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Abstract In this article, a non-Gaussian long memory process is constructed by the aggre-
gation of independent copies of a fractional Lévy Ornstein—Uhlenbeck process with random
coefficients. Several properties and a limit theorem are studied for this new process. Finally,
some simulations of the limit process are shown.
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1 Introduction

An Ornstein—Uhlenbeck (OU) process is a diffusion process introduced by the physi-
cists Leonard Salomon Ornstein and George Eugene Uhlenbeck [27] to describe the

*Corresponding author.

© 2024 The Author(s). Published by VTeX. Open access article under the CC BY license.

WWW.vmsta.org VTeX


https://doi.org/10.15559/23-VMSTA237
mailto:hector.araya@uai.cl
mailto:mjgarzonm@unal.edu.co
mailto:rolando.rubilar@ufrontera.cl
http://www.ams.org/msc/msc2010.html?s=60G10
http://www.ams.org/msc/msc2010.html?s=60G17
http://www.ams.org/msc/msc2010.html?s=60H05
http://www.ams.org/msc/msc2010.html?s=60H30
http://creativecommons.org/licenses/by/4.0/
http://www.vmsta.org
http://www.vtex.lt/en/

64 H. Araya et al.

stochastic behavior of the velocity of a particle undergoing Brownian motion. The
OU process X = {X (), t > 0} is the solution of the Langevin equation

dX(t) =aX@)dt +o0dB(), t=>0, (D)

where X(0) = x € R, B = {B(t),t > 0} is a Brownian motion and «, o are
constants. This process is stationary, Gaussian and Markovian; in fact, it is the only
stochastic process which has all these three properties. This process is used for mod-
eling in many different fields such as physics, biology and finance among others (see
[1,6,14,27,23, 28] and references therein) and it has been widely generalized.

Different extensions of the Ornstein—Uhlenbeck processes have been obtained
replacing the Brownian motion in (1) by more general noise processes; for example,
Lévy OU [2], fractional OU [7], subfractional OU [22] or Hermite OU processes [16].
These are introduced by solution of the Langevin equation with driving noise given by
a Lévy process, fractional Brownian motion, subfractional Brownian motion, Hermite
process, respectively.

In the study of long-range dependence, Igoli and Terdik [13] defined a gener-
alization of OU process with this property. This process is called Gamma-mixed
Ornstein—Uhlenbeck process and it is built via aggregation of a sequence of Ornstein—
Uhlenbeck processes with random coefficients. Let us be more precise, given a se-
quence (X)keN of stochastic processes such that for each k > 1, the process Xy is
the solution of the Langevin equation

dXi(t) = ax X ()dt +dB(1), 2)

where B is a Brownian motion with time parameter ¢ € R and (—o)ren are indepen-
dent random variables (also independent of B) with Gamma distribution I'(1 — A4, &)
with 4 € (0, 1) and A > 0. The aggregated process is given by

1 n
Ya() =~ Xi(®),
k=1

and it converges, as n — 00, to a stochastic process Y which is a stationary Gaus-
sian process, semimartingale, asymptotically self-similar and it has long-range depen-
dence. This limit process is the so-called Gamma-mixed Ornstein—Uhlenbeck pro-
cess. In a similar way, in [9] and [10] the authors studied the generalized cases where
B in (2) is a fractional Brownian motion and Hermite process, respectively; they
define the fractional Ornstein—Uhlenbeck process mixed with a Gamma distribution
and the Hermite Ornstein—Uhlenbeck process mixed with a Gamma distribution, both
processes exhibit long range dependence, the first one is a Gaussian process but the
second one is not Gaussian.

The aim of this paper is to define and study some properties of the Gamma mixed
fractional Lévy Ornstein—Uhlenbeck process obtained as the limit of the aggregated
OU processes with random coefficients of Gamma distribution and driven by frac-
tional Lévy process.

The fractional Lévy process (fLp) was defined in [18] as a generalization of the
moving average representation of a fractional Brownian motion given by Mandelbrot
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and Van Ness [17] replacing the Brownian motion in this integral representation by
a Lévy process with zero mean, finite variance and without Gaussian part. FLp is
almost surely Holderian, has stationary increments and long range dependence, but
unlike fractional Brownian motion, this process is neither Gaussian nor self-similar
process. The authors of [11] introduced the fractional Lévy Ornstein—Uhlenbeck pro-
cess (fLOUp) as the unique stationary pathwise solution of the Langevin equation
driven by a fLp and prove that its increments exhibit long range dependence. Re-
cently, many authors have studied fLp and the fractional Lévy Ornstein—Uhlenbeck
process on theoretical and applicable levels, see, for example, [4, 3, 12, 15, 24, 26, 29]
and the references therein.

This paper is organized as follows. In Section 2 we give a brief introduction to the
fLp and the stochastic calculus related to this. Fractional Lévy Ornstein—Uhlenbeck
process with random coefficient is introduced in Section 3. In Section 4, we define
the aggregated process of fLOUp with random coefficients and study its limit pro-
cess, which we will call Gamma mixed fractional Lévy Ornstein—Uhlenbeck process.
Finally, in Section 5 we present some simulations of the paths of the Gamma mixed
fractional Lévy Ornstein—Uhlenbeck process.

2 Preliminaries

In this section, we briefly recall some relevant aspects of the fractional Lévy process
(fLp), its main properties and stochastic integrals with respect to this fLp. This pro-
cess will be used in the remainder of the paper. We work on a complete probability
space (21, Fr, Pr) and we denote by [E;, the expectation in this space.

2.1 Fractional Lévy process

The fractional Lévy process L4 = {L?, t € R}, withd € (0, 1/2), is a non-Gaussian
process defined as follows (see [18]):

d
LY = fth( )(s)dL(s), teR, A3)
where the kernel function f,(d) is given by

1
D) = ranl 9% — (=%, seR, )

and L = {L(t), t € R} is a zero-mean two-sided Lévy process with EL[(L(1)?] <
oo and without Brownian component, i.e.

L(t) = LY 1ys0) — LD (=) 1j1<0),

where L) and L® are two independent copies of the same one-sided Lévy process.
The following Lemma (see [18, 15]) establishes that the fLp is well defined in the
L2(§21)-sense and gives its characteristic function.
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Lemma 1. Let L = {L(t)};cr be a two-sided Lévy process without a Brownian
component such that Ep[L(1)] = 0 and JEL[(L(I))Z] < oo. Fort € R, let f; €
L%(Q). Then the integral S(t) := fR ft(w)dL(u) exists in the L%(Q1) sense and
Ep[S()] = 0. Furthermore, S(t) satisfies the isometry

EL[(S1)?] = ELLDNfiOll 2@y € R,

the covariance function of process S is given by

L(s, 1) = cov(S(s), S(1)) = ]EL[(L(I))2]/ fi@) fswydu, st €R,
R

and the characteristic function of S(t1), ..., S(ty) fort; < --- <ty and m € N is
given by

m m
Ep [exp|i) 0;S¢) || =exp /Rw > 0ifi(s) | ds |
j=1 j=1

for8; eR, j=1,...,m, where

Y(u) = /(ei’” —1—iux)v(dx), uekR,
R

and v is the Lévy measure of L.

From (3) we can see that the covariance function of L is given by

1
B (L{LE) = SV3 (P4 4 1524 = —sP1) . rseR )
(L2 . - .
where de = T S(i n(lz)zg AR Up to a scaling constant, this is the covariance of

a fractional Brownian motion.

The fractional Lévy process L? defined by (3) has the following properties (see

[18] for their proofs).

» For any B € (0, d), the sample paths of L¢ are a.s. - Holder continuous.
. . . . L d
+ L% is a process with stationary increments and symmetric, i.e. {Ld_,},eR &)
{_L?}ZER'

« L% cannot be self-similar. However, L¢ is asymptotically self-similar with pa-
rameter 0 < d < 0.5, i.e.

L4
lim {—j} Qs
c—oo | ¢ R teR

where the equality is in the sense of finite-dimensional distributions and B =
{Btd }ter is a fractional Brownian motion of index d.
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e For h > 0, the covariance between two increments Ltd o Lf and Lf o L;’ s
wheres +h <tandt —s =nhis

54(n) = Vth2d+l [(n )2+ (g — )2+ 2n2d+1]
= V2dQ2d + D21 L 0(n?72), n - . ©6)

* The increments of L¢ exhibit long memory in the sense that for d > 0, we have

st(n) = 00.
n=1

In the following, we recall two results from the reference [ 18] concerning to stochastic
integrals with respect to fractional Lévy process.

Let L'(R) and L*(R) be the spaces of integrable and square integrable real func-
tions, respectively, and H the completion of L!(R) N L?(R) with respect to the
norm | gl3, = EL[(L(1))?] [p(I%g)*(u)du, where (I9g) denotes the right-sided
Riemann-Liouville fractional integral defined by

1 o0
(Ig)(x) = e / g0t —x)"dr.

Lemma 2. If g € H, then
/ g(s)dL? = / (1 g)(s)dLy,
R R

where the equality is in the L* sense.

The next second-order property of the stochastic integral with respect to fLp will
be a key tool in this article.

Lemma 3. If|f|, |g| € H, then

EL [ f f()dL] / g(s)de] =Cy / / fgs)lt — s~ dsdt,
R R RJR

where
- 2d)E[L%]

= . 7
T T@ra—a @
The following result from Ref. [11] establishes the solution of the Langevin equa-
tion driven by a fractional Lévy process.

Theorem 1. Let LY be an fLp, d € (0, 1/2) and & > 0. Then the unique stationary
pathwise solution of the Langevin equation

dX4 (1) = AX* (t)dt 4+ dL?
is given a.s. by

t
XA (1) = / Gy, teR. 8)
—0Q

This process is called the fractional Lévy Ornstein—Uhlenbeck processes (fLOUp).
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3 Ornstein—-Uhlenbeck process with random coefficient

In this section, we study the fractional Lévy Ornstein—Uhlenbeck processes (fLOUp)
with random coefficients. First, we establish the existence of the solution, and then
some properties of the process are shown.

We consider the fractional Lévy Ornstein—Uhlenbeck process Ve =(ve),t €
R} given as the solution of

avi@) = avandr +dL 1), 1 eR, )

where L9 is an fLp with d € (0, 1/2) and defined on (21, Fr,Pr); and the co-
efficient A is a random variable defined on the probability space (£2;, F,, P,) and
independent of L¢. We assume that — follows a Gamma distribution with parame-
tersl —handa,ie. —A ~T'(1 —h,a) withh € (0,1) and @ > 0.

We denote by P the product probability measure on Q = Qp x 2, and Ej,
E,, E denote the expectation with respect to the probability measure Pz, P, and P,
respectively.

From Theorem 1, the SDE given by (9) has the explicit solution

t
Vi) = / 4Ly, teR, (10
—00
where the initial condition is given by
0
v40) = / e AL (u).
—00
By Lemma 2, we can get
1 t
Vi) = @ / / MV —wyi ' dvdLw), teR.
R J—00

We will prove that for every w; € Q;, the process V¢ is well defined in L>(21).

In fact, by Lemma 3 we have that for C; = %EL[(L(D)Z]

t t
EL[(V4(1)*] = Cd/ f M0 M=)y 1241 gy
—0Q —00
o0 o0
= Cd/ / MUV |y — )2 gy dy
0 0

o0 u
=2Cy / / T (4 — )X gvdu
0 0

o0 u

=2Cd/ ez“/ e X qudu
0 0
o0

o
:2Cd/ e‘”vzd_lf e dudv
0

v

Cy Cy

o0
v, 2d—1
= —— dv=——7"F—"—I(2d). 11

)»./o < NS @0 (4o



Gamma mixed fractional Lévy Ornstein—Uhlenbeck process 69

Remark 1. For ¢ # 0, by (11) we have that E; [(V¥(c))?] = (_f)%r(zd). Hence
the processes V¢ is not self-similar.

Lemma 4. The process V¢ (for fixed w, € Q) is stationary, i.e. for b > 0 and
HH<---<ty withn e N

Vet +b), . VI +b) L (V@) .. Vi),

where @ means equality in the sense of finite-dimensional distributions.

Proof. Forb > 0, uy,...,u, and —0co < t; < --- < t,, n € R, by the stationarity
of the increments of L¢ we get

n n ti+b
D uiVeli+b) =Y u / M= (1)
i=1 i=1 -

@ + f

@ . Ati—u) gy d

= Zu,/ e dL"(u)
i=1 o
n

ZZuin(t,‘). O
i=1

We will provide a spectral representation of the process V¢, given by (10), based
on the results from [19, 21] already used in Ref. [20] to construct a long memory
process based on a CARMA process driven by a Lévy processes.

Let L = {L(t)}:;cr be atwo sided square integrable Lévy process with E; [L(1)]=
0 and IEL[(L(l))Z] = X, then there exists a random orthogonal measure ®; with
spectral measure Fy, such that Ef [®7 (A)] = O for any bounded Borel set A,

XL
Fr(dt) = Edt'

Also, the random measure @ is uniquely determined by

—iaa _ ,—iab
1 (a, b)) = /R e L dw), (12)

2mwia

for all —o00 < a < b < 0c0. Moreover,

etat -1
L(t) = f - ®;(da), teR.
R 1462

Hence, for any function f € Lz((C),

_ L —iat _ 1 ;
/Rf(a)dbL(da) =5 /RfRe f(a)daL(dt) = —m/%f(f)L(dt), (13)
/ f@®L(dr) =/ / ¢ f(1)dt®p (da) = VZN/ f@)®p(da), (14)
R RJR R

where

f@) = \/% fR e f(@)da and f(a) = \/%_n /R ¢ f()da.
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Lemma 5. Let V¢ be an fLpOU with arandom coefficient, given by (10). Then the
spectral representation of V¢ is

. 1
Vd(t)sze”“ia_)\QM(doe), t e R, (15)
where ) .
—ias __ ,—ibs
@y (la, b)) = / £ =% arde).
R 2mis

Proof. By Theorem 2.8 in [19], we know that
L) = / @ - 1)) YtV (da), teR.
R

Furthermore, following the proof of Theorem 2.8, Remark 2.9 and equality (2.31) in
the same reference, we can obtain

Vd(l) :/Re)‘(t_”)l(—oo,t)(u)dl,d(u)
:/RAeiauel(t—u)1(7oo,t)(u)duq>M(da)

: 1
=/ elmia )LQDM(doc).
R _

Thus, the result is achieved. O

Corollary 1. With almost no major effort, we can obtain, by Remark 2.9 in [19], that

, 1
Vd(t)=/e'“’, A(ioz)—”’<1>L(da), t eR.
R o —

4 Gamma mixed fractional Lévy Ornstein—Uhlenbeck process

In this section, first, we will study a process defined by the aggregation of independent
fLOUp with random coefficient A such that —A ~ I'(1 — &, @) (see Section 3). Then
we study its limit process, which we call Gamma mixed fractional Lévy Ornstein—
Uhlenbeck process. Some properties of this limit process are given, namely, we give
the characteristic function of the finite-dimensional distributions of the process, we
determine its covariance, stationarity and long memory property; and finally, we an-
alyze the asymptotic behavior with respect to the parameter «, and prove that this
process will tend to a fractional Lévy process when o goes to oo.

4.1 Aggregated fractional Lévy Ornstein—Uhlenbeck process

Consider a sequence of fLOUp with random coefficients de = (de (),t € R),
k > 1, given by

t
vkd(z):/ MOGLA ), reR, k>1, (16)
—00
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where L9 is an fLp with d € (0, 1/2) defined on (21, Fr,Pr). The random vari-
ables A, are assumed independent and identically distributed defined on the proba-
bility space (2), Fa, Py), and for £ > 1 we assume that —X; follows the Gamma
distribution with parameters 1 — & and «, i.e. —A; ~ I'(1 — h, o) with & € (0, 1) and
a > 0. Furthermore, we also assume that the random variables (A¢)r>1 are indepen-
dent of L9.

The m-aggregated fractional Lévy Ornstein-Uhlenbeck processs Z¢ = (Z4 (1),
t € R) is defined by

1 m
Zn®) =~ Vi, (17)
k=1

form > 1andd € (0, 1/2).
Lemma 6. For all m > 1, the m-aggregated fractional Lévy Ornstein—Uhlenbeck
processs Zfl is stationary and

Ca G 1
EL[(Zy,(1))"] = —52T'(2d) :
" m? ,;jz =k + ) (=)

—1

where Cy is given by (7).

Proof. The stationarity follows by Lemma 4.
From Lemma 3 and the change of variables # =t — u and v = — v, we can see

EL[(Z4 (1))*]

m m
— / / Z Z e)»k(tfu)e)»j(tfv)lu _ v|2’171dvdu

k=1 j=1

m
— C_ZZZ/ / ekku+kjv|u_v|2d—ldvdu
me = =70 Jo
Ca —\ = Agu+Ajv 2d—1
=WZZ</O /0 MUY (1 — v) dvdu
k

=1 j=1

o0 o0
+ / / e)»ku+)»jv(v _ u)zdldvdu)
0 u

Euaﬁmﬁ

_ ZZ (/ O /” o= kv 2= gy
0

k=1 j=1

o0
+/ e()»k-i-)»j)uf ekjvad—ldvdu)
0 0

Ca v.2d-1 [ Gutariu
— _2 Z Ajvy e M dudv
v

o0 o0
+ / e)»jUUdel / e()\.k+)»j)ududv>
0 0
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Ca e 1 *© Av, 2d—1 *© riv, 2d—1
== - eMly _dv—i—/ ety _dv>
Y s (.

k=1 j=1 0
Cy AL 1 < 1 1 )
= 21 +
m? 0 e G\ =X
Cy A 1
= Z4or@d . O
maL ¢ ),;; G )0

4.2 Limit of m-aggregated fractional Lévy Ornstein—Uhlenbeck process

By (10) we can see that Zi can be written as

| m
Z;dn([) — -/ - Ze)»k(l‘fu)de(u)
- k=1

oo M
t
_ / Funlt —w)d L2 ). (18)

Moreover, by the law of large numbers we get

1 m 1-h
LY M0 g, I:ek](t—u):l _ ( a ) , (19)
m =1 a+t—u

as m — oo, where the convergence is IP) -almost surely.
Due to the previous result, a natural candidate to be the limit of the m-aggregated
fractional Lévy Ornstein—Uhlenbeck process is the process 74 = (Z4(1),t € R)

given by
d ' o o d
Z°(t) := _— dL
) /w(a+l_u> (w)

t
:/ g(t —w)dL% (u), (20)

—0o0
where g(t) = (aiﬂ)l’h. We refer to this process as the Gamma mixed fractional
Lévy Ornstein—Uhlenbeck process.

We can see that the process Z¢ belongs to L2(27)if 0 < h < 1/2 —d. Actually,
by Lemma 3 and applying consecutively the change of variables it =t —u,v =t —v,
x=u/a,y=v/a,r =1/(1+x),s =1/(1+y),and it = r/s, we obtain

t t
E, [(Zd(l‘))z] = Cd/ / gt —u)g(t — v)|u — v|**'dvdu

o0 oo
= Cd/ / gw)g()|u — v 'dvdu
0 0

o0 o0 h—1 h—1
Cd/ / (1 + 5) (1 i 3) u — v dvdu
0 0 o [07
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o0 o0
_ Cd(x2d+l/ / A+ 011+ 0 e — P dydx
o Jo

1

1 1 1
— Cda2d+l f / rlfhslfh(rs)fz
0 Jo r

1 s 2d—1
= 2C,1042d‘H / s_l_h/ ph—2d (1 — i) drds
0 0 s

1 1
— 2Cda2d+l / s—2(h+d) / ﬁ—h—2d(1 _ ﬁ)Zd_ldﬁdS
0 0

2d—1
drds

2Cda2d+l

=——————B(1—-h-2d,2d) =C .
20+ d) ( ) o, h,d

Clearly, the condition 0 < & < 1/2 — d emerges from the last line.

Now, we present the main result of this section related to the limit of the aggre-
gated fractional Lévy Ornstein—Uhlenbeck process. This result is analogous to that
obtained in Theorem 3 in [10] for the m-aggregated fractional Ornstein—Uhlenbeck
processes.

Theorem 2. Let Zi and Z% be defined by (17) and (20), respectively. Assume that
0<h <1/2—d. Then Py-a.s., for every t € R,

Z4(1) — 2% in L*(Qy), Q1)
and fora,b € R,
Zf,’; — 74 weakly in Cla, b] under Pp, (22)
asm — oo.

Proof. To establish weak convergence, we prove, first, the convergence of finite-
dimensional distributions of fol to those of Z4, and second, that the sequence {fol}
is tight.

By Lemma 3, (18) and (20), we have

EL[(Z% (1) — 29 (1)*]

) ! 1 ¢ A (t—10) o " dL¢ ’
- /,oo Z];e _<a+t—u) @
t 2

= [(/ [fm(r—m—g(t—u)]de(u)) }

_Ca /0 fo @) — 80) fin (0) — )]t — v dudv.

Now, following the lines of the proof of Theorem 3 (first part) in [10] and the fact that
0 < h < 1/2 — d, we can obtain that P -a.s.

im Er[(Z;, () — 2/(1))°] = 0.
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Hence we have the PPy -a.s. convergence of the sequence (ij,)mz 1 in L2(Q 1) for
each r € R, which in turn implies the IP;-a.s. convergence of the finite-dimensional
distributions.

It remains to prove the tightness. Due to Theorem 12.3 in [5], it is sufficient to
show that E.[(Z4 (1) — Z4(s))*] < C(t — s)!*P fora < s <t < b, where p > 0
and C may depend upon parameters.

From Lemma 6 and (18)

z4(t)— z4(5) L 241 — 5) — 24 0)

1 0
(i) — Z(ekk(t_s) _ 1)/ e—u)uded(u)
"= -

e « Y ird
_ k(I—S—U dL
+ /0 - Z e (u)
k=1
=1L+ 5.
Clearly, this implies
EL[(Zy (1) = Zgy ()] < 2EL[I7] + 2B [13].

We will estimate every term separately. In fact, by Lemma 3 we have

1 m
ELlf]=— Z (M0 — (07 — 1)
1.ko=

§

x Ep

0
*”)‘klde(u)/ eU)Lklde(U)jI
—00

L Z (e)»kl(l ) 1)(6)”"2([_”—1)
m?

ki ko=1

0 0
X f / e R eV |y — v2 N dudv.
—00 J —00

By arguments similar to those of [9], the law of large number and the fact that 0 <
h<1/2—d,
ELIT] < Canlt — )% (23)

With respect to I, by Lemma 3 and making the change of variable z = u — v, we
get

5 | m A ) 4 1=s 1 m " ) 4
ELllI51=E — k=s=u) g / — K=s=vlgr,
L15] L /0 - E_ e () - E_ e )
t—s
— Cd § / / )‘kl (t—s—u) )mkz(l‘ §— U)|l/l |2d ldudU

kkzl
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m t—s pt—s
Z e)»kl (I—S)ekkz(l—s) / / e—)nklu—)»kzv'u _ v|2d—]dvdu
0

ki, kz—l 0
—s u
Z e)‘kl (t—s) )»kz (t—s) / e_)‘kl u / e—kkzv(u _ v)z‘i*]dvdu
k1 ko=1 0 0
1 m t—s u
=20— Y exkl(r—s)emz(t—w/ e—uo\hmz)/ a2 gy
m ki, kz—l 0 0

< zch Z e)‘kl (t—s) )»kz(f s) / _)LkluLtdeu.

ki,kr=1 0
<2Cy(t — s)1+2d Z My (8= s)

kzl

Then, using the fact that —Ay ~ I'(1 — h, ) withh € (0,1) ando > 0, and ¢t > s,
we obtain
EL[I3] < 2Cq(t — 5)' 2. (24)

Inequalities (23) and (24) imply
EL[(Z%(t) — Z4(5)*] < Crasan(t —s)' 2. (25)

Hence, based on Kolmogorov’s continuity theorem, for all m > 1, Z,‘fl has a contin-
uous modification, thereby fulfilling inequality (25) as well. Moreover, by (25) and
Theorem 12.3 in [5], we obtain the tightness of the family {Zi}.

By (21) and (25),

EL[(Z9(t) — Z29(s))*] < C (¢ — s)' 72,

then there is a continuous modification of Z¢. Finally, the weak convergence is ob-
tained from Theorem 8.2 in [5]. |

4.3 Properties of 74
Now we study some properties of the limit process Z¢.

Lemma 7. Let Z¢ be given by (20) with h € (0, 1/2 — d). Then the characteristic
function ond(tl), Zd(tz), el Zd(tm) withty <ty < --- <ty is given by

m m
E. | exp Zeza, = exp /Rw > 0 firnals) |ds |,

j=1
where

- lj o 1=h d—1
. =d _ — )4 "dv.
Jijna(8) /—oo <Ol 1 — U) (v —s)3 dv

Proof. The result follows by Lemma 1 in Section 2 (also see Proposition 3.3 in [15])
and the fact that Z¢ belongs to L?(Q1) for h € (0, 1/2 — d). O
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Lemma 8. Ler Z¢ be given by (20) with h € (0,1/2 — d). Then Z¢ is a stationary
process with long memory.

Proof. By (20), the stationarity of the increments of L? and making the change of
variable u = u — b, we can get, for every b > 0,

4 t+b o 1—h J
Z(t+b) = _ dL
t+h) /_Oo (oz~|—t+b—u> @)

t 1-h
(Li)/ <a+“ﬁ> dL4w) = 79@).

With respect to the long memory property we will study the nonsummability of the
covariance. Since Z¢ is a stationary process, we have

EL[Z%@)Z(t + a)] = EL[Z4(0)Z4 (1)].

Then Lemma 3 implies

1-h 1-h
EL[Zd(O)Zd(t)]—Cd/ f (T) ( i > lu — v Vdudv
o il /1 o —v

= C(;loc2 Zh/ / (a+t— h ! (a v)h_l lu — v|2d_ldudv

=Cy 052 2h 2h+2d 1

h—1 h—1
/ / —+1- y) (% —x) |x — y|2d_ldxdy

~ Cy 0[2 2h 2h+2d 1

/ /’<1—wh1<mh1|—ﬂ”4dwy

2h+2d—1

= Cq,ant

Then the long memory property is obtain by just noticing that 2 +d > 0. O
Remark 2. Even if d = 0, the long memory property is satisfied if 7 > 0.
Remark 3. We can see that the process Z¢ has the property
% ~ Copat™ 71, with p(1) = E[24(0)27 (),
i.e. the process is almost self-similar (see [13, page 13] for details).

With respect to the behavior of the process Z¢ with respect to the parameter o we
have the following result.

Lemma9. Lett > 0and d € (0, 1/2). Then the random variable
z% (1) - z%(0)

converges in L%(Q21) as « — o0 to the random variable L9 (¢).
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Proof. By (20) we obtain

z4(t) — 2(0)

t 1-h 0 1—h
1-h 1-h
= /]R |:(a+aﬁ> L(—oo,n(u) — (ﬁ) 1(—oo,0)(u)i| de(”)

= / fr.a)dL4 (u).
R

Clearly, f; 4 converges to 1(g ;) as o — oo. Therefore, our candidate for a limit will
be L4(¢). In fact, by Lemma 3

EL[(Z%(t) — 24(0) — L (1))?]

o 1=h o N\
— /R/R [(a +1- u) loen @) = (a — u) L(—c0,0) () — 1(0,1)(“):|
o 1=h o N\
" [(Ot +1— v) AR (ot - v) loe0 (@) = 1(0,0(”)}

X |u — v|2d_1dudv.

Finally, the result is obtained by means of the dominated convergence theorem. [

If « — 0, then we get the following result.
Lemma 10. Ler ¢ > 0 and let us define Z4(t) by

t
Zd(z)=ah*1/ Z4(s)ds.
0

Then, as o — 0, the random variable Zd(t) converges in L%(Q21) to the random
variable Y (t) given by

1
Y4(@r) = - /R[(t —wh — ()" 1aL ). (26)

Proof. By (20), we get

t ps 1-h
740 =ah_l/ / <L> dL4 (uw)ds
0 Joco \X +5—u
1 s
=// (oz—i—s—u)h_]de(u)ds
0 J—o0o

t t
= / / (x+s— v)h71 dded(v)
—oo JuVv0

1 t
ZZ/ [(a+z—v)h—(a+(vv0)—v)h]de(u)
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= — Tot.h (V)AL (V).
h ) -

We can see that ry 5 (v) converges to (¢ — v)i’L — (—v)’i for every v as @ — 0.
Therefore, the result is obtained by arguments similar to the proof of Lemma 9. [

Lemma 11. Let Y = (Y (t)),>0 with Y (t) be given by (26). Then Y is a station-
ary process with
ELL(Y/ ()] = P EL[(v4(1))%).

Proof. By (26) and taking b > 0,

Yt +b)— YD) = %/R[(t +b—w) — (b —w)1dL (u)

= %/ [ = vl = (=01l w) =Y,
R

here we have used the change of variable v = u — b and the fact that L¢ is a stationary
increment process. With respect to the second part of the statement, we have that

EL[(Y4 ()%

1
= 3¢ fR /R (@ = — (~)((t = ) — (=0l — v/~ dvdu

1
2h+2d+1
ﬁC

=1
x f f (1= — () =0k = (—0)Dlu — v dvdu
R JR
Remark 4. Let us note that we can write

740 = / e (W) d L% (),
R

where m, (u) = 3[(t —u)". — (—u)]. Then Proposition 11 and Theorem 3.1 in [15]
imply
v = / ) d L% () = / (1%, (W)dL(s),
R R

where (see Section 3 in the same reference for details)

UE,) W) = / m(v)g' (v — w)dv = /er(v)g/(v —u)dv

and g(u) = (u)i. This implies that Y¢ can be seen as a type of generalized fractional
Lévy process (see [15] for details).
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Fig. 1. Sample paths of a fractional Lévy process for different values of d. The approximation
is made using the Riemann-Stieltjes approximation with the driving Lévy process being a
stationary Gamma process witha =5and b =15 (a =1 and b = 2)

5 Simulations

In this section we are interested in obtaining some simulations related to the pro-
cess Z%. First, let us recall how we can simulate a fractional Lévy process.

In order to simulate sample paths of L¢ we use the Riemann—Stieltjes approxi-
mation, that is, we approximate L? in the following way (see [18] for details):

0

a1 k\ k¢
L) ~ Ta+D Z t— ol B s (Lk+1)/n — Li/n)
n2

k=—

n

[nt] k d
+ ) <t - —) (Lk+1)/n = Lisn)
k=0

Remark 5. An optimal form of simulating L¢ is shown in [25]. Here, we have used
the Riemann-Stieltjes approximation. This approximation can also be optimal if we
take a, = n>~%/174_An advantage of this procedure is that a simulatation of in-
crements of a Lévy process is relatively easy (see [8] for details about this simula-
tion).
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Fig. 2. Sample paths 74 of the limit process for different o and h = 0.12 (a = 1,5 = 2)
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Fig. 3. Sample paths Z¢ of the limit process for different o and h = 0.12 (a = 5, b = 5)
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To simulate the process Z¢, we will use the Riemann type approximation

|nt] h—1
k k+1 k
28y =o' (a 41— —) (Ld <L> — L (—)) . teR,
n n n

k=—a,

where we take a, = n? as in [18].

It can seen that the processes L¢ and Z¢ inherit some of the features of the un-
derlying Lévy process (see [8] for details on the simulation of Lévy processes). Also,
as expected, the paths of the process are more irregular; this is due the lack of the
Gaussian part in the underlying Lévy proces in the definition of L¢ and Z¢. Finally,
the processes appear to be more regular for o small.
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