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Abstract The mixed model with polynomial drift of the form X (r) = 0P() + aW(t) +
UB’IfI(t) is studied, where B”H is the nth-order fractional Brownian motion with Hurst index
H € (n—1,n) and n > 2, independent of the Wiener process W. The polynomial function
P is known, with degree d(P) € [1, n). Based on discrete observations and using the ergodic
theorem estimates of H, a2 and o2 are given. Finally, a continuous time maximum likelihood
estimator of 6 is provided. Both strong consistency and asymptotic normality of the proposed
estimators are established.

Keywords nth-order fractional Brownian motion, maximum likelihood estimator,
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1 Introduction

Since the introduction of nth-order fractional Brownian motions (n-fBm’s) in [26],
less attention is devoted to them from the statistical point of view. Only a few papers
tackled the problem of estimation for models driven by n-fBm’s, like estimating the
Hurst parameter H € (n — 1,n), n € Z, [26] or estimating the drift with possibly
other diffusion parameters [5, 10, 11]. The importance of n-fBm’s lies in themselves
as an extension of the fractional Brownian motion. They can capture a wide class
of 1/f%-nonstationary signals with the range § € (I, o0), and their smoothness is
controlled by the order n. As self-similar processes they arise in image processing
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for modeling texture having multiscale patterns such as natural scenes [17, 25], bone
texture radiographs [21], or rough surfaces [33] and in Nile River data [3, p. 84]. For
other new application areas of n-fBm’s, we refer the reader to [ 14, 15]. For theoretical
analysis of the n-fBm, we refer to [9, 10, 16, 30]. Recently, some extensions of the
n-fBm are proposed and studied in [9, 10]. In the present work, we consider the
continuous time model

X(@)=0P@)+aW()+0oBy), t=>0, €))

where W is a Wiener process independent of the n-fBm BY, with the known order
n > 2 and unknown Hurst parameter H € (n — 1, n). We assume that P is a known
polynomial function of degree d(P) € [1, n), thus the results we provide here can
be viewed as complementary to those in [11]. Clearly, the approach of [11] used to
estimate 0 and o relies on the crucial condition d(P) > n which is violated here.
Therefore it is not applicable. Instead, we apply the method of moments and ergodic
theorem to estimate o2, o2 and H. Finally, we follow [4, 23] to estimate the drift
parameter 6.

The model (1) is one of the class of mixed models that have gained much atten-
tion from many researchers. The first initiative was taken by Cheridito [6]. In his work
the so-called mixed fBm (linear combination of two independent Wiener processes
and fBm) was introduced, and shown to be a good tool to describe the fluctuations
of financial assets in the presence of both arbitrage-free and long-range dependence.
These processes do not exhibit the self-similarity property, but instead the so-called
mixed self-similarity arises. It was shown in [6] that the mixed fBm is equivalent
to a Wiener process if and only if H € (3/4, 1] U {1/2}. We think this may be re-
strictive for the range of Hurst index H. Instead, we suggest the use of the nth-order
mixed fBm shown to be equivalent to a Wiener process [9, Theorem 2.2] with a wide
range of H. The statistical study for mixtures of fBm’s has attracted many researchers
(e.g., [1,7, 8, 18, 32, 34] among others). The procedures of estimation used in these
references rely on one of the following methods: least squares method, mixed power-
variations, and maximum likelihood approach which may be combined with some
numerical optimization methods. In [18, 27, 28], the authors used the ergodic theorem
to estimate all the parameters at once by the generalized method of moments. This
approach seems very practical, and one can carefully adapt these procedures to solve
the problem of estimation for the more general model: X (t) = 0¢ + Zle o sz,

t > 0, where B’;{k, k=1,2,..., p, are independent fBm’s with different Hurst pa-
rameters.

The rest of the paper is organized as follows. In Section 2 we present basic prop-
erties of the n-fBm. Section 3 is devoted to our main results. Namely, we discuss
the asymptotic behavior of the estimators of H, &> and o2 in Subsection 3.1, while
Subsection 3.2 is devoted to examine the estimator of 8. In Section 4 we gather our
concluding remarks on the performance of the proposed estimators. Finally, some
auxiliary results with their proofs are relegated to Appendix A. On a stochastic basis
(R, F, (F):, P) we are concerned with convergence in law and almost surely, that

are denoted as i) and P;a}s, respectively. If &, ¢ are two random variables, then
Eg (&), Varg (&), Covg(&,¢) and € =, ¢ will stand for the mean, the variance, the
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covariance and equality in law under Py, but if PP is the probability of interest we
omit #. We systematically use the notations a A b := min(a, b), a V b := max(a, b),
(a)+ = max(a, 0) forany a, b € R, ]-",X denotes the natural filtration of the process
X, while the transpose of a matrix M is denoted by M’. When taking increments of a
function g () at t = fo, we simplify notations by setting A, g(to) = Apg(#)li=,-

2 nth-order fractional Brownian motion

The n-fBm (hereafter BY,(¢), H € (n — 1,n), n > 1 is integer) was first introduced
in [26]. It is formally defined as a zero-mean Gaussian process starting at zero with
the integral representation

n—1

n oo 1 0 H—1/2 H—1/2 He1/2—j,j
B = l“(H——i—l/Z)/_oo Cmon ]_Z:O( j )“” B
1 L \H-1p2
+ T +1/2) /(; (t—19) dB(s), forallr >0, 2)

where B(t) is a two-sided standard Brownian motion, I' (x) denotes the gamma func-

tion and
(a) = ale—1)-- Fa —U= 1)), <a) = 1 (by convention).
J J! 0

We retrieve the fBm in the case n = 1, as equation (2) reduces to the integral represen-
tation of the fBm given in [22]. The process B, (¢) satisfies the following properties
for which the proofs can be found in [9, 10, 26].

(i) B} (¢) is self-similar with exponent H, i.e. for any ¢ > 0, the processes B, (ct)
and ¢ BY, (¢) have the same finite dimensional distributions.

(ii) B7, (¢) admits derivatives up to order n — 1 starting at zero and the (n — 1)th
derivative coincides with the fBm, that is, %(B;’{ (1) = B}q_(n_l) (1).

(iii) B}, (¢) exhibits a long-range dependence with stationarity of increments achieved
at order n, which means that the increments A§k) By (@),s >0,k <n—1,are

nonstationary and Ag”)Bﬁl (t) is a stationary process. Here Al(k) g(x) denotes
the increments of order k of the function g(x) with the explicit form

k
AP g =Y (=D (’J‘) g(x + ji).
j=0

If g is a multivariate function, then we distinguish the increments with respect
to variables as Al(,k;, g(x1,...,xm), j =1,...,m. For adefinition and detailed

discussion on the long-range dependence, we refer the reader to [12, Subsec-
tion 2.2].
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The covariance function of the process B, (¢) is given by
GH,n(t9s)
c? ! - (2H \’ s\’
=_1n_H t — 2H_ _1] . _ 2H _ t2H
=P =D DT () (5) s ()
j=0
3)

where CY, is a nonnegative constant defined recursively by C L =1/(TQH +
1) sin(;w H)) and forn > 2

Cn _ Cll-lf(nfl) (4)
H™ QH)QH —1)---(2H — (2n — 3))
1
T TQH + Dsin(xH)| )
In particular,
Var(B} (1)) = Cly <Zf__ll) 1. (6)

For any n > 2 the process B, (¢) is a semimartingale with finite variation.
By, (¢) is only a Markov process in the case n = 1 and H = 1/2.

B;’I (¢) can be extended to an a-order fBm U¥; (¢) (see [10]) defined as

o 1 ! o
Ug(t) = m/o (t —s)*dBu(s), He (1), ae(—1,00).

whenever this integral exists. Here By denotes a one-sided fBm. In the case
a = 0, we retrieve the fBm By. If « = n — 1, then U;’_‘I (1) coincides with the
n-fBm with the Hurst parameter H' = H + (n — 1).

3 The main results

3.1 Estimating the noise parameters H, o* and o2

Fix h,] > 0 and consider the process X defined by (1). After taking the increments
of order n we can get a stationary sequence Z;, k = 1,2, .. .. In fact, we have

Zi(t) = AVX (1) = a A"V AW (@) + 0 AV B (1)

n—1
=« Zdj(."_l)Yh’j(t) + UAE")B';{(I), where
=0
Yij(t) =W(t+h(j+1)—W(+hj) and

(n) n—j (1
d" = (-1 /(J.).



Statistical inference for nth-order mixed fractional Brownian motion 173

Now, we define our sequence {Z,ﬁl)}kz() as Z,El) = Zin(O)|j=kn, k = 1,2, .... This
sequence is stationary, and one can observe that Yy, ;(¢), j =0,1,..., (n — 1), with
fixed ¢ are independent, and independent of AZ(Z) Bg (t). Therefore,

n—1

E[(z)*] = o* > (" "VE|W (i + D) = Wahp)|* + o*E| A B O
=0
n—1 cn n )
=1ha? Y (4" )+ an) o2 (—1)”7'” 3 -1y (n J:’J) 112
j=0 j=—n

=¥, (H, otz, (72).

Let us introduce some statistics which will be essential for establishing the asymptotic
behavior of our estimators. For fixed h > Oand [/ = 1, 2, 4 we define

1 N-1,n . . 2
I = Z(Zd} "X (h(k +1]>)> . ©)

k=0 “j=0

Lemma 1. For a fixed h,l > 0 we have
Ji.N P—ai ‘I’z,n(H, 0[2,0’2), as N — oo.

Proof. The statistic J; y defined in (7) can be rewritten as J; y = % Z,ZCV:_OI(Z ]El))z'

If {Z,El) }k>0 1s ergodic, then Lemma | follows immediately. Since {Z ]E[)}kzo is a cen-
tered stationary Gaussian sequence, it suffices to show that its autocovariance function
vanishes as the time lag tends to infinity. Indeed, we have

(1) ()
E(Zy'Z;)
n—1
=F <a Y d" VY 0) + oA By (0))
j=0

n—1
x <a > d" Vv jkh) + o A By (kh))
j=0

n—1
=a® Y d VAR (Y, (0)Yinr, (kh)) + 0 *E(A[) By (0 A Bl (kh))
r1,r=0
n—1
=ha? Y dVdV(IA (k+ 10— ) + 1)), = (U A (k4102 — ), }

r1,ro=0
+02GY) (kh)
~ 2Dyl W PH2 5 0, ask 1 oo (because H € (n — 1, n)), (8)
where Dy is some nonnegative constant independent of k. Here G(H")n (r) denotes

the autocovariance function of AZ(Z) BY, with time lag . Formula (8) is justified by
equations (26)—(29) in [26]. |
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-~

Theorem 1. The statistic ® = (H, 0’1\2, ;5) defined by

—~ 1 J —2J
H=_logf [ 24 —222N), )
2 Jon =201 N
-~ By —22]
i 2N 1N (10)

2 —220) Y@

s 2(—1A)"F(2H+1)|Sm(7TH)|(J2N—211 N) an

th(ZZH 2)2/7—11( 1) (n+J)|J|2H

is a strongly consistent estimator of © = (H, a?, ¢%), as N — 00, where

log;r(x) =log,(x), ifx >0,
logy (x) =0, ifx <0.

Proof. The strong consistency follows readily by Lemma 1 combined with the con-
tinuous mapping theorem. Let us now justify the construction of our estimators (9)—
(11). According to Lemma | we have the following almost sure convergences, as
N — o0,

-,l,N — lIJl,n(l'ls 0527 02) = hOl2V + hZHUZUH,
Jon —> W, (H, % 0%) =2ha®V +22Hp2H 52y, (12)
Jan — VY4, (H, o2, 0%) = 4ha?V + 42H 21 527,

where V = Y20 @™ )2 and Uy = (=1 % 1 (~ 1) ()1 P Itis not
hard to see that

Jan — 2Dy — 22H QM — 62Uy,

Jon =20y — QH —2)n?*H Uy,
which in turn implies (J4, 5 —2J2.8)/(J2.n —2J1.8) —> 22H a5 N — oo. Itis then
natural to define H by (9). Substituting H by Hin (12) and using similar procedures
one can justify (10)-(11). O

Remark 1. The estimators given in (10)—(11) depend on H As a result, our estima-
tors should be computed in the following order: H, o2 and o2

The following notations are needed to establish the asymptotic normality of the
estimator © = (H, a2, 02 :

® = (H, o?, 02)/’ W) = (Win(), $2u(0), \1,4”1(_))/’ (13)
n—1
Wy (H. 0% 0%) = 12V + PHo2Uy, Vv =h Z(dj(rl—l))z’ (14)
j=0
_ (=D"n*" fu .
T 2T (2H + Dsin(r H)|’ Z( 1/ (n+J) 2. as)

j_—l’l
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Theorem 2. Consider the vector Jy = (J1 N, Ja.n, Ja.N), where J; y is defined
by (7). Then for any H € (n — 1, n — 1/4) we have

IN(Iy = ¥(®)) 55 N(0. %), asN — o, (16)

where

(2)i,; = 2Cov* (AL

W,LX0), A%, X(0)

+4Z@ov (A%, X0, AW X kb)), forall 1 <i,j<3. (17)

Proof. First, we recall that J; y = Nzk @Mz = AP X (kh). Let A =

(A1, A2, A3) € R? and set Fy (L) = ijl A,{\/_(JW,N Wyj-1,(©))}. Straight-
forward computations lead to

Fy(O) = ZA{ (

N-1 X
2]
> (z )y? —\pzjl,,l((a))}
k=0
N—

3 .
TZZM [z - Bz "))

k=0 /:l

2|~

—

N—
Z F@)-Ef o). z=(2{".z?. 7).
k=0

where f(x, y,z) = Ax? + A2y? + A3z, According to the Cramér—Wold device, the
vector /N (Jy — ¥(O)) is asymptotically normal if and only if Fy(A) is asymp-
totically normal for each A € R>. Since f is of Hermite rank 2 (see Lemma 3 in
the Appendix), and because of stationarity of the sequence {Z;};2,, we need only to
examine the asymptotics of the covariance functions

Ri(k) =E(z2 Vz2 ) =E(zZ "z V), 1=ij<3
In fact, we shall prove that Z,fi_oo 72"’J‘(k)2 < oo for each i, j. Setl = 2i—1
p =271 We have
R™ (k)
= E(A}Z)X(O)A(")X(kh))

=a? Z dr =Vt VE(y) Yy, (k) + o E(A By ()AL By, (kh))

ph,ra
r1r2—0

(18)

= ha? Z dDd (A Kk + pra—1ri 4+ ), — (LA K+ pra—1r), }
r1r2—0

19)
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+ o (Al By 0) A By (ki)
~Cg)(l,h)h2H 2H=2n  as k= oo, 20)

In (18)—(19) we used the stationarity of increments of W and the fact that Y, l(h)r are
independent of BY,, while (20) is justified by Lemma 4 in the Appendix. It follows
that

o o0
Zle(k)2 ~ Cg)(l,h)2h4H_4n Zk4H—4n < 00, (21)
k=1
provided that H < n — 1/4. Similarly, we have ;' R/ (k)2 < oco. Hence, by
[2, Theorem 4] one has Fy (L) i> N(0,62(1)), as N — oo, with

o> (0) = Var(f(Z0)) +2)_ Cov(f(Zo) , f(Z1))

k=1
> 2/=1)\2 > 3 2i=1y\2 3 9j-1
=Var{ZAj(Zé' ) }+2Z®ov{ZAi(Z§) VY iz ) }
j=1 k=1 i=1 j=1
3 ) . . .
= Y B2 Y28 — B2 VRS )
i,j=1
S @2, @I71)2 @=Hy2 2/7Hy2
+23 Y wan{E((Z )z ) —E(zg ) E(Z )
k=11i,j=1
] 2i—1 2Jj-1 o 3 i—1 9j—1
=2 aniCoP(z8 V.27 ) 44> S ainiCoP (2l ).z )
i,j=l k=1i,j=1
3 21'71 2j71 ad 21'71 2j71
= Z Aikj[ZCovz(Z(() ),Z(() ))+4ZCOV2(Z(() ),Z,E )):|
i,j=1 k=1
=AZA,

where ¥ is defined by (17). In the fourth equality above we used the fact that for any
centered Gaussian vector (&, ¢), we have Cov(£2, £2) = 2Cov? (€, ¢). It is not hard
to see that

ReiX WNUN=¥(©)) _ giFNG) __y =3 Tho =,

which completes the proof of (16). O

Now, we are ready to apply the Delta method with the use of (16) to get the joint
asymptotic normality of the estimators H, a? and 02
Remark 2. Note that in both Theorem 2 and Theorem 3 we restrict ourselves to

the range H € (n — 1,n — 1/4) so that the series (21) converges. This is a crucial
condition needed in establishing the asymptotic normality.
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Theorem 3. Consider ©, the estimator of ©® = (H, «?, 62) defined by (9)—(11), and

let H € (n—1,n — 1/4). Then we have /N(® — ©) -5 N(0, (D3)S(Dg'Y)
where D;l denotes the inverse of the Jacobian matrix

0gV1n(0) 0,2V1,(0) 08,2¥,(0)
Dy = | 0g¥2,(®) 0,2W2,(0) 09,2¥2,(0)
OgW4,(0) 0,2W4,(0) 3,2W4,(0)
02Uy, V. Uy

= | o222 2log)Un + U}y 2V 22Huy |,
o241 2log @)Uy + Up) 4V 47Uy

where Uy, = 0gUg with V, Uy and V; ,,(®), | > 0, being defined by (13)—(15).
H .

Proof. First, observe that © is constructed by solving the equation Jy = \I!(@),
that is, ® = W~ (Jy). To get the asymptotic normality of ©, it suffices to apply
the Delta method to Jy with the function W—1. If Dy,-1, the Jacobian matrix of

!, exists then by [31, Theorem 3.1] we have +/N(© — ©) N Dy 1IN0, %) =
N0, (D;l)E(DQI)’ ). Note that Dy, exists if Dy is invertible. Evaluating the de-
terminant of Dy gives

o?U}, V. Uy

|Dy| = [0222H 2logQ)Uy +Uy,) 2V 2*Uy

o2 2logh Uy + Uyy) 4V 47Uy
Uy, 1 1
=VolUy | 22" 2logQUpn +Uyp) 2 2%
421 (4logQUy + Uy) 4 42H

Uy, 1 1

= Vo?Upy [log2*+ Uy + 22 —2)U;, 0 (224 -2)
log2)2* 22Uy + 2* — U, 0 (2% —9)
log)2*# 1 yy + 2°7 —2)Uy, 1
log(2)2*+ 22Uy + ¥ — Uy, (2*1 +2)
= —Vo?Uy (22 —2){log(2)2*#+1 (2" 4+ 2)Uy — log(2)2** Uy}

= Vo2U} log2)22 1+ (22 —2)* > 0.

=-Vo?Uy(2*" -2)

Hence, Dy is invertible and the proof is complete. O

3.2 Estimating the drift parameter 0

The approach used in Subsection 3.1 to estimate H, o> and o2 is suitable for the
model (1) with no restrictions on d(P), the degree of P. Albeit, the drift parameter
0 should be estimated differently, because taking higher increments cancels out the
drift term. In the case where d(P) > n, we may readily estimate 6 by 6, = %,
which satisfies the usual properties. But if d(P) < n this estimator becomes incon-
sistent under P. Assume that the parameters H, o> and o' are known (or previously
estimated) with « > 0, and let Py be the probability measure under which W is a

Wiener process independent of BY,. Then the following results are obtained.
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Proposition 1. The maximum likelihood estimator (MLE) of 0 is given by

M7
(M)t

r =a , (22)
where M; = Eo(fé P (s)dW(s) | ]-',X) is a Gaussian martingale with quadratic
variation (M), = Eo(M?).

Proof. We proceed as in [4, 23] and construct the right likelihood flnction. In the
first stage we rewrite (1) as X (1) = aW(t) + o By, (t) with W(t) = W () — gP(r),
where W is a Wiener process under Pg. Here, PPy is the probability measure under

which W and BY, are independent. Clearly, Py <« P, where Py corresponds to the
case when 6 = 0. The corresponding Radon—-Nikodym derivative is given by

dPy o [T — 0> (T
— = — [ P)dW(s) — = / P'(s)*d
T exp(a fo @AW ) =55 | Pw)ids
and is justified by the Girsanov theorem. But it is not the likelihood of (1) unless
.F,W = ]-',X , otherwise, we shall consider its conditional expectation

dPy
L7(X,0) =Eo|l —
T( 5 ) 0<dPO|]'—T>

0 T / T 92 r / 2 X
=E0{exp<;/0 P(s)dW(s) — ﬁ/o P(s) ds) |.7-"T}

] T 62 T
:Eo{exp<;/(; P'(s)dW (s) — W/o P/(s)zds> |f}5} (23)

62 0 "
= GXP(—@@)T)EO{CXP<&CT) | Fr }

0 02
—CXP(EMT - ﬁ(@)T - VT))» (24)
where ¢; = fot P’(s)dW (s) with its quadratic variation (¢),;, MT = Eo(¢r | ]-'%()
and Vy = Eo((Mr — ¢7)? | .7-'7{(). In (23) we used the fact that W coincides with W
under Py, while (24) is due to the Gaussian nature of {7 given ]-'ZX with mean M7 and
variance Vr. It is worth to mention that L7 (X, 0) is the Radon—Nikodym derivative
of wp with respect to (o, where g is the probability induced by X on the space of
continuous functions with the usual supremum topology under probability Py.

Since M is an FX-measurable Gaussian martingale, then its quadratic variation
(M) is deterministic and one has

(M), = Eo(M?) = Eo(M/Eo(& | F¥)) = Eo(Mi¢)
1
= EEO{M,Z +¢E— (M, — )P

=Eo(¢?) — Eo(M; — &)?
= (¢)r — Bo(M; — &)2. (25)
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As a result, we have the martingale property:

Eof{ M} — [(¢) — Eo(M, — ¢)?] | FX} = M2 — [(¢)s — Eo(M, — ¢)*], Vi > s.

(26)
On the other hand, forall ¢ > s
Eo{M] —[(0): = Vi] | F'} = Eo[Eo (57 — (¢)r | F¥) | '}
=EofBo(¢} — (&) | 7)) | FX}, (FY c FX and FY € F)
=Eo(¢7 — ()5 | FX) =Bo(¢2 | FF) = (0)s
= M? = [({)s + M? —Eo(¢2 | FX)] = M? = [(£)s — Vs)- @7

We used V; = Eo(;“} | FX) — Ml2 in the first equality above, while the third equality
follows by the martingale property of (¢;, ;). Combining (26)—(27) with (25) we can
assert that (M); = (¢); — Eo(M; — g“t)2 = (¢); — V;. Hence, (24) becomes

0 62
L7(X,0) =exp EMT - ﬁ(M>T .

This expression of the likelihood at hand allows us to define the MLE of 6 as

Or = a%. Hence, the proof is complete. d

Proposition 2. The estimator or defined by (22) can be rewritten as
S K(T, 5)dX (s)
[T K(T, )P (s)ds

or = (28)

where the kernel K (-, -) is defined by K(T, s) = %gT(%), forall s € [0, T] with

T /
gr(s) = —P'(Ts) + > ajyj(s), foralls €[0,T], (29)
j=0
O’2T2Hj/j 1 ,
and aj = T el oI Ty /0 P (Tu)yj(u)du. (30)

Here (v, ¥ j)jp:o denotes the system of eigenvalues and eigenvectors of the integral
operator with the kernel G y_1 ,—1 defined by formula (3).

Proof. Under Py, the model (1) can be rewritten as X (1) = o fot BZ:ll (8)ds +
fé adW(s), forall t € [0, T]. Set ¢y = fOT P’ (s)dW (s). It is not hard to see that

(ET, X (¢)) forms a Gaussian system, thus we can assert that (e.g., [20, Lemma 10.1])
for each ¢ € [0, T] there is a function s — K (z, s) defined on [0, 7] such that

t
Eo(¢r |J§X)=/0 K(t,$)dX(s), Pg-as.

In particular,

T
My =Eo(¢sr | FY) =/0 K(T,s)dX(s), Po-as. @31
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Note that we used the fact that W = W under Py. We know also that
(M)7 = Eo(M7) = Eo(Mrir)

T T T
= IE(){/ P ($)dW (s) (a / K(T,s)dW(s)+o / K(T,s)dB}, (s)) }
0 0 0

T
= Ot/ K(T,s)P (s)ds.
0

It follows that

- My S K(T, 5)dX (s)
QT = = T .
(M) fo K(T, s)P'(s)ds

(32)

To complete the proof we shall justify equations (29)—(30). First, observe that
under Py we have

dX(t) = adW(t) + od B}, (1)
= adW(t) + o By | (t)dr.

Second, by definition M7 must satisfy the equation Eo(X (s)¢7) = Eo(X (s)MT), for
all s € [0, T], which becomes, after some computations,

K s T s
a/ P’ (u)du =a2/ K(T, u)du+a2f / K(T,u)Gy_1.n—1(u, v)dvdu.
0 0 0 0

Differentiating this equation with respect to the variable s yields
T
aP'(s) = «?K (T, s) + 02/ K(T,u)Gy_1n—1(u,s)du
0

for all s € [0, T']. Set gr(s) = TK(T, Ts). After the change of variables v = u/T
and substituting s by T's we get

1
or(s) = gr(s) + 32 /0 r()Gr(s, wdu (.= o/a), (33)

_ T
Gris,u) =T 'Gy_1 o 1(u, ), or(s) = ;P’(Ts),

for all s € [0, 1]. We will construct a solution g7 () to this equation. As the ker-
nel Gy_1 ,—1 is continuous symmetric and positive on [0, 1] x [0, 1], it follows by
Mercer’s theorem (e.g., [13, p. 136]) that for all s, u € [0, 1]

Gris,u) =T "y 0y ),

Jj=0
with (y;, ¥ j)?io being the system of eigenvalues and eigenvectors of the integral
operator defined on L2([0, 1]) by

1
GO0 = /0 Giotno1 (. ) [ (5)ds,
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where (Y j)?io forms an orthonormal basis of L2([0, 1]) and {yj}?‘;o J 0. A solution
to (33) of the form y(s) = ¢7(s) + ijo a;jyj(s) exists if and only if

1 1
Zw,m[aﬁﬂﬂﬂ—lw(fo ¢T(u)1//j('4)du+zal/O wz(u)w,(u)duﬂ =0.

Jj=0 >0

Identifying the coefficients we get, for each j > 0,

)\’2 T2H—lyj 1
aj = _H‘TZH_IVJ'./O or W)y j(u)du,
and the proof is then complete. O

Theorem 4. The estimato/r\ §T defined by (28):(30) is unbiased with variance vanish-
ing at infinity, that is, Eg(67) = 0 and Varg(07) —> 0, as T — oo. Furthermore,

T
\// K (T, s)P'(s)ds@r —6) 2 N(0, a).
0

Proof. Taking expectations in both sides of (32) and observing that (M) is deter-
ministic we obtain

~ MT o
Eo(07r) = E = —FEo(MrL7(X,0
0 (O1) Q(Q(M)T) 7 o(MrLr(X,0))

= EO(MTegMT7%<M>T)

(M) do
Similarly, we have

——Eo(M7L7(X,6))

5 =

[\
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Hence, Var(/@\T) = o? /{M)r and by Gaussianity of @T the last statement follows.
There remains to show that (M)7 —> oo as T — o0. Let d be the degree of P. By
virtue of the self-similarity of W and the change of variables u = s/ T one has

T
My = Eo(¢r | ) = Eo(fo Ps)dW(s) | ;;()

1
— TR, ( / P/ (Tu)dW () | f%‘)
0

d 1
= TI/ZZ(jaj)leEo(/ w L dW ) | f{f)
0

j=1
d .
=: T2 Z(jaj)Tf_lAj,T.
j=1
Let {T;}72, 1 oo be a sequence of nonnegative numbers and set & = Tkl/ 2_dMTk.

Clearly, ]-"o)g = U(U,ZOJ-',X) = o (U2, .7-"7{5() and ]:%(1 - ]-";g C ... F. On the

other hand, Bol f) u/~'"dW@)| < /[ u2i=2du < 1, for all j = 1,2,....d.
Therefore, for each j we have almost surely (e.g., [29, p. 510]) Aj 7, — Aj o
as k 1 oo. So we deduce that Skz ~ (dadAd,oo)z, as k 1 oo. One can readily verify
that supy- Eo(f;‘,f' ) < oo, which guarantees the uniform integrability of {Ekz}k. Thus
(e.g., [29, Theorem 4]) T}' 2/ (M) 7, = Eo(£2) —> Eo(dagAd,c0)?- Finally, by the
arbitrariness of {7y}, we conclude that (M) ~ ]Eo(dadAd,oo)szd_l, asT — oo
withd € [1, n). O

Corollary 1. For any y > 1/(2d(P) — 1) the estimator Oy is strongly consistent,
where d(P) is the degree of the polynomial function P.

Proof. While proving Theorem 4 we have shown that Eg (57 —0)? =a?/(M)7 and
(M) ~ ]Eo(dadAd,oo)zTZd_l, as T — oo, where

1
Adoso = ]E()(/ u = aw ) | fgg>
0

and ay is the leading coefficient of the polynomial function P of degree d = d(P) €
[1,n). Lete > Oand set T = NY. We have

D Py(10nr — 01> €) <€ 2> EgBnr —0)°

N>1 N>1
§ : 0‘2 } : (1-2d)
< -~ Y
62( >NV C N < 00,
N>1 N=>1

provided that y > 1/(2d — 1) and C is some nonnegative constant. By using the
Borel-Cantelli lemma we can assert that Corollary 1 is well established. U



Statistical inference for nth-order mixed fractional Brownian motion 183
4 Concluding remarks

In the present work an nth-order mixed fractional Brownian motion with polyno-
mial drift was studied. Based on discrete observations, we constructed estimators
(ﬁ , a2, 062) of the noise parameters (H, @2, 62) and examined their asymptotic be-
havior (consistency and asymptotic normality) by taking higher order increments and
using the ergodic theorem. We stress that taking higher order increments cancels out
the drift. Thus, we estimated the drift parameter 6 independently by using the maxi-
mum likelihood approach based on continuous obervations {X (¢) : ¢ € [0, T']}. Based
on limiting distributions results with the use of Prohorov’s theorem, the estimators of
o and 6 (with T = N being the time horizon or number of observations) show the
same performance as those given in [11]. They have the rate of convergence of order
Op(N~V 2) and Op(NY 2_‘1(7))), respectively. Unlike [11] in which the estimator of
o? has the rate of convergence of order Op(N'/2~H), the rate of convergence es-
tablished here equals Op(N —1/2) and is of great importance when H € (0, 1). The
limiting distributions provided in [11] are nonnormal (except for the estimator of o),
while those given here are all normal. This would simplify the task of finding the
associated confidence intervals. An extension of this work would be to study a model
driven by an infinite mixture of higher order fBm’s (see [9]).

A Appendix

In this section we provide some auxiliary results needed to establish Theorem 2 and
Theorem 3. Lemma 2 is elementary, while Lemma 3 can be found in [24] or [19].
Let us recall the definition of the operator of increments A... Given a multivariate
function g : R — R we define its increments of order k with step & (with respect
to x;) as

k
k [k
Aﬁl’ljg(X) = Z(—l)k " <r> gt . xjo1,xj+rhXjqr, o, Xim),
r=0

forall x = (x1,...,xy)and j = 1,2, ..., m. By convention A;Olj = id (identity
e 1 _
application) and A X = Apx;-
Lemma 2. The following statements hold true.
(i) The operator A... is linear and commutes with the expectation.

(ii) For a given function g : R*> —> R we have
8 8

ApApsg(t,s) = ApsAjg(t,s)
= A—I,SA/’l,Sg(tv S)» l.fg(tv S) = G(t - S)'

(iii) Foranyl,h € Rand j, p,q € Nwith p + g > j we have Al(f;)A;ft)(tf) =0
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Definition 1. Let f : RY —> R be a function, and let £ = (M, ..., @) be
a Gaussian vector such that f(£) has finite second moment. We define the Hermite
rank of f with respect to £ as

rank( f) ::inf{r : 3 a polynomial P of degree t with E[(f(f;‘)—Ef(E))P(f)] #+ O}.

Lemma 3. Let g > —1/2, (A1,...,2q) € RY and let & = (€D, ... D) be a
centered Gaussian vector. Then the function f : R? — R defined by: f(&) =
Z;{:l Aj |EW|9 is of Hermite rank 2.
Lemma 4. Let By, be the n-fBm defined by (2). Then for s > 0 fixed and 1, h > 0 we
have

Cov(A" B (1), AL B () = (1, WP =20 4 o(:2H721), ast 4 oo,

where Cgl) (I, h) is a constant independent of t, s given as

(=D"(3) Xhamo D () (§) Geh — riy>”

c(l, h) =
n 2I'2H + 1)|sin(w H)|

Proof. Let 1 > s > 0 and set k, = (=1)"L, ey = (=17 (). By using
Lemma 2 we obtain

Cov(AV By (1), ALY Bly(5)) = A AYE(BY (1), By (s))
n—1

= AL Al =P = Y (A AL + o A 1)
Jj=0

n—1
= () A () 2H TA® (YA (2H=]) () (YA (;2H—j
— Al A = S Y e (A () ) a6 A ()]
j=0
s 2H
=k AP AN — 5P = ke, A7) ALY (rZH (1 —~ ;> )

oo
2H -
=k AV AL (Z( . )(—1)’%’%2” ")

k=0
= (2H
=K, Z < k ) (_1)kA(,nl)’sA§:2(skt2H_k)
k=0
= (2H
—n Y ( L ) (=D PHEA) A (s)
k=0
2H _
. ( ! )(_nktw ORCINGIES
k=2n

2H
= (U1) P2 A A 0P, st o

Finally, we substitute «,, and A(_"I)JA% (52 by their values with the use of (5) to
complete the proof. g
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