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Abstract The term moderate deviations is often used in the literature to mean a class of large
deviation principles that, in some sense, fills the gap between a convergence in probability to
zero (governed by a large deviation principle) and a weak convergence to a centered Normal
distribution. The notion of noncentral moderate deviations is used when the weak convergence
is towards a non-Gaussian distribution. In this paper, noncentral moderate deviation results
are presented for two fractional Skellam processes known in the literature (see [20]). It is
established that, for the fractional Skellam process of type 2 (for which one can refer to the
recent results for compound fractional Poisson processes in [3]), the convergences to zero are
usually faster because one can prove suitable inequalities between rate functions.
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1 Introduction

A large deviation principle provides some asymptotic bounds for a family of proba-
bility measures on the same topological space X’; moreover one often refers to a fam-
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ily of X'-valued random variables, {C;}, whose laws are those probability measures.
These asymptotic bounds are expressed in terms of a speed function v; (that tends
to infinity) and a lower semicontinuous rate function I : X — [0, oco]. The concept
of large deviation principle is a basic definition in the theory of large deviations; this
theory allows us to compute the probabilities of rare events on an exponential scale
(see [10] as a reference of this topic).

The term moderate deviations is often used in the literature to mean a class of
large deviation principles that, in some sense, fills the gap between two asymptotic
regimes:

1. The convergence of C; in probability to zero, which is governed by a large
deviation principle with speed vy;

2. The weak convergence of ,/v;C; to a centered Normal distribution.

The speed functions and the random variables involved in these large deviation prin-
ciples depend on some scalings in a suitable class; moreover, the large deviation prin-
ciples in this class are governed by the same quadratic rate function that uniquely
vanishes at zero. Typically the scalings consist of families of positive numbers {a; :
t > 0} such that

a; — 0 and v;a;, — o0,

and one can show that {,/v;a;C;} satisfies the large deviation principle with speed
1 ; note that - 1 has a lower intensity than the speed v;, and this explains the use of
the term moderate We also recall that we recover the two asymptotic regimes stated
above for a; = E (in this case v;a; — oo fails) and for ¢, = 1 (in this case a; — 0
fails).

The term noncentral moderate deviations has been recently used in the literature
when we have a class of large deviation principles that, in some sense, fills the gap be-
tween a convergence to a constant (typically zero) and the weak convergence towards
a non-Gaussian distribution. Some examples of noncentral moderate deviations can
be found in [12], where the weak convergences are towards Gumbel, exponential,
and Laplace distributions. In that reference, the interested reader can find some other
previous references in the literature with some other examples.

The aim of this paper is to present some examples of noncentral moderate de-
viations based on fractional Skellam processes. In these examples we always have
vy = t, and therefore the scalings are families of positive numbers {a; : t > 0} such
that

a; — 0 and ta;, — oo. (D)

Skellam processes are given by the difference of two independent Poisson processes.
In this paper we consider two fractional Skellam processes studied in [20]; some more
recent generalized versions of these processes can be found in [14] and [17]. The frac-
tional Skellam processes in [20] are closely related to the definition of the fractional
Poisson process in the literature. We recall that a fractional Poisson process is ob-
tained as an independent random time-change of a Poisson process with an inverse
of stable subordinator (see, e.g., [5], [6] and [22]); here we are referring to the time
fractional Poisson process and, for the definitions of space and space-time fractional
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Poisson process, the interested reader can refer to [23] (see also [19] as a very recent
paper on time-changed space-time fractional Poisson processes). Then the fractional
Skellam processes studied in [20] are obtained in a quite natural way as follows.

* Fractional Skellam process of type 1. A difference between two independent
fractional Poisson processes (so we have two independent random time-changes
for each one of the involved fractional Poisson processes);

e Fractional Skellam process of type 2. An independent random time-change of
a Skellam process with an inverse of stable subordinator.

It is easy to check (see Remark 2.3) that the fractional Skellam process of type 2 is a
particular compound fractional Poisson process (and this is not surprising because a
Skellam process is a particular compound Poisson process; see Remark 2.1). There-
fore, the moderate deviation results for the fractional Skellam process of type 2 can
be obtained from the ones in [3]. Here, since we deal with random time-changes of
Skellam processes, for completeness we recall the references [7], [8] and [18].

Here for completeness we present a brief review of the references with results on
large/moderate deviations for fractional Poisson processes or similar models: [1] and
[2] with results for the (possibly multivariate) alternative fractional Poisson process,
[4] with results for random time-changed continuous-time Markov chains on inte-
gers with alternating rates, [21] with results for a nonstandard model based on the
Prabhakar function in [24], and for a state dependent model in [11].

We conclude with the outline of the paper. We start with some preliminaries in
Section 2. The results for the fractional Skellam processes of type 1 and 2 are pre-
sented in Sections 3 and 4, respectively. In Section 5 we compare some rate functions
and present some plots. Finally, in Section 6, we present some concluding remarks.

2 Preliminaries

In this section, we recall some preliminaries on large deviations and on fractional
Skellam processes.

2.1 Onlarge deviations

Here we present definitions and results for families of real random variables {Z; :
t > 0} defined on the same probability space (2, F, P); moreover, in view of what
follows, we consider the case t — oo. We start with the definition of large deviation
principle (see, e.g., [10, pages 4-5]). A family of numbers {v; : r > 0} such that
vy — 00 (ast — o0) is called a speed function, and a lower semicontinuous function
I : R — [0,00] is called a rate function. Then {Z; : t > 0} satisfies the large
deviation principle (LDP from now on) with speed v; and a rate function 7 if

lim sup — log P(Z,e(C) <— mf I(x) for all closed sets C,

t—oo Ut

and
lim 1nf— logP(Z; € O) > — 1nf I(x) for all open sets O.

=00
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Moreover the rate function / is said to be good if, for every § > 0, the level set
{x €e R: I(x) < B} is compact. The following well-known theorem provides a
sufficient condition to have an LDP, and makes it easy to compute the corresponding
speed and rate functions (see, e.g., Theorem 2.3.6(c) in [10]).

Theorem 1 (Girtner—Ellis theorem). Assume that, for all 0 € R, there exists

lim 1 log E[e”’ezf]

T 5 vy

A@) :

as an extended real number;, moreover assume that the origin 6 = 0 belongs to the
interior of the set
D(A) = {9 eR:A0) < oo}

Furthermore let A* be the Legendre—Fenchel transform of the function A, i.e. the
function defined by
A*(x) = sup{@x - A(G)}.
feR
Then, if A is essentially smooth and lower semi-continuous, then {Z; : t > 0} satisfies
the LDP with speed v, and good rate function A*.

We also recall (see, e.g., Definition 2.3.5 in [10]) that A is essentially smooth
if the interior of D(A) is nonempty, the function A is differentiable throughout the
interior of D(A), and A is steep, i.e. |[A'(6,)] — oo whenever {6, : n > 1} is
a sequence of points in the interior of D(A) which converge to a boundary point
of D(A). A particular simple case (which always occurs in the applications of the
Girtner—Ellis theorem in this paper) is when D(A) = R and A is a differentiable
function; indeed, in such a case, the function A is essentially smooth (the steepness
condition holds vacuously) and lower semi-continuous.

2.2 Onfractional Skellam processes

We start with the definition of the (nonfractional) Skellam process. Let {N, (¢) : t >
0} and {N,, (7) : t > 0} be two independent Poisson processes with intensities A1 > 0
and Ay > 0, respectively. In particular we consider the notation A = (A1, A2). Then
the process {S).(¢) : t > 0} defined by

Sy (1) := Ny, (t) — N, (1)
is called Skellam process. Moreover, for each fixed ¢t > 0, we have
E[e”2] = exp((r1(e? — 1) + 22(e™? — 1))¢) (forall 6 € R).

Remark 2.1. It is easy to check that {Sy(¢) : ¢+ > 0} can be seen as a compound
N;.
Poisson process {Zkzllﬂzm Xi :t > 0}, where {Xy : k > 1} and {Ny, 12, (#) : £ > 0}

are independent, {Xj : k > 1} are i.i.d. random variables such that

Al
A+

PXy=1D)=1-PX=—1)=

and {Nj, 42, () : t > 0} is a Poisson process with intensity A + A;.
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In view of what follows we recall some other preliminaries. We start with the
definition of the Mittag-Leffler function (see, e.g., [13], eq. (3.1.1))

© k
X
E ::E —  forv, C.
v(x) kfor(Vk-i-l) orv,x €

Actually throughout this paper we have v € (0, 1) and x € R; moreover, it is known
(see Proposition 3.6 in [13] for the case @ € (0, 2); indeed « in that reference coin-
cides with v in this paper) that we have

x1/v

Ey(x) ~ -, asx — 00,

@

%logEv(x) — 0, asx —> —o©

(this is the correct version of eq. (3) in [3]; indeed we need the condition presented
here for x — —o0, instead of E, (x) — 0).

Now we recall some moment generating functions which can be expressed in
terms of the Mittag-Leffler function. If we consider the inverse of the stable subordi-
nator {L,(¢) : t > 0}, then we have

E[eéLv(l)] =E, (9;“) (for all 6 € R). 3)

This formula appears in several references with 6 < 0 only; however, this restric-
tion is not needed because we can refer to the analytic continuation of the Laplace
transform with complex argument.

The fractional Poisson process {N, ,(¢) : ¢t > 0} is defined by

Ny (@) = N)L(Lv(t))a

where {N, (¢) : t > 0} is a (nonfractional) Poisson process with intensity A, indepen-
dent of {L,(¢) : ¢t > 0}; it is known that

E[eBNu,x(t)] — Ev(k(ee —1)t") (forall 6 € R).

Now we are ready to provide the definitions of two fractional Skellam processes
and their moment generating functions (see [20], Definitions 3.1-3.2 and Theorems
3.1-3.2). In particular, we consider the notation v = (v1, v,) for v, v € (0, 1).

Fractional Skellam process of type I. Itis the process {Y, ;(t) : t > 0} defined by
Yg,&(l‘) = Nvl,)q (t) - N\Q,kz(t)’

where {N,,;,() : t > 0} and {N,, ;,(¢) : t > 0} are two independent fractional
Poisson processes. Then we have

E[e"e20] = E,, (Ai(e” — 1)) Eyy (ha(e™ — 1)2"2)  (forall 0 € R).

Remark 2.2. Some results for {Y, ,(t) : + > 0} presented below concern the case
V1 = vp; in this case we set vi = vy = v for some v € (0, 1), and use the notation
Y, 5(2) in place of ¥, (¢).
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Fractional Skellam process of type 2. It is the process {Z, ;(t) : t > 0} defined by

Zu,&(t) = SL(Lv(t)),

where the Skellam process {S; (f) : t > 0} and the inverse of the stable subordinator
{L,(#) : t > 0} are independent. Then we have

E[eez”’w)] _ Ev(()\l(ee — 1) + Az(g_g — 1))1‘”) (for all 8 € R).

Remark 2.3. We have recalled that the fractional Poisson process can be seen as a
time changed (nonfractional) Poisson process with an independent inverse of the sta-
ble subordinator. Then, by taking into account Remark 2.1, we can say that {Z, . (t) :

t > 0} is distributed as the compound fractional Poisson process {)_, Moy g () Xk :
t > 0}, where {Xy : k > 1} and {N, ,+5,(¢) : t > 0} are independent, {Xk k> 1}
are i.i.d. random variables as in Remark 2.1, and {N 3,44, (¢) : ¢ > 0} is a fractional
Poisson process.

Remark 2.4. Assume that v; = v, = v for some v € (0, 1) (and recall the slight
change of notation explained in Remark 2.2 for the fractional Skellam process of
type 1). Then, if A1 = A, the random variables Y, ; (¢) and Z, ,(¢) are symmetric
(around zero); namely Y,, 5 (¢) and Z, » (¢) are distributed as —Y,, ;(¢) and —Z, (),
respectively. Then we have some consequences highlighted in Remarks 3.3 and 4.3.

3 Noncentral moderate deviations for the type 1 process

We start with the first result for which we could have v; # v;.
Proposition 3.1. Let \Il‘gl))h be the function defined by

M =1/, ife >0,

(a(e™ — 1) ife <. @

who |

Then {)&%(t) 1t > 0} satisfies the LDP with speed v; = t and good rate function IIEB
defined by

I{p ) = sup{ox — W) @)}. (5)
0eR

Proof. We prove this proposition by applying the Gértner—FEllis theorem. More pre-
cisely, we have to show that

1
lim — log E[

L ]

=w) @) (forall eR), ©6)

where \I/( 1)\ is the function in (4).
The case # = 0 is immediate. Moreover, we remark that

logE[e! i] = 10gE[69Yg.A(l)]

=log Ey, (A1 (e” — 1)1"") +log Ey, (A2 (7% — 1)1"2).
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Then, by taking into account the asymptotic behaviour of the Mittag-Leffler function
in (2), we have

o1
Jim —log By, (11 (" = 1)1
1
+ lim —log By, (ha(e ™" — 1)) = (1 (¢” 1)) foro > o0,

and

lim — 1 log E,, (Al(eg —1)™)

t—00
1 _ _
+ Jim —log Ey, (ra(e™” — 1)) = (a(e™” - 1) for6 <o.

Thus the limit in (6) is checked.
In conclusion, the desired LDP holds noting that the function wD VA in (4) is finite
(for all & € R) and differentiable. O

Remark 3.1. In general, we do not have an explicit expression for the rate function

IS)) in Proposition 3.1 (see (5)). However, if v] = v, = %, then we have

clog(y +5 I+ B) — (3 +20 =) ifx =0,
—xlog(y +4,/1-2) — (143 —2x = )%, ifx <o,

Indeed, after some computations, one can check that the supremum in (5) (with vi =
vy = %)is attained at = 0 forx =0, at6 = log(% + % 1+ i—ij) for x > 0, and at
1

KB =

0 =—log(3 + % /1— i—%‘)forx <0.

From now on we assume that v; and v, coincide, and therefore we consider the
change of notation in Remark 2.2 for v = v; = v,. Moreover, we set

a1(v) ==1—v. 7

Proposition 3.2. Assume that vi = vo = v for some v € (0, 1) and let o1 (v) be
defined in (7). Then {t“l(v)w 1t > 0} converges weakly to ML (1) — Ao L;°(1),
where L} (1) and L}°(1) are two i.i.d. random variables distributed as L, (1).

Proof. We have to check that

lim IE[ pren ”m] = E[ee(mL‘;(l)—/\zLﬁ"(l))] (for all & € R)

1—>00

=E,(M0)E, (—220)

(here we take into account that L} (1) and L;°(1) are i.i.d., and the expression of the
moment generating function in eq. (3)). This can be readily done noting that, for two
suitable remainders o( t;—‘,) such that tz"o(l%) — 0, we have

(v v t YV-,() v v
B[ “’]ZE[J%’]zEV(M(eQ/’ — D)i")Ey (e = 1)1")
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6 6 1 ) 6 62 1 )
=E,( M [_V+ﬁ+0 o ") Ey| 22| — +2t2"+0 v t
0> 1 62 1 .
=F, 9+2_v+[01«2v E, 6+2_+t0t2”

then we get the desired limit letting ¢ go to infinity (for each fixed 6 € R). O

Proposition 3.3. Assume that vi = vo = v for some v € (0, 1) and let a1 (v) be
defined in (7). Then, for every family of positive numbers {a; : t > 0} such that (1)

ar(v)
M 1t > 0} satisfies the LDP with

speed 1/a; and good rate function I;,Il])) defined by

holds, the family of random variables {

o /=) VA=) (A= f x> 0,
p(x) = (/=) 1A=y X x -yl/a- V) ifx < 0.

Proof. We prove this proposition by applying the Gértner—FEllis theorem. More pre-
cisely, we have to show that

o @n®1y, ;@

log E[ea—r ] =M@ (forallg e R), 8)

lim
t—oo 1/a;

(1)

where \IJ 1s the function defined by

5 _[Gu®Mr,ife =0,
Indeed, since the function \fJ(li is finite (for all & € R) and differentiable, the de-

sired LDP holds noting that the Legendre—Fenchel transform (\IJ(I) )* of \Illgli, i.e. the

function (\IJ(I))* defined by

(¥ (1)) (x) := sup{6x — ¥ <1>(9)} (forall x € R),
feR

coincides with the function I;,[D in the statement of the proposition (for x = 0
the supremum is attained at & = 0, for x > 0 the supremum is attained at 9
%(K—T)"/(l_”), for x < 0 the supremum is attained at 6 = —%(_"—L)"/(l_")).

So we conclude the proof by checking the limit in (8). The case 9 = 0 is im-
mediate. Moreover, we remark that, for two suitable remainders o( ) such that

(at)* o(

)2u

@ t)z") — 0, we have

o @My, ;50 ¥y (0

logBed T | =logB[e’ @ |
=logE, (kl(ee/(“")v - l)tv) +log E, (kz(efg/(”’t)v — l)t”)

=logE,| A i 6 ! tY
=8 ( ‘((an)v T 2@ +0(<att>2V>> )
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0 6> 1 )
tlog by (“(‘(amv T an® +0<<a,r)2v>>t )
=logE (£<9 + i + (att)”0<;)))
"\a} 2at) (as1)?
+logE (£<—9 + i + (a,t)”o(*))).
"\ay 2(ayt)? (a;1)?

Then, by taking into account the asymptotic behaviour of the Mittag-Leffler function
in (2), we have

g @ 1My, ;0

lim 1ogE[667r ] = (a0 ford > 0,
t—oo 1/a,
and
1 o @My, 50
lim —logIE[ea 7 ] = (=) foro <O0.
t—00 l/at
Thus the limit in (8) is checked. |

Remark 3.2. The set {x € R : Iﬁl))(x) < 00} = R (see Proposition 3.3) coincides
with the support of the weak limit in Proposition 3.2.

Remark 3.3. Assume that A; = A,. Then: if v = v,, the rate function IIEB in Propo-

sition 3.1 is a symmetric function (we can say this, even if an explicit expression of

IS)) is not available, because \I!‘Sli is a symmetric function); the weak limit in Propo-

sition 3.2 is a symmetric random variable; the rate function Il\(/h)) in Proposition 3.3 is
a symmetric function.

4 Noncentral moderate deviations for the type 2 process

The results in this section can be derived directly from the results in [3]; indeed, by
taking into account Remark 2.3, the fractional Skellam process of type 2 is a particular
compound fractional Poisson process. So we only give the statements of propositions
without proofs.

Proposition 4.1. Let \IJ‘%)L be the function defined by

(i =1+ =M, ifaie® =1 + 2™ = 1) 20,

0, ifare® — 1) +re ¥ —1) <0.
)

Then {Z”‘f(t) : t > 0} satisfies the LDP with speed v; = t and good rate function I]%

defined by

\1/53(9) = {

LD () = sup{fx — w2 (@)}
0eR -
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Remark 4.1. The LDP in Proposition 4.1 with A1 = X, = X coincides with the LDP
in Proposition 4.2 in [4] with ¢y = o = B1 = B2 = A. Indeed the function A, in
that proposition is defined by

__fJa@ntr, if A@©) >0,
Av(6) = {0, if A(0) <0,

where, after some computations, one can check that

12 +1)

AB) = = —2a=x(? —1+e77 —1).

The next two propositions can be derived from Propositions 3.2-3.3 in [3]. By

N,
Remark 2.3 we have Z,, ; (1) 4 k:'flﬂz © X}, where
A — A A A
un:=E(Xy) = ! 2 and o2 = Var(Xy) = %
A+ Ao (1 + A2)

coincide with p and o2 in [3]. Moreover, we set

1—v/2, ifpu=0,1ieif A1 = A2,

a(v) := {1 — v, if w20, ie if Ay # Ay, (10

which coincides with «(v) in [3]. Also note that, if A; = Ap = A for some A > 0,

. 40qh . ... Mtra 1.
we take into account that i =V 2) in Proposition 4.2, and T, = & 0

Proposition 4.3.
Proposition 4.2. Let oy (v) be defined in (10). Then:

e if A1 = Ay = A for some A > 0, then {t“Z(”)w 1t > 0} converges weakly

to /2AL, (1)W, where W is a standard Normal distributed random variable,
and independent to L, (1),

e if A\| # Ay, then {I“Z(”)Z”+-(t) 1t > 0} converges weakly to (A — A2) L, (1).

Proposition 4.3. Let a2 (v) be defined in (10). Then, for every family of positive num-

, : (@12 Z,,,(0)
bers {a; : t > 0} such that (1) holds, the family of random variables { ———=— :

t
t > 0} satisfies the LDP with speed 1/a; and good rate function 11\%)) , defined by:

e if A1 = Ay = A for some A > 0,
©) 5 N 23\ 1/
ib 1 (0 = (/2707 = /2 ”))<7) ;

s ifd > A2,

(Vv/(l—v) _ vl/(l—v))()”)cT)Lz)l/(l—v)’ ifx >0,

(2)
I =
MD,A(X) {oo, ifx <0;
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o if A1 < A2,

13 ) _{

(vv/(l v) _ /0= u))(7 . 1))1/(1_U)v if x <0,

00, ifx > 0.

Remark 4.2. The sets {x € R : Iﬁ])) , (x) < oo} (see Proposition 4.3) coincide with
the supports of the weak limits in Proposition 4.2: we mean R if 11 = A3, [0, 00) if
A1 > Ao, and (—o0, 0] if A < Ap.

Remark 4.3. Assume that A; = A,. Then: the rate function I (2 in Proposition 4.1
is a symmetric function (we can say this, even if an explicit express1on of I (D is not

available, because \IJS i is a symmetric function); the weak limit in Proposition 4.2 is

a symmetric random variable; the rate function 11\(/%1)) in Proposition 4.3 is a symmetric
function.

5 Comparisons between rate functions

In this section we compare the rate functions for the two types of fractional Skellam
process, and for different values of v. Moreover, we present some plots.

5.1 Results and remarks

All the LDPs presented in the previous sections are governed by rate functions that
uniquely vanish at x = 0. So, as we explain below, it is interesting to compare the
rate functions, at least around x = 0.

Remark 5.1. Throughout this section we always assume that vi = v = v for some
v € (0, ). So we simply write \Il( in place of the function \Il( in Proposition 3.1

(see (4)).

We start by comparing IL(D in Proposition 3.1 and IL(D in Proposition 4.1.

Proposition 5.1. Assume that vi = vy = v for some v € (0, 1). Then I (1)(0) =
I3(0) = 0 and, for x # 0, we have I13)(x) > I{})(x) > 0.

Proof. We start noting that, for the function \IJ( ) in Proposition 3.1 (see Remark 5.1
and (4)) and the function \Il( in Proposition 4. 1 (see (9) respectively), we have

v =wl0) =0 whO)>w)®) foro 0. an

The first statement in (11) is immediate. For the second statement we have two cases
(for completeness we remark that A €@ = 1)+ r?? =1 >0forall 0 € Rif
Al = A2).

e If6 > 0, then
Al(ee — 1) > max{)»l(eg — 1) + Az(e_e — 1), 0}

which yields \Iféli ) > ‘-1152){ () by taking the power with exponent 1/v;
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e If6 < O, then

)\2(679 — 1) > max{)»l(ee — 1) +)»2(e*9 — 1),0}

which yields \Ilili @) > \1152){ (0) again, by taking the power with exponent 1/v.

Thus (11) is checked.
We also remark that, for every x € R, there exist 0,51), 9)52) € R such that

1 1 ) )
) =00x — W (60") and 1B () = 075 — 03 (617

moreover 07 = 62 = 0if x = 0, and 0", 0% £ 0if x # 0. Then, if x # 0, we
get

1 1 2 2 2
Iy =00x —w) (00) < 00x —w?) (60) < sup{ox — w3 @)} = 1F ),
- - 6eR -

where the strict inequality holds by (11), and by taking into account that 9;1) #0. O

The next Proposition 5.2 provides a similar result which concerns the comparison
of 115,11])) in Proposition 3.3 and ]15/?1)), A in Proposition 4.3. In particular, it is possible to
obtain the same strict inequality, for all x # 0, only if A; # A, (note that in such a
case a1 (v) = ax(v) = 1 — v by (7) and (10)).

Proposition 5.2. We have 115,11]))(0) = 11%))’ ,,(0) = 0. Moreover, if x # 0, we have two
cases.

L If A1 # A, then IS (x) > 14 (x) > 0.

2. If M1 = Ay = X for some A > O, there exists 8, > 0 such that: 115/%1)),1()6) >

Rip@) > 00f0 < [x| < 8y Byh(0) > L, (¥) > 04f x| > 8,;, and
2)

13, () = 1) > 0if x| = 8,

Proof. The equalities IIE,II]))(O) = 11%))’/\(0) = 0 (case x = 0) are immediate. So, in
what follows, we take x # 0. We start with the case A # A;, and we have two cases.
¢ Assume that A; > Aj. Then for x < O we have IIE/III))(X) <00 = 115/%1)),1()6)- For

x > 0 we have &

i < MXT)»Q which is trivially equivalent to

1 2
I (@) < I 5 (x).

e Assume that A; < Aj. Then for x > 0 we have Il\(/h))(x) <00 = 1%)3 5 (x). For
. A

X
x < 0 we have —i2 < o

which is trivially equivalent to

1 2
L) < I;Ag&m.



Noncentral moderate deviations for fractional Skellam processes 55

Finally, if Ay = Ay = A for some A > O, the statement to prove trivially holds

noting that, for two constants c,()li, cf,zi > 0, we have 115/}1))(’“) = cgi|x|l/ (=) and

2 2 —
I, () = ) x| /A=v/2), O

Proposition 5.1 tells us that if we compare the rate functions in Propositions 3.1
and 4.1, the rate function of the fractional Skellam process of type 2 is larger than
that of the fractional Skellam process of type 1. Proposition 5.2 tells us the same for
the rate functions in Propositions 3.3 and 4.3 but, when 1| = A, the rate function of
the fractional Skellam process of type 2 is larger only around x = 0.

These inequalities between rate functions allow us to say that the convergence
of random variables for the fractional Skellam process of type 2 is faster than the
corresponding convergence for the fractional Skellam process of type 1. We explain
this by considering the LDPs in Proposition 3.1, with vi = v, = v for some v €
(0, 1), and in Proposition 4.1. Indeed, for every § > 0 we have

1 Yyt
lim - log P(M >3) =—J{5®), where J\5(8):=min{I D), I'J(—8))

t—oo t

and

1 Zyalt
lim —log P ('IA > 5) =—72), where 13 (8):=min{13 (), [2(-8)};

t—>o00 t

therefore J 2 ) > J(l)(é) > 0 and, for ever 0, 72— g i
LD LD , y e € (0, J1 5 (8) — J; p(8)), there exists

te such that

2)

|Zy (1)
P(——= >§
—( 9 < e_’(JL(D(‘S)_JL(ll))(‘S)_g) forall t > t,,

P(\Yu.%(t)l > 8)

~1 (B O=IBO =8 5 0ast — 0o

where e

We can follow the same lines to obtain a similar estimate starting from LDPs in
Propositions 3.3 and 4.3; in this case, when A| = A3, § has to be chosen small enough
(see Proposition 5.2). Here we do not repeat all the computations; however, we can
say that if we set

I (8) := min{ I\ (8). 1y (=8)} and S (8) := min{LZ) ; (0). [y , (—6)}.

we have J1£/12])3 ) > Jl\(/:]))(é) > ( and, for every ¢ € (0, Jl\(/[zl))((S) — Jlf,ll])j (8)), there exists
te such that

an(v)
P(<atz> 2 r\ZU,A(m > 8)
(an)“l‘“;m.&(m -

< e hDO =A@ =/ar  forall ¢ > fe,

P( d)

2)

where e~ M@ =A@ —)/a _ 0 a5t — oo,
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Remark 5.2. We can say that it is not surprising that the convergence of random
variables for the fractional Skellam process of type 2 is faster than the corresponding
convergence for the fractional Skellam process of type 1. Indeed the fractional Skel-
lam process of type 1 is defined with two independent random time-changes for the
involved fractional Poisson processes; on the contrary, for the fractional Skellam pro-
cess of type 2, we have a unique independent random time-change. So, in some sense,
in the second case we have less randomness. Moreover, if we compare the asymptotic
behaviour (as t — 00) of the variances provided by Remarks 3.1 and 3.2 in [20], i.e.

_MQath) | AR !
Var[Yv,&(t)] - F(1+V) v (F(Z\)) B UFz(”))
and
_ POt e 2]
W(2.40] = T+ O =0 (s~ )

in the second case we have smaller asymptotic variances. Indeed, we have

. Var[Yy, (0] L Var[Z, (1))
Iim —=——— > lim ———=——

t—0o0 [2V t—00 t2\) ’

noting that

o YV O] A%+X§( o )
t—00 t2v v rQv) vlZw)
and Var[Z, ()] 2 1
ar
Jim, ﬂvv& = _’\Z)Z(F(zwr T2 +v))’
where

2_1_2_1_1(1_1)
FQv+1) T20+v) 20I'Qv) v2I2(v) v\IlQv) vI2@)

and (A1 — 22)% < A} + A3

Now we consider comparisons between rate functions for different values of v €
(0, 1). We mean the rate functions in Propositions 3.1 and 4.1, and we restrict our
attention to a comparison around x = 0. In view of what follows, we consider some

slightly different notation: IS)) , in place of IIEB in Proposition 3.1, with vy = v, = v

for some v € (0, 1), and I{z&v in place of Iézg in Proposition 4.1.

Proposition 5.3. Let v,n € (0, 1) be such that n < v. Then, for k € {1,2}, we

have I{p (0) = I{p) ,(0) = 0 and, for some 8 > 0, I{p  (x) > Iy ,(x) > 0 for

0< x| <.

Proof. We take an arbitrarily fixed k € {1, 2}. Then, for every x € R, there exists

Q;V’k) € R such that
70

k
Lp.v(*) = Qéu’k)x - ‘I’S,i(ezgv’k));
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we recall that we are referring to the function \Il‘gli in (4) (see also Remark 5.1) and

to the function \Pfi in (9). We can also say that 9§V’k)

= 0 if and only if x = 0 and,

moreover, there exists § > 0 such that 0 < \Illfli (9,&”’]() ) < lif |x| < §. Then, by
taking into account the same formulas with # in place of v, it is easy to check that

0= (0M9) < wf (000) <1

(see (4) and (9); moreover we take into account that % > %), whence we obtain

k k
1B,() = 60Fx — w(f) (")
k k k
< 6"Px — w9 (90P) < sup{ox — ) @)} = P, (x).
feR
This completes the proof. U

As a consequence of Proposition 5.3 we can present some estimates that allow
us to compare the convergence to zero of different families of random variables for
different values of v € (0, 1). Roughly speaking we can say the smaller the v, the
faster the convergence of the random variables to zero. This could be explained by
presenting a modified version of the computations presented just after the proof of
Proposition 5.2; here we omit the details.

5.2 Some plots

We start with Figure 1 which shows the rate functions I}% (x) and IL(})) (x) when vy =
vy = v for various sets of parameters (A1, A2, V). In each case the plots agree with

the statements in Proposition 5.1, i.e. I]% (x) > 11511)) (x) > 0 for x £ 0 and I]% 0) =

IIEB (0) = 0. In particular, if A1 = Aj, the rate functions are symmetric (around zero)
as announced in Remarks 3.3 and 4.3.

In Figure 2 we present the plots of Ilf/}]))(x) and Il\%)) ,(x) when A1 = A,. For each
set of parameters, the plots agree with the statement of Proposition 5.2: 115,11])) (x) is
smaller than I{f])) ,(x) when x is within a bounded interval that includes zero, and
becomes larger outside of that interval.

Finally in Figure 3 we present the plots of IS)) (x) and IL%) (x) for different values
of v. These plots agree with the statements in Proposition 5.3.

6 Concluding remarks

In this paper we prove noncentral moderate deviations for two fractional Skellam
processes presented in the literature. The main tool used in the proofs is the Gértner—
Ellis theorem (see Theorem 1) which can be applied because the involved moment
generating functions are available in a closed form given in terms of the Mittag-Leffler
function.

For the classical (nonfractional) Skellam process we can obtain a classical mod-
erate deviation result that fills the gap between the two following asymptotic regimes:
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Fig. 1. Top left: (A1, 2, v) = (1,3,.7). Top right: (A1, A2,v) = (5,1, .3). Bottom left:
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(M, A2, V) = (2,2,.5). Bottom right: (A1, A2, v) = (.5, .5, .5)
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Fig. 3. Left: 1\ (x) with A = 1, &y = 3. Right: 1) (x) with . = 1, 23 =3
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1. The convergence of S%(l)

by a LDP with speed ¢;

— (A1 + A2) in probability to zero, which is governed

$1(1)

2. The weak convergence of v/7( -

tion.

— (A1 + A2)) to a centered Normal distribu-

In general, the applications of the Girtner—Ellis theorem for random time-changed
processes are quite standard. However, in order to obtain noncentral moderate devia-
tion results as the ones in this paper, it is important to have a random time-change with
a slowing effect as happens here with the inverse of the stable subordinator; in this

. NU t 7Nl) t
way we have normalized processes that tend to zero (as happens for M

and M here). In future work one could consider more general models with (in-

dependent) random time-changes in terms of an inverse of a general subordinator
(see, e.g., the recent reference [15]) with the same slowing effect.

The results in this work (and in [3]) concern one-dimensional cases. It could be
nice to obtain sample-path versions of these results. One could try to combine the
sample-path results for light-tailed Lévy processes in [9] (which can be applied to
nonfractional Skellam processes) with possible sample-path results for the inverse of
the stable subordinator; unfortunately the derivation of sample-path results for the
inverse of the stable subordinator seems to be a difficult task.

We conclude with a discussion on the connection between the scaling exponents
of the normalizing factors for the moderate deviations of the fractional Skellam pro-
cesses, and the concept of long-range dependence (LRD). We recall (see, e.g., Def-
inition 2.1 in [16]) that a nonstationary stochastic process {X (¢) : ¢+ > 0} has the
long-range dependence if we have the following property for the correlation coeffi-
cient:

Cov(X (1), X(s))
/Var[ X ()] Var[ X (s)]
for some c(s) > 0 and h € (0, 1). Then we have the following statements on the
scaling exponents o1 (v) in (7) and a2 (v) in (10).

~c@)t™" (ast — 00),

* For the fractional Skellam process of type 1 with v = vy = v for some v €
(0, 1), we have the LRD for {Y,;(t) : t > O} with2z =1 —o1(v) = v
(this is a consequence of egs. (19) and (20) and Remark 2 in [16], and some
computations).

* For the fractional Skellam process of type 2 we have the LRD for {Z, ,(¢) :
t > 0} with

1 /2, it a = Ao,
h=1 "‘2(”)_{u, if A1 # 2o
(this is a consequence of eqs. (2.11)—(2.16) in [17] with £k = 1, and some
computations).
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