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Abstract Random functions p(x), generated by values of stochastic measures are consid-
ered. The Besov regularity of the continuous paths of u(x), x € [0, 114, is proved. Fourier
series expansion of u(x), x € [0, 2], is obtained. These results are proved under weaker
conditions than similar results in previous papers.
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1 Introduction

In this paper, we consider the properties of paths of processes generated by values
of stochastic measures (SMs). SM is a stochastic set function that is o-additive in
probability, see the exact definition and examples in Subsection 2.1.

The Besov regularity of paths of SMs was studied in [17] and [18], Fourier series
expansions of paths of SMs were obtained in [19]. Some important results in these
papers were obtained under the following condition for SM u defined on measurable
space (X, B).

Assumption A 1. There exists a real-valued finite measure m on (X, B) with the
following property: if a measurable function g : X — R is such that fx gZdm <
400, then g is integrable with respect to (w.r.t.) u on X.

In this paper, we prove that some statements from [18] and [19] remain valid if
we assume the following condition instead of Al.
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Assumption A 2. There exists a real-valued finite measure m on (X, B) with the
following property: if a measurable function g : X — R is such that for all A € R,
A > 0, it holds that fx 2M8l dm < 400, then g is integrable with respect to (w.r.t.) u
on X.

Obviously, condition A2 is weaker than A1l.

Our proofs are very similar to respective proofs in [ 18] and [19] with one essential
change — now we use Lemma 2 from the present paper. In the previous publications,
the statement of Lemma 2 was obtained under condition Al, in our paper, we as-
sume A2. Note that in many of our results, we assume that the paths of our processes
are continuous.

The rest of the paper is organised as follows. In Section 2 we recall the basic facts
concerning SMs and Besov spaces and give a short literature review. In Section 3 we
prove Lemma 2 and other auxiliary lemmas. Section 4 contains the result about the
Besov regularity of SMs on [0, 1]%. In Section 5 we study the Fourier series defined
by process u(t) = (0, t]), t € [0, 27].

2 Preliminaries

2.1 Stochastic measures
In this subsection, we give basic information concerning stochastic measures in a
general setting. In statements of Sections 4 and 5, this set function is defined on Borel
subsets of [0, 11¢ or [0, 27].

Let Lo = Lo(R2, F, P) be the set of all real-valued random variables defined on
the complete probability space (€2, F, P). Convergence in Ly means the convergence
in probability. Let X be an arbitrary set and 5 a o -algebra of subsets of X.

Definition 1. A o-additive mapping i : B — Ly is called stochastic measure (SM).

We do not assume the moment existence or martingale properties for SM. We can
say that p is an Ly-valued measure.

We note the following examples of SMs. The orthogonally scattered stochastic
measures are SMs with values in L, (2, F, P). The a-stable random measures defined
on a o-algebra for « € (0,1) U (1, 2] are independently scattered SMs, see [22,
Chapter 3], Definition 1 holds by [22, Proposition 3.5.1].

Many examples of the SMs on the Borel subsets of [0, 7] may be given by the
Wiener type integral w(A) = f[O.T] 1a(¢) dX;. For example, this holds if X, is any
square integrable martingale or fractional Brownian motion with the Hurst index H >
1/2. Other examples may be found in [15, Section 2.1] or [21, Section 1.2.1].

For deterministic measurable functions f : X — R, an integral of the form
fx f du is studied in [13, Chapter 7], [21, Chapter 1]. In particular, every bounded
measurable f is integrable w.r.t. any u, and for any integrable g holds

lim  sup P{‘/hdu‘zc}:O (1)
€7 F |h|<lg| X

(this follows from Corollary 1.1, Lemma 1.8, and Theorem 1.2 [21]). An analogue of

the Lebesgue dominated convergence theorem holds for this integral (see [13, Propo-

sition 7.1.1] or [21, Theorem 1.5]).
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The theory of SMs in detail is considered in [21]. Equations driven by SMs are
studied, for example, in [3, 14, 23]. SMs may be used for the study of stochastic
dynamical systems (see [1, 2]).

In the sequel, B(X) denotes the Borel o -algebra of subsets of X, m; denotes the
Lebesgue measure.

2.2 Besov spaces

These classical functional Banach spaces found many applications in mathematical
physics, function theory, and functional analysis. We recall the definition of Besov
spaces following [12].

For functions f € L, ([0, 119) = L, ([0, 119, m.) we set

! 1/q
||f||3gq([0,1]d) = 1/, qo.1¢y + </ (wp(f, ) r—ea=1 dr) ’
' 0

where w,, denotes the L,-modulus of continuity,

1/p
wp(f.r) = sup( 1 |f(x+h)—f(x)|”dx) ,
h

|hl<r

Ii={xel0,11%: x+hel0,1]%,
|h| denotes the Euclidean norm in R?. Then
By ([0, 1) = {f € Lp([0. 11) = I £l g o.1ye) < +o0),

and || - ||ng([0’1]d) is a norm in this space.

The Besov regularity of trajectories was studied for different types of random
processes. For example, Gaussian processes were considered in [5], Lévy processes
in [10], generalized periodic Lévy processes in [9]. In [16], it was proved that paths of
the mild solution of a parabolic equation driven by the cylinder Wiener process belong
to some Besov—Orlicz spaces. Also, the Besov—Orlicz regularity of Hermite processes
was proved in [6]. The Besov regularity and continuity of paths of multidimensional
integral w.r.t. SMs are considered in [15].

3 Auxiliary lemmas

In the first statement, we recall the well-known Paley—Zygmund inequality (see, for
example, Lemma 4.3(a) [24] or Lemma 2.1 [21]).

Lemma 1. Let e, 1 < k < m, be independent random variables with the distribution
Plex = 1] = Pleg = =11 = 1/2.

Then for each A, € R

{(She) =y ool = 5
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The following lemma is the main result of this section. Assuming Al, a similar
statement was obtained in Lemma 3.3 [18].

Lemma 2. Assume that (v is an SM on (X, B) and Assumption A2 holds.
Let the measurable functions fr : X — R, k > 1, be such that

sup X:(fk(x))2 < 00. 3)

xeX k=1

Then
Z(/X S du)z <400 a.s. 4)
k=1

Proof. Consider independent random variables ¢, k > 1, defined on some other
probability space (', ', P’), such that

Pllec(@) = 11 = P'lex(0) = =11 =1/2.

Consider the sum

n(x, o) =Y ex(@) fi(x). (5)

k=1

The well-known two-series theorem (see, for example, Theorem 2.5.6 [7]) and
condition (3) imply that for each such x series (5) converges P’-a.s. on €'.
Denote

Cy=sup ) (fex).

xeX k=1

Then, applying the Chebyshev inequality, for any A > 0 we obtain
o
P'{An(x, )| = 1} < Var An(x, o)) = A2 Y fZ(x) < 2°Cy.
k=1

Take A9 > O such that A3C s < 1/64.
In Theorem 2.3 [11] some properties of a series of the form Z,fil uper (),
uy € R, are established. By this theorem, if, for some A, r, a > 0, it holds that

P'{An(x, o)l =1} < a/2,

then

P'{An(x, ®)| = 2r} < a’.
‘We have that

P {oln(x, )] = 1} <27°,
therefore

2k+2_2

P'{roln(x, )| > 2K} <27
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The Lévy inequality for symmetric variables (see, for example, [11, Lemma 2.3])

implies that for any x € X, ¢ > 0, for

3

((x,0) = SUP‘ZSk(w/)fk(x)

n=1=1
it holds that
Pl¢(x, @) > c] < 2P[In(x, )| > c].
Therefore,
k+2
P'{hot (x, ) = 2F) <2721,
We get

Ep 2406 < 2P (302 (x, o) < 2}

o
+ 32PN < apr(x o) < 24
k=1

> o0
<24+ Y TP hpc(n, o) 2 2 <24 Y 22T o3,
k=1 P

By the Fubini-Tonelli theorem,
Ep: / 2408 gm(x) = / Ep 220¢@) gm(x) < 3m(X) < 4o0.
X X

Therefore,
/2)\05(’”",) dm(x) < +oo P'-as.
X

and Assumption A2 implies that ¢ (x, ') is integrable w.r.t. u P’-a.s.
Forall j > 1

J
> e@) fi)| = ¢, o).
k=1

For each @’ (excluding a set of zero P’-measure) we use the dominated convergence
theorem [21, Theorem 1.5] for the integral w.r.t. i and obtain

/ e dp) =Y er@) / i) dp (),
X k=1 X

where the last series converges in probability P. Using this, it is easy to obtain that
this series converges in probability P x P" on € x €/, and its partial sums are bounded
in probability P x P’.

Further, define & (w) = fx fx du. Suppose (4) fails. Then

350 > 0Ve > 0Fme > 1: P[Zg,?(w) > c] > 8. ©6)
k=1
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Applying (2) for 1x = & (w), and (6), we obtain

e 2 ¢ 1

AP / - -

Plo (;ek(w @) = 7]z

for each fixed w € Q, = {ZZ;‘I S,? > c}, and P(2;) > §p. Integrating over the
set 2., we get

me

<2

2 c 0
P x P[@.0): (]; @) = 7] = 3.
Thus, there exists a)6 such that
m
< 2 c 30
Plo: (];sk(w@sk(w)) >2]= 3
and ¢ (x, w) is integrable w.r.t. u. For the function g(x) = km;'1 er(wp) fi (x) we
have N
c 8o
g0t < ctopy. | [ gan]= 9= .
X 2 8
Recall that 69 > 0 is fixed and c is arbitrary. Therefore, we obtain a contradiction to
(1). O

Example 1. We give an example, where Assumption A2 is valid, and Al may be not.
Let e¢, k > 1, be independent Bernoulli random variables. Consider an SM on
Borel subsets on [0, 1],

(0.¢]
- Ek k—|/3_l
k=1

This series converges a.s. for each A € 5((0, 1]) because
o0

1 iy 2
Z(— xk Vi1 dx) < 00,
pot k4/3 A

and p is an SM with values in L (22, F, P).
For any measurable function f : [0, 1] — R such that

as 1 1/3 2
k=7 =1
Z(k4/3 /[0’1]|f(x)|x dx) < 00

k=1

f is integrable w.r.t. u, and it holds that

/A fdn=3 G /A Feox . )
k=1
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This fact is obvious for a simple function f. For an arbitrary measurable f, we take

simple f, that converge to f pointwise, | f,(x)| < |f(x)|. Then

Z(k% / (f ) = fu(onah ™71 dx)2 S50, n-— oo,
A

—1/3_ L 1/3_
k4/3ffn(x)x Vdx 2kaff(x)x" Ydx, n— oo,

for each A € B([0, 1]). Theorem 1.8 [21] implies that f is integrable w.r.t. i, and (7)

holds.

For a measurable f such that f[o 1 POl dx < oo, we will obtain that (7) ful-

fills. Applying the Holder inequality, we get

—1/3
/ 1F ol
[0,1]
%132

= (/ | oK dX)Zkl/lLl ( / X1 )3T
0.1] [0,1]
<2k‘/3(f F P ax)? ey
B [0.1]
It is easy to calculate that

In

|f(x)|2kl/3_1 < 2!V where Gy = (
’ ' Aln2

We get

1 —1/3_ 2
Z(mfAlf(x)lxk 'ax)
o0
(8) i(‘/ |f(x)|2kl/3—1 dx)z]cl/z—3—l
2
P [0,1]
© ii(/ <2k1/3 - 1)2k1/3712 LRIV )zklfs,l
=1 2 [0,1] )»1112
) 1 5
Z_(f 201 dx) T < oo,
= kB3 o

where C denotes a positive constant. Therefore, f is integrable w.r.t. .

23— I\2KP—1 ay
7) 2w

®

C))

Thus, Assumption A2 holds for m = my, where m; denotes the Lebesgue mea-
sure. At the same time, it is not clear how we can check Al for our . For mg or
m(A) = [px%dx, —1 < a < 0, we can find f(x) = xP, B < 0, such that f2 is
integrable to m but some elements of sum in (7) are not defined. Investigation of all

finite m on B([0, 1]) looks difficult.

O
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The following statements will be used in Section 5 for the series expansion of
SMs.

Lemma 3. Let Assumption A2 hold. Then the set of random variables

{Xj:</x fkdu)z ‘ fx : X = R is measurable, Xj:sz(x) <1, j> 1}
k=1 P

is bounded in probability.

Proof. If the statement fails, for some 8o > 0 and all » > 1 we can find functions
Sin> 1 <k < jp, such that

janzfnms I P{JZ(f findit) > 2} > 8.
k=1 =1 X

Then
(0.¢] jn e°] Ji’l 2
Z Z 272 fun (x) Z Z(/ 272 fr d,u) does not converge,
n=1 k=1 n=1 k=1
which contradicts Lemma 2. O

Lemma 4. Let Assumption A2 hold, i1 be an SM on B([0, T), and the process u(t) =
w((0,1]), 0 <t < T, have continuous paths. Then for any T1, 0 < T1 < T, we have

3
+é&)—
/ s +6) — o) ds 50, &— 0+.
[0,T1] €

Proof. We have that

2
(s +8)g_ ROl

/ G +e) = ue)’
[0,71]

ds < sup|u(s+e)—u(s>|f
€ § [0,71]

(10)
For any n > 1 take the partition of [0, T1] by points s, = (%Tle) AT,0<k<
Jn, and consider the Riemann integral sum for the last integral in (10)

Z ’M(Skn +‘9) 'u(?k”)| E =T Z / Jin d/,L )
(11)

1
where  fin(x) = ﬁ L (sp,500+61(X)-

We have Z fk (x) < 1, by Lemma 3 set of sums (11) is bounded in probability.
For contmuous u(s), sup; },u(s + &) — (s)] — 0 as ¢ — 0, and this implies the
statement of Lemma 4. O
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4 Besov regularity of SM in [0, 1]¢

Now we will consider SM v defined on the Borel o -algebra of [0, l]d, d > 1, and
obtain the Besov regularity of u with continuous realizations.
For x = (x1, X2, ...,xq) € [0, 1]¢ set

nx) = u(]i[[o, xi1).
i=1

By ¢® we denote the ith coordinate unit vector in R?, and consider discrete sets
. ki ky ka .
Un,i) = {y: (2—,1?2—”) (kj —0. 1, ..., 2"

1<j<d; y+27"D e, 1]d}.

By Corollary 3.3 [12], if for each i, 1 <i < d, for respective fixed w € €2,

o
2@ S iy +27e?) — p(y))? < +oo, (12)
n=1 yeU(,i)

then continuous paths of 1 (x) belong to BZ" » ([0, 11%). Applying this result we prove
the following statement.

Theorem 1. Let Assumption A2 hold, and the random function u(x), x € [0, 1]d,
have continuous realizations. Then for any 1 < p < +00, 0 < o < min{1/p, 1/2},
the realization (x), x € [0, 11%, with probability 1 belongs to the Besov space
B2 ([0, 11%).

Proof. Firstly, consider the case 2 < p < 400, then 0 < « < 1/p. To obtain (12), it
is sufficient, for each i, to prove the convergence of the series

o8]
D22y + 27" D) — )P
n=1 yeU(n,i)

5 (13)
= (2"(“”‘””/2 / dhn,y(x)du(x)> ,
n>1,yeU (n,i) [0,1]
where
kl k2 ka'
M,y () = Ly <k on, i, ki 2 <xi=t+/2y (), Y = (z_n CTRREER 27)

Here, for each n, each fixed x belongs to at most 21(d=1) gets from the indicators
in the functions h,,y. Therefore,

o o
Z (zn(ap—d)/Zhn)y(x))Z < Zzn(ap—d)zn(d—l) — Zzn(ap—l) < 4o00.
n>1,yeU(n,i) n=1 n=1
Lemma 2 implies that series (13) converges a.s.

For 1 < p < 2, we can repeat the proof of this case from Theorem 5.1 [18] (or
Theorem 2.2 [21]), and obtain that (13) coverges for o = 1/2. |
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Note, that for paths of multidimensional integral w.r.t. SM, sufficient conditions
of the Besov regularity are given in [15, Theorem 5]. Now we see that we can change
Al to A2 in that statement because we can refer to our Theorem 1 instead of Theo-
rem 5.1 [18] in the proof of Theorem 5 [15].

5 Fourier expansion of SM

Let u be an SM on B([0, 27]). Consider the random process p(t) = w((0,t]), 0 <
t <2m.

Assume that paths of the process w(¢) are Riemann integrable on [0, 27 ]. Con-
sider the Fourier series defined by u(¢) for each fixed w € Q:

1 1
£ = —/ u(s)cosksds, np= —/ wn(s)sinksds, (14)
T J[0,27] T J[0,27]
E o
u(t) ~ 2 43" (& cos ke + nesinkr). (15)
2 k=1
Set .
Sn(t) = 5—0 + Z(‘g‘k cos kt + ny sinkt).
2 k=1

Applying the integration by parts formula for integrals in (14) (see [19, Lemma 1]
or [21, Lemma 2.7]), we get

1
& = sinksdu, n

_ (cosks — 1)du, k=>1,
kmt J0,27]

ok Joan

| (16)
g0 = 20((0, 21]) — — / sdp,

and these integrals are defined for any SM p without the assuming Riemann integra-
bility.

In the sequel, we will assume that & and n; are defined by (16), an consider
the Fourier series for arbitrary SM u on B([0, 27]). First, we prove that series (15)
converges.

Theorem 2. If Assumption A2 holds then
P[Sn(t) converges My -a.e. on [0, 271]] =1.
Proof. Applying Lemma 2 for

sin kt d f coskt — 1
an =
wk k wk

k=

’

using (16), we get ), (Ekz + n,%) < 00 a.s. Applying the famous Carleson’s theorem
(see [4]) we obtain our statement. |
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Further, we prove that, under some assumptions, S,, converges to some value of u.

Representations of processes in the form of random series began with the well-
known Paley—Wiener expansion of the Wiener process. A similar representation of the
fractional Brownian motion was obtained in [8]. We give such a result for continuous
paths of SMs.

The following statement gives a generalization of the Dirichlet-Jordan theorem
about Fourier series expansion of functions of bounded variation, see, for example,
[25, Theorem I1.8.1].

Theorem 3. Let Assumption A2 hold, and paths of the process u(t), 0 <t < 2m,
be continuous. Then for any t € (0, 2m) it holds that S, (t) —P> w(t) and S, (0) =
S, (27) 5 (@) /2 asn — oo.

Proof. Without loss of generality, we may assume that w((0, 27]) = 0, and the
periodic continuation of p(¢) to R is continuous. Otherwise, we can consider the SM

- 0,2
A = p(A) — m(A)M.
T

Set

1 1
S:;(t) = E(Sn—l(t) + 85:(1) = Sp—1 () + E(én cosnt + n, sinnt),

1 1
@i(s) = (it +9) + plt =) = 2u(0) = (1,1 45D = p (@ = 5,1D).
From Theorem (I1.10.1) [25], it follows that for 4 = 7t /n it holds

g Iwz(S)—<pz(s+h)|ds+h/” lg: (5]
h

ds
s 52

1
IS5 — ()] < —/
T Jh

h

where o(1) is uniform in ¢ as n — oo. Continuity of u(¢) and L'Hopital’s rule give
that I, Iz — Oas h — O foreacht € R and w € Q. Using the Holder inequality, we
obtain

2 2h
+—f 0 (5)ds +o(1) i= I + I + I + (1),
0

27111:/]1 |M((I+s’t+s+h])_M((I_s_h”_smds
h s
TR NE T (4 s s R -t —s —ht —sDP N
S(/;‘l mds) (/,: 7 ds) .

The last value tends to zero in probability as 7 — 0 by Lemma 4.

Thus, S () —P> w(t). By the analogue of the Lebesgue dominated convergence
theorem (see [13, Proposition 7.1.1] or [21, Theorem 1.5]), &,, n, —P> 0, and therefore
Su(t) = (1), 0
Remark. Also, Lemma 3 of our paper allows to replace Assupmtion Al by Assump-
tion A2 in Theorem 3.1 2) [20], where, for an equation driven by SM, the rate of the

convergence in the averaging principle is established. This is obvious from the proof
of that theorem.
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