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Abstract A necessary and sufficient condition on a sequence {7}, cn of o-subalgebras
which assures convergence almost everywhere of conditional expectations for functions in L*°
is given. It is proven that for f € L (<)

E(fln) 25 E(f|a.e.)-

Keywords Conditional expectations, probability

1 Introduction

Ever since the appearance of the Martingales Convergence Theorem, there have been
attempts to find criteria for a larger group of sequences of o -subalgebras that imply
the convergence of conditional expectations. Several attempts have been made in this
regard (see [8] for an excellent summary), but few have dealt with conditions that
assure convergence a.e.

In this paper we will give necessary and sufficient conditions for almost-everywhere
convergence of E(f|<%,) for f € L°°(<7). This result is new. In a sense it closes the
question of finding the necessary and sufficient conditions on a sequence {<7,} of
o -subalgebras which assure a.e. convergence of conditional expectations.
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Conditional expectations convergence theorems have many applications in prob-
ability theory, data science, economics, finance, statistics and give alternative proofs
of theorems such as Kolmogorov large-numbers, Levy generalized Borel-Cantelli,
Radon—Nikodym. For potential applications, see [6] and [5].We would like to remark
that the existence of convergence a.e. provides the possibility of using tools not nec-
essarily available in a given situation.

Let 7 be a o-algebra on a set X with a probability measure . Given a sequence
{7 }nen of o-subalgebras of <7, it is widely known that we have convergence a.e.
in the case when the sequence is monotone. However, this is not the case in more
general cases. For example, in the set-theoretical approach of Fetter [4], in which
she estabilished very natural conditions for convergence of sigma algebras, one has
convergence in L? but not neccesarily convergence a.e. [1].

In [2], we defined two o -subalgebras 7, and 7| which satisfy

o C o, C Cd,

where & = \/o0_ N>, @ and & = (o0_, \/°, 7, are the inferior and the
superior limits of the o-subalgebras {%7,},cn. With this setup we proved that we
have convergence in L7 if and only if .27, = &7, .

The quest of this paper was to see if we could establish somewhat similar condi-
tions on the o -subalgebras in order to have convergence a.e. It is clear that in view of
[1] one needs stronger conditions and has to deal with sets that will not necessarily
be o -subalgebras. To do so, we strengthen the conditions and define a set .27, ., but
loose the assumption that it is a o-subalgebra, although in the case when it is such,
for f € L°°(%)4...) we proved that

E(f|42{n) i) E(flﬂ'(/we) = f

To deal with the other part of the problem, we first characterize the conditions
through a set W14 to have, for f € L, convergence a.e. to zero if and only
if f € W% Finally we define a family of o-subalgebras ® and establish what
conditions are necessary and sufficient for convergence a.e.

It has been pointed out by one of the reviewers that in the literature the results are
usually referred to L? while our results use L>°. We believe that the results will hold
in L? but the proofs have been elusive.

2 Previous work

As usual, we will use the notation E(f|.2¢) for the conditional expectation of f given
the o-algebra of. A° will stand for X \ A, x4 for the characteristic function of a
set A, A A B for the symmetric difference of the sets A and B, and A = B a.e for
w(AAB) = 0. All the o-subalgebras that we deal with are considered to be complete.
Some well-known results on a.e.-convergence and L”-convergence (1 < p < 00) are
presented in [7, page 124, section 1V, 3.2].
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Theorem 2.1 (Martingales [7]). If {<,}nen is monotone increasing sequence of
o -subalgebras of <7, that is, <ty C %41 for anyn € N, then

e9]

V)

n=1

E(flah) < E(f

for every f € LP(&/), where \/' 2| <, stands for the minimum o -algebra that con-
tains \ ;= | . (Or if { @y }nen is monotone decreasing, that is, <y, D pi1, then

E(flom) < BUFIMRZ) ).

In [3], Boylan introduced a Hausdorff metric in the space of o -algebras. It gives
us a relationship between Cauchy sequences of o-subalgebras and L?-convergence
of conditional expectations. Using the notation A A B = (A\ B)U (B \ A), Boylan’s
Theorem 4 reads as follows.

Theorem 2.2 (Boylan, Equiconvergence). Let {,},eN be a Cauchy sequence in the
space of o-algebras with the Hausdorff metric, that is,

d(Hy, ) = sup ( inf (A A B)) + sup ( inf (A A B)).
Aea, € Begl, €

The there is a o -subalgebra 9 such that
lim d(<,, ) =0,
n— oo
and
Ly
E(fl) — E(f19),

forevery f € LP (&) with 1 < p < o0.

Another approach was given by Fetter [4]. She proved that if the lim sup of a
sequence of o -algebras coincides with the lim inf, then we have convergence in L?.
Indeed, Theorem 4 of [4] reads as follows.

Theorem 2.3 (Fetter). If {<7, },en is such that & =

, where

AN

0]

= {7 ﬂ oy, and
m=1n=m

||38

then

E(fl) —> E(fl),

forevery f € LP(), 1 < p < o0.

Since the condition of the above theorem is fulfilled for monotone sequences of
o -algebras, Fetter’s result implies that of the monotone convergence theorem in the
case of L”. However, we point out that in [ 1] it was proved that the condition &7 = &/
does not imply convergence almost everywhere.
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Given a sequence {.%, },en of o-algebras, two relevant o -algebras were defined
by Alonso and Brambila in [2]:

u={Aed : HAwhen, Ay € o, Tim p(A, 54 =0}, @)

and if we consider the set:

weakly
}.

W ={ge LX) : Iy and, Ay, € oy, with x4, —> ¢ (22)

/| was defined as the minimal complete o -algebra such that g is @7/| measurable
for all g € W. The importance of these o-algebras is clear due to the following
results, see Lemmas 1.3, 2.4 and Proposition 3.3 in [2].

Lemma 2.4. Let {7, },eN be a sequence of o-subalgebras. Then E(f|<y,) LZ)
E(f|<,) = f for every f € L*(,).

Lemma 2.5. Let {,}en be a sequence of o-subalgebras and f € L*(/.)*. Then
E(f|<,) — 0in L*(%/) norm.

Theorem 2.6. Let {%7,},cn be a sequence of o-subalgebras and p such that 1 <
p < 00. Then o, = &/, if and only if for every [ € LP (<), E(f|,) converges in
LP (). Furthermore, if oloe = o), = 4|, then

ECfl) 2L E(flobo).

Now, since these o -algebras satisfy the relationship
A C A S S, 2.3)

we have that if A = ‘A, then Fetter’s theorem becomes an immediate corollary.
Finally we point out that none of the theorems but Theorem 2.1 deal with the
problem of convergence a.e.

3 A useful lemma

In [2], the following concept was introduced: a sequence of o-subalgebras {7}
wu-approaches a o-subalgebra 2, if for each D € 2 there are A, € &, such that
w(A, A D) — 0. It was established that when a sequence of o -subalgebras {.<7,}
wu-approaches a o -subalgebra 2, and only in that case, we have, for f € L?(2) (1 <
p < 00), that

E(fle) <> E(f12) = f.

It is clear that in order to have convergence a.e. we need a stronger concept for
sets in {.o7,} to express their approaching sets in 2.
We begin by establishing the following lemma.

Lemma 3.1. Let (X, <7, 1) be a probability space with o -algebra </ and measure .
If {Ap}nen is a sequence of elements in &/ and A € <7, the following statements are
equivalent:
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i) XA, e XA
i) A=Uyz1 Mazn An=My=1 Uz An a-e. thatis, p(AAUF_; Nz n An) =

1A ANTZ Unzy An) = 0.
iii) imy o0 (U, § (An A A)) = 0.

Proof. Notice that x4, — x4 a.e. implies that for almost all x € X, there is an
Ny € N such that, if n > Ny, then

1
x4, ) = xa)| < =. (3.1)
2

To prove i) — ii), we first take a look at the elements of A. Since [x4, (x) —
xa(xX)| = [xac(x) — xac(x)|, we have that, for n > N, and almost all x € A,
Xac(x) < 1/2,and so x € A,. Therefore, A C (Uy—; [,y An a.e.

Using the same argument for A¢, we get A° C N~ MNy=n AS a.e. Thus A D

ﬂ?VO:I Un>N Apa.e.

Since
o0 o0
UNaecn U
N=1n>N N=1n>N
we have

(ﬁ UAn)CACG ﬂAncﬁ U Anace.

N=1n>N N=1n>N N=1n>N

Therefore i — ii).
We will prove now that iii) — i). Let

M = ﬁ @, a4

N=1n>N

Then, by hypothesis, u(M) = 0. Now, as M = JN_; N,y (An & A)C, for
almost all x € M€ there is an N € N such that

x € ﬂ(A,,AA)C,

n>N

and hence x € (A, A A)¢ foralln > N. That is,

0= xa,04(x) =|xa(x) = xa,x)|, forn>N.

Finally, to prove that ii) implies iii), we notice that

M(U(AnAA)) =u(<U

An) n A") + “((U A;) N A).
n>N n>N n>N



252 A. Alonso, F. Brambila-Paz

Since by hypothesis
oo o o0
0=M<AA UN An) zu(A\ UN A,,) =/L(Am Ny A,g)
N=1n>N N=1n>N N=1n>N
= i AN ¢
Ngnoou( U An)’
n>N
and
o o0
O:M(AA N U A,,) Zu(ﬂ U An\A> =N1£noo,L(U A,,ﬂAC>,
N=1n>N N=1n>N n>N
we get
li A, ANA) | =0. |
Ngﬂ@u(U( n ))

n>N

4 Necessary and sufficient conditions for almost everywhere convergence

4.1 On almost everywhere convergence of characteristic functions

Definition 4.1. Let % be a o-subalgebra of /. The seminorm || - || for f €
L*°(dw) is defined as

£l = |E(f18)| -

The relationship between the measure of a set and the above norm will be shown

in the appendix. We prove there that for A € &7, || xallz = sup e = “Eﬁgf).
w(B) >0

Definition 4.2. We say that A € .o/ is uniformly covered by the sequence of o -sub-
algebras {7, },cn if there is a sequence {A,, € 9, },eN such that

1) A= U</>\lo=l ﬂnzN Ap = n<}>vo=] UnZN A, a.e.
il) Ixa\a,lla, = 0asn — oo.

The next lemma shows that actually we can relax the condition ii) a little bit.

Lemma 4.3. A is uniformly covered by { <, },eN if and only if for any r > 0 there is
a sequence {A)} en, A}, € %, and M, € N such that

i) A= Ny AL =N, U,y AL ace.
ii’) | xa\arlle, <rifn> M,.

Proof. By Lemma 3.1 the condition i) means that

lim u( J@a A;)) = 0.

N—o0
n>N

Thus, for r = 1 let Ny > M| with
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u( U (AAA,L)) <1

n>Np
In general, for k € N, let ry = 2% and Nk be such that

u( U (AAA,’})) <,

n>1\7k
and M,, be such that

”XA\AZ"”% <ry forn> M,,.

Let Ny be a strictly increasing sequence such that Ny > max {Ng, M., }, and let
us define A, € &, as

Ay =AF if Ny <n < Npyp.
Then
1
”XA\A,,”.QY,I = ”XA\A,r,k ”an < ?7

thus lim,,, oo | X4\ 4, | o7, = O. Finally,

u( U (AAAn)> =u<fj U (AAAn))

n>Ny k=k" Nk <n<Ng4+1
< 3 AN AL o 1 1
>0 U X)) <2 ok = k—1°
k=k’' Ni<n<Niy1 k=k'

Now, since u(|_,.y A A A,) is monotone, we have limy _, oo ;L(U,ENA AA)=
0. O

We will say that a sequence of sets {A, € 27,} uniformly covers a set A € & if
conditions i) and ii) of Definition 4.2 are satisfied.

It is easily seen that, if {A,, € <,} uniformly covers aset A € & and {A',, € %,}
issuch that A, C A, foralln € Nand XA, —> X4 a.e., thenituniformly covers A.

Lemma 4.4. If A and B are sets in &/ uniformly covered by {,},eN, then so are
AlJBand A B.

Proof. Let A, € o, and B,, € <, sequences of sets that uniformly cover A and
B, respectively. By property i) of the definition of uniform covering we have that
Xa, = xa and xg, =5 Xp. SO0 XA, (B, = XA,XB, —> XAXB = Xas and

a.e.
XA,UB, — XAUB-
Since (xaxB — XA, XB,)+ < (xa(xB — xB,)+ + (X8, (XA — Xa,)+, We have that

LOO
E(xans\a,nB) %) < E(xanag|9) + E(xsnpe| ) — 0.

A similar argument can be used for the case of the union of two sets. O
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Lemma 4.5. If A is uniformly covered by {7, },en, then

n@go E(xal@n)(x) < xa(x) a.e.
Proof. Let {A,} be a sequence with the properties of Definition 4.2. Then

E(xaloh) = E(xaxa, + xaxaclah)
= xA,E(xalh) + E(oa\a, |19%)
= XA, tlixaa, e, — xa ae. O
In view of the proof, we can actually relax somewhat the condition of uniformly
covering to get a similar result.

Lemma 4.6. Let {7, },cN be a sequence of o-subalgebras. If A € < is such that
there is a sequence {A, € p}neN satisfying

i) A=Ux_i Mazy An = Ny=1 Unzy An ace,
ii) E(xa\a, %) — 0 a.e.asn — oo,

then
lim E(xal#)(x) < xa(x) a.e.
n— o0
Proof. The proof is exactly the same as that of the above lemma. U

Notice that if A is uniformly covered by {.<,} the conditions of Lemma 4.6 are
satisfied.

The interesting case occurs when both A and A€ are uniformly covered by {7, }
or satisfy the conditions of the above lemma.

Lemma 4.7. If A € &/ is such that A and A€ are uniformly covered by {<,} (or
satisfy the conditions of Lemma 4.6), then

E(xalo) 2% xa.
Proof.

lim E(qac|o) = lim E(1 = xale4,) = lim (1 - E(xal%h))
n—oo n—oo n—oo
=1— lim E(xalah).

n—oo

Since A€ is uniformly covered,

xac =1—xa > lim E(xacle,) =1 — lim E(xala),
n—0o0

n—oo

and so

lim E(xale) > xa a.e.

n—o0



Almost everywhere continuity of conditional expectations 255
Finally, as A is uniformly covered,

lim E(xale) < xa < lim E(xal%) a.e.,
n—oo

n—o0

and then
a.e.
E(xalen) — xa- O

Now we state the necessary lemma for a.e. convergence of characteristic func-
tions.

Lemma 4.8. Let A € o and {<,},cN be o -subalgebras such that

E(xal o) 2% xa.

Then A and A€ are uniformly covered by { <7, }peN.
Proof. Let 0 < r < 1. Define A,, € &7, as

Ay ={x e X : E(xal#)(x) = r}.

Since E(xal<%,) iy XA, we have that x4, 2% xa- Indeed, for almost all x € A
there is an N, € N such that, if n > Ny, then E(xa|%%,) > r. Thus x € A, and so
XA, (x) = xa(x). We can proceed similarly for A°.

Therefore,

o0 o0
Azﬂ UA,,:U ﬂAn.
N=1n>N N=1n>N
It is also clear that
0 < E(xava, |9h) = BE(xaxac|9h)
= xacE(xaloh) < xacr <r.

Thus, |[E(xa\a, %) llco < r, and by Lemma 4.3 A is uniformly covered.

Finally, since E(x4|%%,) £ x4 implies that E(x 4| .%,) i X Ac, we have that
A€ is also uniformly covered. O

Combining Lemma 4.7 and Lemma 4.8 we get the following theorem.

Theorem 4.9. Let {4, },cN be a sequence of o-algebras and let A € /. Then

E(xal ) =5 xa,

if and only if A and A€ are uniformly covered by {7, },eN.

In view of the above theorem it is clear that it is convenient to establish the fol-
lowing definition.

Definition 4.10. Given a sequence of o -subalgebras {7}, define &7, 4 .. as

Ayae ={A € o : Aand A are uniformly covered by {#, },en}.
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Notice the following lemma.

Lemma 4.11. &7, .. is an algebra.

Proof. Taking A, = X or A, = ¢ for all n € N it is clear that X and ¢ are in
)y.q.0.- Lemma 4.4 shows that finite union and finite intersection of uniformly cov-
ered sets are uniformly covered. Finally, by definition if A is in .27, 4., then A€ is
also there. O

Notice that if A is in ﬂn> u “n for a given M, A is uniformly covered, since we
can take A, = A for n > M. Since the intersection is a o-subalgebra, (,. ,; @ C
)y ... Thus, in the case when %7, 4 .. is a o-subalgebra, we have that &/ C 47}, 4.
and thus the chain

%C EQ{u‘a.e‘ C edp, Cc A\ CE.
Lemma 4.12. If <7, 4., is o-subalgebra, then:
i) If f € L®(Fa.e.) then

E(f1) 2% E(flAuae) = f.

ii) If a o-subalgebra 2 is such that, for all f € L*°(%),.q.¢.),

E(fleh) =5 E(f19D),

then 8 C Ay ge.

Proof. Lete > 0.As f € L°°(4, q..), there is a simple <7}, 4 .. -measurable function

g, such that || f —g|loo < €/2. Itis clear that Lemma 4.7 implies that E(g|.,) <% g.
Thus,

[E(f19) = f|(0) < |[E(f19%) — E(glam)|(x) + |E(gloh) — g|(0) + |g — f1(x)
< [E(f = gl |(0) + [E(glah) — g|(x) + llg = flloo
< e+ |E(glen) — g| ).

Solim,_, oo |E(f19%,)— f|(x) <€ a.e. for every €. Therefore, lim,_, oo E(f|4%,) =

f a.e.
To prove ii), let A € 9. By hypothesis E(xa|%%,) — xa a.e.

For 0 < € < 1 define A, = {x : E(xal%,) > €} € ,. Since for almost all
x € A,E(xal#,)(x) —> 1,x € A, for n big enough. So x4 (x)xa, (x) — xa(x)
n—>oo

a.e. The case for A€ is similar. In this case, for almost all x ¢ A, E(xa|%%,)(x) —
n—oo
0. Hence x ¢ A, for n big enough. Thus xac(x)xa,(x) —> 0 a.e. We have then

XA, (x) —> xa(x) ae.
We also have

IAN\ Anllay, = |EGaxagl o) |, = | xasEGal @) | o, < €llxaglloe < €.

And so by Lemma 4.3 A is uniformly covered by {.<,}. g
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How do the above results look in the case of <7, being monotone? In the case of
monotone decreasing sequence of o -subalgebras it is clear that \/, \ <%, = <y and
that for any N, (7o y “ = (e “y. Therefore,

flamse7efla

Thus o7 = /. Soif A € o7, the sequence of sets A, = A € .27, trivially uniformly
covers A. The same can be said for A¢. Since both sequences trivially fulfill the
second condition of Definition 4.2, we have that @), ... = 7.

4.2 Necessary and sufficient conditions for a.e. convergence to zero
n [2], we defined a o -subalgebra 7| by considering the set W,

. L2-weakly
W = {g [S Lz(ﬂ) . ElAnA S JZ{nk with XAnk — g}

27| was defined as the minimal o-algebra generated by W. We are going to do
something similar. Notice the obvious fact that if A, € <7,, xa, = E(xa,|2%). We
are going to study when the conditional expectations of a sequence of o -subalgebras
converge a.e. to zero. To do this, consider first the set defined, given a sequence
{7, }neN o -subalgebras and N € N, as follows:

Cy = {h eL'(w) th=Y E(xglah), Bied,
k>N

disjoint, and such that there are only finite many of such Bys }

Notice that, since we defined 7 € Cy as a finite sum, £ is in L? although its
norm could be large. That is, if {hxy}neN is a sequence, then the norms ||/ || are not
necessarily bounded. However this is not the case in L', since we have

k]l = / > E(xs,|d =Y u(By) = M(U Bn) <1.
n>N

n>N n>N

Now we give the following definition.
Definition 4.13.

wtae — {f € L°°(w) : for every subsequence {hn ), b, €Cn,, (S hNy) k—> 0}.
— 00

We have the following result.
Theorem 4.14. If f € L*° (), then

E(flam) <% 0, (4.1)

ifand only if f € W+,
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Proof. =) Let f € L°(u). Without loss of generality we can assume that || f||oc <
1. First, notice that, if » € Cy, we have

(h, £y =Y (E(xs, %), f) = (X8, E(f19).

n>N n>N

Let € > 0. Since we are supposing that E(f|.<%,) 25 0, Egoroftf’s theorem
implies that there is a set M, and N; € N such that, if » > Ny, then

w(Mg) <3 and | ECFln)] < 5
Thus, if N > N and Ay isin Cy,

(b, )] =D (x,. ECf 1))
n>N
<> ({x,» x ECF1am))] + |(xB, xme . ECf 1))
n>N
=2 2 0w ) + 2 [ECI) |t o
n>N n>N

€ .
= Su(Me) + I flloomt (M) < e,

therefore, (hy, f) — 0.
N—oo

<) To prove the remaining part the theorem, suppose that E( f|.<7,) does not con-
verge to zero a.e. Notice that, since we can take f or — f, without loss of generality,
we can assume that there is an € such that

M(ﬂ J{xrex: E¢flanx) ze}) > 0.

N=1n>N

That is, there is an r > 0 such that for any N there is an M such that

u( U {xeX : E(f|%)(x)ze})>r.

N<n<M

Let A, = {x € X : E(f]9},)(x) > €} and let us define as usually the sequence
{B,} as

By =Ay. Bi=A\UZ\y Bj forN <k <M. 4.2)
{ By} is a disjoint family and
U B, = U A,.
N<n<M N<n<M

Lethy = Y y<,<p E(xB,|9%). We have that

(v, )= > (xs, . E(flon)>e€ > u(mpzeu( U Bn)>er.

N<n<M N<n<M N<n<M

We have now constructed a sequence {hy}yen such that for all N, (hy, f) > er.
Therefore f ¢ W+ O
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In [2], we defined the orthogonal conditional expectation induced by a o-sub-
algebra & as the operator E% = I —E 4, whichin L?(<7) is the orthogonal projection
Eé i L () — L*(PB)*. Let © be the following family of o-subalgebras:

D = {#: Bisao-subalgebra of &/ and E%f € Whae forall f € L)}

It is clear that © is not empty since it trivially contains .27
The following proposition is an immediate property.

Proposition 4.15. Let €, & be two o-subalgebras. If € € © and B D €, then
BeD
Proof. Notice that in this case Efg} = E%‘Eﬁg. So, as f in L* implies that E% fis
alsoin L®°,

ELf =EZ(ELf) e W O

Definition 4.16. .@%y;, will be the minimal complete o -subalgebra that contains the
set

W:{geLz(ﬁf/):

there is a subsequence {hy, € Cy,} such that hy, o8 weakly in L2 ).
—00

Two properties of this o -subalgebra are presented in the following lemma.

Lemma 4.17. @y, satisfies:

i) MJ_ C JZ{min - E}
ii) If € © then in C B.

Proof. i) If x4, issuch that x4, —>¢g L>-weakly, since Ay, € CNy, we have that
W C W and so &) C &pin. On the other hand, let iy, € Cy, be such that iy, —
g weakly. Then Ay, is \/re. N, @ measurable. That is, hy, € L2/ N, “n) Which
is a closed subspace of L?(4). Thus, g is \/ZOZ Ny 2, measurable. Since this is true
for any N, g is (e Ve, @y = </ measurable.

ii) Let g € W and hy, € Cy, be such that hy, LN g. Since A is in © we have
that, for all f in L,

(£, E19) = (E(f18). g) = lim (E(f1), hw) = lim (I —EZ) [, hn,)

(f ) = Jim (E5 f, h) = (. &)

lim
k— 00

Therefore g is equal to E(g|%) almost everywhere, and so is % measurable. Since
by definition .2/, is the minimal o -subalgebra that makes all such g measurable, we
have .%in C A. O

Before we proceed we will study a special case.

Definition 4.18. We call the sequence {#; },en 2-bounded if supyyllinl2 < 00
for any sequence {hy € Cy}neN-
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The main property of these 2-bounded sequences of o -subalgebras is that ® con-
tains the minimal o -subalgebra. Actually we have the following lemma:

Lemma 4.19. If {7} is 2-bounded and A is a o-subalgebra, then % € D if and
only if oyin C B.

Proof. In view of Lemma 4.17, we only need to prove the (<) part. Assume “/in C
A and suppose that @i, is not in ®. This means that there is an f € L such
that its orthogonal projection with respect to i, is not in W<, That is, there is a
subsequence {hy, € Cy,} such that (Ei&mm f> h,) does not converge to zero. Hence,
there is an € > 0 and a sub-subsequence, which we still denote by {Ay, }, such that

(E{;{min [ hn )| > €. By hypothesis the sequence of o-subalgebras is 2-bounded, so

there is a sub-sub-subsequence that weakly converges to / in L?. By definition, A is
in W and therefore is 7y, measurable. But this leads us to a contradiction, since
0<6<|(EL S =S, E;m.nh>|=0- o

Of course, the 2-boundeness condition is a very strong restriction. However, we
would like to point out that any increasing or decreasing sequence of o -subalgebras
is 2-bounded. Indeed, let {.o7,} be a decreasing sequence (the proof for the increasing
case is similar) and let denote E(-|.<#,) = IP,-, for short, the L? orthogonal projection.
Then,

M M M M
(hy,hy) =D Y (ECxs|o0), EGs; | 9)) = Y D (Prxs,. Pjxs;)

k=N j=N =N j=N
M M M

=Y. (PexsePixs)+ Y > (Pixs.Pjxs;)
k=N N<j<k k=N j=k+1
M M M

=Y > s Pixs)+ Y. > (Pixs,. xs;)
k=N N<j<k k=N j=k+1
M M M M

=> Z/mk pxpdp+ Y > /IP’kXBkXB,-du
A/:Nk:J k= Nj—k-’rl
M M

= Z/XU/}(W:,BAPJXBJCIH—F Z/PkXBkXUMZj>kBjd,u
j=N
M

=Y [ Pmdu+ Z/ka&du < il + Al < 2.

~
I
=z

We will see that the cases for which © has a minimal o -subalgebra play an impor-
tant role. When this condition is fulfilled we will denote the minimal o -subalgebra
by V‘Z{La‘e. .

Two immediate consequences follows.

Lemma 4.20. If D has a minimal o -subalgebra <7\ , .., then, for all f in L*° (<),
E(Ei}lmﬂ%) —s Qae.

Lemma 4.21. If the sequence of o-subalgebras {<7,} is 2-bounded, then <7\ 4, =
vQ{min-
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4.3 Necessary and sufficient conditions for convergence a.e.

Theorem 4.22. Let {<7,,} be a sequence of o-subalgebras. Then E( f|47,) converges
a.e. forall f € L*®(&), if and only if the following conditions are satisfied:

i) Yya.e. is a o-subalgebra,
ii) © has a minimal o -subalgebra <\ 4 .., and
iii) JZ{ua.e. = %J_a.a

Proof. <) Let the o-subalgebra # = Hq.. = H1a. Since for f € L®(A),
E(f1%)isin L°°(4,,4...), Lemma 4.12 implies that E(E( f|%)|.4,) — E(f| %) a.e.
On the other hand, Lemma 4.20 implies that E(Eég fleZ,) —> 0 a.e. Therefore,

E(floh) = E(E(f|1D)|,) +E(f — E(f1B)|%)
=E(E(f19)|%) + E(E} f1) — E(fI%) a.e.

=) Let us now assume that for all f € L°°(&), the conditional expectations
E(f|<%,) converge a.e. It is clear that the dominated convergence theorem implies
that this convergence is also in L2. It is also easily seen that if E( f|.<7,) converge for
all f in L in the L? norm, it will also do so for all fin L?. Indeed, given € > 0
take f in L such that || f — f|l2 < €/2. Since {E(f|.%,)} is a Cauchy sequence and
IE(f = Fl#m)ll2 < IIf = fll2. the sequence E(f|.¢7,) is also Cauchy.

Notice that by Theorem 2.6 we have, as a first step, that

oy, = | 4.3)
and
L2()
E(flon) — E(flo,) = E(f|)) 4.4

for every f € L*(7).

To prove i), notice that Lemma 2.4 tells us that, if A € «7,, then E(x4|%,) —
E(xal#,.) = xa in L?. Since we assume convergence a.e. of the conditional ex-
pectations, the dominated convergence theorem implies that the convergence to the
characteristic function is also a.e. We have then that .7, .. is a o-subalgebra, since
by Theorem 4.9 and the definition of 7, .. we have #,4 .. = &7),.

We start the proof of the case ii) in a similar way. Since Efm f clearly is in

L%(<7,)*, Lemma 2.5 implies that E( f|.<7,) converges to zero in L?. By hypoth-
esis this convergence is also a.e. Therefore, 7| is in ©.

We are going to prove now that <7, is minimal. Let 2 be any element in © and
f in L. By definition we have that Ei;gf € W4-e Thatis, E(Eé;fmf/;,) —> Oae.

But by (4.4)

E(EL f1an) 2L E(EL 1)

This means that E(E%ﬂszﬂ) = 0 ae. So E(f|<1) — E(E(f|%)|«L) = O.
Since this is true for all f in L°, it is also true that, for all g € L*°, E(g|</) =
E(E(g|<71)|9A). Thus &/| C A, and hence <7, is minimal.

The property iii) follows easily since we have proven that in this case <7, =
Hpae.. ¥ = A1 4. and by 4.3 above &7, = o7, . O
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Notice that in the case of a.e. convergence, ® has a minimal o -subalgebra and
it is 7| . In view of Theorem 4.22, in this case we have also that @, = /| =
dLa‘e. = vQ{p.a.e‘ = vQ{u‘

A Appendix

We will show the relation between the measure of a set and the % norm, which we
claimed earlier.

Lemma A.1. Let A be a measurable set in o/ and 9B be a o -subalgebra of <f. Then

ANB
Ixallz = sup “AOB)
Be A M(B)
w(B) >0

Proof. Let B € . We have
uw(AN B) Z/XAﬂBdH=/XAXBdM
=/E(XAI93)XBdM < |E(xalB)| (1 (B).

Therefore, for any B € £ with u(B) > 0,

u(AN B)
wn(B)
and so the supremum is less or equal to ||E(x4|%) || co-

To prove the equality, notice that we can assume ||E(x4|%)|x > 0, since the
case |E(xa|9%) |l = 0 is trivial. Now, take any & > 0 such that

< |[EGal®)| .

|[Exal® |, —¢ > 0.
By definition the set
C={x : EGl®) > [EQalB) |, — ¢}

is ##-measurable and

/C EGul®dp > (|EGalB)| . — £)u(C).

/CE(XAL%))dM = f XcE(xalB)du = /XCXAdM = u(CNA),

we have
u(C N A)

oz Bl —e O
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