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Abstract A multivariate trigonometric regression model is considered. In the paper strong
consistency of the least squares estimator for amplitudes and angular frequencies is obtained for
such a multivariate model on the assumption that the random noise is a homogeneous or homo-
geneous and isotropic Gaussian, specifically, strongly dependent random field on RM M > 3.
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1 Introduction

We consider here a trigonometric regression model on Rﬂ‘f = [0, oo)M .M > 3,
where the arguments of cosine and sine functions are linear forms with unknown co-
efficients being angular frequencies of the sum of multivariate harmonic oscillations.
Moreover, the noise is a homogeneous or homogeneous and isotropic [9, 3] Gaussian
random field satisfying some conditions on its covariance function.
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In the case M = 2 several discrete modifications of such a regression model were
studied in numerous works on signal and image processing due to their applications
to texture analysis. A number of useful references to publications in this area can be
found in the papers [5, 4, 6]. Besides, in [5, 4] strong consistency and asymptotic
normality of the least squares estimate (LSE) for amplitudes and frequencies of sinu-
soidal model on REL with the above described Gaussian random field are proved. In
turn, in [6] the asymptotic normality of the consistent LSE for the same trigonometric
model on Rf , M > 3, as in the article, is obtained.

It is important to mention that in the paper [1] a multivariate harmonic oscillation
observed discretely against the background of a homogeneous random field having
spectral densities of all orders is considered. For this model some asymptotic results
on LSE and periodogram estimate of unknown amplitudes and frequencies are for-
mulated.

Note also that from the mathematical point of view a setting of the estimation
problem for M > 2 in trigonometric models is a natural generalization of the problem
of detection of hidden periodicities (M = 1), see, for example, [2, 7] and references
therein.

The further text related to the definition of LSE to some extent repeats the text of

paper [6].

M
Let(p,1)=> e, i1l = /{1, 1) for vectors o = (g1, ..., om), 1 = (11, ..., Im),
=1
M > 3.
Consider the regression model
X(t):g(t,@o)—f-e(t), e RM, )
where
N
81,69 =3 (A cos (g 1) + By sin (¢ 1)) @)
k=1

(p](()=<(p(]Jk5'*-ﬂ(pOMk>7 kZIaNa
0 0 p0 0 0 0 0 0 0
o :<A1’Bl’(pll""’(le’"'vAN’BN"DlN""’(pMN)’

(A2)2 + (B,,?)2 >0,k=1,N;e = {e(t),t € RM} is a random noise defined on a
probability space (€2, F, P) and satisfying the next assumption.

A. ¢ is a sample continuous homogeneous Gaussian random field with zero mean
and covariance functions B (t) = Ee (1) ¢ (0), t € RM, satisfying one of the condi-
tions:

(i) e is isotropic field and B (r) = B (|t]) = L (I¢]) /I71%, o € (0, M —[4]),
with nondecreasing slowly varying at infinity function L;

3)

(i) B () € Ly (RM).

To prove the consistency of LSE of the parameters (3) it is reasonable to mod-
ify the standard definition of LSE using parametric sets that allow a good enough
distinction between angular frequencies [8, 1, 5].
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Consider the space RMN = RY x ... x RY, and in each space RV for some
[N ——)

M times
fixed numbers 0 < ¢, < ¢; < oo define the sets

A1=[(/)z=(§011,.-.,<p1N)€RNIOSgl<<ﬂ1k <¢1<00,k=1,N}, @

I=1M,

containing all the corresponding true value of frequencies in (3) for fixed /.
Introduce the functional

M
or@) =T1M / [X (1) — g (t.0)dr, dt =[] du. (5)

0.7 =1

According to the standard definition a random vector (6)
0r = (Air, Bir, 1,7+ -« - OM1T+ - - - ANT. BNT, 0IN. T+ - .. ouN,T)  (6)

is called LSE of 69, if it minimizes (5) on the parametric set ¢ ¢ RM+2N [n ¢
amplitudes Ay, Br, k = 1, N, can take any values and the frequencies ¢;, [ = 1, M,
take values in the closed set
M
A =TTA
=1

To prove the strong consistency of ®¢ it is necessary to provide convergence, as
T — o0, to zero almost surely (a.s.) of the fractions (see [2, 7, 5])

: 0
sin T ((py(j — <Plj,T) sinT <€01k,T - %j)

, . k# s )
T (pw.r — @1j.7) r ((/)zk,T - ¢8)
inT
snlowr T4k j=T.N. ®)
T ik,

However, the use of the previous definition of LSE does not allow to control the
behavior of fractions (7), (8), as T — oo.

A.M. Walker [8] modified the definition of LSE of the frequencies in the classi-
cal formulation of the problem of detecting of hidden periodicities so that the terms
(7), (8) tend to zero, as T — oo. In our setting the sense of similar modification is
that LSE (6) is defined as an absolute minimum point of (5) on the parametric set
depending on T and distinguishing frequencies properly, as T — oo.

Following D.R. Brillinger [1], consider monotonically nondecreasing families of
opensets A;r C Aj,l =1, M, T > Ty > 0, such that |J A;r = Ay, (K;)C = Af,

T>Ty

and satisfying the following conditions.
B.For/=1,M and k, k' =1, N:

Lo = (g0, ..., 0%) € Mir, T > Ty (do not confuse with ¢! in (2));
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2. Lim inf T o — ol = oo, k # k';

T—o0 greNiT

3. lim inf T = oo.
T—oo g e

The meaning of (2) and (3) is to cover cases of close true frequencies and close to
zero true frequencies.

Definition 1. Any random vector (6) such that it is an absolute minimum point of (5)
on the parametric set 5 C RMF2N where amplitudes Ay, By, k = 1, N, can take
any values and angular frequencies take values in the set

M
A; =[]Afr T>To>0,
=1

is called LSE in the Walker—Brillinger sense.

We study in the paper just such an estimate.

Obviously, additional prior information about frequencies in the trigonometric
model (1) can clarify the description of parametric sets containing true frequencies.
The corresponding example is given in [6].

2 LLN for finite Fourier transform of random noise

In the section a strong LLN, uniform in frequencies, is obtained for the finite Fourier
transform of the random field ¢ from the model (1).

Theorem 1. Under condition A

g&r = sup [T M / el (ydt| > 0 a.s., as T — oo. 9)

peRM
[0,71M

Proof. Denote by 17 (¢) the expression under the supremum sign in (9). Then

N (p) =T"M f exp {—i (¢, t — s)}e (1) € (s) dtds

[O,TIZM
M
=T17M / exp{—iZq)l (tl—sl)}
[O,T]2M72 =2

x fe_i‘/’l(tl_sl)a(t)s(s)dtldsl dty...dtydss..dsy.

0,717
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Transform the inner integral in this expression:

/ e~ 11=S0g (1) e (s) dtyds

[0,77?
T—uy

T
=/ / e e (v dup, t, . ty) € (U1, 52, - .5 Sy durdu
0 0

T T—ul
+/ / g (i, b, ... ty) e (v +uy, 52, ..., 5p) dvidug.
0O 0

Thus
T T—u M
o= [ oo [ enliSuo-n)
0 0 [0.TPM—4 =3
X / e iv2(la=s2) ¢ (i 4ui,ta,....ty) e (1, 82,...,5m)dtdsy
0,71?
X dt3...dthS3...dSM)dvldul
. ) (10)
f / l(/)lul< exp{—iZ(pz (1 —Sl)}
0 0 [0.T]2M—4 =3
X f e iv2(la=s2) ¢ (i, t2, oo ty) e (v +uy, $2,...,5m) dtdsy

0,T1?

X dt3...dthS3...dSM)dvldul =1L+ I

In (10) and below we will write index “1” in the summands / with indices when
in the entry € (¢1, . . ., tp7) after the changes of variables, instead of #; the sum v; + u;
stands, and index “0” when, instead of #;, the variable v; appears.

In /; and Iy we make similar changes of variables in double integrals over the
variables t2, 5. Then we get Iy = I11 + 110, lo = lo1 + loo, n% () =11+ Lo+
To1 + Ioo.

In the expressions obtained, the change of variables #3, s3 will lead to the sums of
integrals I11 = I111 + I110, 10 = 101 + 1100, o1 = Io11 + lo10, oo = oo1 + oo,
n% (@) = Lt + Iio + Lot + oo + Tort + Toto + Toor + oo

Continuing to apply the same changes of variables (¢4, s4), ..., (tpr, Sp), we get
the expression of n% (@) as a sum of 2™ integrals. An explicit representation of this
ordered sum requires some efforts.
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Denote by b;, j = 1,2M, binary sets of length M which are indices of the speci-
fied sum terms, i.e.

2M
N7 (@)=Y I, (11)
j=1

Generally speaking the terms in the sum (11) are written in the definite order
using the following inductive rule. For M = 1, 2, 3 these sums are written above. If
oM’
we have a sum Y Iy for some M’, then to obtain the similar sum for M’ + 1, we
j=1 "7
have to take any term I;; of the sum for M’ and replace it with the sum of two terms
J

Ib’/l + Ib’/.o’ j = 1,2M" In the final analysis it turns out that terms in the sum (11) are
arranged in descending lexicographic order.

We will say that the binary set b is the opposite of the binary set b = (B, ..., Bm),
if b = (El, R FM) The ordered collection of 2¥ binary sets bj in (11) has the
property that binary sets equidistant from the beginning and end of this sum are op-
posite:

byu_(j_1y=bj, j=12""1 (12)

Note that the frequency ¢ is included in the 1st term of the sum (10) with the
sign “—7, and this sign corresponds to the sum vj + % in the 1st factor depending on
t, of the product of the random field ¢ values. In the 2nd term of (10) the frequency
@1 enters with the sign “+”, and this sign corresponds to the variable v; in the 1st
factor of the product of the ¢ values. However, the sum vy + u; corresponds to the
index “1” in the 1st term (10), and the variable v corresponds to the index “0” in the
2nd term of (10). Further changes of variables do not change these rules, and 2 M -fold
integrals Ip,; in the sum (11) include the exponents exp {i (c;¢. u)}, where the vector

cj = (yjl, ey ij) is obtained from the binary set b; by replacing the coordinates
“0” with “1” and the coordinates “1” with “—~17, ¢;¢ = (Vju Ol o nes ij(pM). Due
to (12),

CZM—(j—l) = _Cj, ] = 1,2M_1. (13)

It follows from (13) and the previous considerations that the integrals equidistant
from the beginning and end of the sum (11) are conjugate complex numbers, and it
turns into the sum

2M71

(@)=Y I;. (14)
j=1

I, =21"M / cos(cjo, u) / e(v+bju)e(v+bju)dvdu,
[0,714 [Tr @) (15)
j= 1,2M~-1, bju = (ﬂjlul,...,ﬂjMuM),

HT(u)z[O,T—ul]x-~-><[0,T—uM].
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From (14) and (15) we get
EE; = sup n7 ()

@eRM
2M71
SZZT_ZM f E f 8(v+bju)8(v+5ju)dv du
/=1 .71% [y (10
2M71
<2y 1M / w2 () du,
Jj=1 [0.71M
where
V() = / Ee (v + bju) & (v +Eju)8 (w +bju) £ (w +Eju) dvdw,
M7 @ a7
j=1,2M-1,
To deal with the integrals (17) we use Isserlis’ theorem
Ee (v + b.,'u) e (v +E‘,~u) e (w + bju) e (w + E./u)
= B*((bj —bj)u) + +B* (v — w)
+B(v—w+(bj —Ej)u)B(v—w—l-(Ej —bj)u).
Then
W ) = (T —u)* (T —u)*... (T —um)* B> ((bj — bj) u)
+ / B? (v — w)dvdw
T as)
+ / B(v—w+ (b —B;)u) B(v—w+ (B —bj)u) dvdw
[T

=W+ Yo +VYi3w, j=12M"1

Let us first estimate the term W;3 (1) using notation B (v — w + (b; — bj) u) x
X B(v—w+(5j —bj)u) =R,(/)(v—w):

Vi3 () = / Rf,j)(v—w)dvdw

[T7 @
(T—uy) (T—um)

M
- _ It o
_E(T up) / / ]_[<1 T_m> RY) (1) dt

—(T=up)  —(T=up) =1

=

M
(T — u)) / R tydr = T ] (T —up) f RY) (Tt) dt,

=1

=

1

-
Il

(-1, 7™ [-1,11M
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27 2M f Wi () du = 27M / Wi (Tu) du

(0,714 [0,114
o (19)
<2 / [Ta-w / RY) (T1)dtdu.
o.M \ 7! (1,114
Consider the integral under the root sign in (19) if condition A (7) is met.
/ RY) (Tt)dt
Tu
—1,11M
= / B(T|lt+ (bj — ;) ull) B(Tlt + (b; — b;)ull)dt 0)

-1
_ f L(T|t+ (bj —bj)ul) L(TIIt—i—(Ej—bj)uH)dt

eI TN+ (b; — by)ullr Tt + (b — bj) ul

If L is monotone nondecreasing function, as it is assumed in condition A (i), then
the numerators in (20) can always be bounded as follows.

L(Tlt+(b; —B))ull) < L (2JMT) <(1+8L(T) Q1)

forany § > 0,as T > T (§).
The denominators in (20) need to be estimated more carefully. Let b = (81, .. .,
Bur) be an arbitrary binary set. Using the notation

b; Bir  Biz Bim

/ // i=1.2M (22)

-bi =By —Bin  —Bim

we get for any fixed j

oM b
/ RY) (Trydt =" / RY) (T1)dr. (23)
[—1,111 =13
b;
In the sum (23), for any fixed i put the M-fold integral [ in correspondence with
—B;

the set of pluses and minuses ¢; of the length M according to the following rule: the
sign “+” in g; corresponds to the integral over [0,1], the sign “—" corresponds to the
integral over [—1,0]. Consider another set g; consisting of the signs of the b; — b jin
the denominator of the 1st fraction in (20) under the integral sign of the ith term in
(23). Similarly we get the 3rd set g ; consisting of the signs of the opposite set Ej —b;
in the denominator of the 2nd fraction of the ith term in (23).
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Denote by d;; the number of coincidences of signs in the sets g;, ¢; and by d;;
the number of coincidences in g; and ;. If dj; > M — [%], then the 2nd fraction of
the right hand side in (20) we bound by B (0) in the ith term of (23), and the integral
of ||t + (b i — b j) u||~* related to the 1st fraction in (20) we will estimate below. On
the other hand, if d;j < M — [%], thend;j > M — [%]. And similarly we bound the
Ist fraction in our integral by B (0) and the integral of the 2nd denominator we have
to bound separately. Thus m = max (dij, Eij) >M — [%]

Coordinates t,, r = 1, M, of the vector 7 can be positive or negative according

1 0
to which integral, f or f , corresponds to the variable 7. All the coordinates of the
0 -1

vector u are positive, however coordinates of the vectors b; — b ;j and b j — b; take
values 41 or —1.

Let m = d;j. The case m = d; ; can be considered similarly. In the norm ||z +
(b — b) u|| the squares (1 + (8, — B,,) u1)2 where the signs of 7 and (8, — 8,,) us
differs are estimated from below by zeros. Denote by I, k = 1, m, the numbers coor-
dinates of the vectors ¢ and (b; — b ) u with coinciding signs. Then (tzk-i-(ﬂ i, — B j’k)

2 - _ 1
ulk) > tli, k=1,m, |lt+ (bj —bj)ul > ( 1 tli)z, and, respectively,

mo NS
||t+(bj—zj)u||_a§<2ti> ) (24)

k=1

Then for any § > Oand T > T (§) > O taking into account (21), (22) and (24) we
obtain

b;
/R(T’u) (Tt) dt
—b;i
ﬁill ﬂilm m _ % (25)
5(1+3)§(0)§(T)/... f (Zi) dy, ...du,.
_Bil] _Eilm k=l

m 172 B
Denote by ||¢|,, = (Z ti) the norm in R™, by ¢,, = [—,8,-11, ﬂil.] X oo X
k=1

[—Bi,, - Bit,, ] unit cubes in R™, and by V,, (v/m) the ball of radius /m centered at
the origin, I (o; m) = [ ||¢]|~* dt.
Cm

Then foroe < M — [%]

I (;m) < f edr =22 (), 26)
F () \m—a
Vin (/)
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and due to (19)—(26) for any j = 1,2M-1

T2M / Wi () du = 0 (El/z (T)), as T — oo. 27
(0,71

It follows from (18) that W;; (u) are equal for all j. Using similar but much
simpler reasoning, we arrive at the inequality

T—2M / w}f () du = T~2M / / B2 (v — w)? dvdwdu
[0,71 [0,71" \ng(m
y 1/2 (28)
< (%) B2 (0) / B (Tt)dt
[—1,1M

—0 (El/z (T)), as T — 00.

And finally

M
2 [P wde=1 [T w0 B ) du

[0,71M .7 =1
_ ~ ~ ~ (29)
=7 [ Baubdu= [ B ulydu =0 (B).
[0.71" [0.11"
as T — oo.
From (16)—(18), (27)—(29) we conclude that under condition A (i)
E£2 = O (El/z (T)), as T — oco. (30)

Let condition A (ii) be satisfied now. Using the same notation we get for the even
function R,(/ ) () that

T—M / |‘~I’j3(u)|1/2du§T72M/‘ /‘R,ﬁj)(v—w)’dvdwdu,

(0,71 (0,71 \|[T7 ()
M (T—uy) (T—upm)
f Rf,”(v—w)‘dvdwgl_[(r—ul) f / ‘Rf/)(t)‘dt
=1

T3 @) —~(T—u))  —(T—up)

M
<BOUBL [T —uw). 1Bl = [ 18Ol

=1
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_ 1 2 -y
T-2M / |3 @) /2du§<§) B2 ) |BI,?T77.

(0,71
For the same integral of W, (#) we obtain the same bound. And finally

_ 1/2 _
T—2M f W% ) du = T2M f ]_[(T—MI)IB(M)Idu<||B||1T M
(0,71 o, =1

Therefore under the condition A(ii)
Eg%:o(r%), as T — o0, G1)

We show now that under condition A (i) (30) implies assertion (9) of the theorem.
Obtaining of (9) from (31) under condition A(ii) is similar. Consider a sequence
T, = nf,n > 1, where the number B > 0 is such that %aﬂ > 1. Then

o0

2
> E&f, < oo,
n=1

and 7, — O a.s.,asn — oo.
Consider also the sequence of random variables

= sup |&r —&p,
T, <T<Ty1

IA

sup sup [T™M / e e (tydt — T, M / e 19 (1) dt).
Ty <T<Ty+1 peRM
(0,71 [0, 7,1

We get successively

T—™M / e e (tydt — T, M / e M9 (1) dt

(0,714 [0,7,,1M

=|TM / e 1 Whe(tydr — T M / e 1P e (1) dr

[0, 7,1 (10, TIM\[0,T,1M) [0,7,,1M

-M -M —i{p, -M
<|r ™™ _T; ‘ f e e (dt|+ T / e (1)| dt
0,7, 1M [0,71\[0,T;, 1M
=Ji+ Jp,
and

M
Tn-H
max J| = —1)&, -0 as., asn — oo.
T <T<Ty+1 Tn
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On the other hand,

sup J < Tn_M / le (t)| dt.
Tn<t<Tyyi u
[0.T41]"\[0. T, 1M

To write the last integral conveniently, let us first consider the obvious case M = 2:

Tnt1 T Ty Ty Tht1 Ty Ty Tt Tnt1 T
0 0 0 0 T, O 0 Ty T, T,

To obtain the similar representation for M = 3, consider a formal “multiplication” of
integrals, which is in fact an application of the distributivity law of union and direct
product set operations:

Tot1 Tot Tugt T Ty Tar1 Ty Ty Tixr Tagr Tug T, Tht1
[LL=\ T[T
0 0 0 00 T, 0 0 T, T, T, 0 T,
T Tn Tn Tarn Tn Ty Tya Tt Ty Tapi Tup1 Ty
[/ [I[[][]]] &
T, 0 O 0 7, O T, T, O
Ty Tn Tav1 Tag1t Ty Togt Ty Tapt Tugt Tt Tuget Tap
ST ]
Ty T, 0 T, 0 T, T, h Thn T

Note that the sum (32) contains 23 threefold integrals whose lower bounds of integra-
tion form a complete set of symbols 0 and 7,, of length 3.

By induction it can be proved (the proof is obvious, it actually repeats the calcu-
lation (32)) that for any M € N

™M / le (t)] dt
[0. T M\ 0.7, 1M
M Ck
:TniMZZ / le (tr, ..., tap)|dty ... dty,

=1 =He )

(33)

where in noncommutative binomial formula f are the M-fold integrals, which
{eix (1)}

Tht Ty
contain k > 1 integrals f and M — k integrals f , and e;j; (n) denote the sets of
T, 0

symbols 0 and 7}, of length M.
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We will show that each term in (33), denoted by J;; (n), vanishes a.s., as n — 0.

For this purpose consider

EJ2 (n) = TZM/ /E‘ “),...,t,ﬁ}))

feix ()} {eir (n)}
X & <t1(2), .. (2)) ‘dt(l) . dt/(v})dtl(z) . dt/(lj)

< BO) T,7M (T,y — T)* TPM 2

2k
—B(O)("T“—1> =0(n*2"), asn — .
n

Since k > 1, then

o0
ZEJ,%{ (n) <oco, i=1Ck, k=1,M,

thatis, sup Jy — Oa.s.,asn — oo. Theorem 1 is proved.
T, <T<Ty1

3 Strong consistency of LSE

In this section, we prove a theorem on the strong consistency of LSE 67 in the trigono-

metric model (1)—(3).

Theorem 2. Let conditions A and B be satisfied. Then LSE 67 is a strongly consistent

estimate of parameter 69 in the sense that Arr — Ag, Bir — B,?, T ((Plk,T —

0,as,asT > o0, l=1,M, k=1, N.

o) =

Proof. Consider a system of linear equations for Axr, Bxr, Kk = 1, N, which is a

subsystem of the system of normal equations for finding 07:

00r©)| 807 ®)
04y lo—g, 9By

0=0r

and write it in the form

za,gm +Zb<”BT_c§}), p=1N

=

2 2
Z ag) Akt + Z b Bir =cy). p=T1,
k=1

We introduce the following notation.

=1 =1

=1 =1

M M

0s (Z Wk,TU) = cosg (1), sin (Z wzk,m) = sin (1),
M M

0s (Z (p,oktl) = cos} (1), sin (Z (p,oktl) = sin (7).

(34

(35)
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Then the coefficients of system (34) can be written as

ali;) =T M / cosy (1) cos ), (1)dt, a(z) =7 M / cosy (1) sin, (t)dt,

0,714 [0,71M

b]((;) =7 M / sing (¢) cos, (¢)dt, b(Z) T—M / sin (1) sin,, ()dt, (36)
(0,711 (0,714

V=TM / X (t)cos, (dt, P =T~M [ X (7) sin,, (t)dt.
[0, 71™ (0,711

We also denote by o7 (1), T > 0, generally speaking, different stochastic pro-
cesses converging to zero a.s., as T — oo. Using condition B we find

1 N
a]g,)—OT(l) k # p, (1)_—+0T(1) a(z)_or(l),k,pzl,N;

2
1 2 2 1 37
by =agi = or ()3 b =or (). k# p, by) = 2 +or (1), 7
k,p= 1, N.
On the other hand,

Y / e (t)cos, (dt + T™M / g(t,@o)cosp(t)dt. (38)

[0,71M [0,71

The 1st term of this sum is o (1) according to Theorem 1. The study of the 2nd term
is much more difficult.
For fixed p,

N
T—M / g (t, 90) cosp, (1)dt = Z AgT_M / cosg (t) cos, (t)dt

k=1
.71 [0,71™
N 39)
0pr—M .0 _
+ZBkT / sing, () cos,, (1)dt = Zl +Zz'
k=1 0.77M
Obviously,
1 M
21 =5 Z AQT—M / cos (Z Yip, T + <p,(}<) l‘[)dt
k=1 I=1
0,71M
[0,T] o)
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Subjectto B ) ;; = or (1),

M
212 = %A‘},T— / cos (Z (wp,T - wg,) t1>dt +or(l). (4D

=1

(0,71
Similarly,
1 u
Zz =3 Z BYTM / sin (Z (cp,ok + (plp,T) tl)dt
k=1 [O,T]M =1
y y (42)
1 0 0
- 5X:BkT / sin (Z (fﬂlp,T —wzk)fl)df = Zz1+222'
k=1 (0.7 =1

And again, due to condition B, 221 =or (1),

222 = —%BgT_ / sin (Z ((plp,r - (pg,) l[)dt +or (). (43)

(0,71 =

Set

sinT (golp,T - <p27) I —cosT ((plp,r - gogj)

0 ,  JYip =
T ((pzp,r - 901,,)

I=1,M, p=1,N,

Xip =

)

T (wzp,r - sog,) (44)

and note that integrals in (41) and (43) are some homogeneous polynomials of vari-
ables x;p, yip, [l = 1, M, for which we will use the notation (r > 3)

/ cos (Z ((plp,T - Wg,) tl)dtl ..dty =G, (xlpv ylp) = Crps

0,71
(45)
/ (Z ((/)lp,T - (pg,) tl)dtl ...dt =S, (xlp, ylp) =S
0,71 =1
Then
1 1
le 3 AV Cup +or (1), 222 = BYSup +or (1), o

1 1
1 0 0
V) = 5ApCup = 5 BpSup + o7 (1).
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O]

Besides, similarly to ¢,

P =TM / X (1) sin,, (t)dt

0,714

—TM / g(t,@o)sinp(t)dt—i-oT(l)

0,714

N M M
= Z Adr—M / cos (Z (ploktl) sin (Z (plpgrtl)dt 47)
=1 =1

k=l (0,71

N M M
+ Z B]?T—M / sin (Z golokn) sin (Z (pll,,,Tn)dt
k=1 =1 =1

(0,714

1 0 1 0
= EAPSMP + EBPCMP + o7 (1).

From (34), (39), (40), (46) and (47) we getfor p = 1, N
Apr = AYCyp — BySup +or (1), Bpr = AYSyp + B)Curp +or (1) (48)

From (45) and (48) it follows

’

|APT

Byr| < [aS] +|BS| +or (), p=TW. (49)
Using the function

o1 (61,60) =T M / (g(t,61) — g (t,62)) dt,

0,71
from the definition of 87 we derive
0r 6r) - 0 (6°)

— @ (97, 90) Lo M / £ () (g (t, 90) — e 97)) dt <0 as. OO
(0,71
By Theorem 1 and (49)
M / £ () <g (t, 90) — e eT)> dt >0 as. asT —oo.  (51)
(0,71

Using (50) and (51) we arrive at the convergence

o (eT, 90) >0 as., asT — oo. (52)
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Consider the value &1 (QT, 90) in more detail.

o (GT,OO):T_M / 2, 0r)di +T ™M / e (r,@o)dt

(0,714 [0, 71#

_orM / ¢ (t,0r) g (t, 90> dt = &1 + s + b,

(0,71
Taking into account condition B and (49) we obtain
| N
=3 (AZT n B,,T) +or (1),
p=1

N

@y = % 3 <(A([),>2 + (BS)Z) +or (),

p=1

283

(33)

(54)

(55)

) Z T—M / ( pTAg cos), (1) cos(l)7 @) + APTBg cos), (1) sinfl)7 (t)) dt

(0,71

) Z T—M / (BpTA([), sin (1) cos') (¢) + Bpr B) sin, (¢) sin) (r)) dt

p=1

+or (1)

[0, 71#

N N N N
= Z ApTA(I)ych + ZAPTBSSMP — Z BPTA(I)JSMP — Z BpTBchp-
p=1

p=1 p=1 p=1

(56)

Substitute now formulas (48) into (54) and (56). Then after reduction of similar

terms we get

T (GT, 90) = %i(AgCMP_B SMp) +%i(A(]))SMp+BchP>2
p=1 p=1
52 ()4 (45)") = 5 (s = )
p= p=

N

N
0 0 0 0 0 0
+ 3 (A%Cup — BYSwp ) BSSwp — D (ASSup + BICw, ) ASSuy (5T)

p=1 ( p=1
(

AY Sup + BgCMp) BYCump + or (1)

1 - 0 2 0 2 2 2
=33 (Ap) +(Bp> )(I—CMP—SMI,)—i—oT(l).

p=1
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The last sum can be written in a more convenient form.

Lemmal. Forany M >3 and p =1, N

S

2 2
CM,, (xip, yip) + SMp Xips Vip) | | (xlp + y,p) .
=1

Proof. For M = 3 it is easy to calculate that
C3p = X1pX2pX3p — YipY2pX3p — Y1pX2pY3p — X1pY2pY3ps

SSp = Y1pX2pX3p + X1pY2pX3p + X1pX2pY3p — Y1pY2pY3p:

and
2 2 2 2
C3p+S3p (xlp+y1p> <x2p+y2p> (x3p+y3p>'

(58)

Assume (58) is true. Show that the similar identity is correct for M + 1 as well.

Using obvious iterative formulas

Cr+1,p = CMpXM+1,p — SMpYM+1,p>
Sm+1,p = SMpXm+1,p + CrpYm+1,p,

we find

2 2
Chrt.p T Sustp

2 2
= (Cypxm+1,p = Supym+1.p)” + (Supxp+1,p + Crpym+1,p)

M+1
2 2 2 2 2, 2
= (CMp + SMp) <XM+1,p + yM+1,p) = H (sz + ylp)'

Note that according to the formulas (44)
sin (T (.1 — 0f)) 12)
T <§0lp,T - (plop) /2

As follows from (57), Lemma 1, and (60)
o or.0) = § 2 ((48) + (%))
p=1

sin (T ((pzpj — (pﬁ)) /2)
T (vipr — o)) /2

2 2
xlp + ylp =

M
11
I=1

Together with (52) this means that

T((plp,r—gog,)eo as.asT — o0, [=1,M, p=1,N.

+or(1).

(59)

(61)
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From (44) it follows also
xip—~> 1, yp—>0 as,asT —o0, [=1,M, p=1,N. (63)

In turn, from (63) and recurrent formulas (59) it follows Cpp — 1, Syp — O ass., as
T — o0, l=1,M.
Finally, from (48) we get

Apr - AY. Byr > BY. as.asT — oo, p=1N,

and Theorem 2 is proved. U

References

[1] Brillinger, D.R.: Regression for randomly sampled spatial series: the trigonometric
case. J. Appl. Probab. 23A, 275-289, (1986). MR0803178. https://doi.org/10.1017
/s0021900200117139

[2] Ivanov, A.V.: Consistency of the least squares estimator of the amplitudes and angular fre-
quencies of a sum of harmonic oscillations in models with long-range dependence. Theory
Probab. Math. Stat. 80, 61-69, (2010). MR2541952. https://doi.org/10.1090/S0094-9000-
2010-00794-0

[3] Ivanov, A.V., Leonenko, N.N.: Statistical Analysis of Random Fields. Mathematics and
its Applications (Soviet Series). Kluwer Academic Publishers Group, Dordrecht (1989).
With a preface by A. V. Skorohod Translated from the Russian by A. I. Kochubinskii.
MR 1009786. https://doi.org/10.1007/978-94-009-1183-3

[4] Ivanov, A.V., Lymar, O.V.: The asymptotic normality for the least squares estimator of
parameters in a two dimensional sinusoidal model of observations. Theory Probab. Math.
Stat. 100, 107-131 (2020). MR3992995. https://doi.org/10.1090/tpms/1100

[5] Ivanov, A.V., Malyar, O.V.: Consistency of the least squares estimators of parameters
in the texture surface sinusoidal model. Theory Probab. Math. Stat. 97, 73-84, (2018).
MR3746000. https://doi.org/10.1090/tpms/1049

[6] Ivanov, A.V., Savych, LM.: On the least squares estimator asymptotic normality of the
multivariate symmetric textured surface parameters. Theory Probab. Math. Stat. 105, 151—
169 (2021). MR44213609. https://doi.org/10.1090/tpms/1161

[7] Ivanov, A.V., Leonenko, N.N., Ruiz-Medina, M.D., Zhurakovsky, B.M.: Estimation of har-
monic component in regression with cyclically dependent errors. Statistics 49, 156186,
(2015). MR3304373. https://doi.org/10.1080/02331888.2013.864656

[8] Walker, A.M.: On the estimation of a harmonic component in a time series with
stationary dependent residuals. Adv. Appl. Probab. 5, 217-241, (1973). MR0336943.
https://doi.org/10.2307/1426034

[9] Yadrenko, M.I.: Spectral Theory of Random Fields. Translations Series in Mathematics
and Engineering. Springer, (1983). MR0697386


https://mathscinet.ams.org/mathscinet-getitem?mr=0803178
https://doi.org/10.1017/s0021900200117139
https://doi.org/10.1017/s0021900200117139
https://mathscinet.ams.org/mathscinet-getitem?mr=2541952
https://doi.org/10.1090/S0094-9000-2010-00794-0
https://mathscinet.ams.org/mathscinet-getitem?mr=1009786
https://doi.org/10.1007/978-94-009-1183-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3992995
https://doi.org/10.1090/tpms/1100
https://mathscinet.ams.org/mathscinet-getitem?mr=3746000
https://doi.org/10.1090/tpms/1049
https://mathscinet.ams.org/mathscinet-getitem?mr=4421369
https://doi.org/10.1090/tpms/1161
https://mathscinet.ams.org/mathscinet-getitem?mr=3304373
https://doi.org/10.1080/02331888.2013.864656
https://mathscinet.ams.org/mathscinet-getitem?mr=0336943
https://doi.org/10.2307/1426034
https://mathscinet.ams.org/mathscinet-getitem?mr=0697386

	Introduction
	LLN for finite Fourier transform of random noise
	Strong consistency of LSE

