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Abstract The term moderate deviations is often used in the literature to mean a class of large
deviation principles that, in some sense, fills the gap between a convergence in probability to
zero (governed by a large deviation principle) and a weak convergence to a centered normal
distribution. In this paper, some examples of classes of large deviation principles of this kind
are presented, but the involved random variables converge weakly to Gumbel, exponential and
Laplace distributions.

Keywords Sampled extrema, occupancy problem, coupon collector’s problem, replacement
model for random lifetimes

2010 MSC  60F10, 60F05, 60G70, 60C05

1 Introduction

The theory of large deviations gives an asymptotic computation of small probabilities
on exponential scale; see [4] as a reference of this topic. The basic definition of this
theory is the concept of large deviation principle, which provides some asymptotic
bounds for a family of probability measures on the same topological space; these
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bounds are expressed in terms of a speed function (that tends to infinity) and a lower
semicontinuous rate function defined on the topological space.

The term moderate deviations is used for a class of large deviation principles
which fills the gap between a convergence to a constant (governed by a large deviation
principle with a suitable speed function) and an asymptotic normality result. In view
of the examples studied in this paper we explain the concept of moderate deviations
in the next Assertion 1.1, and our presentation will be restricted to sequences of real
random variables defined on the same probability space (£2, F, P); thus the speed
function is a sequence {v, : n > 1} such that v,, — oo (as in the rest of the paper).

Assertion 1.1 ((Classical) moderate deviations). Let {C, : n > 1} be a sequence of
real random variables such that the following asymptotic regimes hold.

R1: {C, : n = 1} converges in probability to zero, and this convergence is gov-
erned by a large deviation principle with speed v, and rate function I p (such that
Iip(x) =0ifand only if x = 0);

R2: /v, C, converges weakly to a centered normal distribution with (positive)
variance o~.

Then we talk about moderate deviations when, for every family of positive num-
bers {a, : n > 1} such that

a, — 0 and a,v, — 09, (D

the sequence of random variables {,/a,v,C, : n > 1} satisfies the large deviation
principle with speed 1/ay, and rate function Iyp defined by

2

Ivp(x) = % forallx € R. )

Moreover, one typically has
1
I'5(0) = —. 3
Lp(0) o2 €)]

We have the following remarks.

Remark 1.1. We can recover the asymptotic regimes R1 and R2 in Assertion 1.1 by
setting a, = v]_n and a,, = 1 respectively; note that, in both cases, one of the con-
ditions in (1) holds and the other one fails. So the class of large deviation principles
in Assertion 1.1 is determined by a family of positive scaling factors {a, : n > 1}
that fills the gap between the asymptotic regimes R1 and R2. Moreover, by (1), the
speed 1/a, for the random variables {,/a,v,C, : n > 1} has a lower intensity than
the speed v, (see R1).

Remark 1.2. Concerning the random variables {C,, : n > 1} in Assertion 1.1, one
often has

C,=27Z,—70 foralln=>1,

where {Z, : n > 1} is a sequence which converges in probability to 7o for some
Zoo € R (see, for instance, (23) concerning Example 6.1 where zo, = t); moreover
this convergence is governed by a large deviation principle with some speed v,, say,
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and rate function Iz, and one has Iz(z) = 0 if and only if z = 7. Then, for the rate
function I p in Assertion 1.1, one has

Iip(x) = I7(x 4+ z00) forall x € R.

Moreover, if we refer to the equality (3) at the end of Assertion 1.1, one typically has
I(200) = 25 because 1% (200) = 1/(0).

Now we present a prototype example of the framework in Assertion 1.1, for which
one can refer to the law of large numbers and the central limit theorem. Without
loss of generality we restrict our attention to the case of centered random variables
{X, : n > 1} in order to have a convergence to zero (as in the asymptotic regime R1
in Assertion 1.1).

Example 1.1. We set

X o4 X
Cy :=Q foralln > 1
n

where {X,, : n > 1} is a sequence of i.i.d. centered real random variables. Moreover,
we also assume that E[¢?X1] < oo in a neighborhood of the origin 6 = 0, and
therefore 02 = Var[X] is finite (we also assume that o2 > 0 to avoid trivialities).
In such a case the sequence {C, : n > 1} satisfies the large deviation principle with
speed v, = n and rate function I p defined by

Iip(x) =supi6x —logE [eexl]] forall x € R.
feR

This is a consequence of the Cramér theorem (see, e.g., Theorem 2.2.3 in [4]), and
one can check that I{’;(0) = 0—12 Moreover, for every family of positive numbers
{a, : n > 1} such that (1) holds, the sequence of random variables {,/a,nC, : n > 1}
satisfies the large deviation principle with speed 1/a, and rate function Iyp defined
by (2); this is a consequence of Theorem 3.7.1 in [4] with d = 1. Actually this
prototype example can be presented for an arbitrary d (i.e. for multivariate random
variables) by taking into account the multivariate version of the Cramér theorem (see,
e.g., Theorem 2.2.30 in [4]).

The aim of this paper is to present some examples of noncentral moderate devia-
tions. We use this terminology to mean a class of large deviation principles which fills
the gap between a convergence to a constant (governed by a large deviation principle
with some speed v, and some rate function which uniquely attains the value zero at
that constant) and a weak convergence to some non-Gaussian law. This should hap-
pen in the same spirit of Assertion 1.1 for some positive scalings {a;, : n > 1} such
that (1) holds.

The terminology of noncentral moderate deviations appears in three recent re-
sults: Proposition 3.3 in [13] (for possibly m-variate random variables), Proposition
4.3 in [15] and Proposition 3.3 in [2]. In the first two cases the weak convergence is
trivial because one has a family of identically distributed random variables. Another
result is Proposition 2.2 in [12], where the convergence in distribution is not trivial;
however the term noncentral moderate deviations does not appear in that paper.

The common line of the examples studied in this paper can be summarized as
follows.
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Assertion 1.2 (Common line of several examples in this paper). We consider a se-
quence of real random variables {C, : n > 1} such that the following asymptotic
regimes hold.

R1: {C, : n = 1} converges in probability to zero, and this convergence is gov-
erned by a large deviation principle with speed v,, (we always have v,, — 00) and
rate function I p (such that I p(x) = 0 if and only if x = 0);

R2: v,,C, converges weakly to a non-Gaussian law.

Moreover, for every family of positive numbers {a, : n > 1} such that (1) holds,
the sequence of random variables {a,v,C, : n > 1} satisfies the large deviation
principle with speed 1/a,, and a suitable rate function Iyp.

Some interesting common features of the examples studied in this paper are given
by the following equalities: /1 p(0) = Iyp(0) = O (as in Assertion 1.1),

Ihvp(x) = IILD((H_)x or yp(x) =0 ifx >0

and
hip(x) = I]:D(O—)x or yyp(x) = o0 ifx <O.

Not all the noncentral moderate deviation results have these common features; for
instance they do not appear in Proposition 3.3 in [2]. This explains the interest of
non-central moderate deviations that, in our opinion, deserve to be investigated. We
also recall that the common features of the examples studied in this paper can be seen
as the analogue of the equality Iyp(x) = w# stated in Assertion 1.1 for the
classical moderate deviations (it is a consequence of (2) and (3)).

Now we present the outline of the paper with a very brief description of the exam-
ples studied in each section. We start with some preliminaries in Section 2. Section 3
is devoted to Example 3.1 which concerns minima of i.i.d. nonnegative random vari-
ables. In Section 4 we study Example 4.1, which is based on maxima of i.i.d. random
variables in the maximum domain attraction (MDA) of the Gumbel distribution (see,
e.g., the family of distributions in Theorem 8.13.4 in [3] together with the well-known
Fisher-Tippett theorem, e.g., Theorem 8.13.1 in [3]). In Section 5 we study Exam-
ple 5.1 which concerns the classical occupancy problem (or the coupon collector’s
problem); in particular that is an example with a weak convergence to the Gumbel
distribution (as Example 4.1). Finally, in Section 6, we consider Example 6.1 which
is inspired by a recent replacement model for random lifetimes in the literature (see,
e.g., [5D.

We conclude with some notation used throughout the paper. We write a, ~ b, to
mean that ﬁ—: — 1 as n — o0o; moreover we use the symbol [x] for the integer part
of x e R, i.e.

[x]:=max{k € Z : k < x}.

2 Preliminaries

We start with the definition of large deviation principle (see, e.g., [4], pages 4-5).
Let (X, tx) be a topological space and let {Z,, : n > 1} be a sequence of X-valued
random variables defined on the same probability space (€2, F, P). A sequence {v;, :
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n > 1} such that v, — oo (as n — o0) is called a speed function, and a lower
semicontinuous function / : X — [0, oo] is called a rate function. Then the sequence
{Z, : n > 1} satisfies the large deviation principle (LDP from now on) with speed v,
and rate function 7 if

1
limsup —log P(Z, € C) < — inf I(x) for all closed sets C, “)
n—oo Up xeC
and .
liminf —log P(Z, € O) > — inf I(x) for all open sets O. (®)]
n—00 vy, xe0

The rate function [ is said to be good if every level set {x € X : I(x) < n} (for
n > 0) is compact.

The following Lemma 2.1 is quite a standard result (anyway we give briefly some
hints of the proof for the sake of completeness). All the moderate deviation results in
this paper concern the situation presented in Assertion 1.2, and they will be proved
by applying Lemma 2.1; more precisely, for every choice of the positive scalings
{a, : n > 1} such that (1) holds (with a further condition for Example 6.1, i.e. (24)),
we shall have s, = 1/a, and I = Iyp for some rate function Iyp. We shall apply
Lemma 2.1 also to prove Proposition 6.1 (with s, = v, = nand I = I.p for a
suitable rate function /rp), which provides the LDP for the asymptotic regime R1
concerning Example 6.1.

Lemma 2.1. Let {s, : n > 1} be a speed and let {C,, : n > 1} be a sequence of
real random variables defined on the same probability space (2, F, P). Moreover
let I : R — [0, 0o] be a rate function decreasing on (—o0, 0), increasing on (0, 00)
and such that I (x) = 0 if and only if x = 0. Moreover, assume that:

1
limsup —log P(C,, = x) < —I(x) forallx > 0; (6)
n—oo Sp
. 1
limsup —log P(C,, < x) < —I(x) forallx <0 7
n—oo Sp

.1 foreveryx € {y e R: I(y) < oo}, and
11525?; log P(Cy € 0) = =1 (x) for all open sets O such that x € O.
(®
Then {C,, : n > 1} satisfies the LDP with speed s,, and rate function I.

Proof. Itis known that the final statement (8) yields the lower bound for open sets (5)
(see, e.g., condition (b) with eq. (1.2.8) in [4]). Here we prove that (6) and (7) yield
the upper bound for closed sets (4). Such an upper bound trivially holds if C is the
empty set or if 0 € C, and therefore in what follows we assume that C is nonempty
and 0 ¢ C; then at least one of the sets C N (0, oo) and C N (—o0, 0) is nonempty.
For simplicity we assume that both sets C N (0, oo) and C N (—o0, 0) are nonempty
(in fact, if one of them is empty, the proof can be adapted readily). Then we can find
x1 € CN(0,00)and xp € C N (—00, 0) such that C C (—o0, x2] U [x1, 00), and we
have
P(Z, € C) < P(Zy = x1) + P(Zy < x2);
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thus, by Lemma 1.2.15 in [4] (together with (6) and (7)), we have

1 1
limsup —log P(Z, € C) < limsup — log{P(Z, = x1) + P(Z, < x2)}
s

n—oo Snp n—>o0 dn

= max{—1(x1), —I(x2)} = —min{/ (x1), I (x2)}.

We conclude the proof noting that min{/ (x1), / (x2)} = inf,cc I (x) by the hypothe-
ses. O

3 An example with minima of i.i.d. nonnegative random variables

In this section we consider the following example.

Example 3.1. Let {X, : n > 1} be a sequence of i.i.d. real random variables, with a
common distribution function F. We assume that F is strictly increasing on («r, wFf),
where

aF :=inf{x e R: F(x) > 0} =0and wr :=sup{x e R: F(x) < 1};
so {X, : n > 1} are nonnegative random variables. We also assume that F'(0) = O,

and that there exists

F'(0+) := lim FO-FO = lim ) € (0, 00). 9)
x—0+ X

X x—0+

In what follows we use the notation

F(x—) :=1lim F(y).
ytx

Throughout this section we set
C, :=min{Xy,..., X,} foralln > 1. (10)

Assertion 3.1. We can recover the asymptotic regimes R1 and R2 in Assertion 1.2 as
follows.

R1: {C, : n > 1} converges in probability to zero (actually it is an a.s. conver-
gence); moreover, by Lemma 1 in [14], {C,, : n > 1} satisfies the LDP with speed
v, = n and rate function I p defined by

Lip(x) := —log(l1 — F(x—)) ifx €[0,wF),
S e otherwise.
R2:v,C,, = nmin{Xy, ..., X,,} converges weakly to the exponential distribution

with mean 1/ F’(0+); in fact, for every x > 0, by (9), we get

Pmnmin{Xy,..., X} <x)=1—P@mmin{Xy,..., X} > x)

=1 (x> 2)=1-(1-F(3))

”F(i) ! —F'(0
=1—[1—-—) 51— FODY 450 - .
n
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Thus we are studying a sequence of random variables that has interest for any
possible concrete model related to the maximum domain of attraction of the Weibull
distribution (indeed, exponential distribution is a particular case of the Weibull distri-
bution). For instance, the random variables {X,, : n > 1} could represent wind speed
data (to determine the viability of windmills).

Now we prove the moderate deviation result.

Proposition 3.1. For every family of positive numbers {a, : n > 1} such that (1)
holds (i.e. a, — 0 and a,n — o0), the sequence of random variables {a,n min{X1,
..., Xy} 1 n > 1} satisfies the LDP with speed 1 /a,, and rate function Iyip defined by

F'(0+)x  ifx € [0, 00),
o0 otherwise.

Ivip(x) := {
Proof. We apply Lemma 2.1 for every choice of {a, : n > 1} such that (1) holds,
with s, = 1/a,, I = Iyp and {C,, : n > 1} asin (10).

Proof of (6). We have to show that, for every x > 0,

lim sup a, log P(a,n min{X1, ..., X,} > x) < —F'(0+)x.

n—oo

For every 6 € (0, x) we have

P(apnmin{X1, ..., Xy} > x) = P" (Xl > = )

an

(- () =(-r(50)

and, by the relation limy_, o4+ F(x) = 0 and the limit in (9),

lim sup a, log P(apn min{X1, ..., X,,} > x)
n—>oo

-4
< limsup a,n log (1 —F <x ))
n—00 ann

. x =396 ,
= limsup a,n (—F < )) =—F'O0+)(x —96);

n— 00 ann

so we obtain (6) by letting § go to zero.

Proof of (7). We have to show that, for every x < 0,

lim sup a, log P (a,n min{X1, ..., X, } < x) < —o0.
n—0oo

This trivially holds as —oco < —oo because the random variables {C,, : n > 1} are
nonnegative (and therefore P (a,n min{X1, ..., X} <x) = 0foreveryn > 1).

Proof of (8). We want to show that, for every x > 0 and for every open set O such
that x € O, we have

liminfa, log P(a,n min{Xy, ..., X,} € 0) > —F'(0+)x.
n—>oo
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The case x = 0 is immediate; indeed, since a,n min{X1, ..., X,} converges in prob-
ability to zero by the Slutsky theorem (by @, — 0 and the weak convergence in R2
in Assertion 3.1), we have trivially 0 > 0. So, from now on, we suppose that x > 0
and we take 6 > 0 small enough to have

x—=38,x+6) C ON(0,o0).
Then

P(aynmin{Xy,..., X} € O) > P(aynmin{Xq,..., X} € (x —8,x +6))

) )
=P(min{X1,...,X,,}e(x ,x+ ))
a,n  apn
-5 )
P”(X1>x )—P"(X12x+)
anpn apn
—5\\" $ n
=(1—F(x —<1—F(x+ —))
anpn anpn
n

<
_$ -4
1—F<);nn) l—F();nn>
and, again by the relation lim,_, o4+ F(x) = 0 and the limit in (9),

1-F (’;ni,‘f—) apnF (ajf—n> —aynF (’;:f)
nlog| ——% | <-— — —00 asn — o0,

-4 - -4
-7 () o (1= (53))

because ay, (1 —F (ﬂ)) — 0 and

apn

a,mF( al ) —amnF (x - 5) = F'(04)(x — (x — 8)) = F'(04)8 > 0.
anpn apn
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In conclusion, we get

liminfa, log P(a,n min{X1, ..., X,} € O)
n—odo

o x=8\\"
> liminfa, log| 1 — F
n—o00 apn

+ liminfa, log | 1 —exp | nlog
n—oo

-3
= liminfa,n log (1 —F (x ))
n—o00 apn

. x—96
= liminfa,n <—F ( )) = —F'(0+)(x — 8);

n— 00 anpn

1 _F <x+8 _)
apn
=
1—F (};—n)

so we obtain (8) by letting § go to zero. u

4 An example with maxima of i.i.d. random variables in the MDA of Gumbel
distribution

In this section we consider the following example.

Example 4.1. Let {X, : n > 1} be a sequence of i.i.d. real random variables, with
a common distribution function F. Let wr be as in Example 3.1, and assume that
wr = 00. We also assume that, for x large enough, F is strictly increasing with
positive density f. Moreover let w be the function defined by

F(x)
fx)
and assume that w is differentiable for x large enough, limy_ oo w’(x) = 0 and w is a

regularly varying function with exponent 1 — u for some p > 0, i.e. lim,— “li)((f)) =

w(x) == where F(x) := 1 — F(x),

t1=# for all ¢ > 0. So, it is well known that
w(x) = x'"THL(x) (11)
for a suitable slowly varying function L, i.e. a function such that

L(t
fim 29 Z 0 foralls = 0

x—o00 L(x)

(this can be immediately checked by the definitions of regularly varying and slowly
varying functions).

Here we list some particular cases in which w is a regularly varying function with
exponent 1 — p for some p > 0.

1. Standard normal distribution (see, e.g., [18] (pp. 48, 50-51, 88-90) for the
asymptotic behavior of w(x))

Foy= [T e2ar xR
- \/271’ X '
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2
[2e a1

2. Gamma distribution for a > 0 (see, e.g., [1] (formula 6.5.32, p. 263), for the
limit of w(x))

- 1 00
Foy= g [ 7N w2 0)
a) Jx
© a—1,—t
e dt

3. Weibull distribution for a > 0

Fx)=e™ (x>0,

—x4 l—a

e
U)(.x) = axbl*lefxa = P s n=a.

4. Logistic distribution

- 1
F(x)zl—i——e" (x €R),

L
I+e*
e.\’

(I+e9)?

w(x) = =l4+e*—>1, pu=1.

We need several consequences of the assumptions in Example 4.1. We start with
some results concerning the function L and the value pu (see (11)). In particular we
provide an estimate for

. L(x)log F(x)
£ :=limsup ———.

X—>00 xH

12)

Lemma 4.1. Under the assumptions in Example 4.1 we have % — 0(asx — o0).

Proof. It is known (see, e.g., [8], Chapter VIII, Section 8, Lemma 2, p. 277) that, for
every ¢ > 0, there exists x; > 0 such that

x % < L(x) <x® forall x > x.

Then, if we take ¢ < u, we get

L
x et ﬂ < xf7"* forall x > xg,
xHM
and we immediately get the desired limit by letting x go to infinity. O

Lemma 4.2. Under the assumptions in Example 4.1 we have £ < i (where £ is
defined by (12)).
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Proof. Recall from (11) that f:g; = x!"ML(x); thus L(x) does not vanish because
we have F (x) # 0 for all x since wr = oo. Therefore, for some x, we get
n—1
]j(x) = z forall x > xq,
F(x) L(x)
which yields
X t X tu—l
&dt = / —dt.
x F(©) x L)
—_—

—log F(x)+log F(x1)

Recall also the so-called Potter bound (see, e.g., Theorem 1.5.6(i) in [3]): for every
A > 1 and § > 0 there exists xg = x¢(A, §) such that

L(y) 2\ v\’
LG §Amax{<y> (Z) } for all y, z > xp.

_ L(x)log F(x) n L(x)log F(x;)  L(x) [ ﬂHdt L L® x ﬂHdr

xk xk T xm o L@) xt Sy, L)

Then we have

moreover, by the Potter bound and some computations, we can estimate the last term

as
x gpu—1 X S _$
Lo fro A (f)ﬂh%hz_;i_(1_<@>“ )_
xt Sy L) Xt Jy NI nu—2a X
Then, by the definition of ¢ in (12) and by Lemma 4.1, we get £ < ﬁ by letting x

go to infinity; so we conclude by the arbitrariness of A and §. O

Remark 4.1 (A discussion on the inequality in Lemma 4.2). If we consider the four
distributions listed above for which the function w is regularly varying with exponent
1 — u for some p > 0, we have

li)rgo L(x) = L(oc0) for some L(c0) € (0, 00); (13)

indeed we have L(co) = 1 for standard normal, Gamma and logistic distributions,
and L(oco) = 1/a for Weibull distribution. Then, by the L’Hdpital rule we have

i 02F®) L —f W)/ F @)
im ——— = lim ———

X—00 XK X—00 Mx/t—l
. wx) ) 1 1
= — lim = — lim =— ,
x—o00 pxh—l x—o00 (L (x) wL(00)

and therefore

lim _ E®log F)

X—00 xH

log F 1
~ lim Lo fim 8@ _ 1
X— 00 X— 00 xH "
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In conclusion, we have shown that the limit of — as x — oo exists if (13)
holds (as it happens for the four distributions listed above). We are not aware of cases
in which the inequality in Lemma 4.2 is strict.

L(x)log F(x)
xH

Some further preliminaries are needed. Firstly, under the assumptions in Exam-
ple 4.1, the following quantities are well defined for n large enough:

1
ngZF 1—;

and (in one of the following equalities we take into account (11))

S (my) My my mﬁ

= = = = . (14)
F(my) w(my) miiML(mn) L(mp)

hy = mynf(m,) =m,

The following lemmas provide some properties of the function w and the sequence
{h, :n>1}.

Lemma 4.3. Under the assumptions in Example 4.1 we have w(x,) ~ w(yy,) for
Xn, Yn — 00 such that x,, ~ yp.

Proof. By the well-known Karamata’s representation of slowly varying functions
(see, e.g., Theorem 1.3.1 in [3]), there exists b > 0 such that the function L introduced
above can be written as

L(x) = c1(x) exp (/X CZT(t)dt> forall x > b,
b

where ¢ and c; are suitable functions such that ¢ (x) tends to some finite limit and
c2(x) — 0 (as x — 00). Then we have to prove that

n 1-
wx,) c1(x,) exp (fbx Cztﬁdt) x P

= ; — 1 asn — oo.
w(yn) q(yn)eXp( . CZT(’)dt) Y "

By the hypotheses we only need to prove that

owlie ) )
—— L =exp -1,
, t
y

exp( hy,, Cztﬂdt)

n

which amounts to
dt = 0.

) oo (t)
lim

n—oo .

Yn

Let§ € (0,1)and ¢ € (0, 1%) be arbitarily fixed. Then there exists n, > 1 such that

ca(t)| < efort >n.and 1 — ¢ < ’)i < 1+ ¢ forn > ng. So, for n large enough to
have x, A y, > ng, we get

Xn t Xn NV Yn t XnVYn 1 \Vi
/ cz()dtIE/ |cz()|dt58/ _dt:elogu
Y t X X,

n/\Yn ! n/\Yn ! Xn N ¥n

Yn
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and
1<anyn= ;_Z %fxnz)}n < 11'"8 %fxnzyn <143,
= 3 A v )yc—’; ifx, <y, = | 1= if x, <y
The proof is complete. O

Lemma 4.4. Under the assumptions in Example 4.1 we have h,, ~ plogn (asn —
00).
mn

Proof. Firstly we recall that h, = (see (14)); then h, — oo by taking into
account that m, — oo and by Lemma 4 1 Moreover, we have

/m" Ldt = " f(t)
o w() 0 F(t)

mn g _ _ _ _
= —/ Elog F(t)dt =—log F(my) + log F (0) = logn + log F(0);
0

My 1
50 ——dt, which amounts to

,HOO—/ sl =1 (15)

So we prove the lemma showing that (15) holds. We take n > 0 and we write

mp 1 nmy 1 mp 1
Ty T L
hn Jo  w(1) hn Jo  w(t) hn Jym, w(t)

—_—

1
=" () =190

then h, ~ wlogn if and only if 4,

Now we estimate 1,&” (n) and 1,52)(77) separately.
* We have (make the change of variable r = F (1))
po [ f@) @ ,
Do) = — /
hn 0 F(t)
FO 4
7 r " _ _
=1 — = —(og F(0) — log F(nmy)),
hn JEGma) 7 hn
where F(0), F(nmn) < 1 because wg = oo. Thus

0< 11m1nf1(1)(n) < limsup I(l)(n) < ntue,

n—o00

because f% log F(0) — 0 (since h, — 00), —% log F (nm,,) > 0,

K > R -
- E IOgF(nmn) = mﬁf/L(mn) 10g F(nm,,)
L(my) . Lmy) ( L(ymy)log F(nmn>)
= - 1 F n) — - s
W oy 108 F ) = el ( ()"

and by taking into account that m, — oo, L is a slowly varying function, and
Lemma 4.2.
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* We have (make the change of variable u = an)

@ 1 1
1 = dt
O L) ymy HTRL(2)
uL(mn) / mydu /1 L(ma)
= uut"du,
(mpu)' =HL(muu) J, L(myu)

and, since LL gl”"u) — 1 uniformly on compact subsets of (0, o) (with respect

to u) by Theorem 1.2.1 in [3] (here we again take into account that m, — ©0),
for all p > O there exists ng = no(n, p) such that for all n > ng

L(my)
<
L(myu)

<1+ p forallu € [n, 1],

and therefore

(1—p)(1 =" < IP ;) < (14 p)(1 = nH).

Finally we combine the estimates for 1,5”(;7) and 1,52)(77), and we get (15) by the
arbitrariness of n > 0 and p > 0. This completes the proof. O

Throughout this section we set

M,
C, = —2—1 foralln > ng, for some ng, where M,, := max{Xy,..., X,}; (16)
mpy

we have to consider ng large enough in order to have a well-defined m;,, for n > ny.

Assertion 4.1. We can recover the asymptotic regimes R1 and R2 in Assertion 1.2 as
follows.

R1: {C, : n > no} converges in probability to zero (actually the authors have
checked the almost sure convergence with an argument based on Theorem 4.4.4 in
[9], p. 268). Moreover, as an immediate consequence of Proposition 3.1 in [11],
{C,,+1:n > ng} satisfies the LDP with speed v, = plogn (or equivalently v, = h,,
by Lemma 4.4) and rate function J defined by

yre=1r
00

otherwise.

Then, since we deal with a sequence of shifted random variables, we deduce that
{Cy, : n = 2} satisfies the LDP with speed v, = hy and rate function I p defined by

GADE-1
ILD(X)ZZJ(X—{—]):{OO;L ifx >0,

otherwise.

R2: v,C,, = hy (— — 1) converges weakly to the Gumbel distribution by a
well-known result by von Mises (see, e.g., Theorem 8.13.7 in [3]).
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Thus we are studying a sequence of random variables that has interest for any
possible concrete model related to the maximum domain of attraction of the Gumbel
distribution. A possible example is when the random variables {X,, : n > 1} represent
monthly and annual maximum values of daily rainfall and river discharge volumes.

Now we prove the moderate deviation result. We shall see that, for this example,
the rate functions It p and Iyp coincide when p = 1.

Proposition 4.1. For every family of positive numbers {a, : n > 1} such that (1)
holds (i.e. a, — 0 and a,h, — ©0), the sequence of random variables {anhn(%—z —
1) : n > 1} satisfies the LDP with speed 1/ay, and rate function Iyip defined by

x  ifx €[0,00),
o0  otherwise.

Ivp(x) == {
Proof. We apply Lemma 2.1 for every choice of {a, : n > 1} such that (1) holds,
with s, = 1/a,, I = hyp and {C,, : n > ng} as in (16).

Proof of (6). We have to show that, for every x > 0,

. My
limsupa,logP (ayh, | —— 1) =>x) < —=x.
n—00 mpy

anxhn + 1)m, we get

M,
P <anhn (—n — 1) > x) =P (M,, > m;l)
mpy

=1—P (M, <m})=1—F"(m))=1—(1—F (m},))"

n

=1—exp(nlog(l — F (m}))) < —nlog (1 — F (m},)).

For m), := (

Thus
M, N
ap log P (anhn (m— - 1) > x) < aylog(—nlog (1 — F (m})))
n
log (1 — F (m’ _
= ay logn + a, log (M) + ay log F (my,)

—F (m})
and, noting that

log (1 - F (m@))) _o,

lim a,lo
oo 1 108 ( —F (m;:)
because m), — oo (since m, — 00), we obtain
. Ml’l . ot /
limsupa,logP |ayh, | — — 1) > x| <limsupa, (logn +log F (mn)) .
n— 00 n n—00
Now we apply the Lagrange theorem (also known as the mean value theorem) to the
function g(z) = log F(z); so there exists &, € (m,, m;) such that
f(‘i:n) /
—"= (m), —my).
F (&)

log F (m},) = log F (m,) —
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Then, by the definitions of m,,, w and h,,, we get

log F (m}) = —logn — — " = _jogn— ———~

o8 in) = ogn w(gn)anhn N ogn w(&y)apnf (my)
— _logn — w(mn)_x — —logn — w(my,)x’
w(&p)aynF (my) w(&n)ay

and therefore
xw(mp)

an (logn +log F (m},)) = o)

So we get

. M,
lim sup a,, log P <anhn (— - 1) z x)
n—00 My

< limsupay, (logn +log F (m},)) < —x

n—o00

by Lemma 4.3 with x,, = m, and y, = &, (indeed &, ~ m, because

1< 2
my aphy,

— 1). Thus (6) holds.

by construction, and 1 + a"h

Proof of (7). We have to show that, for every x < 0,
. M,
limsupa,logP (ayh, | — — 1) <x ) < —o0.
m

n—o00 n

For m), := (anxhn + Dm, we get
P (ahn (= 1) =) = P (0 < mp) = F" ) = (1= F )"
n
Thus

aplog P (anhn <% - 1> > x) < apnlog (1 — F (m},)) ~ —aynF (m),)
m

n

= —exp (log (aunF (m},))) = —exp (loga, + logn + log F (m},))
an (logn +log F (m;l)))

an

—exp (log an +

Now we can repeat the computations above in the proof of (6) with some slight
changes (we mean the part with the application of the Lagrange theorem; the details
are omitted), and we find

nli)rgoan (logn +log F (m},)) = —x > 0,

and therefore

1 log F (m!
lim —exp (logan—}— an (logn + log (mn))> _ oo

n— 0o an

Thus (7) holds.



Some examples of noncentral moderate deviations 127

Proof of (8). We want to show that, for every x > 0 and for every open set O such
that x € O, we have

M
liminf a, log P <anhn (—" - 1) € 0) > —
n—o0o my

The case x = 0 is immediate; indeed, since a,h,, (% — 1) converges in probability

to zero by the Slutsky theorem (by a, — 0 and the weak convergence in R2 in
Assertion 4.1), we have trivially 0 > 0. So, from now on, we suppose that x > 0 and
we take § > (0 small enough to have

x—=48,x4+81CON(O,o0).

Aanlhp
M, My
Plah, | ——-1)eO)=>=P|x—-b6<aph,| ——1)<x+9$
my mpy
-) <M, < m(+)) F" ( 514‘)) _ F" <m2*)>
() 1)

Now we apply the Lagrange theorem to the function g(z) = (1 — F(z))"; so there
exists &, € (mﬁl ) (+) ) such that

(1=F () = (= F ()

=n(1=F @)™ &) (mP —m).

Then, for m(i) = (1 + ijg ) my,, we get

Then, by the definition of %,,, we obtain

M,
an IOgP anhn m_ —1)eO
n

_ 28m,
An <logn + (n—1)log (1 - F (i:n)) +log f(§,) + log a&]:l )

=a, ((n — Dlog (1 — F (&)) +log f (&) +log(28) — loga, — log f(m,))

and therefore, by the definition of the function w,

M,
liminf a, log P (ah (—" - 1) € 0)
n—oo my,

= liminfa, (<" ~ Dlog (1= F ) + log (%)
timintan (3~ Dlog(1 - F wim)F (&)
_1}1%@”((,, Dlog (1= F &) + gmmn)w(sn))
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= liminfa, ((n ~ Dlog(1 — F(&) + log “;((’g”)) +log ; (i”’)) .

Then we get (8) if we show the relations

lim,,, o0 a,, log lf’v(('g:)) =0, liminf,_ « ay log = F(S" > —(x +96),

limy, 0 an (n — 1) log(1 — F(£,)) =0,

a7

and by letting § go to zero. The first limit in (17) holds by Lemma 4.3 with x, = m,
and y, = &, (indeed &, ~ m,, because

1+x— S:;f_,,il_'_x+8
anhy nmpy aphy

by construction and 1 + 2 Xﬂ

— 1). The inequality in (17) holds since

0, log L6 Fom™)
n - “n
(mn) F(mn)
by a new application of the Lagrange theorem to the function g(z) = — log F(z), and

by applying again Lemma 4.3 (we omit the details to avoid repetitions). Finally we
prove the last limit in (17) if we show that

lim annF(mSli)) =0;
n—>oo

in fact
an(n — 1) log(1 — F(&,)) ~ —aynF (&)
and
(17 (T) I (177 (—)
apnF'(m,"”’) < ayn k(&) < aynk(m, ).
‘We have

annﬁ(mfzi)) =ay,

F(my)

(2]

Fm$) (a n(log F(m) —log F(my)) )
————— =exp +logay, |;

moreover,
lim a,(log F(m®)) —log F(m,)) = —(x £8) <0
n— o0

(this follows once more from an application of the Lagrange theorem to the function
g(z) = —log F(z), and by applying again Lemma 4.3; the details are omitted). Thus

log Fm®) —log F
fim GO0 Fon™) —log Fomu) (o

n—00 a,

which yields the desired last limit in (17). O
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5 An example inspired by the classical occupancy problem

In this section we consider the following example.

Example 5.1. Let {T,, : n > 1} be a family of random variables such that

n
1, = Z X ks
k=1

where {X, : n > 1,1 < k < n} is a triangular array of random variables (i.e.
{Xnk 1 1 <k < n} are independent random variables for each fixed n), and each

random variable X, ; is geometric with parameter p, ; 1= 1 — kT, i.e.

PXpx=h) == pup)' ' pox forallh > 1.

It is well known that the random variable 7, can be seen as the number of balls
required to fill n boxes with at least one ball when one puts balls in 7 boxes at random,
and each ball is independently assigned to any fixed box with probability %; this is
known in the literature as the classical occupancy problem. From a different point
of view T}, can also be related to the coupon collector’s problem: a coupon collector
chooses at random and independently among n coupon types, and 7, represents the
number of coupons required to collect all the n coupon types. Throughout this section

we set
Ty
C, = —1 foralln > 2. (18)
nlogn

Assertion 5.1. We can recover the asymptotic regimes R1 and R2 in Assertion 1.2 as
follows.

R1: {C,, : n = 2} converges in probability to zero (see Example 2.2.7 in [7]
presented for the coupon collector’s problem). Moreover, by Proposition 2.1 in [10],
{C,, + 1 : n = 2} satisfies the LDP with speed v, = logn and rate function J defined
by

_ly-1 ify=1,
Ty = { (%) otherwise.

Then, since we deal with a sequence of shifted random variables, we deduce that
{C,, : n = 2} satisfies the LDP with speed v, = logn and rate function I p defined
by

X ifx >0,

Iip(x) ==J(x +1) = { oo otherwise.

R2:v,C, =logn (n lﬁ’é i 1) converges weakly to the Gumbel distribution (see,

e.g., Example 3.6.11 in [7]).

Now we prove the moderate deviation result. We shall see that, for this example,
the rate functions It p and Iyp coincide. Several parts of the proof of the next Propo-
sition 5.1 have some analogies with the one presented for Proposition 2.1 in [10]; so
we shall omit some details to avoid repetitions.
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Proposition 5.1. For every family of positive numbers {a, : n > 1} such that (1)
holds (i.e. a, — 0 and a,logn — 00), the sequence of random variables
{an logn(; lg” - — 1) 1 n > 1} satisfies the LDP with speed 1/a, and rate function
Ivp defined by

X if x € [0, 00),
o0 otherwise.

Imp(x) = {

Proof. We apply Lemma 2.1 for every choice of {a, : n > 1} such that (1) holds,
with s, = 1/a,, I = Iyp and {C,, : n > 2} asin (18).

Proof of (6). We have to show that, for every x > 0,

T,
lim sup a,, log P (an logn ( LR 1) > x) < —x.
n—oo nlogn

For every 6 € (0, x) we have (here the last inequality holds by a well-known estimate;
see, e.g., Exercise 3.10 in [17], page 58)

T,
P|a,logn L >x|=P\|T, > al + 1 )nlogn
nlogn aylogn

(S X x—8
= P (Tn > ( T + 1> nlogn) ( 1°g"+1) n anlogn.
aplogn

Thus

T,
limsupa, log P (an logn < A 1) > x)
n—oo n logn

__x=4
<limsupa, logn lber = —x 4§,
n—oo

and we obtain (6) by letting § go to zero.

Proof of (7). We have to show that, for every x < 0,

T,
limsup a, log P (an logn < - — 1) < x) < —00.
n— 00 nlogn

‘We have o ] ozn + 1 € (0, 1) eventually, and therefore (here the last inequality holds
by a well- known estimate; for instance, it is a consequence of Theorem 5.10 and
Corollary 5.11 in [16])

T,
P<anlogn( i —1>§x>=P<Tn§< a —i—l)nlogn)
nlogn aplogn

n

+ 1) nlogn
_(anlogn =2<1 _ (anlog;1+l)>

<2|1—exp
n

Thus

T,
limsupa, log P (an logn < A 1) < x)
n—oo n logn
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< limsupa, log <2 (1 —n <ay, logn+1>> )

n—o0

= lim sup a,n log (1 — n_<“”+"g"+1)> = lim sup —a,nn <"" ‘°g”+1)

n—oo n—oo
__x . _x
= limsup —a,n %" =limsup —a,e = —o0,
n—od n—oo
and therefore (7) holds.

Proof of (8). We want to show that, for every x > 0 and for every open set O such
that x € O, we have

T,
hmlnfanlogP<anlogn( - —1> € O> > —
n— nlogn

The case x = 0 is immediate; indeed, since a, logn (n l?g -
ability to zero by the Slutsky theorem (by a,, — 0 and the weak convergence in R2
in Assertion 5.1), we have trivially 0 > 0. So, from now on, we suppose that x > 0

and we take 6 > 0 small enough to have

- 1) converges in prob-

x—=48,x4+81CON(O,o0).

Moreover, we also introduce the notation F7,(-) = P(T, < -) for the distribution
function of 7,,. Then

T,
P<anlogn( —1) eO)
nlogn
Ty
zP(x—5<anlogn( —1>§x+8>
nlogn
x—34 x4+
P 1+ nlogn <T, <1+ nlogn
aplogn anlogn
x+6 )
> Fr, 1+ nlogn || — Fr, 1+ nlogn|+1]).
aplogn anlogn

Thus, by adapting some computations in the proof of Proposition 2.1 in [10], we have

) )
Fr, ([(l—i— rt )nlogn:|>—FTn <|:(1+ * )nlogn]—i—l)
aplogn aplogn

) A
A A
> Ap— (A + A = 4, (1——” : L )
n

where A, A,(1+), A,(l_) are the following nonnegative quantities:

1 X434 n
An = (1 _ e—;[(l+rf,g,,)n10gn]> _ (1 e ,,([(1+a"10g,l)"10g"]+1)> , (19)

k x+48
AL+ 260 )n log n]
+) . Y\ ka4 5 nlogn] K\t anlogn
Afz)._ E (k)e nTog 1— 1_;

even k
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and

([(1+ )nlogn]+1)
n _ X k an logn
e e (R ) )

odd k

Thus, we can say that

T, AP A
aplog P | a, logn —-1)e0O) >aylogA, +a,log|{l — —— |,
nlogn Ay

and therefore

T,
liminf a, log P (an logn( :__ 1) € 0>
n—00 nlogn

A+ Ay
> liminfa, log A, +11m1nfan logfl— ———.

n—00 Ay

We conclude the proof of (8) (and therefore the proof of the proposition) if we
show that

liminfa, log A, > —(x +9) (20)
n—oo
and
A oAD
=0, lim =0; (21)
n—oo A, n—o0o A,

in fact we obtain (8) by letting § go to zero.

Proof of (20). Concerning A, in (19) we apply the Lagrange theorem to the function
2(z) = (1 — e7%)"; so there exists

’

(A + 2 1ogn)” logn]+1) [(1+ u"l‘ggn)n log n]
€
such that
An = n(l — e_gfl)n_le_sn
([(1 + ZEnlogn]  (I(1+ Zginlogn] + 1))
X - .

n n

Moreover,

n

1 ([(l+m)nlogn]+l) -1 [(I+%)nlogn]
AQ—e Sy et s [ e 7 e~

_x=s\ =l a4
< (1 (l+ﬂn10gn)logn> - e—(l—&-a;;gn)logn _ (1 e an ) e an
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and
[+ aflién)nlogn] B (a+z 1ogn)"10g”] +1)
n n
A+ Eenlogn] — 1= [(1+ Z55inlogn]
B n
(1+ Fenlogn — 1 — 1= (1+ Z5inlogn 2,2
> p =t
Then
_x=g\ =l
e _xts (228
aylog A, > ay,log 1— e am (=24
n n ay
_x=$
e an 2 28
=a,(n—Dlog|1 ——— | —(x+8) +aylog|—=+— |,
n n  ap

whence we obtain (20) from
. 2 25
lim a,log| —— + =0
n—00 a,

and

x=4 x=8
g_ﬁ e_W _x=8
a,(n — 1) log (1— ) ~ —a,(n—1) ~ —aye a — 0.
n

Proof of (21). We remark that

X434 n
lim (1 e n ( +zln]t)gn)n10gn]> =1

n—oo
and
lim (1 — A+ 2 og n] +1)> _
n—00 ’
because
,u+l n
.. e @ .. [ M n
1 = liminf (1 - 7> < llmlnf( —e — A+ 255 00n ogn]>
n—00 n n—00

_xts\ "
1 x+3 n e an
< limsup (1 e "[(1+anlogn)"1°g"]> < lim sup (1 — ) =1,

n—o0 n—oo

and the second limit can be proved with a similar argument. Therefore

x n
Ay = (1 ¢ ,L[(1+anggn)nlogn1> _ (1 ‘(|(1+an10g,,)nlogn1+1)) S l_1=o0

133
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Moreover,
A, = (1 ([(1+a logn)nlogn]+1))
N =
(1 _ e—%[(l+%)nlogn]>n
X 1 —1
(1 —e ([(1+un]ogn)nlogn]+l))
(l 1[(1+u;fggn)nlogn])n
(1 - ([(1+anlogn)nlogn]+1)) N
_ e‘%[(lﬁ-%)nlogn] 1
=exp|nlo _1
’ ¢ 1 — __([(1+an logn)"l()g"]"l‘l)
where
l—e ,,[(1+u;rgﬁs,n)nlogn]
H e =0. 22)
n—00 l—e '1([(1+anl()gn)n10gn]+l)

Here we note that the limit (22) can be checked with some tedious computations:

— L4+ -2£ ynlogn)

—e ap logn
nlog
1 - 67;([(1+unlogn)n]0gn +1)
o gigmlognt+l) _ = FI(1+ 255 n logn]
=nlog|1 +
: 1— 1(( +anlogn)n]Og”l +1)
where
lim e * ([( +an10gn)n10gn]+1) 0
n—0oo
and y
lim e — i+ 2 nlogn] _ 0.
n—oo
and therefore
1—¢ ,1[( +anlogn)nlogn]
nlog
1 ([(1+an logn)nIOgn]+1)
~ n( — (G emn lognl+1) e‘%[ﬂnmg,,)nlogn])
logn——([(1+ ynlogn]+1)

an logn

+8
% (1 N e—;[(H—a;logn)n logn]+; ( (1+an logn)nlogn]-i—]))

Moreover,

logn— ([(1+anlogn)n10gnl+1) 0

lim e
n—oo
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and
— LA+ 58y lognl+ L (((1+

an logn

lim e @ logn)nlogn]+1) 0
n—o00 ’

whence we obtain (22). Now, coming back to A,, by (22) we can say that

1—e 7%[(1+ X8y, logn)

ap logn

A, ~ nlog

1—e — 5 (1A+ 2 5an log n]+1)

moreover, by using some manipulations as above for

1 — —%[(1+%)n log ]

| — o U+ Rhmlognl+1)”

we get

A, ~ n( 2 (425 nlognl+1) e—nl[(l—t-a—;rgin)nlogn])

— pe—nl 0+ nlogn] ( — 5 (4 25 lognl+1-[(14+ 2 logn]) 1) .

Then

f%[(lJra;l*ogn)nlogn]

A, ~ ne

< (e__([(H”" ]Ogn)nlogn]+1 [(l+a;]';gn)nlogn]) _ 1)

- n67%(1+a:$gn)nlogn ( — (U ZEn log nt 1 —((1+ 25 n logn—1)) _ 1)

1 _x+s o 2,2 _xts /2 -
—=—n—e ( +an — ) — e an ( +"" — l) =. An.
n

Now, by using the same computations as in the proof of Proposition 2.1 in [10],
there exists a constant C > 0 such that

C )
0<A™M < = l—l—L nlogn
n anlogn

w e~ il GTogmInlognl () | = l(1+ 76 n lognlyn—2

C -4
0<A0 <= (| {1+ =) nlogn| +1
n aylogn

‘([<1+{,n10g,,)nlogn1+1)(1+e <[<1+an,Og,l>nlogn1+1>)n -2

and

X e

Then, by observing that a,n = a, lognﬁ — 00,

an logn

X448
lim (1 +€ [(1+ )nlogn])n_z =1

n—oo
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and
lim (1 +e—%<{<1+%>nmgn1+1>)n_z —1
n—oo
we get
. A,(f)
0 < lim sup
n—o00 n
_x4s
oy C(logn + X)L an Ly Cllogn + %),
= Iim Ssup = = 1msupT =
n— 00 An n— 00 e n ' an — |
and
=)
0 < limsup 1
n—oo n
_x=$ _
C Clogn+ o bLeE  clognt e bl
< lim sup L = limsup —; 2.3 =
n—oo An n—oo e an (6 nap — 1)
Thus the limits in (21) are checked. u

6 An example inspired by the replacement model in [5]

In this section we consider the following example.

Example 6.1. Let F and G be two continuous distribution functions on R such that
F(0) = G(0) = 0, and assume that they are strictly increasing on [0, oo0). More-
over we assume that, for some ¢ > 0, there exist F'(t—) and G'(t+), i.e. the left
derivative of F(x) at x = ¢ and the right derivative of G(x) at x = ¢, and that
F'(t—), G'(t+) > 0. Then let {Z, : n > 1} be a family of random variables defined
on the same probability space (€2, F, P) such that, for some ¢t > 0 and 8 € (0, 1),
their distribution functions are defined by

Fo )" _
P(Z, <x):= ﬂ(ﬂf)) ) if x € [0, 7],
1-a-p(E) irxe oo,

Note that, for every n > 1, the distribution function P(Z, < -) is continuous.
Moreover, if 8 = F (t), after some easy computations one can check that

F(x) if x € [0, 1],

F(t)+ LD (G(x) — G@t)  ifx € (¢, 00).

P(Zy <x):= {
—-G(@)

Then Z; is the random lifetime that appears in a replacement model recently studied
in the literature (see eq. (5) in [5]) where, at a fixed time ¢, an item with lifetime
distribution function F' is replaced by another item having the same age and a lifetime
distribution function G.

In general, the distribution functions of the random variables {Z, : n > 1} are
suitable modifications of the distribution function of Z;, P(Z, < t) = B for every
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n, and the distribution of Z, becomes more and more concentrated around ¢ as n
increases.

This example does not seem to have interesting applications to concrete models.
However it could give some interesting ideas for the construction of more advanced
examples based on other replacement models (see, e.g., the replacement model in
[6]). The study of some possible new examples could be the subject of a future work.

Throughout this section we set

C,:=Z,—t foralln>1. (23)

Assertion 6.1. We can recover the asymptotic regimes R1 and R2 in Assertion 1.2 as
follows.

R1: {C, : n = 1} converges in probability to zero because {Z,, : n > 1} converges
in probability to t; in fact, we have

0 ifxel0,0),
lim P(Z, <x)= B ifx=rt,
oo 1 ifx e (t,00).

Moreover, {C,, : n > 1} satisfies a suitable LDP with speed v, = n, that will be
presented in Proposition 6.1 below.

R2: v,C, = n(Z, — t) converges weakly to a suitable asymmetric Laplace dis-
tribution with distribution function H (see below). In fact, we have

P(”(Zn—t)Sx)zP(anH_%)

F@+%)\" .
B ( 1Z0) ) ifx <0,
= 1-Ga+5H\" .
1= -p)(S6) x>0,
Tt _\X n
,8 (F(t)+F (tF(t))n+0(1/n)) ifx < 07
=43 B ifx =0,
1-G()—-G' tHE+o(1/m\" .
1—(1—,3)( cklae ) ifx >0,
’ n
B(1+ 5455 +o1/m) ifx <0,
=18 ifx =0,
/ n
1==p(1- E5x 1 o/m) x>0,

and therefore

lim P(n(Z, —t) <x)= H(x) foreveryx € R,

n—o00

where H is defined by

ﬁexp(ﬂ!&?x) ifx <0,

H = ,
0 1= (1= B)exp (— f_gj))x) ifx > 0.
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So we have: an exponential distribution with mean IG_/(?J(:)) on (0, 0c0) with weight

1 — B; an exponential distribution with mean FI,F((Q 5 on (—o00, 0) with weight .

Now we prove the LDP concerning the convergence to zero in R1 of Asser-
tion 6.1.

Proposition 6.1. Let {C,, : n > 1} be the sequence defined by (23). Then {C,, : n > 1}
satisfies the LDP with speed n and rate function I p defined by

o0 U(y € (_009 _t]v
Ip() == —log ZZH ifx e (1,01,

—log 159D ifx € (0, 00).

Proof. We apply Lemma 2.1 with s, = n, I = I p and {C,, : n > 1} as in (23).

Proof of (6). For every x > 0 we have

lim sup —log P(C,>x)= hmsup log(l — P(Z, < x +1))

— hmsup log ((l -8 <71 If(é(j; t)> >
B -G +n\
= log (71 e ) = —Ip(x).

Proof of (7). For every x < 0 we have (when x < —t we use the convention log 0 =
_oo)

hmsup log P(C, <x)—11msup—logP(Z <x-+1t)

F F

Proof of (8). We want to show that, for every x > —¢ and for every open set O such
that x € O, we have

F(x+t) ;
0 if x € (—t,0],
hmmf log P(C, € 0)> { o g 1F((,~t()x+,) " (0 ]
n— 00 0og —G0) 1Irx e ( ,OO).

The case x = 0 is immediate; indeed, since C, converges in probability to zero, we
have trivially 0 > 0. So, from now on, we suppose that x > —¢ with x # 0 and we
have two cases: x € (—t, 0) and x € (0, 00).

If x € (—1,0) we take § > 0 small enough to have

x—=6,x4+6 C ON(—t,0).
Then
P(C,e€0)>P(C,e(x—38,x+9))
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= P(Zy <x+8+1)—P(Zy <x—8+1)

B Fx+8+0\" F(x—=8§+10)\"
_5<< F(1) )_< F(1) ))

I
—W(F(X—FS-G—I)—F()C—S%—I))
>0
n—1 k n—1—k
XZ(F(x—i-(S—f-t)) <F(x—5+t)) ’
2 \"Fo F(0)

Fats+n )"
>(7F(” ) >0

and therefore

1 F S+t
liminf - log P(Cy € 0) > log [ LET+DY
n—>o0o n F(@)

Then we get (8) for x € (—t, 0) by letting § go to zero (by the continuity of F).
If x € (0, o0) we take § > 0 small enough to have

(x—=8,x4+68) C ON(0,0c0).
Then

P(Cy, e 0)=P(Cpe(x—4,x+9)
=P(Z,<x+6+t)—P(Z, <x—8+1)

3 1—Gx+8+0\" 1—-Gx—=8+1\"
_1_(1_’3)( 1-G() >_<1_(1_’3)< 1-G() ))

:(1_ﬁ)<<1 —lG(x(;Hr))"_ (1—G(x+8+t)>")
—G(1) 1-G(@)

__1-5s  Glx —
—I_G(t)(G(x+8+t) G(x—58+1)
>0
"_1<1—G(x—8+t))k<1—G(x+8+t)>”_l_k
XD
pard 1—-G@) 1—-G@)

1-G—s+1) \" !
Z( =G0 ) >0

and therefore

1 1-Gx -8+t
liminf —log P(C,, € O) > log (M)
n—»oo n

1 -G

Then we get (8) for x € (0, oo) by letting § go to zero (by the continuity of G). [
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Now we prove the moderate deviation result. We shall see that, for this example,
the family of positive numbers {a, : n > 1} such that (1) holds (i.e. a, — 0 and
apn — 00) has to verify also the stricter condition

aplogn — 0. 24)

Obviously (24) yields a,, — 0.

Proposition 6.2. For every family of positive numbers {a, : n > 1} such that (1)
and (24) hold (i.e. a,logn — 0 and a,n — o0), the sequence of random variables
{ayn(Z,, — t) : n > 1} satisfies the LDP with speed 1/a, and rate function Iyp
defined by
_Fo)
hip(x) := { G’(f—&g
-G@)

x  ifx <0,

X ifx > 0.

Proof. We apply Lemma 2.1 for every choice of {a, : n > 1} such that (1) and (24)
hold, with s,, = 1/a,, I = Iyp and {C,, : n > 1} as in (23).

Proof of (6). For every x > 0 we have

limsupay, log P(a,n(Z, —t) > x)

n—oo

=limsupanlog<1—P<Zn <t+ al ))

n—oo anpn

1-G(1+2%)
= limsupa, lo 1-— - v/
n_}QQp nlog | ( B) -G

1-G (t + ﬁ)
= limsupa,nlog | ————~%

n—00 1—-G(@)
. 1= G(t) = G'(t) 2 +o(zH)
= limsup a,n log z z
n—oo 1 - G(t)
. G(@+) x 1
=1 1 l— ——
e dntt °g< 1= G() ann +0<ann))
G'(t+)
=——— " x =] .
- G(t)x MD ()

Proof of (7). For every x < 0 we have (note that 7 + af—n > ( for n large enough)

limsupay, log P(a,n(Z, —t) < x)

n—0o0

=limsupanlogP(Zn <t+ al )

n—00 ann
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P+ )
=i 1 — 7/ =i 1 — 7/
1’:1Lsolipan og| B F0) 1’?lsolipann og )

= lim sup a,n log
n—od

lim su lo <1+ Fa-) x + < ! ))
= ann o
a1 708 F(©) amn ann

17 (t— )
T TFo

F@®) + F'(t—) 2, +o(1/(ann)
F(1)

= —Iyp(x).

Proof of (8). We show that, for every x € R and for every open set O such that
x € O, we have

F'(1—)

ifx <0,
liminf a,, log P(apnn(Z, — 1) € O0) = Fg/(f‘):) 4 "
e —T6m~X if x > 0.

The case x = 0 is immediate; indeed, since a,n(Z, — t) converges in probability
to zero by the Slutsky theorem (by a, — 0 and the weak convergence in R2 in
Assertion 6.1), we have trivially 0 > 0. So, from now on, we suppose that x # 0 and
we have two cases: x € (—o0, 0) and x € (0, 00).

If x € (—o0, 0) we take § > 0 small enough to have

(x—=8,x+8) C ON(—o00,0).

xié

Then (note that ¢ + >=> ks 0 for n large enough)

Playn(Z, —t) € O) > P(ayn(Z, —t) € (x —6,x +9))
:P( x+6>—P(Zn§t+x_5>
apn
x+46 x —=8\\"
= o ((F(+00) (e (+20))
B +8 x =34
= Foy <F< ) -F (I T ))
=F/(-) 2 +o( 1)
S (r(+ ) (r ()
x :E:: Flt+ I+ ,
k=0
=(r(r+32)) "

and therefore (in the final step we use the condition a, logn — 0 in (24))
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liminfa, log P(ayn(Z, —t) € O)
n—o0

o) (U

apn an F(@)

n—1

> liminfa, log (F/(t—)

n—oo

)
o 28 1 F (f + %)
= liminf { a, log | F'(t—) +o0 +a,(n—1)log | ———
n—o00 apn ann F(t)
F(0) + F'(t=) %22 + o(1/(ann))
= liminf { —a, logn + a,(n — 1) log 4
n— 00 F(z‘)
Lo F't=)x+38 1
= liminf{ —a, logn + a,(n — 1)log | 1 + 40
n— 00 F(t) apn apn
F'(t—)
= 3).
FO) (x +9)

So we obtain (8) for x € (—o0, 0) by letting § go to zero.
If x € (0, o0) we take § > 0 small enough to have

(x—=8,x4+68) C ON(0,0c0).
Then

Pa,n(Z, —t) e O) > P(ayn(Z,, —t) € (x — 8, x +9))

x+34 x—34
=P|\Z,<t+ —Pl\Z, <t+

apn apn

_ 1-B x—8\\" x+8\\"
= a-Goy ((“G(” an )) _<1_G(t+ an )))
_ 1-8 x—+46 _ x—9

T A =G@)" (G <t+ ann > G(”r ann ))

=G'aH) 2 to(55)

apn apn

n—1 k —1—k
XZ<1—G<r+x_5)) (1—G(t+x+5>>n ,
= apn apn
z(l—G(z+ﬁ))H

and therefore (in the final step we use the condition a, logn — 0 in (24))

liminfa, log P(ay,n(Z, —t) € O)
n—oo

2 o)) (S

apn apn 1-G®)

n—1

> liminfa, log (G’(H—)
n—oo
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= liminf {a, log (G’(t+)
n—>o0

= liminf{—an logn + a,(n — 1) log <

-5
% (N s b1 1_6(““37)
0 ay(n — Dlog | ————~
apn apn " g 1-G@®)

1-G) — G2 +0(5)
1-G()

n—oo

G'(t -3 1
= liminf { —a, logn + a,(n — 1) log o G x=8
- 1=G() apn ann
G'(¢
1-G(@)
So we obtain (8) for x € (0, 0o) by letting § go to zero. 0
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