
Modern Stochastics: Theory and Applications 12 (2) (2025) 189–201
https://doi.org/10.15559/24-VMSTA268

Regularity of paths of stochastic measures

Vadym Radchenko

Department of Mathematical Analysis, Taras Shevchenko National University
of Kyiv, 01601 Kyiv, Ukraine

vadymradchenko@knu.ua (V. Radchenko)

Received: 10 September 2024, Revised: 15 November 2024, Accepted: 15 November 2024,
Published online: 26 November 2024

Abstract Random functions μ(x), generated by values of stochastic measures are consid-
ered. The Besov regularity of the continuous paths of μ(x), x ∈ [0, 1]d , is proved. Fourier
series expansion of μ(x), x ∈ [0, 2π ], is obtained. These results are proved under weaker
conditions than similar results in previous papers.
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1 Introduction

In this paper, we consider the properties of paths of processes generated by values
of stochastic measures (SMs). SM is a stochastic set function that is σ -additive in
probability, see the exact definition and examples in Subsection 2.1.

The Besov regularity of paths of SMs was studied in [17] and [18], Fourier series
expansions of paths of SMs were obtained in [19]. Some important results in these
papers were obtained under the following condition for SM μ defined on measurable
space (X,B).

Assumption A 1. There exists a real-valued finite measure m on (X,B) with the
following property: if a measurable function g : X → R is such that

∫
X g2 dm <

+∞, then g is integrable with respect to (w.r.t.) μ on X.

In this paper, we prove that some statements from [18] and [19] remain valid if
we assume the following condition instead of A1.
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Assumption A 2. There exists a real-valued finite measure m on (X,B) with the
following property: if a measurable function g : X → R is such that for all λ ∈ R,
λ > 0, it holds that

∫
X 2λ|g| dm < +∞, then g is integrable with respect to (w.r.t.) μ

on X.

Obviously, condition A2 is weaker than A1.
Our proofs are very similar to respective proofs in [18] and [19] with one essential

change – now we use Lemma 2 from the present paper. In the previous publications,
the statement of Lemma 2 was obtained under condition A1, in our paper, we as-
sume A2. Note that in many of our results, we assume that the paths of our processes
are continuous.

The rest of the paper is organised as follows. In Section 2 we recall the basic facts
concerning SMs and Besov spaces and give a short literature review. In Section 3 we
prove Lemma 2 and other auxiliary lemmas. Section 4 contains the result about the
Besov regularity of SMs on [0, 1]d . In Section 5 we study the Fourier series defined
by process μ(t) = μ((0, t]), t ∈ [0, 2π].

2 Preliminaries

2.1 Stochastic measures
In this subsection, we give basic information concerning stochastic measures in a
general setting. In statements of Sections 4 and 5, this set function is defined on Borel
subsets of [0, 1]d or [0, 2π].

Let L0 = L0(�,F , P) be the set of all real-valued random variables defined on
the complete probability space (�,F , P). Convergence in L0 means the convergence
in probability. Let X be an arbitrary set and B a σ -algebra of subsets of X.

Definition 1. A σ -additive mapping μ : B → L0 is called stochastic measure (SM).

We do not assume the moment existence or martingale properties for SM. We can
say that μ is an L0-valued measure.

We note the following examples of SMs. The orthogonally scattered stochastic
measures are SMs with values in L2(�,F , P). The α-stable random measures defined
on a σ -algebra for α ∈ (0, 1) ∪ (1, 2] are independently scattered SMs, see [22,
Chapter 3], Definition 1 holds by [22, Proposition 3.5.1].

Many examples of the SMs on the Borel subsets of [0, T ] may be given by the
Wiener type integral μ(A) = ∫

[0,T ] 1A(t) dXt . For example, this holds if Xt is any
square integrable martingale or fractional Brownian motion with the Hurst index H >

1/2. Other examples may be found in [15, Section 2.1] or [21, Section 1.2.1].
For deterministic measurable functions f : X → R, an integral of the form∫

X f dμ is studied in [13, Chapter 7], [21, Chapter 1]. In particular, every bounded
measurable f is integrable w.r.t. any μ, and for any integrable g holds

lim
c→+∞ sup

|h|≤|g|
P

{∣∣∣∫
X

h dμ

∣∣∣ ≥ c
}

= 0 (1)

(this follows from Corollary 1.1, Lemma 1.8, and Theorem 1.2 [21]). An analogue of
the Lebesgue dominated convergence theorem holds for this integral (see [13, Propo-
sition 7.1.1] or [21, Theorem 1.5]).
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The theory of SMs in detail is considered in [21]. Equations driven by SMs are
studied, for example, in [3, 14, 23]. SMs may be used for the study of stochastic
dynamical systems (see [1, 2]).

In the sequel, B(X) denotes the Borel σ -algebra of subsets of X, mL denotes the
Lebesgue measure.

2.2 Besov spaces

These classical functional Banach spaces found many applications in mathematical
physics, function theory, and functional analysis. We recall the definition of Besov
spaces following [12].

For functions f ∈ Lp([0, 1]d) = Lp([0, 1]d , mL) we set

‖f ‖Bα
p,q ([0,1]d ) = ‖f ‖Lp([0,1]d ) +

(∫ 1

0
(ωp(f, r))qr−αq−1 dr

)1/q

,

where ωp denotes the Lp-modulus of continuity,

ωp(f, r) = sup
|h|≤r

(∫
Ih

|f (x + h) − f (x)|p dx
)1/p

,

Ih = {x ∈ [0, 1]d : x + h ∈ [0, 1]d},
|h| denotes the Euclidean norm in R

d . Then

Bα
p,q([0, 1]d) = {f ∈ Lp([0, 1]d) : ‖f ‖Bα

p,q ([0,1]d ) < +∞},

and ‖ · ‖Bα
p,q ([0,1]d ) is a norm in this space.

The Besov regularity of trajectories was studied for different types of random
processes. For example, Gaussian processes were considered in [5], Lévy processes
in [10], generalized periodic Lévy processes in [9]. In [16], it was proved that paths of
the mild solution of a parabolic equation driven by the cylinder Wiener process belong
to some Besov–Orlicz spaces. Also, the Besov–Orlicz regularity of Hermite processes
was proved in [6]. The Besov regularity and continuity of paths of multidimensional
integral w.r.t. SMs are considered in [15].

3 Auxiliary lemmas

In the first statement, we recall the well-known Paley–Zygmund inequality (see, for
example, Lemma 4.3(a) [24] or Lemma 2.1 [21]).

Lemma 1. Let εk , 1 ≤ k ≤ m, be independent random variables with the distribution

P[εk = 1] = P[εk = −1] = 1/2.

Then for each λk ∈ R

P
[( m∑

k=1

λkεk

)2 ≥ 1

4

m∑
k=1

λ2
k

]
≥ 1

8
. (2)
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The following lemma is the main result of this section. Assuming A1, a similar
statement was obtained in Lemma 3.3 [18].

Lemma 2. Assume that μ is an SM on (X,B) and Assumption A2 holds.
Let the measurable functions fk : X → R, k ≥ 1, be such that

sup
x∈X

∞∑
k=1

(fk(x))2 < ∞. (3)

Then ∞∑
k=1

(∫
X

fk dμ
)2

< +∞ a.s. (4)

Proof. Consider independent random variables εk , k ≥ 1, defined on some other
probability space (�′,F ′, P′), such that

P′[εk(ω
′) = 1] = P′[εk(ω

′) = −1] = 1/2.

Consider the sum

η(x, ω′) =
∞∑

k=1

εk(ω
′)fk(x). (5)

The well-known two-series theorem (see, for example, Theorem 2.5.6 [7]) and
condition (3) imply that for each such x series (5) converges P′-a.s. on �′.

Denote

Cf = sup
x∈X

∞∑
k=1

(fk(x))2.

Then, applying the Chebyshev inequality, for any λ > 0 we obtain

P′{λ|η(x, ω′)| ≥ 1} ≤ Var (λ|η(x, ω′)|) = λ2
∞∑

k=1

f 2
k (x) ≤ λ2Cf .

Take λ0 > 0 such that λ2
0Cf ≤ 1/64.

In Theorem 2.3 [11] some properties of a series of the form
∑∞

k=1 ukεk(ω
′),

uk ∈ R, are established. By this theorem, if, for some λ, r, a > 0, it holds that

P′{λ|η(x, ω′)| ≥ r} ≤ a/2,

then
P′{λ|η(x, ω′)| ≥ 2r} ≤ a2.

We have that
P′{λ0|η(x, ω′)| ≥ 1} ≤ 2−6,

therefore
P′{λ0|η(x, ω′)| ≥ 2k} ≤ 2−2k+2−2.
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The Lévy inequality for symmetric variables (see, for example, [11, Lemma 2.3])
implies that for any x ∈ X, c > 0, for

ζ(x, ω′) = sup
n≥1

∣∣∣ n∑
k=1

εk(ω
′)fk(x)

∣∣∣,
it holds that

P′[ζ(x, ω′) > c] ≤ 2P′[|η(x, ω′)| > c].
Therefore,

P′{λ0ζ(x, ω′) ≥ 2k} ≤ 2−2k+2−1.

We get

EP′2λ0ζ(x,ω′) ≤ 2P′{λ0ζ(x, ω′) ≤ 2}

+
∞∑

k=1

22k+1
P′{2k ≤ λ0ζ(x, ω′) ≤ 2k+1}

≤ 2 +
∞∑

k=1

22k+1
P′{λ0ζ(x, ω′) ≥ 2k} ≤ 2 +

∞∑
k=1

22k+1
2−2k+2−1 < 3.

By the Fubini–Tonelli theorem,

EP′
∫

X
2λ0ζ(x,ω′) dm(x) =

∫
X

EP′2λ0ζ(x,ω′) dm(x) ≤ 3m(X) < +∞.

Therefore, ∫
X

2λ0ζ(x,ω′) dm(x) < +∞ P′-a.s.

and Assumption A2 implies that ζ(x, ω′) is integrable w.r.t. μ P′-a.s.
For all j ≥ 1 ∣∣∣ j∑

k=1

εk(ω
′)fk(x)

∣∣∣ ≤ ζ(x, ω′).

For each ω′ (excluding a set of zero P′-measure) we use the dominated convergence
theorem [21, Theorem 1.5] for the integral w.r.t. μ and obtain

∫
X

η(x, ω′) dμ(x) =
∞∑

k=1

εk(ω
′)

∫
X

fk(x) dμ(x),

where the last series converges in probability P. Using this, it is easy to obtain that
this series converges in probability P×P′ on �×�′, and its partial sums are bounded
in probability P × P′.

Further, define ξk(ω) = ∫
X fk dμ. Suppose (4) fails. Then

∃δ0 > 0 ∀c > 0 ∃mc ≥ 1 : P
[ mc∑
k=1

ξ2
k (ω) ≥ c

]
≥ δ0. (6)
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Applying (2) for λk = ξk(ω), and (6), we obtain

P′[ω′ :
( mc∑

k=1

εk(ω
′)ξk(ω)

)2 ≥ c

4

]
≥ 1

8

for each fixed ω ∈ �c = {∑mc

k=1 ξ2
k ≥ c

}
, and P(�c) ≥ δ0. Integrating over the

set �c, we get

P × P′[(ω, ω′) :
( mc∑

k=1

εk(ω
′)ξk(ω)

)2 ≥ c

4

]
≥ δ0

8
.

Thus, there exists ω′
0 such that

P
[
ω :

( mc∑
k=1

εk(ω
′
0)ξk(ω)

)2 ≥ c

4

]
≥ δ0

8

and ζ(x, ω′
0) is integrable w.r.t. μ. For the function g(x) = ∑mc

k=1 εk(ω
′
0)fk(x) we

have

|g(x)| ≤ ζ(x, ω′
0), P

[∣∣∣∫
X

g dμ

∣∣∣ ≥
√

c

2

]
≥ δ0

8
.

Recall that δ0 > 0 is fixed and c is arbitrary. Therefore, we obtain a contradiction to
(1).

Example 1. We give an example, where Assumption A2 is valid, and A1 may be not.
Let εk , k ≥ 1, be independent Bernoulli random variables. Consider an SM on

Borel subsets on [0, 1],

μ(A) =
∞∑

k=1

εk

k4/3

∫
A

xk−1/3−1 dx.

This series converges a.s. for each A ∈ B((0, 1]) because

∞∑
k=1

( 1

k4/3

∫
A

xk−1/3−1 dx
)2

< ∞,

and μ is an SM with values in L2(�,F , P).
For any measurable function f : [0, 1] → R such that

∞∑
k=1

( 1

k4/3

∫
[0,1]

|f (x)|xk−1/3−1 dx
)2

< ∞

f is integrable w.r.t. μ, and it holds that

∫
A

f dμ =
∞∑

k=1

εk

k4/3

∫
A

f (x)xk−1/3−1 dx. (7)



Regularity of paths of stochastic measures 195

This fact is obvious for a simple function f . For an arbitrary measurable f , we take
simple fn that converge to f pointwise, |fn(x)| ≤ |f (x)|. Then

∞∑
k=1

( 1

k4/3

∫
A
(f (x) − fn(x))xk−1/3−1 dx

)2 → 0, n → ∞,

⇒
∞∑

k=1

εk

k4/3

∫
A

fn(x)xk−1/3−1 dx
L2→

∞∑
k=1

εk

k4/3

∫
A

f (x)xk−1/3−1 dx, n → ∞,

for each A ∈ B([0, 1]). Theorem 1.8 [21] implies that f is integrable w.r.t. μ, and (7)
holds.

For a measurable f such that
∫
[0,1] 2λ|f (x)| dx < ∞, we will obtain that (7) ful-

fills. Applying the Hölder inequality, we get∫
[0,1]

|f (x)|xk−1/3−1 dx

≤
(∫

[0,1]
|f (x)|2k1/3−1 dx

) 1
2k1/3−1

(∫
[0,1]

x(1/2)k−1/3−1 dx
) 2k1/3−2

2k1/3−1

≤ 2k1/3
(∫

[0,1]
|f (x)|2k1/3−1 dx

) 1
2k1/3−1 .

(8)

It is easy to calculate that

|f (x)|2k1/3−1 ≤ Ck,λ2λ|f |, where Ck,λ =
(2k1/3 − 1

λ ln 2

)2k1/3−1
2− 2k1/3−1

ln 2 . (9)

We get

∞∑
k=1

( 1

k4/3

∫
A

|f (x)|xk−1/3−1 dx
)2

(8)≤ 4
∞∑

k=1

1

k2

(∫
[0,1]

|f (x)|2k1/3−1 dx
) 2

2k1/3−1

(9)≤ C

∞∑
k=1

1

k2

(∫
[0,1]

(2k1/3 − 1

λ ln 2

)2k1/3−1
2− 2k1/3−1

ln 2 2λ|f | dx
) 2

2k1/3−1

≤ C

∞∑
k=1

1

k4/3

(∫
[0,1]

2λ|f | dx
) 2

2k1/3−1 < ∞,

where C denotes a positive constant. Therefore, f is integrable w. r. t. μ.
Thus, Assumption A2 holds for m = mL, where mL denotes the Lebesgue mea-

sure. At the same time, it is not clear how we can check A1 for our μ. For mL or
m(A) = ∫

A xα dx, −1 < α < 0, we can find f (x) = xβ , β < 0, such that f 2 is
integrable to m but some elements of sum in (7) are not defined. Investigation of all
finite m on B([0, 1]) looks difficult.
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The following statements will be used in Section 5 for the series expansion of
SMs.

Lemma 3. Let Assumption A2 hold. Then the set of random variables

{ j∑
k=1

(∫
X

fk dμ
)2 ∣∣∣ fk : X → R is measurable,

j∑
k=1

f 2
k (x) ≤ 1, j ≥ 1

}

is bounded in probability.

Proof. If the statement fails, for some δ0 > 0 and all n ≥ 1 we can find functions
fkn, 1 ≤ k ≤ jn, such that

jn∑
k=1

f 2
kn(x) ≤ 1, P

{ jn∑
k=1

(∫
X

fkn dμ
)2

> 2n
}

> δ0.

Then

∞∑
n=1

jn∑
k=1

(
2−n/2fkn(x)

)2 ≤ 1,

∞∑
n=1

jn∑
k=1

(∫
X

2−n/2fkn dμ
)2

does not converge,

which contradicts Lemma 2.

Lemma 4. Let Assumption A2 hold, μ be an SM on B([0, T ]), and the process μ(t) =
μ((0, t]), 0 ≤ t ≤ T , have continuous paths. Then for any T1, 0 < T1 < T , we have

∫
[0,T1]

∣∣μ(s + ε) − μ(s)
∣∣3

ε
ds

P→ 0, ε → 0+.

Proof. We have that

∫
[0,T1]

∣∣μ(s + ε) − μ(s)
∣∣3

ε
ds ≤ sup

s

∣∣μ(s+ε)−μ(s)
∣∣ ∫

[0,T1]

∣∣μ(s + ε) − μ(s)
∣∣2

ε
ds.

(10)

For any n ≥ 1 take the partition of [0, T1] by points skn =
(

k
n
T1ε

)
∧ T1, 0 ≤ k ≤

jn, and consider the Riemann integral sum for the last integral in (10)

jn∑
k=1

∣∣μ(skn + ε) − μ(skn)
∣∣2

ε

T1ε

n
= T1

jn∑
k=1

(∫
[0,T1]

fkn dμ
)2

,

where fkn(x) = 1√
n

1(skn,skn+ε](x).

(11)

We have
∑jn

k=1 f 2
kn(x) ≤ 1, by Lemma 3 set of sums (11) is bounded in probability.

For continuous μ(s), sups

∣∣μ(s + ε) − μ(s)
∣∣ → 0 as ε → 0, and this implies the

statement of Lemma 4.
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4 Besov regularity of SM in [0, 1]d
Now we will consider SM μ defined on the Borel σ -algebra of [0, 1]d , d ≥ 1, and
obtain the Besov regularity of μ with continuous realizations.

For x = (x1, x2, . . . , xd) ∈ [0, 1]d set

μ(x) = μ
( d∏

i=1

[0, xi]
)
.

By e(i) we denote the ith coordinate unit vector in R
d , and consider discrete sets

U(n, i) =
{
y =

( k1

2n
,
k2

2n
, . . . ,

kd

2n

) ∣∣∣ kj = 0, 1, . . . , 2n,

1 ≤ j ≤ d; y + 2−ne(i) ∈ [0, 1]d
}
.

By Corollary 3.3 [12], if for each i, 1 ≤ i ≤ d , for respective fixed ω ∈ �,

∞∑
n=1

2n(αp−d)
∑

y∈U(n,i)

|μ(y + 2−ne(i)) − μ(y)|p < +∞, (12)

then continuous paths of μ(x) belong to Bα
p,p([0, 1]d). Applying this result we prove

the following statement.

Theorem 1. Let Assumption A2 hold, and the random function μ(x), x ∈ [0, 1]d ,
have continuous realizations. Then for any 1 ≤ p < +∞, 0 < α < min{1/p, 1/2},
the realization μ(x), x ∈ [0, 1]d , with probability 1 belongs to the Besov space
Bα

p,p([0, 1]d).

Proof. Firstly, consider the case 2 ≤ p < +∞, then 0 < α < 1/p. To obtain (12), it
is sufficient, for each i, to prove the convergence of the series

∞∑
n=1

2n(αp−d)
∑

y∈U(n,i)

|μ(y + 2−ne(i)) − μ(y)|2

=
∑

n≥1,y∈U(n,i)

(
2n(αp−d)/2

∫
[0,1]d

hn,y(x) dμ(x)
)2

,

(13)

where

hn,y(x) = 1{xj ≤kj /2n, j �=i, ki/2n<xi≤(ki+1)/2n}(x), y =
( k1

2n
,

k2

2n
, . . . ,

kd

2n

)
.

Here, for each n, each fixed x belongs to at most 2n(d−1) sets from the indicators
in the functions hn,y . Therefore,

∑
n≥1,y∈U(n,i)

(2n(αp−d)/2hn,y(x))2 ≤
∞∑

n=1

2n(αp−d)2n(d−1) =
∞∑

n=1

2n(αp−1) < +∞.

Lemma 2 implies that series (13) converges a.s.
For 1 ≤ p < 2, we can repeat the proof of this case from Theorem 5.1 [18] (or

Theorem 2.2 [21]), and obtain that (13) coverges for α = 1/2.
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Note, that for paths of multidimensional integral w.r.t. SM, sufficient conditions
of the Besov regularity are given in [15, Theorem 5]. Now we see that we can change
A1 to A2 in that statement because we can refer to our Theorem 1 instead of Theo-
rem 5.1 [18] in the proof of Theorem 5 [15].

5 Fourier expansion of SM

Let μ be an SM on B([0, 2π]). Consider the random process μ(t) = μ((0, t]), 0 ≤
t ≤ 2π .

Assume that paths of the process μ(t) are Riemann integrable on [0, 2π]. Con-
sider the Fourier series defined by μ(t) for each fixed ω ∈ �:

ξk = 1

π

∫
[0,2π]

μ(s) cos ks ds, ηk = 1

π

∫
[0,2π]

μ(s) sin ks ds, (14)

μ(t) ∼ ξ0

2
+

∞∑
k=1

(ξk cos kt + ηk sin kt). (15)

Set

Sn(t) = ξ0

2
+

n∑
k=1

(ξk cos kt + ηk sin kt).

Applying the integration by parts formula for integrals in (14) (see [19, Lemma 1]
or [21, Lemma 2.7]), we get

ξk = − 1

kπ

∫
(0,2π]

sin ks dμ, ηk = 1

kπ

∫
(0,2π]

(cos ks − 1) dμ, k ≥ 1,

ξ0 = 2μ((0, 2π]) − 1

π

∫
(0,2π]

s dμ,

(16)

and these integrals are defined for any SM μ without the assuming Riemann integra-
bility.

In the sequel, we will assume that ξk and ηk are defined by (16), an consider
the Fourier series for arbitrary SM μ on B([0, 2π]). First, we prove that series (15)
converges.

Theorem 2. If Assumption A2 holds then

P
[
Sn(t) converges mL-a.e. on [0, 2π]] = 1.

Proof. Applying Lemma 2 for

fk = sin kt

πk
and fk = cos kt − 1

πk
,

using (16), we get
∑

k(ξ
2
k + η2

k) < ∞ a.s. Applying the famous Carleson’s theorem
(see [4]) we obtain our statement.
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Further, we prove that, under some assumptions, Sn converges to some value of μ.
Representations of processes in the form of random series began with the well-

known Paley–Wiener expansion of the Wiener process. A similar representation of the
fractional Brownian motion was obtained in [8]. We give such a result for continuous
paths of SMs.

The following statement gives a generalization of the Dirichlet–Jordan theorem
about Fourier series expansion of functions of bounded variation, see, for example,
[25, Theorem II.8.1].

Theorem 3. Let Assumption A2 hold, and paths of the process μ(t), 0 ≤ t ≤ 2π ,

be continuous. Then for any t ∈ (0, 2π) it holds that Sn(t)
P→ μ(t) and Sn(0) =

Sn(2π)
P→ μ(2π)/2 as n → ∞.

Proof. Without loss of generality, we may assume that μ((0, 2π]) = 0, and the
periodic continuation of μ(t) to R is continuous. Otherwise, we can consider the SM

μ̃(A) = μ(A) − mL(A)
μ((0, 2π])

2π
.

Set

S∗
n(t) = 1

2
(Sn−1(t) + Sn(t)) = Sn−1(t) + 1

2
(ξn cos nt + ηn sin nt),

ϕt (s) = 1

2
(μ(t + s) + μ(t − s) − 2μ(t)) = 1

2

(
μ((t, t + s]) − μ((t − s, t])).

From Theorem (II.10.1) [25], it follows that for h = π/n it holds

|S∗
n(t) − μ(t)| ≤ 1

π

∫ π

h

|ϕt (s) − ϕt (s + h)|
s

ds + h

∫ π

h

|ϕt (s)|
s2 ds

+ 2

h

∫ 2h

0
|ϕt (s)| ds + o(1) := I1 + I2 + I3 + o(1),

where o(1) is uniform in t as n → ∞. Continuity of μ(t) and L’Hôpital’s rule give
that I2, I3 → 0 as h → 0 for each t ∈ R and ω ∈ �. Using the Hölder inequality, we
obtain

2πI1 =
∫ π

h

|μ((t + s, t + s + h]) − μ((t − s − h, t − s])|
s

ds

≤
(∫ π

h

h1/2

s3/2 ds
) 2

3
(∫ π

h

|μ((t + s, t + s + h]) − μ((t − s − h, t − s])|3
h

ds
) 1

3
.

The last value tends to zero in probability as h → 0 by Lemma 4.

Thus, S∗
n(t)

P→ μ(t). By the analogue of the Lebesgue dominated convergence

theorem (see [13, Proposition 7.1.1] or [21, Theorem 1.5]), ξn, ηn
P→ 0, and therefore

Sn(t)
P→ μ(t).

Remark. Also, Lemma 3 of our paper allows to replace Assupmtion A1 by Assump-
tion A2 in Theorem 3.1 2) [20], where, for an equation driven by SM, the rate of the
convergence in the averaging principle is established. This is obvious from the proof
of that theorem.
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