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Abstract A time continuous statistical model of chirp signal observed against the back-
ground of stationary Gaussian noise is considered in the paper. Asymptotic normality of the
LSE for parameters of such a sinusoidal regression model is obtained.

Keywords Chirp signal, stationary Gaussian stochastic process, least squares estimate,
strong consistency, asymptotic normality, Fresnel integrals

1 Introduction

In signal processing theory and nonlinear regression analysis the problem of detect-
ing hidden periodicities, in particular, the problem of estimation of amplitudes and
angular frequencies of the harmonic oscillations in the presence of random noise is
intensively studied due to its wide application in various fields of knowledge. The
solution to the problem of detecting hidden periodicities has a long history dating
back to the works by Lagrange and, since the end of 19th century, there are numerous
publications. Not being able to talk here about this subject in more detail, we will
refer only to the works [2, 9, 26, 14, 15], where a lot of links to publications on the
topic can be found.
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Over the past decades, in the literature on signal and image processing sinusoidal
statistical models on the plane have been intensively studied due to their multiple
applications in the analysis of the symmetrical textured surfaces. See, for example,
[27, 16, 28, 17,25, 12, 11]. Some of scalar and 2D results are generalized to trigono-
metric regression models on RM M > 3, inthe papers [3, 13, 10].

One more important extension of classical trigonometric models are models of
frequency-modulated sinusoidal signals observed in the presence of additive random
noises. Different problems of parametric estimation of such signals have been studied
for a long time [4, 5]. Now the number of publications in this area has increased
significantly. Some links to recent articles can be found in [8].

The most studied is the case of chirp signals, that is, linearly frequency-modulated
signals. For continuous time ¢ it can be written as the sum of functions of the form

Acos(¢t + y?) + Bsin(pr + %), >0, (1)

where A and B are amplitudes, ¢ is the starting frequency, v is the chirp rate. For
discrete time ¢ and random noise, that is, for a linear time series, some results on
consistency and asymptotic normality of LSE of chirp signal parameters have been
obtained in many works. We will only point to publications [23, 18, 20, 21, 24, 19, 7]
and references there in.

In the present paper we consider time continuous multiple chirp-signal observed
with additive strongly or weakly dependent random noise and obtain a result on the
LSE asymptotic normality.

Introduce the notation sm (t) = s1n(¢0t + 1//0 2, cos0 ) = cos(¢0t + wo 2),
(CO)2 (AO)2 + (BO)2 For vectors v and matrices M, we w1ll denote by v* and M*
the transposed ones.

Assume we observe a stochastic process

X(t)=g(t,0°) +e(t), teRy, )
where
N
g(1.0°) =Y (A%cos%(t) + BYsin’(1)). 3)
j=1
00 = (A B 67 vy, ... AY, BY. . ¥n) “)

e = {e(t),t € R} is a stochastic process defined on a probability space (2, F, P)
and satisfying the following condition.

Al. ¢ is a sample-continuous stationary Gaussian process with zero mean and
covariance function (c.f.) B(t) = E¢(t)e(0), t € R, having one of the properties:

@ B() = L(|tD]t|™%, « € (0, 1), with nondecreasing slowly varying at infinity
function L;

@) B() € Li(R).
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In the paper [8] to estimate the parameters (4) we introduced special parametric
sets that depend on the observation time 7', which allows us to distinguish asymptoti-
cally the parameters of our statistical model. Assuming that true values of amplitudes
A(J)., B? # 0, j = 1, N, are different numbers and the true values of frequencies

¢?, j = 1, N, and chirp rates w?, j = 1, N, are different positive numbers, we
arrange the chirp rates ¥ = (w?, ey 1//1(\)]) in increasing order and suppose that
y0 € W(y, ¥), where

VW) ={¥=0....¥n) eRV:0<y <y <+ <yn < ¥ < +o0}.

In turn, we also introduce the parametric set
D@ d)={d=(1.....08) :0< ¢ <¢j <¢ < 00, j =1, N}

such that ¢° = (¢¥, ..., ¢%) € (9, ¢).

Consider monotonically nondec_reasing family of open sets Wy C W (¢, ), T >
Tp > 0, containing vector wo, such that UT>T0 Ur = lfl, Pe = \Ifc(ﬂ, E), with the
following properties.

B. 1) limr_ o infi<j<y—1 Tz(lﬂj_,_l — ) = +o0;
yevr

2) lim7_ o0 infyew, T21ﬂ1 = +400.

Definition 1. Any random vector

Or = (Air, Bir. i1, ¥ir, - ... ANT. BNT. ONT, UNT)® 5)

such that it is an absolute minimum point of the functional

T
0r(0) = fo [X(0) — (¢, 0)]dt ©)

on the parametric set ®”T c R*N, where amplitudes A, Bj, j = 1, N, can take any
values and parameters (¢, ¥) take values in the set @C(Q, Q) X VS, T > Ty > 0, is
called LSE of the parameter 6°.
Remark 1. In the paper [8] integral (6) is preceded by the factor 7~!. In the present
paper we keep the same notation Q7 (6).

In [8] we obtained the following result.
Theorem 1. Let the conditions A1 and B be satisfied. Then LSE Or is a strongly
consistent estimate of parameter 0% in the sense that A iT — A(j)., Bit — B?,
T (1 — ¢§?) — 0, T2 (YT — w;?) — 0as.,asT — oo, j =1, N.

To formulate the main result of the paper we introduce additional assumptions
regarding the stochastic process ¢.

A2(7) "l:he process ¢ that satNisﬁes the condition A1(i) has a spectral density f(A) =
L(ﬁ)m“”, where L is a slowly varying at infinity function, and f has the
4th spectral moment.
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(i) The spectral density of the process ¢ that satisfies the condition A1(i) has the
4th spectral moment.
We give an example of the fulfillment of the condition A2(7).

Example 1 (Bessel c.f. [22, 14, 15]). Let’s consider the process ¢ with c.f. B(¢) =
(1472, a € (0,1), t € R. This function satisfies condition A1(). Its spectral
density is of the form

1—a

2
V(%)
where K, (z),z > 0, is the modified Bessel function of the 2nd kind of order v.
If . — 0, then f(A) ~ [2I'(e) cos Z17 A1 (1 = h(1)), h(A) — 0,as A — 0.
For large argument (A — +00) K a1 ™~ /2”—)\6_1 (see Hankel expansion [1, p. 378,
9.7.2]), that is, f(X) has all the spectral moments.

Theorem 2. Let the conditions Al, A2 and B be fulfilled. Then the normed LSE

00 = Kaa (AT, % eR,

T2Dr(0r —0°) =

= (T(Air = A)). T(Bir — BY). T* (17 = 8}). T* (i1 = ¥7). ..

o T(Anr — AY), T(Byr = BR), T2 (6nr — %), T (ynr = ¥3))" (D
is asymptotically, as T — oo, normal N (0, W), where W is a block matrix consisting

of square blocks (60) of order 4 with elements given by the formulas (59), (61) and
(62).

In the 2nd section some auxiliary statements necessary to prove the asymptotic
normality of the LSE 67 are obtained.

2 Two lemmas

Set
2

3696,

d ..
ﬁg(t, 0) = gi(t,0), g(t,0)=gijt,0), i, j=14N, (8
1

and write down the system of normal equations for 07:

4N

T
0= Q%7(6r) = (—2 fo [X (1) — g, 0p)]gir, 9T)df> : ©)

i=1
Consider the Hesse matrix

T 4N

T
070) = <—2/0 [X(f) —g(l,e)]gij(lse)df+2/0 gi(l,9)gj(l,9)dl>
i,j=1

= Q7 0) + 05;(0). (10)
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and the Taylor expansion

- %Q’T(QO) = %Q’T«m - %Q’T(e‘)) = %Q'T’w)(eT —6°). (n
Since the Taylor formula for vectors does not exist, equality (11) needs clarification.
We write 4N Taylor formulas for coordinates of the vector Q%.(f7) and obtain for
each such expansion its own intermediate value 6; depending on T, which has the
property ||6; — 0°|| < |67 — 6|, i = 1,4N. Then, for convenience, we use the
notation 6; = 6, i = 1,4N. It goes without saying, after that (0)4 (6) is no longer a
Hesse matrix.
Let’s introduce a block-diagonal matrix Dr that contains N blocks, and each
block, in turn, is the diagonal matrix

dr = diag(T'/?, 7'/2, T3/2, 7%/2). (12)

Then the relation (11) can be rewritten in the form

1, -1 1
Dr(6r —6°) = <D;1(§Q;(9)>D;‘> D;1<—§Q’T(60)). (13)

Lemma 1. Under conditions A1 and B

1 _
D;! <§Q/;(9)) D;' > Has, asT — oo, (14)
where H is a block-diagonal matrix with blocks
By, By,
1o 1 M A
2 3 T AT
H, = ar A0 (o (op | M= I,N. 15)
2 T2 T3 T4
By _Ay (G (C))?
3 T3 T4 5

Proof. Note that |
—1 7 —1
Dy (5 Q/I/T(G)> Dy
is a block-diagonal matrix and consists of N blocks

| ~ T B 3 4(k+1)
4! (300r® )iy =ar' (= [ ¥ - g0 ey mar) a
0 i j=dkt1
k=0.N—T. (16)

Let us show that each matrix (16) converges to zero matrix. Since the proof of this
fact is the same for all k, we will carry it out for k = 0.
Denote the matrix dy.' (3 Q' o(@))dy" by J'(8). Then

4

T
Jl(§)=d;1(/0 [g(t,é)—g(t,eo)]gij(t,é)dr> d;!

i,j=1
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4

T
—d;! (/ e(t)gij(t, 9)d¢> dyt =gl + 3. (17)
0 ij=1

For further evaluation of matrices J 11 and le consider the matrix

(g’](t 0))1] 1 T1 =

—tsin] (1) —t2sin7 (1)
O 0 T2l TSI
tcos; (1) 12 cosy (1)

0 0 72 e (18)
—tsing (1) tcosy (1) —t>(Aycos] ()+Bysin] (1)  —t3(A; cos] (1)+Bsin; (1) |’

T2 T2 T3 T4
—t2sin] (1) t2cos{ (1)  —t3(Ajcos] (D+Bysin; (1))  —t*(A cos| (t)+Bj sin| (1))

T3 T3 T4 T5

where sin; (1) = sin(¢ ;1 + thz), cos; (1) = cos( ;1 + Ejtz).
By Theorem 1, for ¢ € [0, T], '

N
(. 0) — g(1.6°)| <> (1A — AQ| + Bk — BY|
k=1

N
+ (1A + 1B (t1dr — ¢l + 121 — w21)) < Y (1Akr — Al + |Bir — By
k=1

+ (1A + 1B (T Igwr — ¢p 1 + T2 [r — ¥{1)) = ¢r — Oas., asT — oo.
(19)

On the other hand, due to (18), Jll’ij =0,i,j=1,2,
et

. i (T a7 i (T
/ [ i13ldr < 7;/ |1 14ldr < ??/ |1 03]dr < 7;/ | 124dt < 3
0 0 0 0

T
[t sl + 1l 1

=(3+7°3 (1A1r — A+ |Bir — BY| + 1A+ |BY))¢r.  (20)

So,
(21

Jll — Qas., asT — oo.

Consider the matrix 121 in (17). The elements 121’ ij= 0,1, j =1, 2. Successively

we obtain
T
|73 13| = ‘T‘z/ e(t)t sinj (1)dt| <
0

T
+ ‘T—Z /0 e(1)t sind (1)dt

T
T2 /0 e(0)t(siny (1) — sind(1))dt

= 1i(T) + I(T); (22)
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T
nr 1! /0 le()|dt(T1prr — ¢ + T 1yr — ¥)l),
where the 2nd factor vanishes a.s., as T — o0, and under condition A1
T 1 T 1
T—lf le(r)|dt < E(l + T_lf 82(t)dt) — E(l + B(0)) as., asT — oo,
0 0

thatis, [1(T) — Oa.s.,,as T — o0.
On the other hand, under condition A1(i),

T T T T
EI3(T) = T_4/0 /0 tsB(t — ) sin® (1) sin) (s)drds < T_Z/O /0 B(r — s)dtds

1 1 1 1
/ / B(T(t —s))dtds = f (1 —tDB(Tt)dt < 2/ B(Tt)dt
o Jo -1 0

2 L(T)
“l—a T

Let’s take T, = n? with Ba > 1. Then I,(T,) — 0 a.s., as n — oco. Consider

2
sup |12(T)—12(Tn)|s<<%> —1)12(Tn)+13(Tn),

TnSTSTn+1 n
1 Tn+l
By =1 [ ewar

As far as

Tt Tt Tt — T\ 2
EL(T,) < T, / / Ele(t)s(s)|dtds < B@(%) =0(n7).
Tn Tn n

then I5(7,,) — 0 a.s., and J21 13—~ 0as.,as T — oo.
Similarly, 12],.14, 121,23, 12124 — 0as.,as T — oo. o
Under condition A1(ii) the proofs of these facts are almost the same taking into
account the relation

T T
T_2/ / |B(t — s)|dtds = O(T™").
0 0

The proof of a.s. convergence of le o J21 44 and le_ 44 10 zero is the same, and
therefore we will prove it for J21 44 Only:

T
|73 44| = ‘TS / t*e([ (A1 — AY) cosy (1) + A (cos| () — cos{ (1))
0
+ A(l) cos?(t) + (El - B?) sin; (7) + B?(Sinl_(t) — sin(l)(t)) + B? sin(l)(t)]dt

< [1A17 — AV + 1Bir — BY| + (1AY] + |BY)(TIp1r — #71 + T2 vir — vi1)]
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T T
x T’]/ le(t)|dt + ‘TS/ t*e()(AY cos) (1) + BY sin{(1))dt|. (23)
0 0

The a.s. convergence to zero of the last integral on the right-hand side of the inequality
(23) can be proved similarly to the convergence of I(T). So,

1,
D;! <§Q’1’T (9)) D;' — 0as., asT — oo. (24)

Consider next the behavior of the normed matrix (see (10))

4N

1 _ T _
DT1<5Q’Z/T(0))DT1=DT1</O gi(t,9)gj(t,0)dt) Dyl (25

i,j=1

Assume first that for fixed ki,ko € O,N —1,k; # kp, the indices i =
4ky + 1,4(k1 + 1), j = 4ko + 1,4(ka + 1). This means that for some m| # m»
we extract in the matrix (25) the 4th order submatrix J2 = (J, l%)?rzl . Then

T T
JE =171 f cos,, () cos,, (Hdt:  JhH=T"" / cos,, (1) sin,,, (1)dt;
0 0

T
J5 = T_Z/ cos,, (t)(—Am,t siny, (1) + B, cos,,, (1))dt;
0
T —_— —_—
JE = T‘3/ cos,, (t)(—Amyt* siny, (1) + B, t* cos,, (1))dt;
0
T T
S =17 / siny, (1) cos,, (dt; J3 =T~ f sin,, (1) sin,,, (t)d;
0 0
T J— J—
JH =T7? / siny, (1) (— Ayt sing,, (1) + Bu,t cos,,, (1))dt;
0
2 ! T 2 B 2
Jyy = T’3/ sin,;l(t)(—Amzt siny,, (t) + Bm,t cos,;z(t))dt;
0
2 N -
J5p=T" /0 (=Am,tsin,, (1) 4 Byt cos,, (1)) cos,,, (1)dt;
2 2 [T = -
Jyp =T~ /(; (=Am,tsin,, (1) 4+ Byt cos, (1)) sin, (t)dt;

T
Jh = T_3/0 (—Ap, 1 sin, (1) + Byt cos,, (1))
x (—Ap,t sin,,,, (f) + Bt COS,,, (1))dt;
T
Ji = T_4/0 (—Ap, 1 sin, (1) 4+ Bt cosy, (1))
X (—Zm2t2 sin,,,, (1) + B,t? COS,,, (1))dt;

T
Jh=T73 /0 (—Amlt2 sin, (1) + By, 1° cos,,, (1)) cos,,, (1)dt;
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T
JH=T73 /0 (—Am, 17 siny, (1) + B, 1> cos,, (1)) sin,,, (1)dt;
T 2 n 2
Jh = T_4/0 (—Am1 sin,, (1) + Bt cos,;l(t))
X (—Zmzt sin,, (1) + Emzt COS,,, (t))dt;
T
JZ = T’S/O (—Am, 1% siny, (t) + B, 1> cos;, (1))
X (—Am,t? siny, (t) + Bu,t* cos,, (1))dt.  (26)

Let us show that each element (26) of the matrix J2 converges to zero a.s. Since
the proofs for all elements are similar, we will prove this fact for the awkward element

J 424, rewriting it in the form

T
I = T—5/O t* ([~ (A, — A9, ) siny, (t) + (B, — BY,) cos,, (1)]

+ [ A}, siny,, () + By, cos,,, (1)])
x ([~ Ay — AY,) sing, (1) + By — BY,) cosyy, ()]

T
+ [ A),, sin,,, (t) + By, cos,, (1)])dt =T / 1421 + 22) (23 + za)d1.
0

Then
1

T—S/OTrﬂzlzawt < <(1Amr - AD |+ |Bu, 7B )
X (|Amyr — A, | + |Bmyr — By, |) = Oas., asT — oo;
T3 /OT *z1z4ldr < %(|Am1r — AY |+ |Bw,r — BY, )
X (|A9n2| + |B,912|) — 0as.,, asT — oo;
73 /0 " Hegzalds < S (1Anst = A1+ 1Bt — B
X (|A211| + |B,?11|) — 0as.,, asT — oo;

Write further

T
T_S/ t4zzz4dt =
0

T
T /0 t*([—AY,, (sin,, () — sin), (1)) + By, (cos,, () — cosy, (1))]

+ [ A, sind, (1) + By, cosp (1)])

X ([—A?n2 (sin,;2 () — sing,2 (t)) + B,(,)l2 (cos,;2 (t) — 005312 (t))]

T
+ [—AY,, sind, (t) + By, cos, ()])dt =T 7> / 1*(z5 + 26) (27 + zg)d1:
0
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T
_ 1
T 5/0 Fleserlds < 5 (Tibmir = |+ T = ¥9,)

X (Tl — 69, | + Tyt — WO, 1) (1451 + 1BY, 1)
x (JA), 1 +1Bp,|) —> Oas., asT — oo;

T
_ 1
T 5/ t*)zszldt < §(|A9,“|+|BS,1|)(|A312|+|B,512|)
0

x (T |pm,1 — ¢211| + T2 Y1 — @ﬁ,(,),l ) > Oas., asT — oo;
T
_ 1
T 5/ t*)26271dt < §(|A2,1|+|B,9,1|)(|A312|+|B,512|)
0

X (T |pmyr — ¢,912| + T2 YT — gh,(,),zl) —0as., asT — o0.

The integral remains

T T
T—5/O *|z623]dt = T—S/O t*(—AY, sind, (1) + BY cos), (1))
x (—AY,, sing, () + By cos, (1))dt.  (27)

Similarly, all the integrals (26) can be represented as a random part that converges
to zero a.s. plus the same integral with the true values of the parameters.

As it follows from the formulas 2.655 in the integral tables [6, p. 226], for any
aeR,BeR\{0},neN,

r n COS 2 n—1
/0 t sin (ozt—l—ﬂt )dt—O(T ), as T — oo. (28)

Taking into account that all the parameters ¢2,, Wr?w m = 1, N, are different, the
integral (27) reduces to integrals of the form (28) and is the quantity of order O (T -2y,
T — oo. The convergence to zero, as T — 00, is established similarly for all inte-
grals (26), except for Jl%., i, j = 1,2. However the last ones are of order O(T_l), if
we substitute in them the true values of the parameters.

It remains to consider in matrix (25) a block-diagonal submatrix with blocks

(Jizj)i(/{:tlk)ﬂ’ k = 0, N — 1. Let’s look at one such block J2(m) that corresponds
to the m-th term of the regression function g. The elements of this block can be ob-
tained from formulae (26) taking m; = my = m. As above, using the consistency
property of the LSE parameters from Theorem 1, we can reduce the problem of cal-
culating the limit of J 2(m) by considering the elements of the matrix J 2(m), where
the true values of the parameters are substituted. After that, obtaining the limit matrix
H,, from the formulation of Lemma 1 becomes trivial if (28) is applied.

Let’s explain this with an example:

2 -5 ! 4 0 ;0 0 ...0 2 (Cp)?

Jigm)=T / t (—Am sin,, (t) + B,), cosm(t)) dt — 1’8 , asT — oo,

0

and so on. On the other hand,

VAICONECD) 3 0
5 5 — , asT — oo,
Jy(m)  Jy,(m) 0

D=
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due to the convergence of the Fresnel integrals. O

Now we introduce one more block-diagonal matrix St consisting of N similar
diagonal blocks,
sy = diag(T"/2, 7', 7%, 73/?). (29)

Consider the Gaussian random vector (see equation (13)) St D, ! (—— o’ (09)), con-
sisting of N Gaussian vectors of dimension 4. We write one of them down omitting
in the true values of parameters the index m € {1, ..., N}:

T T
&y = (/ (1) cos’ (1)dt, / e(r) sin’ (¢)dt,
0 0

T
/ e()t(=A%sin’ (1) + B® cos’(1))dt
0

T
T-! / s(t)t2(—Aosin0(t)+Bocoso(t))dt> = (&, 67,67, 67)". (30)
0

Denote by G = (G; JFT)?, je1 = E STS; the covariance matrix of the vector &7 and

study its asymptotic behavior as T — oo. It is convenient to write further sin(a® +
o0 + vOr?) = sin®(z, %), cos(a + zbot + %% = cos’(z, ), —A° sin®(r) +
B coso(t) =Y coso(t ao) tan o” %.

Let’s do some preliminary calculations. We will use the notation

ik, %) pior(h, o)
MT()»,OtO) = [

par,r(hy @®)  pon 7 (0, )
_ fOT cos(rt) cos®(z, a®)dt fOT cos(rr) sin® (¢, a¥)d1 a0
Jif sin(ur) cos®(r, @%dr [ sin(ar) sin®(r, a®)dr |

Extracting the full square under the signs of sine and cosine [8] we get

iz, a®)
2,7 (h, @)
T
=%/ cos(a® + (¢° — A)t + y1?)dr £ - / cos(a® + (¢° + 1)t + y?)dr
0
0 2 T\ﬁ+"’ofA
_ ! = | cos <(¢4 0/\) oeo)/w . ‘/7005( 1?)dt
N 14 Tt
0 2 7§04 £
+sin((¢4wok) a0> /M P sin(r?)dt

0 2 TF+¢ +A
+ 2\}@ cos <(¢4$O)L) on> /M ¥ cos(tz)dt




206 A. Ivanov, V. Hladun

04 2 T\/7+¢O+A
+sin<(¢ 1) oz°>/M ‘rsm( 1?)d ];

490
2 1//0
(32)
pi2,7 (%, a®) _
21,7 (4, )
1 (T 1 (T
- 5/ sin(a” + (¢° + )t + v1%)dr + 5/ sin(a® + (¢° — A)r + ¥ Or?)dr
0 0
0 2 TV
_ = cos<(¢4+0)\) —ao) /;’0“ o sin(?)dt
N 14 et
0 2 r“ﬁ“
— sin(%;ok) — a0> ﬁOH o cos(1?)dt
14 W
0_ )2 T+
P - cos<(¢4 O)L) —a0> /:»04 o sin(r?)dt
20 W 7
0 .2 /04 L2
—sin((d)4 O)L) —on)/ fcos( ?)dt | .
(33)

Denote by S(x) = [y sin(t?)dz, C(x) = [y cos(t?)dt, x € R, the Fresnel inte-

_ ¢
grals and take y+(A) = 250" Then

a1 (r, @%)  paa(h, o)
ety = 5 0 =) F -0
+sin(y2(0) — )<\/§ — S(y- (/\))) £ cos(yi (1) — o) (/g - c(mm))
+sin(y; () — o) (\/g - S(ym)))} (34)
1) = oo )
—C(ys+ (A))) +cos(y2(r) — a?) <\/§ —S(y- (,\)))
F sin(y2 (1) — o) (\/g —C(r- (,\)))] (35)

0
hm MT()\ o ) |:IL11()\ o ) mi2(A, o )]

e

— sin(y_% A — a0)<
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From (32), (33) and properties of Fresnel integrals it follows that uniformly in
T,»>0

r(h ¥ < — i j=1,2 36
|Mz],T( 7(¥)|_ﬁ, L, j=1, 2 (36)
Besides, forany A > Oandi, j = 1,2,
TV¥0+y4 () =
2./ sup \ijr (A o ) y,,-j()»,ozo)| < sup f cos(t?)dt — [ =
1€[0,A] A€[0,A] 8
TVO+y- (1) T\/W+y+<x) ™
+ sup / cos t dt ‘+ sup sin(tZ)dt— -
rel0.A] V81 e, A] 8
Ty 4+y-() 7
+ sup / sin(t?)dt — /—‘ -0, asT — oo. 37)
ref0,a11Jo 8

To continue the study of the asymptotic behavior, as T — oo, of the matrix Gr
under condition A2 we will use the standard formula B(t) = 2 fooo cos(At) f(N)dA.
Then from (30) by the Lebesque majorized convergence theorem

00 T T
Gir= 2/ f(k)/ / cos(A(r — 5)) c0s’(r) cos(s)dtdsd
0 o Jo
=2 fo FO[(11.7 00, 0)) + (21,7 (h, 0))]dA

— / FO[(1101 0)* + (121, 0) ]dr = G (38)

Similarly,
Gy =2 fo FO[(1200, 0)7 + (1221, 0) a2 (39)

Gir = 2/0 SO 1105 012G, 0) + 2o (h, O (h, 0)]dh. (40)

Bellow we will use the notation yo = ﬁﬁ;i and formulae (64), (65) from Ap-

—~

pendix.

00 T T
G337 = 2(C0)2/ f) / / cos(k(t — s))ts coso(t, ao) sino(s, ao)dsdtdk
0 o Jo

00 T 2
= 2(C0)2/0 f) |:</0 t cos(At) coso(t, oco)dt>

T 2 0 poo
+ ( / t sin(At) cos®(z, ao)dt) :|dA = % f FOO[(sin®(T, &) cos(AT)
0 0

—sin(@®) = ¢°ui17 (. @) + Aoz (. @)
+ (sin®(T, @®) sinAT) — ¢%ua1 7 (1, @) = Apia 7 (1, a°))*]dA
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7/0 5 o0
= 7(sinO(T, ?)) / f (1) cos*(AT)dA
0
— yo sinO(T, ao)/()oof(k)[sin(oto) + (]50;111,7()», ao) — )»,uzz,r()», ao)] cos(AT)dAr
0 00
+ %/0 FM[- Sin(ao) - ¢>0M11,T(?~, Oto) + Ao (%, ao)]zd)»

0 00
+ 2 (sin”(7. "))’ / £ sin? AT)dA
0

— yo sinO(T, ao) /000 f()\,)[¢0,l,L21’T()\,, ozo) + A/le,r(k, ao)] sin(AT)dA

0 00
+ %/0 FM[ a1, (r, @) + a7 (2, ao)]zd)»~

The 2nd and 5th terms of the last sum tend to zero, as T — o0, due to the uniform
convergence (37) and the well-known property of the Fourier transform of functions
from L. Besides, the adding of the 1st and 4th terms give the following result:

1
Tli_)mOO<G33’T — 7 BO(sin(T. ao))2>

0 poo
- %/0 FO[(=sin(@®) = %117 (x, @°) + Aoz 7 (, O[o))z
+ (¢0M21,T()», CYO) + )‘*MIZ,T()\,, aO))Z]d}L. (1)

The next elements are

00 T pT
G =2C° / f) / / cos(r(t — ))t cos(t, &°) sin®(s)dsdtd
0 0 Jo
T

00 T
= ZCO/ ) |:/ t cos(rt) cos’(t, ozo)dt/ cos(rt) sin’(¢)dt
0 0 0

T
+/ t sin(At) coso(t,ao)dt/

0

T
sin(A1) sino(t)dti| di

0
= /0 /oo FO[(in%(T, a®) cos(AT) — sin(a®) — ¢%11.7 (1, a°)
0
+ a2, r (A, @) pr2 7 (., 0)
+ (sin®(7, &) sin(WT) — ¢%ua1.7 (1. @°) = Apia.r (%, @) oz, 7 (1, 0)]dn

= \/;sinO(T, ao)/oo f ) mi2.7 (A, 0) cos(AT)dA

0
+ \/;/0 F[=sin(@®) — ¢ w117 (2, @) + rpoa 7 (A, @) iz, 7 (A, 0)dA
+\/ﬁ sin’(7, &°) [ - f ()7 (&, 0) sin(AT)dA

0

- \/;/o FW[@%mar,r(h, @) + Aprz 7 (A, @) |2z, 7 (1, 0)dA
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— J¥° / FOI[(=sin(@®) = ¢%u11(r. @) + Aoz (r, @) 12 (2, 0)
T—o0 0
— (%121 (2, @) + A2 (1, @) (h, 0)]dA. (42)

Similarly to (42)

lim Gizr =,/y° / FOI[(=sin(e®) =¢%u11 (1, @®) + Apaa (1, &%) )11 (1, 0)
T—o00 0
— (¢"m11 (1, @°) + A2 (2, %)) 21 G, O)]dr. (43)

To find the last diagonal element, we will use formulae (66), (67) and the results
of previous calculation:

2(C0)2
T2

0y2 poo r
RS (L
T 0 0

T 2 0 00
+ (/ 1% sin(At) coso(t, ao)dt) :| di= )/_2 / f(k)|:<T sinO(T, ao) cos(AT)
0 21° Jo

Gaar =

o0 T 0T
/ f(k)/ / cos(r(r — s))tzs2 cos’ (1, ao) sino(s, ao)dsdtdk
0 0 Jo

2

T T 2
— mz,r()», ao) — ¢0 / t cos(At) coso(t, oco)dt + A / t sin(At) sin’ (t, (xo)dt>
0 0

T
+ (T sin’(7, a%) sin(AT) — pa, 7 (%, &°) — ¢>0/ t sin(At) cos’(r, ao)dt
0

T 2 0
— A / 1 cos(At) sino(t,ozo)dt) }dk = %B(O)(sinO(T,ozo))z +0(T7), 4
0

as T — oo.
On the other hand,

2(C0)2

Gy 1 =

00 T T
/ f) / / cos(A(t — s))tzs cos’(t, &) cos (s, a)dtdsd
0 o Jo

2(C0)2 00 T T
== / f) |:/ 1% cos(rt) cos’(r, oeo)dt/ t cos(rt) cos’ (¢, a°)dt
0 0 0

T T
+ / 2 sin(At) cos’ (t, ao)dt / t sin(At) cos (t, ao)dti| di
0 0

(C0)2 00 T
= / f) [/ t cos(rt) cos’ (¢, a°)dt (T sin’(T, a®) cos(AT)
YT Jo 0

T T
— wiz,r (A, ozo) - 450/0 t cos(At) coso(t, a%)dr + )»/0 ¢ sin(Ar) sino(t, ao)dt)

T
+ / t sin(At) cos’ (t, Oto)dt (T sinO(T, ao) sin(AT) — uo. 1 (A, ao)
0
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T T
—¢0/ t sin(rt) cos’ (¢, %) dt — k/ t cos(at) sin’(t, ao)dt>] dx
0 0
(C0)2 00 T
= 50 sinO(T, ao) / f) |:/ t cos(At) coso(t, ao)dt] cos(AT)dA
0 0
(C)?
wO
-

0
=% B(O)(sin®(T, &%)’ + 0(T7")

00 T
+ sin (7, a?) / f()\)[ / t sin(At) cos’(t, ao)dt:| sin(AT)dr + O(T™1)
0 0

0 oo

— y? sinO(T, ao)/ f) [sin(oto) + ¢0u11,7()», ao) — )»,uzz,T()», ao)] cos(AT)dA
0

0 0

— - sin’(T. o) fo FO %217 (r, @) + a7 (h, )] Sin(T)dr.  (45)

From (45) it follows that
lim (G34 r— V—OB(O)(sinO(T, ao))z) —0. (46)
T—00 ' 4
Using the same approach, we get
Gur. Gour ——— 0. (47

Collecting formulas (34), (35), (38)—(47), we arrive at the following statement.
Lemma 2. Under conditions A1 and A2

G Gz Giz O

. < Gy G Gy O
1 Gr—-—Gr) = , 48
Tl>moo( T 7) Gs1 Gz Gsz 0 (48)

0 0 0 O

where
o 0O 0 0 O
= 14 -0 o200 0 0 O .

GT:TB(O)(sm TN o 0 1 11° (49)

0 0 1 1

Gii =2 /O FO (11100 0) + (121 (1, 0))
G = 2/0 FOO[r11h, 0 pr2(r, 0) 4 oz (r, 0)ar (A, 0)]dA;

Gia=/y" /O FO (= sin(@®) = ¢%a1 (1, @) + iz (3, @%)) 11 (1, 0)
— (¢ 111 (2, &%) + Apr2 (R, %)) 21 (1, 0)]di;
Gy =2 /O FO[(1200, 0) + (221, 0)]dA;
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\/ﬁfo FW[(=sin(a®) = ¢%ui1 (x, @) + Apaz (2, @°)) 1201, 0)

— (%121 (x. @) + Apr2(r, @) u2a (a, 0)Jdi;

Go3

0 poo
G33 = % /0 FO[(sin(@®) + ¢ 11,7 (. @) = Aoz (2, 0‘0))2

+ (CbOMZl,T()h Oto) + A (2, ao))z]d)»~ (50

3 Proof of Theorem 2

Proof. Consider the matrices H,, from the formulation of Lemma 1. Standard calcu-

. (9N
lation shows that det H,, = 3725, and

1 2
")
(A%9)2 +9(BY)? —8A9 BO —36B%  30BY
5 —84Y B 9(AY)2 + (B%)?  36A%  —30AY T
—36B 36A9 192 —180 |’ ’
30BY —30A9 —180 180
(51

Thus, H ! isa block-diagonal matrix with blocks (51), and

Ky = (D;l(%Q;(§)>D;1)_I —H'>0as, asT —o0. (52
For § € [0, 1) rewrite equation (13) in the form
T3 Dy (07 — 0°) = T2 K7 55! (STD;l (—%Q/T(OO))>
+ T sy (STD;‘ (—%Q’T(QO)>>. (53)
Add to the notation (30) the subscripts m:

Emr = (Enl1T’ ér%lT’ 5%% éyir)* =

T T T
( / e(r) cos’ (1)dt, f e(r) sinl, (1)dr, / e(t)t(—AY, sind, (1) + BY cos), (1))dt,
0 0 0

T
7! / s(t)tz(—Agn sin?n(t) + B,?l cos&(r))dt) , m=1,N;
0

and put
] *
STD7_~1<_EQ/T(90)> = (7. &87)" = Br. (54)
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Then equation (53) takes the form

1 1 1
T2°Dr(0r —0°) = T2 Ky S; ' Br + T2 P HT'S7 B = Vir (8) + Var (8).
(55)

Rewrite equation (55) by setting § = 0:
1 1 1
T2Dr(0r —6°) = T2K7S; ' Br + T2H'S7 E7 = Vir(0) + Var(0).  (56)

Obviously, each element of the matrix K7 is a stochastic process depending on the
parameter 7 and converging to zero a.s., as T — oo. Thus each coordinate of the
vector Vi7(0) is a linear combination of elements of the matrix K7 and one of
the stochastic processes EJLT, E,%T, 1§mT, _IE;‘”, m = 1, N. The processes
f;LT, 5317 by Lemma 2 converge weakly to Gaussian random variables with zero
mean and variances G11, G2 (see formulae (50)), which depend on the parameters
(A%, BO, 90, y0). Besides, T~'&3 ., T1£4 . converge in mean square to 0, that is,
coordinates of the vector V17 (0) tend to 0, at least, in probability, as T — oo.

On the other hand, as follows from (51), the vector Vo7 (0) = ((V21T on*, ...,
(V.(0))*)*, where form = 1, N

Ent
| Ear
V)p(0) = H,, " . (57)
T Ty
Tl
The 3rd and the 4th terms in each row of (57) converge in mean square to zero, and
therefore vector Vo7 (0) weakly converges to the Gaussian vector V;(0) = ((Vzl 0)*,
L (VN (0)")*, as T — oo, with
(Ap)? +9(B))Y)E, — 8A) B,
2| =8ARBRE, + (9(AD)” + (B))DEy,
- (c)? —36BJ&) +36A9,£2
30B,,£, — 30A5&;

V3" (0) , m=1,N. (358)

Introduce the matrices of order 4 x 2

(A9)* +9(BY)*  —8AYBY
2 —8AY B 9(A9)? + (BY)?
Rm = T " Om ( m) O( m) ) m = 17 Nv (59)
30BY —30A9
and the random vectors r;, (&',il, & 2)* = 1, N, with the covariance matrices

Rimw = Enr},l,m= 1,N.
Then the covariance matrix X = EV,(0)(V2(0))* can be presented in the form of
block matrix with square blocks of order 4:
N
T = (RiRimR},)

l,m=1"

(60)
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The elements of the matrices Rj;,, are of the form

| Egles EEs
le—|:E$lzér}1 Eee | (61)

where

EglE) =2 /0 FOO[r11,0C, 0 11 m Gy 0) + a1 1 (h, 0)a21m (A, 0)]dA;

Eglg2 =2 fo FO[110Cr 012, o 0) + 211 Cr Otz m s O)]d:
(62)

Egleh =2 /O FOO[11,m s 0 121G, 0) + pat m Gy 0) 22,1 (A, 0)]dA;
Egfer =2 fo FO 120, 0 pe12,m(h, 0) + w221 (h, 0) 222, m (A, 0)]dA;

Rijm(r,0),i,j =1,2,m = 1, N, are given by formulae (34), (35) by adding the
subscripts m corresponding to the parameters (42,91, Ip,(,’,).

Suppose [ = m, then E(§))? = Giim. E&ENEL = Grom. E(E2)* = Gom
where the last 3 values are given by formulae (38)—(40), and we substitute in them
the true parameters values ¢, and ¥0. |

Corollary 1. Under condition A1, A2 and B for any 6 € (0, 1)
1-8 0 1-5 0 26 0\ 3-8 o P
T'7°(Ajr — AS), T'°(Bjr — B)), T*™*(¢jr — ¢}), T°°(¥jr — ¥}) = 0,

asT — oo, j =1, N.

Corollary 1 follows from Theorem 2 and equation (56).
Note also that the limiting Gaussian distribution in Theorem 2 is singular.

Corollary 2. Ifrank(R) = 2N (see bellow), then rank(X) = 2N.

Proof. The matrix ¥ from (60) can be written as the product of three block matrices
as follows:

Ry O o ... 0 Rii R Riz ... Ry
0O R, O ... O Ry Ry Ry ... Ron
=10 0O Ry ... O | x| Rt Ry» R3z3 ... R3y
0 0 0 ... Rpn Ry1 Ryn2 Rn3 ... Rpyn
RT 0 o ... O
0 R; o ... O
0 | = RRR*, (63)

0 0 0 ... Ry
where R is of order 4N x 2N, R is the square matrix of order 2N, R* is of or-
der 2N x 4N. The matrix R is the covariance matrix of the random vector £ =
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(511 , 512, R 5,}1, 5,%,, e, EI{,, 51%,)*, and in Corollary 2 we assume that it is not singu-
lar. Let’s find the rank of the matrix R.

Consider a square submatrix M of R consisting of all its rows that contain the
first two rows of each matrix R,,, m = 1, N. Then

2 [(AD*+9BY)*  —8ALBY
det M = Hdet — ( m_) 0 (O’") 0w ool =36M.
(Cn) 8A,, By, (A + (By)

Thus, rank(R) = rank(R*) = 2N, rank(RR) = rank(R) = 2N, and rank(X) =
rank(RRR*) = rank(RR) = 2N. O

Appendix

To find the elements of the matrix G from Lemma 2, we need the following integrals.
T
) / t cos(rt) cos’(t, ao)dt
0

= ﬁ[sino(ﬂ oto) cos(AT) — sin(ao) — q)O/LlLT()\, oto) + Auzz,T(A, ao)];

T
2) / t sin(At) cos? (1, ao)dt
0

1
= 2—1//0[sin0(T, ) sin(AT) — ¢ o1 7 (%, &%) — Apin 7 (A, o°)];

T
3)[ t cos(At) sino(t,ao)dt
0

= 5l co(T.a) st + cos(a?) = ¢ (4, o) = hrn.r (1, 0°))

T
4) / t sin(ar) sin®(r, o) dt
0
1

= 2—1ﬂ0[_ cosO(T, ozo) sin(AT) — ¢0,LL22’T()», ozo) + )\.Mll’T()\., ao)]. (64)
Obviously, integrals 1)—4) are bounded in T by the value
1 4 1 ¢ + A
24+ ¢ — —)=—+2—. (65)
290 < Vv N vO T (03

Below we calculate integrals similar to the previous ones, but with factors r2
instead of ¢. Consider the function

T
p(x) =/ tsin(xt)coso(t,oto)dt, x e R,
0

and the integral

_d
x=A dx

dp(x)
dx

T
5)/ 12 cos(At) coso(t, ao)dt =
0

[2—1}/0 (sinO (T, ao) sin(xT)
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T T
- ¢O/ sin(xt) cos’(r, a%)dt — x / cos(xt) sin’(z, ao)dt>:|
0 xX=A

21&0 [T sin (T o )cos(AT) H12, T(A o —¢ / t cos(At) cos (t o )dt

T
+ 1 /  sin(Ar) sino(t,oeo)dt]. (66)
0

Using the same approach, we get

6)/ t*sin(nt) cos® (t, &°)dt =

1
21//() |:T sin (T, ao) sin(AT) — ,ugz)T()L, aO)

T
- ¢O/ t sin(At) cos’ (t. ao)dt - A/ t cos(rt) sin’(r, ozo)dt:|. (67)
0 0
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