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Abstract The object of investigation is the mixed fractional Brownian motion of the form

Xy = KBtH I 4 aB[H 2, driven by two independent fractional Brownian motions BIH and BZH
with Hurst parameters H| < H;. Strongly consistent estimators of unknown model parameters
(Hy, Hy, 2, 02)T are constructed based on the equidistant observations of a trajectory. Joint
asymptotic normality of these estimators is proved for 0 < Hy} < Hp < 3.

Keywords Fractional Brownian motion, mixed model, strong consistency, ergodic theorem,
asymptotic normality
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1 Introduction

The paper is devoted to the statistical identification of the following stochastic pro-
cess:
X, =«B" +0B™, >0, (1)

where Bt and B2 are two independent fractional Brownian motions with Hurst
indices H; and H; respectively. The process (1) is known in the literature as frac-
tional mixed fractional Brownian motion [16]. We aim to estimate all four unknown
parameters H, H>, «2, o2 based on equidistant observations {X;;, k =0,1,2,...},
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h > 0. In order to get an identifiable model, we assume that 0 < H; < Hy < 1,
o > 0, and k¥ > 0 throughout the article.

The application of fractional Brownian motion is highly widespread for modelling
real-world processes that evolve over time and have the properties of self-similarity
and long- or short-range dependence, see e.g., [4, 5, 11, 24-26, 32]. Mixed models
like (1) containing fractional Brownian motions with different Hurst indices are im-
portant from the perspective of practical applications, in particular, to economics and
financial mathematics; the motion of a lower Hurst index usually corresponds to a
component responsible for changes over a short period of time, and the motion of
a larger one corresponds to a long-term component. The particular case of the pro-
cess (1) with H; = 1/2 is known as mixed fractional Brownian motion. It was firstly
proposed by Cheridito [3] for better financial modeling, its properties can be found
in [33]. There are already existing practical applications of this model [9, 27, 30, 32].
The model (1) with arbitrary H; and H> was considered in [8, 16]. Its application to
the pricing of credit default swaps was studied in [10]. A more general model, con-
taining several fractional Brownian motions with different Hurst indices can be found
in [28].

Various methods for parameter estimation in the mixed Brownian—fractional
Brownian model (i.e., in the case H; = 1/2) were proposed in [29] (the maximum
likelihood method), [31] (Powell’s optimization algorithm), and [6] (approach based
on power variations). The general case of Hy, Hy € (0, 1) is less studied. We can
mention only the papers [18, 19], where the following mixed model with a trend was
considered:

X, =0t+«B" +0B™, >0 )

The authors applied the maximum likelihood approach for the estimation of the un-
known drift parameter 6 in model (2) based on the continuous observations. They
constructed an estimator, which involves a solution to the integral equation with weak
polar kernel. An approach to parameter estimation based on the numerical solution
to this equation was recently proposed in [21]. Estimation of the drift parameter by
discrete observations was discussed in [20].

In Refs. [2, 7, 14, 17] the parameter estimation for model (2) with H; = 1/2
was studied. The simultaneous estimation of all four parameters of this model was
studied in [7] by the maximum likelihood method, and in [14], where the approach of
[6] was generalized and, moreover, ergodic-type estimators were proposed. Ref. [2]
considered the estimation of the drift parameter 6 assuming that H and o are known
and k = 1. The drift parameter estimation for a more general model driven by a
stationary Gaussian process was discussed in [17].

The goal of the present paper is to construct strongly consistent estimators and
to study their joint asymptotic normality. We extend the approach of [14], based on
the ergodic theorem and generalized method of moments. It is worth mentioning that
asymptotic normality does not hold for H, > %, which is typical for models with
fractional Brownian motion, see, e.g., [22]. The estimators remain strongly consistent
but have non-Gaussian asymptotic distribution.

The paper is organized as follows. In Section 2 we construct strongly consis-
tent estimators with the use of four statistics based on the various increments of the
process X. Section 3 is devoted to asymptotic normality. First, we prove asymptotic
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normality of constructed additional statistics and evaluate their asymptotic covari-
ance matrix. Thereafter, we obtain the main result on the asymptotic normality of
our estimators by applying the delta method. The theoretical results are illustrated by
numerical study, which is presented in Section 4. All technical proofs together with
some auxiliary results are collected in Section 5.

We use the following notation. The symbol cov stands for the covariance of two
random variables and for the covariance matrix of a random vector. In the paper, all
the vectors are column ones. The superscript T denotes transposition. Weak conver-

. S . . d
gence in distribution is denoted by —.

2 Construction of strongly consistent estimators

Let & > 0 be fixed. Assume that the process X; defined in (1) is observed at points
tkx =kh,k=0,1,2,....Letus denote the increment

AXy = X@t1h — Xxn = kAB" + o AB[".

The estimation procedure will be based on the following result.
Lemma 1. The Gaussian sequence AXy, k =0, 1, ..., is stationary and ergodic.

This lemma allows us to apply the ergodic theorem for the construction of esti-
mators. Namely, if g: R/*! — R is a Borel function such that E lg(AXo, AX, ...,
AX))| < oo, then

N_
Z g(AXp, AXpst, ..., AXes)) = Eg(AXo, AXy,...,AX)  (3)
k=0

—

1
N
a.s., as N — oo. The main idea is to obtain four different convergences by choosing

different functions g, and then to construct the estimators by solving the correspond-
ing system of four equations. To this end, we introduce the following four statistics

1 N-—1 5 1 N—1 )
vi= g 2 (Kewson = Xen) ™o v = Y (Xasom — Xun)™
k=0 k=0 (4)
N-—1 N—1
1 2 1 2
ov = 2 (Xoran = Xun) ™ o= D (Xarsn — Xin) ™

~
Il
o
x~
Il
=}

Denote also ¢ = (Hj, Ha, k2,657,

Lemma 2. The following a.s. convergences hold as N — 00:
(i) én — B = k*n*MN + 0?0 = f1(9),
(ii) ny — Eno = 1?22 o2p2 022 = f(9),
(iii) ¢n — E o = k2h2H4h 4 g2p2H 08k —: £ (),

(iv) ¢n — Epo = k2h>MN20H1 1 2p2H200Hy —: £, (39,
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Let us introduce the notation

F®) = (fi(®), L), @), f2NT, (5)
™ =N, N, In. ¢N) LN €N, 9= (E&,Eno,EZo,Edo)’.  (6)

Then f(¥) = t9. Therefore, in order to obtain estimators for parameters (Hy, Ha,
02)T we need to construct function ¢ such that q(ro) £~ Y(1p), and then required
estimators would be defined as (H(l) H(z) KN, O’N)T = ¢(ty). In other words,
in order to construct strongly consistent est1mat0rs we need to solve the estimation
equation

f@) =1 @)

with respect to unknown parameters. The solution to (7) can be found in explicit form,
see Subsection 5.3 for details. This leads to the following result.

Theorem 1. Let 0 < H; < Hy < 1. The statistic
D 52 A
0= (H HY &%.6%)", ®)

where

NNEN — ENPN +d1v> 7 ©)

a0 _ llog2+
N2 2% — ENEN)

~ 1 nNiN —Engy —d
Ay’ = 7 182 ( N21(vn12\, —N§NN§N) N) ’ (4o

log, h
2= 2(n% — EnEN) =% endy + 2n3 — 3EnTNEN + E/%/(ﬁN’ (11
NNEN —énON +dn 2dyn
i 2% —enew)  \ "2 Endy — 2 + 3Ennney — E2oy
6% = Y N N (12)
NNEN —EnoN —dn 2dy

with
1/2
dy = (E}¢% — GEnnninen — 3nkeh +4ndon +4Eney)” (13)
is a strongly consistent estimator of % = (Hj, Ha, k2 o7,
Here

log, x, ifx >0, G )1/2 Jx, ifx >0,
0, ifx <0, o, ifx<o.

log,, x = {

Remark 1. The constructed estimators can be generalized for mixed model with
trend (2) by introducing the estimator m = % Z,jcv _01 (X (k+1)n — Xn) to define the
estimator of 6. By subtractmg from previously constructed statistics (4) we can
obtain a system of equations 51m11ar to (7).
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3 Asymptotic normality

We will start with a study of the asymptotic properties of the vector ty = (¢n, &y,
nn, ¢n). The previously defined stationary Gaussian sequence A Xy has the autoco-
variance function

o@i) = cov(AXo, AX;) = 2h* M p(i, H)) + o*h?P2p (i, Hy), i€Z, (14)

where
1
pli H) = 3 (1i + 127 =202 4 i = 17 (15)
denotes the autocovariance function of the stationary sequence {Bk T B,fl ,k > 0},
which is known as fractional Gaussian noise.

Theorem 2. Let 0 < Hy < Hy < 43_1' The vector ty defined by (6) is asymptotically
normal, namely,

Ev —E&
NGy — 1) = VN v —Emno L NGO, D)

tn—Eo

on —Edo

with the asymptotic covariance matrix S, which can be presented explicitly as

X1t X2 X3 X4

$_|Z2 Xn X3 Xy
X3 X3 X3z T |’
Y4 X4 Xza X
where
o o
Sn=23 50 En=Y ,5(i)(4;5(i)+4/3(i+1)>,
i=—00 I=—00
Sop = p(z)(lzpa) +165( + 1) + 473 +2)),
i=—00
Sia= D A0(850) + 1256 + 1) + 85 +2) +45( +3)),
i=—o00
Sy = p(l)<28,0(l) F 485G + 1) +325( +2) + 165G + 3) +45(i +4))
i=—00
—+00
i = Y. A)(885) + 1605 + 1) + 1245 +2) + 8073 +3)
i=—00

F 405G +4) + 165 +5) + 45 + 6)),



6 K. Ralchenko, M. Yakovliev

Sro= 20 50)(1656) +285( + 1)+ 245 +2) + 205G +3)
;165(1' +4) 1250 +5) + 850 +6) + 45 + 7)),
Sou = io ﬁ(i)(60,6(i) F 11256 + 1) + 965 +2) + 805G +3)
—I—_64,5(i +4)+48p(i +5)+ 320G +6)+ 160G +7) +4p( + 8)),
Sy = io ,5(1')(216,5(1') L4165 + 1) + 3765 +2) + 3205 + 3)

i=—00

+ 25600 +4) +192p(G +5) +132p(i + 6) + 800 + 7)

+405G +8)+ 165G +9) +45G + 10)),
+00
Su= Y ,5(1’)(688,5(i)+1344,5(i+1)—|—126O,5(i+2)+1136,5(i+3)

I=—00
+9845(i +4) + 8165(i +5) + 6445(i + 6) + 4805 + 7)
+336/5(i +8) 4+ 2245(i +9) + 14045(i + 10) 4+ 805G + 11)

405G 4+ 12) + 165 + 13) + 45 + 14)).

Remark 2. The condition H < % is essential since otherwise the series in Theorem 2

do not converge. Moreover, for H > %, the asymptotic normality of Ty does not hold;
using the results of [15], it is possible to establish the convergence of the suitably
normalized vector Ty — T to a special non-Gaussian distribution.

Now we are ready to provide the main result on asymptotic normality of our
estimator (8).

Theorem 3. Let 0 < H| < Hy < %. The estimator Oy is asymptotically normal,

namely, )
S
VN (9w —0) =N |y 2| S v (6. 20)
Ky —K
&1%, — o2

with the asymptotic covariance matrix X° that can be found by the formula
g -7
2= FONTE (@),
where ¥ is defined in Theorem 2 and

212h*M Jog h 202h*H2 Jog h h2H h2H
£ = 262(2h)* M1 log 2h)  202(2h)*21og (2h) (2R (2h)*H2
22 (4h)* M log (4h) 202 (4h)* M2 10g (4h)  (4h)*H1 (4h)2H2
212 (8h)*H1 log (8h)  202(8h)*M210g (8h) (8h)*M  (8h)*H2
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4 Simulation study

In this section, we present results of estimators performance in numerical simula-
tions. For each generated trajectory, we will estimate asymptotic covariance matrices
defined in Theorem 2 and Theorem 3 by using values of estimators (9)-(12). For
each set of parameters with 0 < H; < Hp < 1, we generate 1000 trajectories of the
process X and calculate the empirical means, empirical standard deviations of the es-
timates, and percentage of iterations with constant dy defined in (13) being equal to
zero. Additionally, for 0 < H; < Hp < %, we calculate the average approximate the-
oretical standard deviation (ASD) — the square root of the estimated asymptotic vari-
ance divided by N (4/ (f]?v)ii /N) — and the coverage probability (CP) for ¢ = 5%,
based on the estimator of the asymptotic covariance matrix. We are computing these
statistics only for H] < Hp < %, excluding interval (%, 1) where the series (17)
will not converge as per Lemma 3. Therefore, the asymptotic covariance matrix and
corresponding statistics (ASD and CP) will be undefined. Moreover, when any of the
estimates H, v will be out of boundaries (0, %), or the calculated constant dy defined
in (13) is zero (e.g., in cases where discriminant D defined in the proof of Theorem 1
by (30) is nonpositive), then ASD and CP will also be considered undefined.

To numerically approximate limiting covariances, series alike (17) are divided
into the sum of two convergent series

+o0 oo =
Y A+ e)pli+ By =) pl+ )il +p)+ ) 5l +1 -l +1-p).
i=—o00 i=0 i=0

where «, 8 € Z.

Then, series Zfzog p(i +a)p(i + B) are approximated with precision § = 1073
by evaluating the sum S, = Z;”:O p(i +a)p(i + B), where m is the smallest number
such that |S,, — S,,—1| < 1073, Obtained approximations will be used to compute the
asymptotic covariance matrix defined in Theorem 2.

For H 15/1)’ H 1(\,2 ), /21%,, 61%], EAIR, and fixed time step & = 1 we vary the horizon
T = h2" forn € {8, 10, 12, 14, 16, 18, 20}. For all simulations, the values o = 1
and « = 1 were used.

Results of parameters estimations provided in Tables 1—4 indicate that constructed
estimators perform better, the higher the difference is between H; and H,. That im-
pact is especially significant for estimators of variances k> and o2 since the denom-
inator in (11) and (12) tends to O when the difference between two Hurst parame-
ters tends to zero. Also, the smaller this difference is, the higher the percentage of
iterations with constant dy being equal to zero, which is presented in Table 5. Ad-
ditionally, we also observe that constructed estimators perform better for higher val-
ues of H; and H,. This also might be caused by the difference between H; and H,
since most of the values in numerators and denominators of constructed estimators
are highly dependent on the corresponding difference, as was shown in the proof of
Theorem 1. And higher values of H; and H, might result in a more accurate esti-
mate of the difference A ;,2 ) H 1511 ) in terms of the ratio between the estimated value
and its deviation, and therefore — a lower percentage of iterations with the estimated
difference being negative.
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Table 1. The estimator I)-'I\](Vl) withe?2=1,k2=1(h=1)

N
H Hy 28 210 212 214 216 218 22()
0.1 03 Mean 0.0722 0.0434 —0.0230  —0.1009 —0.0844 0.0482  0.0842

S.dev.  0.5041 0.4727 0.5063 0.5160 0.4459 0.1629  0.0791
ASD 0.7648 0.7039 1.1629 0.3871 0.2011 0.1239  0.0812
CP% 100.00 100.00 100.00 92.18 75.61 75.58 87.91

0.1 05 Mean 0.0184 —0.0455  —0.0009 0.0674 0.0953 0.0988  0.0991
S.dev.  0.5618 0.5945 0.3733 0.1710 0.0824 0.0414  0.0205
ASD 1.1951 0.5894 0.2696 0.1457 0.0829 0.0439  0.0222
CP% 100.00 100.00 99.30 89.82 93.76 96.85 96.50

0.1 0.7 Mean —0.0408 —0.0071 0.0773 0.0945 0.1002 0.0998  0.1005
S.dev.  0.5931 0.3828 0.1513 0.0715 0.0342 0.0179  0.0090
ASD 0.7428 0.3223 0.1516 0.0742 0.0375 0.0188  0.0094
CP% 100.00 100.00 100.00 99.30 97.09 95.90 95.40

0.1 09 Mean 0.0131 0.0725 0.0886 0.0956 0.0972 0.0986  0.0993
S.dev.  0.3842 0.1554 0.0707 0.0350 0.0187 0.0113  0.0075

03 05 Mean 0.2096 0.1797 0.1161 0.0665 0.1731 0.2658  0.2901
S.dev.  0.5181 0.5738 0.4782 0.5254 0.3445 0.1209  0.0564
ASD 1.1101 1.0150 0.7507 0.4497 0.2337 0.1124  0.0570
CP% 100.00 100.00 100.00 100.00 92.01 87.11 90.80

03 0.7 Mean 0.1748 0.1524 0.2330 0.2764 0.2931 0.2989  0.3001
S.dev.  0.5138 0.4661 0.2630 0.1165 0.0563 0.0263  0.0137
ASD 1.4395 0.5732 0.2682 0.1248 0.0566 0.0277  0.0138
CP% 100.00 100.00 100.00 100.00 98.32 96.30 95.60
03 09 Mean 0.1863 0.2636 0.2863 0.2934 0.2969 0.2983  0.2988
S.dev.  0.4268 0.1859 0.0824 0.0423 0.0211 0.0124  0.0078
0.5 0.7 Mean 04213 0.3300 0.2774 0.3367 0.4563 0.4859  0.4974
S.dev.  0.6302 0.6258 0.5085 0.3908 0.1461 0.0763  0.0367
ASD 2.0105 1.2367 0.8386 0.4502 0.1964 0.0830  0.0366
CP% 100.00 100.00 100.00 100.00 99.84 99.09 98.09
05 09 Mean 03188 0.3701 0.4577 0.4878 0.4943 0.4975  0.4986
S.dev.  0.5170 0.4018 0.1477 0.0627 0.0299 0.0162  0.0095
0.7 0.9 Mean  0.5487 0.4918 0.5172 0.5854 0.6706 0.6898  0.6957
S.dev.  0.6543 0.6735 0.4569 0.2908 0.0914 0.0396  0.0193

We observe that the higher the difference is between the true values of H; and
H,, the closer the ASD is to the empirical standard deviation of the estimator and
the closer the coverage probability to the theoretical 95%. At the same time, results
similar to those described above are observed in the performance of our estimates
for asymptotic variance of (4) constructed in Theorem 2, which is shown in Table 6
by CP estimates. This table also shows that for higher values of H; and Hj, the ac-
curacy of (4) is the lower, the bigger the increment step (e.g., ¢y is less accurate
than ¢y, which is less accurate than 7y, which is less accurate than &y). Unfor-
tunately, the percentage of iterations with undefined asymptotic covariance matrix
ﬁ)?\, is high but decreases for bigger samples, which is shown in Table 7, due to es-

timated H 1&,1 ) H 1(\,2) violating the conditions of Theorem 3. Also, the percentage of

iterations with the undefined flg, is the lower, the higher the difference between true
H; and H;.
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Table 2. The estimator ﬁg) withe?2=1,k2=1(h=1)

N
H Hy 28 210 212 214 216 218 220
0.1 0.3 Mean 0.2296 0.2845 0.3834 0.5157 0.4571 0.3634 0.3182
S.dev. 0.5205 0.6239 0.5643 0.5944 0.3578 0.1543 0.0594
ASD 2.2888 2.0419 1.4188 0.8483 0.4334 0.1937 0.0791
CP% 100.00 100.00 100.00 100.00 100.00 100.00 99.88

0.1 0.5 Mean 0.5437 0.6554 0.6072 0.5302 0.5093 0.5024 0.5003
S.dev. 0.6078 0.5234 0.2668 0.0985 0.0411 0.0193 0.0094
ASD 0.9381 0.5332 0.2632 0.1158 0.0481 0.0218 0.0107
CP% 100.00 100.00 100.00 100.00 99.66 98.37 96.80

0.1 0.7 Mean 0.7912 0.7303 0.7069 0.7018 0.7006 0.7000 0.7001
S.dev. 0.4123 0.1341 0.0554 0.0254 0.0126 0.0066 0.0032
ASD 0.3193 0.1257 0.0557 0.0265 0.0139 0.0064 0.0032
CP% 100.00 100.00 100.00 99.77 95.98 94.50 94.70

0.1 0.9 Mean 0.8818 0.8825 0.8882 0.8930 0.8959 0.8979 0.8991
S.dev. 0.1599 0.0601 0.0381 0.0272 0.0201 0.0151 0.0121

0.3 0.5 Mean 0.4179 0.4999 0.5838 0.6819 0.5997 0.5329 0.5097
S.dev. 0.6199 0.6409 0.5791 0.4784 0.2349 0.0921 0.0418
ASD 0.9471 0.7822 0.6198 0.3870 0.1737 0.0861 0.0412
CP% 100.00 100.00 100.00 100.00 97.81 90.36 90.90

0.3 0.7 Mean 0.7636 0.8383 0.7481 0.7094 0.7023 0.7007 0.7004
S.dev. 0.5831 0.4365 0.1412 0.0574 0.0271 0.0128 0.0066
ASD 0.4241 0.1793 0.0914 0.0466 0.0256 0.0130 0.0065
CP% 100.00 100.00 99.38 90.74 93.60 95.30 94.00
0.3 0.9 Mean 0.9267 0.8926 0.8898 0.8936 0.8954 0.8975 0.8981
S.dev. 0.2765 0.0827 0.0440 0.0301 0.0213 0.0166 0.0130
0.5 0.7 Mean 0.5823 0.6867 0.8179 0.8324 0.7494 0.7181 0.7056
S.dev. 0.6097 0.6288 0.5302 0.3556 0.1229 0.0581 0.0265
ASD 0.5033 0.2277 0.1997 0.1055 0.0672 0.0422 0.0245
CP% 100.00 100.00 99.54 82.13 78.62 85.38 92.58
0.5 0.9 Mean 0.8978 0.9350 0.8980 0.8936 0.8939 0.8965 0.8978
S.dev. 0.5267 0.2147 0.0793 0.0413 0.0274 0.0198 0.0150
0.7 0.9 Mean 0.7878 0.8862 0.9672 0.9309 0.9021 0.8963 0.8965
S.dev. 0.6431 0.5628 0.4037 0.1334 0.0578 0.0316 0.0213

Additionally, by conducting provided simulations, we observed that the closer pa-
rameters Hy and H; to 0.75, the lower the convergence rate in the numerical approxi-
mation of the limiting covariance. To study this effect, we have conducted simulations
for the series

+00
INIOR (16)

i=0

We estimate (16) by finding the smallest number m € N such that for S, =Y 7", p(i )2
the inequality |S;, — S;—1] < 8 holds for some predefined §.

This estimation was conducted for § € {10_3, 1074,1075,107°,1077, 1078,
10_9} foroc = 1,« =1, H = 0.1 and H; € {0.3,0.5,0.7}. Corresponding esti-
mation results are presented in Table 8. As one can see, in order to estimate S, with
the precision § = 10~ for H» = 0.3, only a few hundred iterations are needed, while
for H, = 0.7, it requires dozens of millions of iterations. Moreover, lowering the
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Table 3. The estimator &3, with o2 = 1,k> =1 (h = 1)
N
Hl H2 28 210 212 214 216 218 220
01 03 Mean  NaN NaN NaN Inf 10591 1.0732  1.0460
S.dev.  NaN NaN NaN NaN 07876  0.6474  0.4604

ASD 43622  4.9405 50730  2.8475  1.5443 09266  0.6165
CP% 100.00  100.00  93.08 80.66 70.73 74.27 89.53
01 05 Mean  NaN Inf 11104 1.0594  1.0340  1.0098  1.0006
S.dev.  NaN NaN 06161 04314 02528  0.1333  0.0672
ASD 44678 24422 1.0822  0.5453 02928  0.1484  0.0743
CP% 100.00  100.00  99.30 92.92 96.15 97.97 96.20
0.1 07 Mean Inf 1.0400  1.0183  1.0054  1.0035  1.0004  1.0010
S.dev.  NaN 04440 02538 01260 00623  0.0330  0.0164
ASD 18115  0.6744 02911  0.1395 00693 00346  0.0173
CP% 100.00 10000  100.00  100.00  97.79 95.70 95.70
01 09 Mean 10054 09872 09878 09922  0.9950  0.9972  0.9987
Sdev. 03366 01663 00823 00437 00264 00177  0.0132

0.3 0.5 Mean NaN NaN Inf 1.0451 1.0379 1.0466 1.0232
S.dev. NaN NaN NaN 0.8444 0.7341 0.5658 0.3768
ASD 4.8428 4.2202 3.2605 2.1396 1.0325 0.6043 0.3862
CP% 100.00 100.00 100.00 96.51 83.23 77.25 84.00
0.3 0.7 Mean NaN 1.1084 1.0696 1.0255 1.0106 1.0026 1.0017
S.dev. NaN NaN 0.5169 0.3305 0.1797 0.0877 0.0455
ASD 3.5137 1.3194 0.6535 0.3286 0.1770 0.0917 0.0461
CP% 100.00 100.00 0.9979 0.9074 0.9496 0.9570 0.9460
0.3 0.9 Mean Inf 0.9970 0.9867 0.9887 0.9923 0.9955 0.9968
S.dev. NaN 0.2908 0.1463 0.0802 0.0436 0.0285 0.0201
0.5 0.7 Mean NaN NaN Inf 1.0557 1.0674 1.0502 1.0270
S.dev. NaN NaN NaN 0.7737 0.6163 0.4567 0.2703

ASD 4.6051 2.2181 2.1464 1.2319 0.7646 0.4713 0.2722
CP% 100.00 100.00 92.17 77.05 78.14 86.29 93.96

0.5 0.9 Mean NaN 1.0008 0.9750 0.9800 0.9814 0.9905 0.9940
S.dev. NaN 0.5558 0.3666 0.1997 0.1057 0.0621 0.0402
0.7 0.9 Mean NaN NaN —Inf 0.9524 0.9568 0.9572 0.9690
S.dev. NaN NaN NaN 0.6566 0.4605 0.2777 0.1643

precision from 10™* to 103 has almost no impact on the estimated value S, for low
H>, but for high Hj, it could result in around three times difference.

5 Proofs

5.1 Auxiliary properties of covariance functions

The following statement provides some important properties of sequences p (i) and
p(i, H), i € Z, defined by (14) and (15), respectively.

Lemma 3.
1. Forany H € (0,1), p(i, H) ~ HQH — D|i|* 2 as |i| — ooc.

2. Forany H € (0, %), Y% %, H) < .

=



Parameter estimation for fractional mixed fBm 11

Table 4. The estimator 65 witho? = 1,k2 =1 (h = 1)

N
H Hy 28 210 212 214 216 218 220
0.1 0.3 Mean NaN NaN NaN Inf 0.9764 0.9499 0.9781
S.dev. NaN NaN NaN NaN 0.7882 0.6480 0.4606

ASD 43572 49387 50724  2.8472 15442 09265  0.6165
CP% 100.00  100.00  93.08 80.25 70.95 74.27 89.53
01 05 Mean  NaN —Inf 0.8916 09408 09656 09902  0.9995
S.dev.  NaN NaN 06168 04320 02527  0.1334  0.0672
ASD 44647 24412 1.0818  0.5452 02928  0.1484  0.0748
CP% 100.00  100.00  99.54 93.07 96.15 97.87 96.40
01 0.7 Mean  —Inf 09609 09795 09941 09959 09994  0.9989
S.dev.  NaN 04474 02513 01245 00617  0.0326  0.0162
ASD 1.8071  0.6716  0.2897  0.1388  0.0690  0.0344  0.0172
CP% 100.00 10000  100.00  100.00  97.49 95.90 96.20
01 09 Mean 10170 10253 10273 10157 10099 10064  1.0067
Sdev. 05639 03708 02810 02096  0.1452  0.1039  0.0784

0.3 0.5 Mean NaN NaN —Inf 0.9554 0.9623 0.9536 0.9769
S.dev. NaN NaN NaN 0.8435 0.7340 0.5662 0.3768
ASD 4.8407 4.2199 3.2605 2.1396 1.0325 0.6043 0.3862
CP% 100.00 100.00 100.00 96.80 83.23 77.03 84.00
0.3 0.7 Mean NaN —Inf 0.9327 0.9886 0.9978 0.9984 0.9982
S.dev. NaN NaN 0.5156 0.3295 0.1787 0.0872 0.0453
ASD 3.5101 1.3180 0.6527 0.3283 0.1768 0.0915 0.0460
CP% 100.00 100.00 100.00 90.61 95.07 95.50 94.80
0.3 0.9 Mean —Inf 1.0177 1.0233 1.0235 1.0092 1.0092 1.0044
S.dev. NaN 0.4173 0.2704 0.1891 0.1256 0.1035 0.0803
0.5 0.7 Mean NaN NaN —Inf 0.9450 0.9323 0.9497 0.9730
S.dev. NaN NaN NaN 0.7735 0.6158 0.4568 0.2702

ASD 4.5998 2.2161 2.1461 1.2318 0.7645 0.4712 0.2721
CP% 100.00 100.00 91.71 77.05 78.30 86.42 94.06

0.5 0.9 Mean NaN 1.0025 1.0274 1.0277 1.0211 1.0122 1.0075
S.dev. NaN 0.6212 0.4051 0.2374 0.1476 0.1002 0.0726
0.7 0.9 Mean NaN NaN Inf 1.0399 1.0375 1.0414 1.0288
S.dev. NaN NaN NaN 0.6359 0.4416 0.2525 0.1337

Table 5. The percentage (%) of iterations with constant dy being equal to zero with o2 =1,
2
kc=1(h=1)

N
H; Hy 28 210 212 214 216 218 220
01 03 29 13 0.3 0 0 0 0
01 05 11 0.1 0 0 0 0 0
01 07 02 0 0 0 0 0 0
0.1 09 0 0 0 0 0 0 0
03 05 38 15 0.1 0 0 0 0
03 07 09 0 0 0 0 0 0
03 09 01 O 0 0 0 0 0
05 07 35 22 0.1 0 0 0 0
05 09 06 O 0 0 0 0 0
07 09 43 1.1 0.4 0 0 0 0
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Table 6. The coverage probability (%) for estimators (§x, NN, EN s @ N)T withe? = 1,2 =1

(h=1
N
H; Hy 28 21() 212 214 21() 218 22()
0.1 0.3 En 94.29 92.19 95.38 94.24 94.68 92.25 93.14
nN 100.0 98.44 99.23 99.59 98.67 99.27 98.95
N 100.0 100.0 100.0 100.0 100.0 100.0 99.88
oN 100.0 100.0 100.0 100.0 100.0 100.0 100.0
0.1 0.5 En 95.06 94.55 94.20 94.25 93.54 94.41 95.10
nN 98.77 97.52 97.45 99.12 97.73 98.27 98.50
N 97.53 100.0 98.84 99.41 98.75 99.19 99.20
oN 100.0 100.0 99.54 99.26 99.55 99.19 99.40
0.1 0.7 En 95.83 95.11 96.33 95.24 94.48 94.00 94.40
nN 93.75 95.49 97.10 94.66 94.68 94.10 93.70
N 90.62 95.11 93.82 91.88 91.77 90.00 91.10
oN 88.54 92.48 91.31 89.91 90.26 87.50 88.60
0.3 0.5 En 95.00 95.28 95.21 95.64 94.36 95.77 94.80
nN 95.00 96.23 97.01 96.51 97.34 97.29 96.50
N 96.67 98.11 98.20 97.67 99.06 98.70 97.80
oN 100.0 99.06 97.01 98.84 98.90 98.81 97.90
0.3 0.7 En 96.15 94.21 94.24 92.70 93.07 94.00 93.70
nN 98.72 93.82 94.65 92.18 91.71 91.80 91.40
N 96.15 93.05 91.98 90.61 90.35 89.40 89.00
oN 93.59 93.44 89.51 87.22 88.88 86.90 85.70
0.5 0.7 En 89.36 96.15 95.85 91.06 94.18 92.56 94.27
nN 87.23 97.69 92.17 87.68 91.04 89.16 90.88
N 89.36 96.92 87.56 84.30 88.52 86.81 87.91
oN 91.49 97.69 85.25 82.37 86.95 84.60 86.00

Table 7. The percentage (%) of iterations with undefined asymptotic covariance matrix f)?v
witho?=1k2=1(h=1)

N
H| H 28 2]0 212 2]4 216 218 220
0.1 0.3 96.50 93.60 87.00 75.70 54.90 31.60 14.00
0.1 0.5 91.90 79.80 56.90 32.20 11.80 1.60 0
0.1 0.7 90.40 73.40 48.20 13.80 0.40 0 0
0.3 0.5 94.00 89.40 83.30 65.60 36.20 7.70 0
0.3 0.7 92.20 74.10 51.40 23.30 4.70 0 0
0.5 0.7 95.30 87.00 78.30 58.60 36.40 23.40 5.70

Table 8. The convergence of the series (16) with 62 =1,k%=1and H =01Gh=1)

N
Hy 1073 10~% 107> 10~° 2= 1078 1077
03 m 4 3 16 35 76 168 377
Sm 445362 4.45427 445445  4.45451 445452 445452 445453
05 m 3 4 7 12 22 42 78
Sm 418198  4.18203 418206  4.18207  4.18208  4.18208  4.18208
07 m 59.-100  49.107 72-107 72-100  72-107 72107 7.2-107
Sm 9981.86 358184  45796.6  45796.6  45796.6  45796.6  45796.6
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3. Forany0 < H| < Hy < %andforalla,ﬁ e,

+00

D Bl +a)pli+B) < oo. (17

i=—00
Proof. First two statements are well known, see, e.g., [22]. In order to prove the third
one, we observe that

o0 o0 oo
Y O =2t YT PR Hy + 200 Y i Hy) < oo,

i=—00 i=—00 i=—00

by the second statement. Then, using the Cauchy—Schwarz inequality, we get for all
a, B €,

+00 ~+00 400 +00
Yo AiHapi+p s | D Pt Y A=) 5) <.

O

5.2 Proofs of ergodic results

Proof of Lemma 1. Since B' and B2 are independent centered Gaussian pro-
cesses with stationary increments, we see that { A X, k > 0} is a stationary Gaussian
sequence with E AX; = 0. Therefore, in order to establish the ergodicity of A Xy,
it suffices to prove that its autocovariance function p(k) vanishes at infinity. In turn,
this fact follows immediately from the first statement of Lemma 3:

pk) = k2 h* M p(k, Hy) + o*h* 2 p(k, Hy)
~ 2P H 2H — DK D 4 62p2H gy 2 Hy — DEPHRD 5 0,

as k — oo. O
Proof of Lemma 2. (i) Taking g(xo) = xg in (3), we obtain that
2
gy > EX?=E (KB{" + oB,fZ) = K2E(BIM? 4+ 02 E(B/?)?
= i2n2H 4 o 2p2M,
(if) Applying g(xg, x1) = (xo + x1)% to (3), we arrive at

2
nN — EX%h =E (KBZI + UB§2> = «? E(Bgll)2 + 02 E(Bgf)2

— K2h2H122H1 +O'2h2H222H2.

Statements (iii) and (iv) can be proved similarly; we need to choose g(xo, x1, X2,
x3) = (xo+x1 +x2+x3)2and g(xo, ..., x7) = (31_o x;)? for (3), respectively. [
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5.3 Construction of estimators. Proof of Theorem |
Let us briefly explain, how to solve the estimating equation (7). Denote u = «x>h>H1,
v=02h?M x =22y =221 £ = £y =1y, ¢ =y, ¢ = n. Then (7) takes

the form

E=u+v, (18)
n =ux + vy, (19)
;= ux? + vyz, (20)
¢ = ux> + vy, Q1)

Using equations (18) and (19) we can express the variables u and v in terms of x and
y as follows:

yoAEE 8 22)
y—x x =y

Combining (22) with (20) we get

f=x? D 2 N e =;<—nx2+€yx2+ny2—€xy2)
x—y y—x y—x
1
= (—S(y — x)xy +n(y* —xz)) = —&xy +n(y +x). (23)

Similarly, from (21) and (22) we derive

n—=§& n—=E&x 1
SISk A 3’—=—(—é(yz—xz)xy+n(y3—x3))
X =Yy y—Xx y—Xx

= —£(y 4+ )xy + n(y* 4+ xy + 7). (24)

¢

Multiplying (23) by x + y results in
E(x +y) = —£(x + Vay + (% + 2y + 7). (25)

Finally, by subtracting (24) from (25) we get {(x + y) — ¢ = nxy, whence

=2 (26)
¢—mny
At the same time, we can express x via y using (23):
U Skl @7
n—&y

From equations (26) and (27) we obtain

¢—Cy:§—ny
c—ny n—é&y’

whence we get the following quadratic equation for y

v (n? = §¢) =y (g = 6¢) + (¢2 = ng ) = 0. 28)
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It is easy to see that x satisfies the same quadratic equation, in view of symmetry.
Therefore, x and y (y > x) are two roots of (28), which are given by

U§—§¢i\/5 29
2(n= — &%)
where
D= _ 2 _4n? — 2
n¢ —&9¢) " —&5)(" —ng) 30)

= &% — 6Enrd — 3070 + A + 450
It is not hard to derive the following relations from equations (18)—(21):
e — ¢ = (ux + vy)(ux® + vy?) — (@ + v)(ux’ + vy?) = —uv(y — x)*(y + x);
n* =0 = (ux +vy)* — u + v)(x® + vy?) = —uv(y — x)%
0* = n¢ = (ux® 4+ vy*)* — (ux + vy)(ux’ + vy*) = —uvxy(y — x)°.
Thus
D= (g —£¢)* — 40> — £0)(¢* — 19)
= uzvz(y - x)4(y +x)? - 4u2v2xy(y —x)* = uzvz(y —x)%>o0.

Therefore, the discriminant is well defined and the corresponding equation has two
different roots. From equation (29)

g —EpEVD _ —wG -yt Fune -0} L
202 —E0) —2uv(y — x)?2 2 Y Y ’

which provides

(_-E+VD =D
2> —§5) 2> —§¢)

Recall that x = 2281 and y = 22H2, so we get

1 n¢ —&¢+~D

Hy = ElogQ (W) ) (31
o g —&¢ — /D

=g lw (W) | .

Also, from equation (22) we obtain

_n—&x 2P —26ng —Enl + 8¢ — VD _ VD =2 +36ns — £%¢
y—x —2D 2D '

Taking into account that 024?22 = v and a'°8? = p'°2¢ we get

2 logy h _ 5.3 )
02=< 207 —£0) > (sJB 20’ + 36nt s¢>_ 33

v

n¢ —&p—~D 2D
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And similarly, we get

Kz:( 20 — £2) )“gl” §v/D +20° — 36n¢ + &%
n¢ —&p+~/D 2V'D '

(34)

Equations (31)—(34) are providing us with inverse function ¢ = f~!, where f is
defined by (5), such that for f (%) = 79 we get g(t9) = ©. Therefore, by substituting
strongly consistent estimator w instead of tg into equations (31)-(34) we obtain
strongly consistent estimator 9y = (H(1> H;,z), k%, 6%)" for 0 =(H,, Hy, k>, 02)"
defined by (9)—(12). O

5.4 Proof of Theorem 2

The proof consists of two parts: in the first part we compute the asymptotic covariance
matrix X, while the second part contains the proof of asymptotic normality.

Part 1: Identification of the asymptotic covariance matrix.

Firstly, we will find the explicit form of covariance matrix b by evaluating con-
vergence limits as N — oo for the following variances and covariances: N Var(§y),
N Var(ny), N Var(¢{y), N Var(¢n), N cov(En, nn), N cov(En, En), N cov(én, ),
N cov(nn, En), N eov(nn, ¢n), N cov(in, ¢n).

1.1 Evaluation of convergence limit for N Var(£y). Using Isserlis’ theorem,! and
stationarity of the sequence {A Xy}, we can write

cov ((AXk)z, (ij)z) = 2cov ((AXp), (AX ) =25k — )™

Therefore
1 N—1 1 N—1N-1
N Var(gy) = - Var ( (AXk)2> == cov ((AXk)2, (AX./)2>
k=0 k=0 j=0
2 N—1N—-1
=3 plk — ).
k=0 j=0
Further, by rearranging sums, we get
2 N—-1 k 2 0 N—1+i N—1N—
NVarny=—> > p@’== 3 > s+~ Z pi)’
k=0 i=k—N—+1 i=—N+1 k=0 i=1 k=i
N-1 |l|
=2 Z (1 ) ()—>22,0(1) as N — oo. (35)
i=—N+1 i=—00

Hgserlis’ theorem [12]: if (X1, X2, X3, X4) is a zero-mean multivariate normal random vector, then
E(X1X2X3X4) = E X1 X2 E X3X4+E X X3 E X2 X4 +E X X4 E X, X3. In particular, cov(X?, X3) =
2cov(X |, X2)2.
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where the passage to the limit can be justified by the dominated convergence theorem
due to Lemma 1.

1.2. Evaluation of convergence limit for N cov(£y, ny). Write

2

N-1
" (aX D_(AXj+AXj4)?

(

Il
|
o
=]
2

N cov(én, nn)

N—-1 N—-1 1

(AXk)za Z Z AXj+aAXj+b

k=0 =0 a,b=0
1 1
= cov ((AXk)Z, AXHaAXH;,) .

By Isserlis’ theorem,

cov ((AX0)% AXjraBX )

= E(AX0)?AX 10 AX j1p —E(AXO*EAX 4 aAX 1
=EAXiAX i+ a EAXAX j1p +EAXGAX j 1 p EAXAX 14
=2cov(AXy, AXj1q) cOV(AXy, AX jyp) =2p(j +a—k)p(j+b—k).

Therefore arguing as in (35), we obtain

™
~~
<
+
Q
|
bl
N
kY]
~~
~.
+
N
k)
N

1
2
Neoviey, ) = D —

a,b=0i=—00
= Z pYApG) +4pG + 1)),

as N — oo, where the last series converges according to Lemma 3.

1.3. Evaluation of convergence limit for N Var(ny). We have

N—-1N—-1

N Var(ny) = Z > cov Z AXiradXitb, Z AXjreDXjtd
k 0 j=0 a,b=0 c,d=0
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1 1 —1N—
= > & COV(AXiraAXirb, AXjrcAX jva).

a,b,c,d:O j=0

2

~
Il
=}

By Isserlis’ theorem,

COV(A Xy g AXkip, AXjrcAXjra)
=EAXi 1 i AXj i pAX i1 AXj1g —EAX oy AX iy EAX j 1 AX 1
=EAX; e AXii b EAXj 4 AXjrg + EAX 1o AXj1c EAXp i p AX g
+EAX1aAXj1rd EAXj 1 e AXprp — BEAXj 10 AXiip EAXj 1 AXjta
=EAXi1aAX j+c EAX i pAX jrd + EAX 40 AX j4+d EAX j 4 AXiqp
= cov(Ak +a, AX i) COV(AXitp, AXjra)
+ CoV(AXiqa, AXjrg) COV(AXjyp, AX i)
k= jtc—a)pk—j+d—b)+ptk—j+c—b)pk—j+d—a)

1
=) pk—j+c—aty@—b)pk—j+d—b+y@b-a).
y=0

Therefore

1 N-1N-
N Var(ny) = Z NZZ ptk—j+c—a+y(a—D>)

a,b,c,d,y=0 k=0 j=0
><;5(k—] +d—-b+yb—a))

ol i
= Z Z <I—N>,5(i+c—a+y(a—b))

a,b,c,d,y=0i=—(N—1)
X pi+d—-—b+yb—a))

1 00

— Z Z,5(i+c—a+y(a—b)),5(i+d—b+y(b—a))
a,b,c,d,y=0i=—00

00 1
=Y 8 Y. plit+d—cta—b+2y(b—a),
i=—00 a,b,c,d,y=0

as N — oo. After simplifications, we arrive at

+00
Jim N Var(ny) = 3 p(l)(lZp(l) T 165G + 1) + 456 + 2)).
1=—00
1.4. Evaluation of convergence limit for N cov(én, ¢N).
We rewrite N cov(éy, ¢n) in the form

N cov(én. oy) = —cov Z(Axwz Z Z AXjrabXjtp

j=0 a,b=0
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N—-1N-1

3
_ % 35S cov ((AXk)z, ij+aAXj+b).

a,b=0 k=0 j=0

By Isserlis’ theorem,

3 2 N—-1N-1
Neovién, tn) = ) + pl+a—kpG+b—k
ab=0"" j=0 k=0
3 N—-1

Hpi +b—a)

I
2|
g

M\

3 N—-1 |l|
=2y | (1 N)p(z)p(z+b—a>

(O)pi +b—a)

¥
=)
2

as N — oo, where the last series converges according to Lemma 3.
1.5. Evaluation of convergence limit for N cov(ny, {n). We have:

N—-1 1 N—-1 3
1
N cov(in, {n) = + €OV D AXjraAXjen D D AXjreAX s
k=0 a,b=0 j=0 ¢,d=0
1 3 N—-1IN-1
1
= > cov (AX j1aAX jyp, AXjrcAXjya) -
a,b=0c¢,d=0 k=0 j=0
By Isserlis’ theorem,
1 3 1 N—-1N-1
N cov , = — o(k — c—a a—>b
. tn) = Y ZN plk—j+c—a+yla—Db)
a,b,y=0c,d,=0 k=0 j=0
X p(k —Jjtd— —a))

y(b
Z Z Z <1—ﬂ)ﬁ<i+c—a+y(a—b>)

a,b,y=0c¢,d,=0i=—(N-1)
xp(i+d—>b+yb—a))

1 3 [ee)
— Z Z 2,5(1'+c—a+)/(a—b))

a,b,y=0c,d,=0i=—00
xp(i+d—>b+yb—a))
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e @]

1 3
= > W) Y. > pli+d—ct+a—b+2yb—a),

i=—00 a,b,y=0c,d,=0

as N — oo. After simplifications, we arrive at

+00
lim N coviny. &) = ; 5 (285() + 485 + 1)

43253 +2) + 165G +3) + 45 + 4)).

1.6. Evaluation of convergence limit for N Var(¢y). We have:

N-1 3 N-1 3

1
N Var(ty)) = + cov AXjjaAXjyp, D D> AXj1cAXjya
k=0 a,b=0 j=0 ¢,d=0
1 3 N—1N-1
= > cov (AX j1aAX jyp, AXjrcAXjya) -

1 .
NVaren) =3, > ) > plk—j+c—aty@=h)
y=0a,b,c,d=0 k=0 j=0
xpk—j+d—-b+y(d—a))
1

Y
X pi+d—b+yb—a))

1 3 00
—>Z Z Zﬁ(i+c—a+y(a—b))

y=0a,b,c,d=0i=—00
x pi +d —b+yb—a)
1 3

=Y 8)Y, Y, bli+d—c+a—b+2y(b—a)),

i=—00 y=0a,b,c,d=0
as N — oo. After simplifications, we arrive at

+00
lim N Var(ey) = Y ,5(1’)(88,5(1‘) +1605G + 1)

i=—o00

+124p(0 +2) + 800G +3) + 400 +4) + 16p( +5) +4p( + 6))-
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1.7. Evaluation of convergence limit for N cov(éy, ¢n). We have:

N—1 N—-1 7
1
N eovien, ¢n) = eov | D (AX0% D D AXjraAX g
k=0 j=0 a,b=0
1 7 N—1N-1
=~ 35S cov ((AXk)z, ij+quj+b)
a,b=0 k=0 j=
By Isserlis’ theorem,
7 2 N—1N-1
Neovién, on) = ) + p+a—kpG+b—k
a,b=0"" j=0 k=0
7 N-—1

) J
= NZ Z )P +b—a)
—227: S 1 — || b
= N p)p +b—a)
s 1

O)pli +b—a),

)

3 M\'
WK
koY)

as N — oo. After simplifications, we arrive at

+00
Jlim N eoven. pn) = _X_: ,6(1’)(16/3(1') +285(i + 1)+ 245(i +2)

1205 4+3) £ 165G +4) + 125G +5) + 85 +6) +45(i + 7)).

1.8. Evaluation of convergence limit for N cov(ny, ¢n). We have:

N-1 N-1 7
1
Ncov(rw, ¢n) = & cov D AXjalXjp Y Y AXjieAXjig
k=0 a,b=0 120 cd=0
| AL T NZIN-
- N Z Z cov (AX,/+GAXj+ba AXj+CAXj+d) .

By Isserlis’ theorem,

1 7 N—-1N-1
1 ~ .
Neovinw,gn) = 3, D D ) pk—j+c—a+y@=b)
aby=0c,d=0"" k=0 j=0
xptk—j+d—b+yDd—a)
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7 N-1

1
= Z Z Z <1 K/'),o(z—kc—a—i—)/(a—b))
a,b,y=0c,d=0i=—(N-1)
X p(i+d—b+yb—a))
1 7 oo
- Z Z Z pli +c—a+y(a—Db))
a,b,y=0c¢,d=0i=—00
x p(i+d— b+)/(b—a))
= > 50) Z Zﬁ(i+d—c+a—b+2y(b—a)),

i=—00 a,b,y=0c,d=0

as N — oo. After simplifications, we arrive at

+o0
lim Ncov(ny.py) = Y ,5(1‘)(60,5(1')+112,5(i+1)+96,5(i+2)
N—o0 P

+800( +3)+64pG +4)+48p( +5)+32p( +6)+ 160G +7)+4p0 + 8)).
1.9. Evaluation of convergence limit for N cov(¢y, ¢n). We have:
N—1 N-1 7

3
cov Z AXjraAXjtp, Z Z AXj+eAXjta
=0 a,b=0 j=0 ¢,d=0

Ncov(¢y, on) =

ZIH
-
>
I

~
=
L
=
L

3
> oV (AX j1aAX jip, AXj1cAXj44) -
a,b=0c,d=0 k

ZI —
a
Il
<=
~.
Il
S

By Isserlis’ theorem,

w

1 7 N-1N-1
1 - :
N cov(en, ¢n) =Y ZNZZPU‘_HC—“JFV(“_”))
y=0a,b=0c,d=0 k=0 j=0
xptk—j+d—b+yb—a))
13 7 Nl il
=2 2. 2 (1 N)p(z+c—a+y(a—b))
y=0a,b=0c,d=0i=—(N-1)
xﬁ(i~|—d—b+y(b—a))

1 3
Z Z Z Z pi+c—a+y(a—D>»))

y=0a,b=0c,d=0i=—00
x pi +d —b+yb—a)

1 3 7
FDOY Y D pli+d—ct+a—b+2yb—a)),

I=—00 y=0a,b=0c,d=0

M
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as N — oo. After simplifications, we arrive at

+00
Jim N cov(en. ) = > ,b“(i)<216ﬁ(i)+416,5(i+1)+376,5(i+2)

+3205(i +3) 4 2565 + 4) + 1925 + 5) + 1325(i + 6)
+805(i +7) +405(i +8) 4+ 165(i +9) + 45(i + 10)).

1.10. Evaluation of convergence limit for N Var(¢y). We have:

N-1 7 N-1 7
1
N Var(py) = - cov DY AXj 1A Xjp Y Y AXjpeAX g
k=0 a,b=0 j=0 ¢,d=0
T
=% > oV (AX j1aAX jip, AXj1cAXjra) .
a,b,c,d=0 k=0 j=0
By Isserlis’ theorem,
1 7 | NoIN-d
NVar(qﬁN):Z Z N Zﬁ(k—j+c—a+y(a—b))
y=0a,b,c,d=0 k=0 j=0
xXpk—j+d—-—b+ybd—a))
1 7 N-1 |
=Z Z <1—N>,5(i+c—a+)/(a—b))

1 7 00
—>Z Z Zﬁ(i+c—a+y(a—b))

y=0a,b,c,d=0i=—00
x pli +d —b+y®—a)

00 1 7
=Y 8)Y, Y, bli+d—c+a—b+2y(b—a)),

i=—00 y=0a,b,c,d=0

as N — oo. After simplifications, we arrive at

+00
lim N Var(py) = Y ,6(1')(688,6(1‘)—1—1344,5(i—|—1)+1260ﬁ(i+2)
N—o0 P

+ 11365 +3) + 9845(i +4) + 8165(i + 5) + 6445(i + 6) +4805(i +7)
+3365(i +8) 4+ 2245(i +9) + 1405 + 10) + 805 + 11) + 405G + 12)

£ 165G + 13) + 45 + 14)).
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Part 2: Proof of asymptotic normality.

Let us define Yy = (v", v, v v T by

vV = AXy, Y = AXpp, YY) = AXppo + AXigs

@ (36)
Yk = AXk+4 + AXk+5 + AXk+6 + AXk+7.

Then

N-1

1 2 1 2
I (1 _ (€))] 2)
S UGS S
k=0 k=0
N—-1

1 D, v® | v®)
gN:N];)(Yk +r? + v,

N—-1

1 2
by = 3 (10 v ® v
N k=0

We shall prove the convergence of vector (£, v, N, ¢n) | with the help of the
Cramér—Wold device. Let the parameters «, 8, y, A € R be such that a4+ ,32 + y2 +
12 # 0. We introduce the function

FO) =ayi+BO1 +y)* +y i+ Y2+ y3)* + A1+ y2 + vz + v
y=01y,y3)" eR?,

so that

e
abn + By +yIN AN =+ > .
k=0

Thus, we need to prove that the sequence

VN (a6 — E0) + Bl — Eno) + v (G — Eo) + Ay — E )

N—-1
- = Y (ro0-Efm) @7
k=0

converges to a normal distribution. This fact can be established by application of the
Breuer—Major theorem for stationary vectors [1, Theorem 4]. In order to apply this
theorem, it suffices to verify the following condition:

3 ‘r(p'l)(j)‘q <oo, forall p,le{l,2, 3], (38)
JjEZ

where
P = cov (Y1), ke,
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and ¢ is the Hermite rank” of f with respect to Y.
It is not hard to see that this Hermite rank ¢ > 2. Indeed, note that f(Y7) is a
second-order polynomial of zero-mean normally distributed random variables Y. 1(1),

Y 1(2), Y 1(3), Y ](4) in which only terms of the second order are present. Therefore, ac-
cording to Isserlis’ theorem, we will have that the expected value of the product of
f (Y1) and any of Yl('), t € {1, 2, 3}, will be equal to zero. All the obtained terms will
have the form E G1G,G3, where (G, G», G3)T is a zero-mean multivariate normal
random vector and according to Isserlis’ theorem E G1G,G3 = 0. Therefore, the ex-
pected value of the product of f (Y1) and any first-order polynomial of {Y;} (a linear
combination of Yl(l), Yl(z), Y1(3), Y 1(4)) will be equal to zero, and therefore the Hermite
rank ¢ of the function f with respect to Y1 cannot be equal to 1.

Since g > 2, we easily see that in order to verify the condition (38), it suffices to
prove that

3 ‘r(p’l)(j)‘z < oo, forall p,le{1,2,3). (39)
jez
In turn, (39) follows from Lemma 1, since using (36) and the definition of p, we
can represent rP-!) via 5 as follows:
r0G) =r®P (k) = pk), rPk)=pk+1), rEVE) = k- 1),
r3 k) = plk) + ptk+2) + ptk+3),  rCVk) =k —2) + k- 3),
r@E) =+pk+ D+ pk+2), PPk =5k —1)+ 5k —2),
rO0k) = plk+ 1) +25(k) + k= 1),
rAYE) = gtk +4) + otk +5) + ptk+6) + pk +7),
r4D )y = ptk —4) + ptk —5) + pk — 6) + p(k —7),
r@Vk) = pk +3) + plk +4) + plk +5) + pk +6),
r@D (k) = pk —3) + otk —4) + pk — 5) + p(k — 6),
rOYU) = plk+2) +25(k +2) +25(k +3) + 25k +4) + p(k +5),
rD k) = ptk —2) + 25k —2) + 25k —3) + 25k —4) + plk — 5),
ré k) = plk —3) + 26k —2) + 35k — 1) + 45(k)
+35(k+ 1)+ 25k +2) + p(k + 3).

Indeed, for example, the series

+00 +oo
)3 (,(1,3>(k))2 = 3 Bk +2) + plk +3))
k=—00 k=—00

2The function f: RY — R is said to have Hermite rank equal to g with respect to a random vector
X if (a) E[(f (X) — E[f(X)]) pm (X)] = O for every polynomial p,, (on ]Rd) of degree m < g — 1; and
(b) there exists a polynomial p, of degree g such that E[(f(X) — E[f(X)]) pm (X)] # 0, see [23].
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+00 +o0 I
= D> A+ 42 Y phk+Dpk+I+ Y pk+3)
k=—o00 k=—o00 k=—00

converges as a finite sum of series convergent according to Lemma 1. Similarly, other
series in (39) are also finite.

Therefore, the assumptions of the Breuer—-Major theorem for stationary vectors
are satisfied, whence the desired weak converge of (37) to a zero-mean normal distri-
bution follows. O

5.5 Proof of Theorem 3

In order to prove Theorem 3 we apply the delta method (see, e.g., [13, Theorem B.6])
for function g constructed in Theorem | and sequence 7y that is asymptotically nor-
mal by Theorem 1, with the inverse function theorem. In order to apply the delta
method we need to calculate the derivation matrix g’ and prove that it is nonsingu-
lar. But considering the complicated structure of this function, we will calculate the
derivation matrix f” for the function f defined in (5) and apply the inverse function
theorem at the point ¢ since g is an inverse function of f, and thus g’ = (f/)~L.
Therefore, we will need to find matrix f'(¢) and to show that it is nonsingular.
We will start with evaluating partial derivatives of function fi. Since

fi(H1, Hp, k%, 6%) = k2h*M 4 620212

we see that
a a
o2, 2L jognen2tn,
0 Hj 0H,
% — hZHl, % — p2H2
k2 do2

For the function

f2(H17 H27 K2, 0_2) — K2h2H122H1 +0,2h2H222H2
— K2€2H1 log(2h) + 0'262H2 lOg(Zh)’

we get
9 3
A2 oyog nwn2tio?t 22 5100 onye2ntp2in,
JdH, 0H,
f2 _ j2H192H) fa — p2Han2H
2 ’ do2 ’

Similarly, one can evaluate partial derivatives for the functions f3 and f1. We
arrive at the following derivative matrix:

2log (h)k>h>H 2log (h)o2h?H2 h2H h2H>
o | 2log @R)K22R)H 21og 2h)o?(2h)* 2 (2R)2H1 (2h)*H
fo) = 2log (4h)k2(4h)* 0 2log (4h)o?(4h)2H2  (4h)2H1  (4])2H2
2log (8h)k2(8h)2H1  21og (8h)o?(8h)*M2  (8h)?H  (8h)*H2



Parameter estimation for fractional mixed fBm 27

Now, we need to compute its determinant, so that we could apply the delta method.
We will have

log (h) log (h) 1 1
log (2h)2%H1  log (2h)2%H2  2H1  p2H>
log (4n)4%H1  log (4n)4*H2  42H1 42H
log (8h)82f1  log (8h)8*H2  §2H1  g2H>

0 0 1 1
22H1 22H2 22H| 22H2

det(f'(9)) = 4o pHHH0

= 4K202h4H| 4 lOg 2 2. 24H1 2. 241‘12 24H| 24H2

3.06H 3 .90H, 6H| 6H>
22H, D2H, 02H,
— 4K20_2h4H1+4H2 log2 | |2- D4HI o p4Hy H4H,
3.06H1 3 96Hy H6H;

22H, 22H, 72H,

— 2. 24H1 2. 24H2 24H1

3.06H 3. 96H; )6H

Considering that
22H1 22H2 22H2
2. 24H1 2. 24H2 24H2 — _22H1210H2 +4. 24H1 28H2 —3. 26H1 26H27

3. 26H1 3. 26H2 26H2

and
22H1 22H2 22H1
2. 24H1 2. 24H2 24H1 — 2]0H1 22H2 + 3 . 26H1 26H2 _ 4 . 28[‘]1 241‘12’
3. 26H1 3. 26H2 26H1
we get

4
det(f'(9)) = —4i 2 2SI +6H) log (2) (22112 _ 22H1> £0.

Therefore, the derivative matrix is nonsingular, and the corresponding derivative ma-
trix of the inverse function g’(t9) = (f'(1))~! is nonsingular by the inverse function
theorem. Thus, the delta method can be applied, which implies the statement of the
theorem and provides the formula for the asymptotic covariance matrix %9 defined
using the inverse derivative matrix f’(1%). O
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