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Abstract For a (non-symmetric) strong Markov process X, consider the Feynman—Kac semi-
group
TAf(x) :=E[eM f(Xp)], xeR", 1>0,

where A is a continuous additive functional of X associated with some signed measure. Under
the assumption that X admits a transition probability density that possesses upper and lower
bounds of certain type, we show that the kernel corresponding to T,A possesses the density

p{‘ (x, y) with respect to the Lebesgue measure and construct upper and lower bounds for
p;“ (x, ). Some examples are provided.
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1 Introduction

Let (X;);>0 be a Markov process with the state space R”. For a Borel measurable
function V : R" — R, we can define the functional A; of X by

t
A= / V(X5)ds, t>0. (1.1
0
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Suppose that lim;_,o sup, E*|A;| = 0. Then, by the Khasminski lemma there exist
constants C, b > 0, such that

supE*elAl < ce; (1.2)
X

see, for example, [11, Lemma 3] or [12, Lemma 3.3.7]. Estimate (1.2) allows us to
define the operator

TAf(x) =E[eM f(X)], xeR" t>0, (1.3)

where the function f is bounded and Borel measurable. The family of operators
(TIA) ¢>0 forms a semigroup, called the Feynman—Kac semigroup.

Feynman—Kac semigroup is well studied in the case of a Brownian motion (see
[23, 24, 12, 3]); in particular, in [3] more general functionals are treated. The case of
a general Markov process is much more complicated; see, however, [12, Chap. 3.3.2]
and [24]. The essential condition on the process, stated in the papers cited, is that
the Markov process X is symmetric and possesses a transition probability density
Pt ()C > Y )

In this paper, we construct and investigate the Feynman—Kac semigroups for a
wider class of Markov processes. First, we construct the Feynman—Kac semigroup
for a (non-symmetric) Markov process, admitting a transition density. We also treat
a more general class of functionals A;, that is, in our setting the functional A; is not
necessarily of the form (1.1), but is constructed by means of some measure @, which
is in the Kato class with respect to the transition probability density of X (cf. (2.3)).
The approach used in [8] allows us to show the existence of the kernel p,"‘ (x, y) of
the semigroup (TIA),ZO and to give its representation. The method from [8] relies on
the construction of the Markov bridge density, which in turn employs the regularity
properties of the transition probability density of the initial process X rather than its
symmetry.

In such a way, this prepares the base for the main result of the paper, which is
devoted to the investigation of the Feynman—Kac semigroup for the particular class
of processes constructed in [18]. In [20, 19], we develop the approach that allows us
to relate to a pseudo-differential operator of certain type a Markov process possess-
ing a transition probability density p;(x, y) and construct for this density two-sided
estimates. In particular, such estimates provide an easily checkable condition when
a measure @ belongs to the Kato class with respect to p;(x, y). This allows us to
describe the respective continuous additive functional A; and to show (1.2). Starting
with the class of processes investigated in [18], we construct (see Theorem 3) the
upper and lower estimates for the Feynman—Kac density p;4 (x, ¥). In particular, we
show that the structure of such estimates is “inherited” from the structure of the es-
timates on p;(x, y). In some cases when the upper bound on p;(x, y) can be written
in a rather compact way, we can describe explicitly the Kato class of measures. For
example, this is the case if p;(x, y) is comparable for small ¢ with the density of a
symmetric stable process; see also [4, Cor. 12] for refined results. In Proposition 4 we
show that if the initial transition probability density possesses an upper bound of a
rather simple (polynomial) form, this form is inherited by the Feynman—Kac density

pi(x,y).
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Up to the author’s knowledge, in general, the results on two-sided estimates of
p,A (x, y) are yet unavailable. For X being an «-stable-like process, the estimates of
the kernel p,A (x, y) are obtained in [22]; see also [10] and the references therein for
more recent results in this direction, including two-sided estimates on p;“ (x,y) in
the case when the functional A is not necessarily continuous. The approach used in
[22, 10] to construct the Feynman—Kac semigroup is based on the Dirichlet form
technique. See also [5] for yet another approach to investigate Feynman—Kac semi-
groups.

The paper is organized as follows. In Section 2, we give the basic notions and
introduce the main results. Proofs are given in Sections 3 and 4. In Section 5, we
illustrate our results with examples.

Notation

For functions f, g, by f < g we mean that there exist some constants cj,cy; > 0
such that ¢; f(x) < g(x) < caf(x) for all x € R". By x - y and ||x|| we denote,
respectively, the scalar product and the norm in R”, and S” denotes the unit sphere in
R”". By Bp(R"™) we denote the family of bounded Borel functions on R”. By C ]éo (R™)
we denote the space of k-times differentiable functions, with derivatives vanishing at
infinity. By ¢;, ¢ and C we denote arbitrary positive constants. The symbols *, 0, and
¢ denote, respectively, the convolutions

(f*x)x,y) = /Rn flx —2)g(z — y)dz,

(fog)x, y) = fR Flx = g — Yo (o),

and

t
(fO8)x,y) :=/0 fRn Ji—s(x,2)gs(z, y)w (dz)ds,

where @ is a (signed) measure.

2 Settings and the main results

Let X be a Markov process with the state space R"”. We call X a Feller process if the
corresponding operator
Tif (x) = E* f(Xy) 2.1)

maps the space Coo(R") of continuous functions vanishing at infinity into itself. As-
sume that X possesses a transition probability density p;(x, y) which satisfies the
following assumption.

P1. For fixed x € R", the mapping y — ps(x, y) is continuous for all s € (0, 7],
and the mapping s — p;(x, y) is continuous for all x, y € R".

Recall some notions on the Kato class of measures and related continuous additive
functionals.

We say that a functional ¢; of a Markov process X; is a W-functional (see [13,
§6.11]) if ¢; is a positive continuous additive functional, almost surely homogeneous,
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and such that sup, E*¢; < oo. By additivity we mean that ¢, satisfies the following
equality:

Orvs = Qr + @5 0 0, (2.2)
where 6, is the shift operator, that is, X o 6; = X,4. The function v, (x) := E*¢; is
called the characteristic of ¢; and determines ¢; in the unique way; see [13, Thm. 6.3].

A positive Borel measure @ is said to belong to the Kato class Sk with respect to
pi(x, y)if t
lim sup / / ps(x, )@ (dy)ds = 0. 2.3)
0 n

=0 cRrn

By [13, Thm. 6.6], the condition @ € Sk implies that the function

t
Xt (x) :=// ps(x, y)w (dy)ds 2.4)
0 JR»

for which the mapping x +— x;(x) is measurable for all # > 0, is the characteristic of
some W-functional ¢;.

Let o = @' — @~ be a signed measure such that o
p:(x, y). Then

+ ¢ Sk with respect to

t
x5 = f / ps(x, V)= (dy)ds (2.5)
0 JR7

are the characteristics of some W-functionals A,i, respectively, that is, there exist AljE
such that X,i x) = ]E"A,i. Since for such functionals we have

lim sup E* AF = 0,
t—0 y

then estimate (1.2) holds true, and thus the Feynman—Kac semigroup (TtA),zo for
A, := A — A7 is correctly defined.
To show that the semigroup (T,A),Zo can be written as

TAf () = /R S0Py, f € By(R),

and to find the representation of the density ptA (x, y) in terms of the probability
density of the initial process, recall some notions on Markov bridge measures.

Denote by (F;);>0 the admissible filtration related to X. A Markov bridge Xf‘y
of X, is a Markov processes conditioned by Xg = x and X; = y. In the proof of
[8, Thm. 1], it is shown that under P1 there exists the corresponding Markov bridge
measure P;’y on F,_ for (¢, x, y) such that p,(x,y) > 0. We denote by E;J, the
expectation with respect to P, y*

The next proposition is essentially contained in [8, Thm. 1], but we reformulate
the result in the way convenient for our purposes.

Proposition 1. Let X be a Feller process, admitting the transition probability density
p:(x, ), for which assumption P1 holds. Let w = w™ — @~ be a signed Borel mea-
sure, m* € Sk, and A, = A} — A, , where AT are continuous additive functionals
with characteristics (2.5), respectively. Then

TAf(x) = / FO) A y)dy forany f € By(R).

{y: pr (x,y)>0}
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where
P, y) = pi(x. DEL e, x,y eR" 1> 0. (2.6)

Remark 1. When X is a Brownian motion, the statement of Proposition 1 is known,
see [23] and also [3]. The construction from [3, 23] can be extended to the case of a
symmetric Markov process, see [24]. On the contrary, the construction presented in
[8] relies on P1 and does not require the symmetry of the initial process.

Proposition 1 implicitly gives the representation of the function p/(x, y). How-
ever, when one wants to get quantitative information about p,A (x, ), like the up-
per bound on p,"‘ (x, y), estimation of the expectation E;’ve"‘f in (2.6) appears to
be non-trivial. Instead, for some class of Feller processes, we can use another ap-
proach, which enables us to get explicitly an upper estimate of ptA (x, y). Namely, in
[18] we formulated the assumptions under which one can construct a Feller process
possessing the transition probability density p;(x, y) satisfying assumption P1 and
admitting upper and lower bounds of certain form. In order to make the presentation
self-contained, we quote this result below.

Let

Lf(x):= a(X)'Vf(X)JrA{n (fx4uw)— f ) —u-V f ) Luy<i))mx, u)u(du),

2.7
where f € Cgo (R™), and p is a Lévy measure, that is, a Borel measure such that

/ (el A 1) p(du) < 0.
Rn
Assume that p satisfies the following assumption.

Al. There exists 8 > 1 such that

sup ¢V (r&) < B inf g% (r&) forall r > 0 large enough,
fesn Lesrt

where
"©= [ [C0 . o= [t @8

Assume that the functions a(x) and m(x, u) in (2.7) satisfy the assumptions A2—
A4 given below.

A2. The functions m(x, u) and a(x) are measurable, and satisfy with some con-
stants b1, by, b3 > 0, the inequalities

by < m(x,u) < b, la()| <b3, x,ueR"

A3. There exist constants y € (0, 1] and b4 > 0 such that

ImGe,u) —m@y,w)|+ |a@x) —a)| < ba(lx —yI” A1), u, x, yeR™
2.9
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Ad. In the case B > 2, we assume that a(x) = 0 and the kernel m(x, u)u(du) is
symmetric with respect to u for all x € R”".

Denote by fiow and fyp the functions of the form

fiow@) i=ai(l—aallxll) . fopx) :i=aze™ ™ x e R, (2.10)

where a; > 0, 1 <1i < 4, are some constants.
Finally, define ¢*(r) := sup,.g» qU@r0), r > 0. It was shown in [17] (see
also [20]) that condition A1 implies that

'y =P =1

Note also that the continuity of ¢V in & implies the continuity of ¢* in r. Therefore,
we can define its generalized inverse

pr=inf{r 1 q*(r)=1/t}, t€(0,1]. (2.11)

Theorem 2 ([18]). Under assumptions A1-A4, the operator (L, C go (R") extends to
the generator of a Feller process, admitting a transition probability density p;(x, y).
This density is continuous in (t, x, y) € (0, 00) x R" x R", and there exist constants
ai >0, 1 <i <4, and a family of sub-probability measures {Q;, t > 0} such that

:Otnflow((x _y),Ot) < pi(x,y) < p?(fup(,ot') * Qt)(x -y), te(0,1], x,y eR",

(2.12)
where fiow and fup are functions of the form (2.10) with constants a;, and p; is defined
in (2.11).

The constructed process is a Lévy type process. In the “constant coefficient case,”
that is, where a(x) = const and m(x,u) = const, (2.7) is just the representation
of the generator of a Lévy process; in other words, a Lévy type process is the pro-
cess with “locally independent increments.” It is known (cf. the Courrege—Waldenfels
theorem, see [16, Thm. 4.5.21]) that if the class C2°(R") of infinitely differentiable
compactly supported functions belongs to the domain D(A) of the generator A of a
Feller process, then on this set C2°(R") the operator A coincides with £ + “Gaussian
component.” Thus, the class of processes satisfying the conditions of Theorem 2 is
rather wide.

Let us show that, under the conditions of Theorem 2, we have

pr(x,y) >0 forallt >0, x,y € R".

We find the minimal N such that the distance from x to y can be covered by N balls
of the radius smaller than (2a;p; /N)_1 (where a; > 0 is the constant appearing in
fiow 1n (2.12)), that is, the minimal N for which

IIJC—yIIS 1 .
N apt/N

2.13)

2

Observe that g*(r) < cir5, r > 1, implying et~ V2 < pr for all ¢t small enough.

S 2
Hence, (2.13) holds with N > w Therefore, putting yg = x and yy = y,
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we get

N
pz(x,y)=/R /R (]_[pz/zv(yi_l,yi)>dy1...dyzv
i=1

>

N
HP;/N()’Z’—I» yi)dyi

i=1

fB(yo,(zazp,/ml) o /B<yN1,<2azp,/N>'>
> copjns
where in the last line we used that
piyN (i1, Yi) = 2_1611,0§1/N forall y; € B(yi—1, Qazpi/n)~").

Thus, the transition probability density p;(x, y) is strictly positive.
Finally, for a signed Borel measure @, define

h(r):=suplw|{y: |x -yl <r}, (2.14)

where || := @ + @~ is the total variation of = . Denote by h the Laplace trans-
form of h.

The following theorem is the main result of the paper. Let #y € (0, 1] be small
enough.

Theorem 3. Let X be the Feller process constructed in Theorem 2. Take a signed
Borel measure @ such that its volume function (2.14) satisfies

t
/ P hpg)ds < €5, 1[0, 1], (2.15)
0

with some constants C, { > 0, where p; is given by (2.11). Then

a) There exists a continuous functional A, such that
t
E*A; = / / ps(x, y)o (dy)ds;
O R)l

b) The semigroup (TIA),EO is well defined, and its kernel possesses a density
p,A (x, y) with respect to the Lebesgue measure on R";

c) There exist constants a; > 0, 1 < i < 4, and a family of sub-probability
measures {R;, t > 0} such that for t € (0, ty] and x, y € R",

O fiow((x = Y)pr) < pAee, ) < P (fup(pe) ¥ Re)(y —x); (2.16)

here flow and fup are the function of the form (2.10) with some constants a;,
I1<i<4
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Remark 2. In general, g; in estimate (2.16) are some constants, that may not coincide
with those in estimate (2.12). In order to simplify the notation, we assume that in
Theorem 2, a; = a3z = 1,a, = a, and a4 = b.

Assumption (2.15) can be relaxed, provided that more information about the ini-
tial transition probability density is available. Put

1
1 (14 ||| /eV/er)d+e’

gr(x) := >0, x e R". (2.17)

Note that for d = n, this function is equivalent to the transition probability density of
a symmetric «-stable process in R” (that is, the process whose characteristic function
is e IE1") Denote by K, o the class of Borel signed measures such that

t : _ <
lim sup/ =y e =yl=st, 0, (2.18)
0

=0 Sn+1—ot

The following lemma shows that for d > n — « the Kato class of measures with
respect to g;(x — y) coincides with K, . The proof uses the idea from [4], and will
be given in Appendix A.

Lemma 1. A finite Borel signed measure @ belongs to Sk with respect to g;(x — y),
given by 2.17) withd > n — «, ifand only if |w| € Ky, 4.

Corollary 1. In particular, it follows from Lemma 1 that @ € Sk with respect to the
transition probabiility density of a symmetric a-stable process if an only if o € K .

In the proposition below, we state the “‘compact” upper bound for plA (x, ).

Proposition 4. Let X be a Feller process satisfying the conditions of Proposition 1,
and in addition assume that the transition density p;(x,y) of X is such that for all
t € (0,1], x, y € R, the inequality

pi(x,y) <cgi(x —y), te(01] x,yeR", (2.19)

where the function g;(x) is defined in (2.17) with d > n —a. Suppose that w € K, q.
Then

pAx,y) <Cg(x—y), 1€(0,1], x,yeR". (2.20)

Remark 3. a) For X being a symmetric a-stable-like process, such a result is known,
see [22]. In particular, the upper bound (2.20) holds with n = d. In our case, X is from
a wider class; in particular, we do not assume the symmetry of the initial process, and
the method of constructing the Feynman—Kac semigroup is completely different.

b) In view of Lemma 1, under the assumptions of this proposition, we can take
w € K, rather than w € Sk with respect to g;, which is more convenient for
usage.

In Section 5, we provide examples that illustrate Theorem 3 and Proposition 4.
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2.1 Discussion and overview

1. On continuous additive functionals. Loosely speaking, there are two approaches
for constructing continuous additive functionals. One approach, which we de-
scribed previously, relies on the Dynkin theory of W-functionals. Another ap-
proach, based on the Dirichlet form technique, establishes the one-to-one cor-
respondence between the class of positive continuous additive functionals and
the class of smooth measures, see [14, Lemmas 5.1.7,5.1.8] or [15, Thm. 5.1.4]
in the case when the process under consideration is symmetric; see also [21,
Thm. 2.4] for the non-symmetric case. In this paper, we use Dynkin’s approach
as more appropriate in our situation, in particular, we do not assume that the
initial Markov process X is symmetric. Our standard reference in this paper
is [13].

2. On the generator of (T,A)tzo. Suppose that the Markov process X and the
positive functional A, are as in Proposition 1. In this case, the semigroup
(T,A)tzo is contractive, and thus there exists a sub-Markov process with transi-
tion sub-probability density ptA (x, y). Formally, we can describe the generator
of (T,A)tzo as

LA=L -, (2.21)
where £ is the generator of the semigroup associated with X, and @ is the
measure appearing in the characteristic of A; (cf. (2.4)), see [13, Thms. 9.5, 9.6]
for the (equivalent) formulation. Nevertheless, in this framework the problem
of defining the domain D(£4) of £4 still remains open. In the general case,
that is, when A can attain negative values, in order to define the generator of

(non-contractive) semigroup (TtA) >0, we can use the quadratic form approach,
see [1, 2], and also [9].

3 Proof of Theorem 3

3.1 Proof of statements a) and b)

a) By the upper bound in (2.12) on p;(x, y) (see also Remark 2), (2.15) implies that
w € SK:

t
Sup// ps(x, V)| |(dy)ds
0 JR®

xeRn?

t
< sup fo f n fR 8 fup((r = x = 2)05) Qs (@2 |(dy)ds

xeR?

t o0
<bsup /0 / /0 plla{y : lly —x — zll < v/pse " dvQy(dz)ds

xeR”

t
< b/ p}’“h(bps)ds -0, t—0.
0

Hence, applying [13, Thm. 6.6], we derive the existence of a continuous functional
A, with claimed characteristic.

Statement b) is already contained in Proposition 1.
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3.2 Outline of the proof of c)

For the proof of Theorem 3(c), we use the Duhamel principle. First, we show that the
function ptA (x, y) satisfies the integral equation

t
pAGLY) = prx.y) + /O /R s Pt s, ()

provided that the integral on the right-hand side converges. We show that if the series
o

mx,y) =Yy pltey) (3.2)
k=1

converges, then it satisfies Eq. (3.1). We derive an upper estimate for the convolutions
p,<> k (x, ¥), which guarantees the absolute convergence of the series and allows to find
the upper estimate for 7;(x, y).

Second, we show that on (0, 7y] x R" x R” the solution (3.2) to (3.1) is unique in
the class of non-negative functions { f (¢, x, y) > 0, t € (0, t9], x, y € R"} such that

f ft, x,y)dy <C forallr € (0,1], x € R". (3.3)
Rl’l

We use the standard method, based on the Gronwall-Bellman inequality.
Finally, observe that the kernel ptA (x, y) of T,A belongs to the class of functions
satisfying (3.3). Indeed, since for A; we have (1.2), it follows that

ITAf ()] < B e <y, f € By(R), x e R", 1 € (0, 19). (3.4)

Thus, p;“(x, y) = m;(x, y) on (0, fp] x R" x R",

Before we prove that (3.2) is the solution to Eq. (3.1) on (0, ro] x R" x R",
let us discuss a simple case when @ is the Lebesgue measure on R”. In this case
h(r) = c,r", and thus assumption (2.15) is satisfied:

t
/0 P h(ps)ds = ext.

Therefore, the procedure of estimation of convolutions reduces to those treated in [18,
Lemmas 3.1, 3.2].
Rewrite the upper bound in (2.12) as

pix.y) < Cit (g % 00 (y — 1), (3.5)
where C| > 0 is some constant,
g () =112 (x), (3.6)

and (cf. Remark 2)
81 (x) == pf' fup(orx) = pfle "M, 3.7)
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This modification is technical, but proves to be useful for estimating the convolutions
p,<> k (x, y). Let us estimate pf> k (x, y). Take now a sequence (6x)r>1 such that 0 <
Ok+1 < 6k, 01 = 1, and put

ePw) =g @), k=1 (3.8)

Since p; is monotone decreasing, for 0 < s < %, we have p,_s < p;/2. Note that
Pt < py/2; this follows from condition Al and the definition of p;; see [20] for the
detailed proof. Then, for 0 < s < /2,

(g% % gM)(x) < 1472 /R 8r—s k1% — 64— 1)8s Br_1)dy

= 2", / 8r—s(Ok—1x — y)gs(¥)dy
Rn

bpt Oy, Ok

_ - O 15— —bpy (1= %

< tk/zek_nlf P pite” Hit (ko rmHD—bps (= gllel
Rﬂ
_ _ %

< cltk/Zg]:_nlplne—hp,lex\/ ore bps (1 gk_l)lzldZ

k
= DrgP (x), (3.9)

where Dy = c(6x—1 — ) ™", ¢ = 1 Jpa € "Fldz, and in the second line from below,

we used the triangle inequality and monotonicity of p;. In the case /2 < s < ¢,
calculation is similar.
By induction we can get

k
PP,y < Gz (g % o)y — 2. k=2, (3.10)
where
e xRy £ 1
Cr:=c"C l_[ =
T/2) |4 61— 6))
and for k > 2
1 1

® ._ (h—1)/2=1/2,.—1/2 A (k—1) M
0® (dw) ._—f /(1—r) = 120%D w —uwy o' (dudr.

’ BT D) Jo Je e "

Since {Q;k), t > 0, k > 1} is the sequence of sub-probability measures and gt(k) x) <
,ot"tk/ 2 we obtain
k —
|pP* e, )| < Crt 1oy
Thus, to show the absolute convergence of the series Z,fil pt<> k (x, y), we may check
that Z,fil Cr < o0o. However, the behaviour of Cy as k — oo is rather complicated.
To see this, take, for example, 6, = % + 21—k Then

TE(1/2)

Ce= g

(2%k!(k — DY),
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and thus Cy explodes as k — o0. Therefore, this procedure of estimation of con-
volutions is too rough, and needs to be modified. For this, we change the estimation
procedure after some finite number of steps; this allows us to control the decay of
coefficients and, in such a way, to prove that ) ;- pt<> k (x,y) < oo.

In the next subsection, we handle the general case, in particular,

* We give the generic calculation, which allows us to estimate the convolution
(81—s 0 &5)(X);

¢ We estimate the convolutions pt<> k (x,y), k>2;

* We change the estimation procedure after kg steps, where k is properly chosen,
and estimate ptO(k"H) (x,y),£>1.

The change of the estimation procedure could be unnecessary if we would know
that p;(x, y) possesses a more regular upper bound than (2.12). In this case, we obtain
a sufficient control on the coefficients Cy, k > 1. This is exactly the case under the
conditions of Proposition 4.

3.3 Representation lemma, generic calculation, and estimation of convolutions

Lemma 2. The function p;“ (x, y) given by (2.6) satisfies Eq. (3.1).

Proof. In the case when X is a symmetric stable-like process and @ € Sk with
respect to the transition probability density of X, the sketch of the proof is given
in [22]. In the general case, the proof is the same; in order to make the presentation
self-contained, we present it below. Using the equality

t
e :/ AN dA + 1,
0

the strong Markov property of X, and the additivity of A; (cf. (2.2)), we write
T/ f(x) = B[ f(X)e™]
t
— B (X)) + B [ [ [f(Xz)eA’_AS]dAS]
0
t
=E' f(X)) + E* [ / EXs [f(xtne/‘”]dAs}
0
t
= Exf(Xt) +Ex/ T[ésf(Xs)dAs-
0
Observe that for f € Bp(R"), we have
t t
E* [ f(Xs)dAs = / [R F W ps(x, y)o (dy)ds. (3.11)
0 O n

Indeed, since x; = X,+ — x; with xti given by (2.5) is the characteristic of A;,
Eq. (3.11) holds for a finite linear combination of indicators. Approximating f €
By (IR™) by such linear combinations and passing to the limit, we get (3.11). g
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For 6 € [0, 1], put
8r.o(x) = g:(0x), (3.12)

where g;(x) is defined in (3.7), and
$u(s) = pi T h(vpy), v >0, (3.13)

where /1 is the volume function (cf. (2.14)) appearing in condition (2.15). Lemma
below gives the generic calculation, needed for the proof of Theorem 3.

Lemma 3. For 0 € (0, 1), we have

(815 08)(x) < Clpa—op(t —5) + da—op()]gro(x), xeR", 0<s <=1,
(3.14)
where C > 0 is some constant, independent of 6, and b > 0 comes from the definition

of g, see (3.7).

Proof. Take 6 € (0, 1). Since by definition the function p; is decreasing, we have
Ix = zllor—s + lizllos = lIxllors
which implies
(815 D &s)(x)

< e et fR [Fun (= 2)p1=s) fun (0 = 22:)]" Il @2).

By integration by parts we derive, using that p, is monotone decreasing, that
1-6
/R o0 [ fup((x = 2p1—s) fup (2 = W)ps) | | |(d2)
= Pf/z/R p?flfpfe((z — V)ps) | |(dz)

oo
< Clp;lpg/ |w|{z : e*b(I*G)Hnyllps > e*v}efvdv
0
> b(1-6
=d —G)bclﬂt"/o?f @z llz =yl < v/ps}e”""Pdv
0

< (1= B)berpf ol /O " h/p)e 10y
= c1p] 0y T h(b(1 = 6)py)
= 10 Pb(1-6)(5). (3.15)
Similar estimate holds true for s > %, which finishes the proof of (3.14). O
Take a sequence (6x)x>1 such that
0 =1, Or > 0, Or—1 > Ok, k=>2. (3.16)

Let

n
ko == [E} (3.17)
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where ¢ is the parameter appearing in (2.15). Define

k= min{b©;-1 —0)), 1 < j < ko, (3.18)
t
F(1) :=/ Gy (r)dr, (3.19)
0
and
k), | &e O FF @), 1 <k < ko,
g (x):= {e—hékopt|x||Fk—k0(t)’ k> ko, (3.20)

where g; ¢ (x) is defined in (3.12).
Finally, define inductively the sequence of measures

RV (dw) := Q,;(dw) ifk =1,

t
RO (dw) := (2F 1)~ f f [be (1 — 5) + e ()] Q15 (dw — )RED (duyds
0 Jre

(3.21)
if k > 2. Since (Qy)s>0 is the family of sub-probability measures (see Theorem 2),
we have

t
R (R") < (2F@®) fo [fct =) + ¢ ()] Qr—s (R") 05 (R)ds < 1,

and we can see by induction that iRt(k) R") < 1,t €[0, 1], for all k > 2.
Lemma 4. For k > 2 we have

P, | < Ce(@® * RE) =), x,y eR", 1€ (0, 1], (3.22)

where the sequence (§,(k))/£21 is given by (3.20), Rt(k) is defined in (3.21), k > 2, and
for k > ko, the constants Cy can be expressed as

ék = Cckkopy ,
where M, C > 0 are some constants.

Proof. We use induction. Rewrite the upper estimate on p,(x, y) in the form (3.5).
For k = 2 we get, using (3.5) and (3.15), the following estimates:

t
p%(x. )| < c%/o /R [/ 0 —x— gy -z — wz)l?UI(dZ)}
- Qr—s(dw1) Qs (dwr)ds

t
<G /Rn 81.0,(x — w){/o (D06, 60 (t — 5) + Do, -6) (5) ]

/ Or—s(dw — M)Qs(du)ds}
Rn
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t
<G /R prrE w){ /0 [t — )+ be(5)]

: / Qi—s(dw —u)Qy (du)ds}
Rn
<2C2F (1)(gr.6, ¥ RP)(y — )
=202(g7” * RP) (v = ), (3.23)

where C; > 0 comes from (3.5), and in the third line from below we used that by the
definition of k¥ and monotonicity of ¢, in v,

¢b(9_/_|—9j)(t) S (pK(t)’ 1 e (Ov 1]

Suppose that (3.22) holds for some 2 < k < ko. Then

|p: (k+l)(x | < < 2k= 1CkC1/ / gt(l)s*Q, —s)(@—x)
(8% % RO (y — 2)dzds

= 2k- lckclf / / (8208 0) (v = x — wi — wn)

- Qs (dw)RW® (dwy)ds. (3.24)
By the same argument as those used in the proof of Lemma 3, we have
1 _
(22, 08" () < (8156, 085,60 ) FF (1)

< Ck+181001, (x)F"*l(z)[asb(ek =00 (t = 5) + Bpe,_ -6 (5)]
= a1 (F®) et = 5) + e (]38 (0.

Substituting this estimate into (3.27), performing the change of variables and normal-
izing, we get (3.22) for 2 < k < k.

Take cg > 0. Note that for some ¢; > 0, we have coo; < p¢r, t € (0, 1]. Then,
by (2.15),

cit

t
/ i h(cop)dr < Cz/ Pt h(peydt < C3f pitthipdr < eyt
0 0
Therefore, taking kg as in (3.17), we get
P FR (1) < est/ethol < g 1 e [0, 1]. (3.25)

In such a way, on the (ko 4+ 1)-th step, we obtain

(5% 5 50) (x) Sce—bekop,uxu/ o0 (1=00)12=31 o (712

n

o0
= ce POkoprlixl / | |{z: psb(1 —Op)llz — x| <r}e”"dr
0
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< Ce—bgkopz \|X||¢b(l_9k0)(s)
~(k 1 _
cgF TV @) () F (1)

(cf. (3.15)), where in the last line we used the inequality x < b(1 — 6,) and the
monotonicity of ¢, in v. Using this estimate, we derive

ko+1 ki
pd®tD y><ck0c1/// (8500g D) (v — x — wy — wn)

- Qs (dw)R) (dwn)ds
< 2¢CiCyy - (810D 5 RETD) (3 — x). (3.26)

Then (3.22) follows by induction. Indeed, assume that (3.22) holds for k = ko+£—1.
For ¢ > 2 we get

(35D 520 () < cF e or g, (5) = cFH (0300 (1) (5).

t—s

Therefore,

P4 0w, | = 210 eicy, / / (N e

(8 % Qs)(y — 2)dzds
= Ciy2C10) (81T % RTO) (y — x). (3.27)

O

Remark 4. As we observed in the proof, the estimation procedure depends on con-
dition H1, which guarantees the existence of the number k¢ such that (3.25) holds.
In general, without H1 we cannot guarantee the existence of such a number, which is
crucial in our approach. For example, suppose that pg < s~! for small s, and take the
measure & such that

1
hir) < —, re(0,1].
(r) I~ (

By the Tauberian theorem, we have fz(k) = [AIn% A]~! for large A. Therefore, ¢, () ~
|Inz|~! as 7 — 0, and thus the integral F () diverges. Nevertheless, assumption H1
can be dropped, if the function p;(x, y) possesses a more precise upper bound. We
discuss this question later in Section 4.

3.4 Proof of statement c)
From (3.27) we get for all x, y € R",

|pl<>(ko+5)(x, | < M(CF(,)){ 0>1, (3.28)

where M = Cy, and C = 2Cc. Without loss of generality, assume that C > 1. Since
F(t) = 0ast — 0, there exists 7y > 0, such that

CF(t) <1/2, te(0,1)]. (3.29)

Thus, for ¢ € (0, 79], the series (3.2) converges absolutely and is the solution to (3.1).
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Let us show that the integral equation (3.1) possesses a unique solution in the
class of functions { f (¢, x, y) > 0, t € (0, tp], x, y € R"}, such that

/ ft,x,y)dy <c, te(0,1] xeR". (3.30)
Rn

Then the series (3.2) is a unique representation of the Feynman—Kac kernel p;“ (x,y)
fort € (0, 1], x, y € R".

Suppose that there are two solutions pt(l)’A(x, y) and pt(z)’A(x, y) to (3.1). Put
~ 1),A 2),A ~
pre.y) = 1p" M y) = pP M y)l and v (x) = [ p7(x, y)dy. Then, by
(3.1) we have

t
v (x) < / f Prs (5, 20y (D) (d2)ds. (331)
0 JR»

By induction we get
t
v (x) < / / PPk (x, s () (dz)ds. (3.32)
0 ]Rn

Note that there exists ¢ > 0 such that p,<>(k0+l)(x, y) <cforallt € (0, 9], x,y € R"
(cf. (3.26)). In such a way, by the finiteness of measure @, we get

t t
0 <l [ / v (D@ (d2)ds < e [ 3yds, (333)
0 JR» 0

where U; := sup,.gn Vs(z). Taking sup, cg» in the left-hand side of (3.33), we derive

t
b < czf eds, t e (0, t]. (3.34)
0

Applying the Gronwall-Bellman lemma, we derive v, = 0 for all r € (0, #p]. Thus,
the solution to (3.1) is unique in the class of functions

{f(t.x,9) 20, 1€ (0.10], x,y € R"}
satisfying (3.30).

Estimating series (3.2) from above, we get an upper bound in (2.16) with fy, of
the form (2.10) and
Ri(dw) = co Z ckngk) (dw),
k>1
with some ¢ € (0, 1) and the normalizing constant ¢y > 0 chosen so that R; (R") < 1
for all ¢ € (0, ty].
For the lower bound, observe that by (3.20) we have

PP (x, )| < Clko)p!' F(1), 2 <k <ko. (3.35)
By (3.28) and (3.29) we get

3 %0 (e, y) <2MCF @), 1€ (0.10],
>1
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which, together with (3.35) and the observation that p; is decreasing, yields the esti-
mate

(.¢]
P 2AES y)‘ < CoFp], 1€ (01, (3.36)
k=2

where Co > 0 is some constant. Therefore, choosing ¢y small enough, we have by the
lower bound in (2.12) the inequalities

P, ¥) = p! fiow((y — x)p1) — CoF (1)p}'
> cpf fiow((y —X)pr), 1 € (0, 1] (3.37)

4 Proof of Proposition 4

Since the proof of the proposition follows with minor changes from the proof of
the upper estimate in [22, Thm. 3.3], we only sketch the argument. For (¢, x, y) €
(0, 1p] x R" x R", put

t
IO(t»x» )’) = gl(-x - y)v Ik([,x, )’) = / A gt—s(x - Z)Ik—l(s7 Z, y)w(dz)ds
0 n

By the same argument as in [22], we can get
I, x, p)| < faiy —x), k=1, 1€(0, 1],
where ¢ € (0, 1) is some constant. Thus, for k > 1, we have
| Ok k _ R"
prl | = cfax—y), x,yeR", 1 €01 4.1)

This proves the convergence of the series (3.2) and the upper estimate (2.20). O

Remark 5. Let us briefly discuss the crucial difference between the proofs of Theo-
rem 3 and Proposition 4. We changed the procedure of estimation of p,<> k (x, y) after
a certain step, which was possible due to (2.15). In the case when we have a single-
kernel estimate for p,(x, y), for example, (2.19), we can drop condition (2.15). In
fact, it is enough to require that w € Sk with respect to g;(y — x). This happens
because in the case of the single-kernel estimate of type (2.19), it is possible to show
that the convolutions p,<> k (x, y) satisfy the upper bound (4.1) with ¢ € (0, 1), which
implies the convergence of the series (3.2).

5 Examples

As one might observe, the scope of applicability of Theorem 3 heavily relies on the
properties of the initial process X. To assure the existence of such a process, we
applied Theorem 2. Below we give the examplesin which condition Al is satisfied.
Since conditions A2—A4 are easy to check, we may assume that the functions a(x)
and m(x, u) are appropriate. We confine ourselves to the case when the measure p in
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the generator of X is “discretized «-stable; up to the author’s knowledge, in this case
the corresponding Feynman—Kac semigroup was not investigated. Examples below
illustrate that our approach is applicable also in the situation when the “Lévy-type
measure” m(x, u)u(du) related to the initial process X is not absolutely continuous
with respect to the Lebesgue measure.

Example 1. a) Consider a “discretized version” of an «-stable Lévy measure in R”.
Let my 1, (dy) be the uniform distribution on a sphere S ,, centered at 0 with radius
27%v 4 > 0, k € Z. Consider the Lévy measure

o0

p(dy) =Y 2my,(@dy), (5.1)

k=—00

where 0 < y < 2v. In [17], it is shown that for such a Lévy measure condition Al is
satisfied, and
pr=<t7 e, 1], (5.2)

where o = y /v.

Take some functions a(-) : R” — R and a non-negative bounded function m(-, -)
defined on R" x R”" satisfying assumptions A2—A4. By Theorem 2 the operator of
the form (2.7) with u, a(x), and m(x, u) as before can be extended to the generator
of a Feller process X that admits the transition density p;(x, y) satisfying (2.12).

Let @ be a finite Borel measure, and let 4 be its volume function, see (2.14). Let
us show that if the inequality

toh
/—Unﬁzadvyltf, t €(0,1], (5.3)
0

for some ¢ > 0, then we have (2.15). Using (5.2), changing variables, and applying
the Fubini theorem, we derive

t t
/pf‘“h(,os)dsff s h(cas™ V%) ds
0 0

0 /ey
:oz/ / h(@) dt |V % 2%dv.
0 0 .[n—i-l—a

Denote by I (¢) the right-hand side in this expression. Applying (5.3), we get

o0
1(t) < 61[ (1V/v) v eV dy < 318/,
0

In particular, if 2(v) < cv?,d > n —a, then (5.3) holds.

Thus, by Theorem 3, the Feynman—Kac semigroup (T/‘),zo is well defined, and
the kernel ptA (x, y) satisfies (2.16) with some constants a;, 1 < i < 4, and some
family of sub-probability measures (IR(]‘)) 1>0-

b) Consider now the one-dimensional situation. In this case, the Lévy measure u
from (5.1) is just

o
pdy) = Y 2" (8- (dy) +8 - (dy)). (5.4)

n=—oo
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Let X be a Lévy process with characteristic exponent

w@w=A;0—cm@mnme

In [20] we show that if 1 < @ < 2, then the transition probability density p;(x, y) of
X, Xo = x, is continuous in (¢, x, y) € (0,00) x R x R and admits the following
upper bound:

prey) et V(14 ly =21/t 1€ © 1], x,yeR. (5.5

Note that the right-hand side of (5.5) is of the form (2.17) with d = 0. Thus, the
conditions of Proposition 4 are satisfied, and we can construct the Feynman—Kac
semigroup for the related functional A; and the transition density p;(x, y), and get
the upper bound for the function p;“ (x, y) with p; < e r e 0, 1].

To end this example, we remark that it is still possible to construct the upper
bound for such p,(x, y) for a € (0, 1) of the form /¢ f (xt~1/%), but the function
f in this upper bound might not be integrable; see [20] for details. Note that the upper
bound (5.5) is non-integrable in R” for n > 2.

Example 2. Consider the Lévy measure

U()(A):// LA r " drug(dv), «a € (0,2), (5.6)
R JO

where o € (0, 2), ug is a finite symmetric non-degenerate (that is, not concentrated
on a linear subspace of R”) measure on the unit sphere S” in R”. Suppose that there
exists d > 0 such that for small » we have

w(B(x,r) <Crd, x| =1.

For d + o > n, it is shown in [6] that the corresponding Lévy process X, Xo = x,
admits the transition probability density p;(x, y), which satisfies

piCe,y) < e ™14y —x =) >0, x,y € R (5.7)
In the forthcoming paper [7], we construct a class of Lévy-type processes that ad-

mit the transition densities bounded from above by the left-hand side of (5.7). Thus,
taking w € X, o, we may apply Proposition 4.
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A Appendix

Proof of Lemma 1. We follow the idea of the proof of [4, Lemma 11]. Without loss
of generality, assume that @ is non-negative. Suppose first that @ € X, . Using
integration by parts and the Fubini theorem, we get

t
/ / g9s(x — y)w (dy)ds
0 Rll

t
x/ / ST (s x = y1))* T (dy)ds
O n

t
=/ s_"/“w{y: lx — vl fsl/“}ds
0

/I a / ( Sl/a )d+a d d
+ s~ @ (dy)ds
0 lx—yll>st/e \ lx = ¥l

tl/ot

d : -yl <
—uof1+ +o / ofy: lx—yll < v}dv
d+2a—n)Jy yntl-o

ald + a) td+20:—n /‘oo o{y: |lx—yl <v}
d+20—n e pd+l+a

dv. (A.1)

Since w € K, 4, the first term tends to 0 as ¢ — 0. Further, since d > n — o and the
measure w is finite, we have

e /‘OO o{y: |lx—yll <v}
« su
P pd+ita

dv— 0, t—0.

Let us show that

1
d+2a—n wf{y: lx —yll <v}
sup 1 2 dv. A2
;lp /,ua pd+1+a v (A2)

Let Ko = Ko(7) := [t~Y/*] + 1; note that Ko(t)t'/* — 1 ast — 0. We have

etz Ualy: Ix—yl < v}d
i/ pd+1+a v
K d—n—+2 1/a
() "‘V“/“‘“)’ wiy: =yl <v}
- k=1 k ktl/e prtl-e .

Since d > n — &, we have Y _jo., k~@=+20/¢ < o0 Since @ € K, o, we have

— 0, t—0.

1/a
/”‘“)’ oy : lx -yl < v}
dv
k

max  sup vn+l—a

1<k<Ko(t) «x 1/

Thus, we arrive at (A.2). This proves that (2.18) implies that @ € Sk with respect to

gr(y — x).
The converse is straightforward. g
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