) = (%7, (42)
(@ ® x)'vecIp)vec'(Ip) (e ® X) = (@'x)?, (43)
(a®x)(L® L)’Inz (L®L)(¢ ® x) = (¢'L'La) (x'L'Lx), (44)
@®x)(LO®LK,,(L®L)(@®x) = (¢'L'Lx)>, (45)

(@ ® x)'(L ® L) vec(I,)vec’ I,)(L ® L) (¢ ® X) = («’'L'Lx)>  (46)

and

@@ T(x®x) = (a'x)?,

@®a)K, ,x®x) = (@x)?

(@ @ a)' vec(I)vec (I,)(x ® X) = (o'ar) (x'x),

(¢ ®a) L L)/Inz LOL)x®x) = (a/L/LX)2,

(@®a)(L®LK,,(LO®L)(x®x) = (¢'L'Lx)%,

(¢ ®a) (L ®L)vecd,)vec' I,)(L®L)(x ® x) = (¢'L'La) (xXL'Lx).
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Fig. 12. The logarithm of F T plotted for various values of p, N and d

Then, from equation (40) we can obtain the following two expressions:

@®x) {112 +Kp,p) +n*vee,)ved' @)} @ @ %)
=w@mﬂW®m{/@®m{mm+mw+fwmmmnw
x (L® L)g(L)dL] (¢ ®x),

n(a'a)(x'x) + (n + n%)(e'x)?

—c(n, p)~! f { (@' ULa) X L'Lx) + (p + pz)(oc/L/Lx)z} ¢(L)dL, (47)
and

(@®a) {n(l 2+ Kp )+ nzvec(Ip)Vec’(Ip)} x®x)
=dmm”w®m{f@®mﬂmm+Kmruﬁwmww@ﬂ

x (L® L)g(L)dL} x ®x),
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2n(a’'x)? + n?(a’a)(x'x)
—cn, p)~! f { p2('L/La) X L'Lx) + 2 p(a/L/Lx)z} ¢(L)dL. (48)

From equation (47) we can then derive

@)®x) + (1 + D(@x)?

/ (@'L'La)(XL'Lx)g(L)dL = @[

~(1+p) f ('L'Lx)’g(L)dL.

Inserting this expression into equation (48) yields

n(pn+1) — 2)(@'x)% + (p — n)(@'a)(x'x)
p cn, p)~Hpp+1) —2)

’

/ (e'L'Lx)?g(L)dL =
and then we finally obtain

n (@'a)(x'x) + (n + 1)(e'x)?
p c(n, p)~!
n (p(n+1)—2)(@'x)?+(p—n)(@'a)(x'x)

/(oc’L’Loc) x'L'Lx)g(L)dL. =

— D—
P T ) T+ D -2)
_ ¢, pin (1 _(@+ D —n)> (@) Xx)
p pp+1)=-2
_|_C(n, pn <1 tn— (p+Dpn+1) - 2))
p pp+1) =2
x (a'x)?,
completing the proof. 4

Lemma A4. LetnS ~W,(n,X), p >n+3and X > 0. Then, forall o, x € R?,
(i) E[(@'StTx)?] < 2c1 + )M (Z™)N* [k (@' 2x)% + k2 (o' ) (x Tx) ],
(ii) E[('STx)?] < A (Z7H)*Q2c1 + e2) (o) (X'x).

Proof. First, let YYX~!/2 = TL, where LL’ = I,, L is an n x p matrix and T is a
lower triangular n x n matrix with positive elements. Further, note that in accordance
with page 131 in [28], for p > n + 3, we have that

E[vec(ST)vec' (S = ¢, p)~! /(Cl(lpz +K,, ,)(P®P)
+cavec(P)vec' (P))g(L)dL,
where

p = 2L/@wxEL) 'LxL)" 'L/,
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Then, with equalities similar to (41)—(46),

(e ®x) E[vec(ST)vec' (ST) (e ®x)

ctn. ) @9 [ (€10, + Ky )PP,
+cpvec(P)vec' (P)) g(L)dL(x ® x),

E[(@'STx)?] = c(n, p)~! [(cl +¢2) f (x'Par)’g(L)dL

+ f(x/PX)(a’Pa)g(L)dL] . (49)

Now, by Lemma A5, we have that (xX'Px)(a’Pe) > (x'Pa)?. Further, combining this
inequality with (49) and Lemma 2.4 (i) in [28], we have

El(@'STx)?] = c(n,p)~! [(q +¢2) / (x'Par)’g(L)dL

+ ¢ /(X’PX)(ot’Pot)g(L)dL]

IA

cn, p)~'Qci + ) / (x'Px)(a'Pa) g (L)dL
c(n, p)~' Q21 + ) (27
x f(a/z1/2L’L21/2a)(x’):1/2L/LzWx)g(L)dL

IA

= Ca+)0uE ) M@0 + @K E)],

where Lemma A3 (i) has been applied in the last equality. On the other hand, if we
instead apply the inequality in Lemma 2.4 (ii) of [28], we obtain

El@S" 0] < ¢ p)” aE) Qe + )@ @) x'x)] / g(L)dL
= E Qe+ )@ (x'¥)]
where Lemma 3.1 (i) in [28] gives the equality and concludes the proof. O

Lemma AS. Let A be a p X p symmetric positive definite matrix. Then for any
c,d e RP,

(¢Ac)(d’'Ad) > (CAd)>.

Proof. Let A = QRQ’ denote the eigenvalue decomposition of A, such that Q is
orthogonal and R is a diagonal matrix with positive elements. Make the substitutions

f=R'Qk,
g=R"2Q4,

so that the inequality (¢'Ac)(d’Ad) > (¢’Ad)? can be written as

fH(gg) > Fg)’. (50)
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Further, since (f'g) = |/f||||g|lcos(@), where ||| denotes the Euclidean norm and 0 is
the angle between the vectors f and g, the inequality (50) becomes

I£1%1gl*=> €12 1glcos©)?,

which holds since cos()? < 1. The lemma is proved. O
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