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1 Introduction

Let (X;)icz be a strictly stationary sequence of random variables, and denote by
M, = max{Xi, Xo,..., X}, n > 1, its partial maxima. The asymptotic distribu-
tional behavior of M,, is one of the main objects of interest of classical extreme value
theory. When (X;) is an i.i.d. sequence and there exist constants a, > 0 and b,, such
that

M, — b,
Pl——— <x)—> G(x) asn— oo, (1)
an

with nondegenerated limit G, the limit belongs to the class of extreme value distri-
butions, see [13]. It is known that generalizations of this result to weak convergence
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2 D. Krizmani¢

of partial maxima processes in the space of cadlag functions hold. More precisely,
relation (1) implies

[n-]
a5 (Ma(-) — by) :=a;1(\/xi—bn>i>Y(-> )

i=1

in the space D([0, 1], R) of real-valued cadlag functions on [0, 1] endowed with the
Skorokhod J; topology, with Y being an extremal process generated by G (see [11],
and Proposition 4.20 in [13]). Simplifying notation, we sometimes omit brackets and

write a,; Y, — by) 4 Y. The convergence in relation (2) also holds for a spe-
cial class of weakly dependent random variables, the linear or moving averages pro-
cesses with i.i.d. heavy-tailed innovations and deterministic coefficients (see Propo-
sition 4.28 in [13]).

Recently, it was shown in [9] that the functional convergence in (2) holds for
linear processes with i.i.d. heavy-tailed innovations and random coefficients. In this
paper we aim to generalize this result in two directions, the first one by studying
linear processes with weakly dependent innovations (and random coefficients), and
the second one by extending this theory to the multivariate setting. Due to possible
clustering of large values, the J; topology becomes inappropriate, and therefore we
will use the weaker Skorokhod M topology. This topology works well if all extremes
within each cluster of large values have the same sign.

The paper is organized as follows. In Section 2 we introduce basic notions about
regular variation, linear processes, point processes and Skorokhod topologies. In Sec-
tion 3 we derive the weak M| convergence of the partial maxima stochastic process
for finite order multivariate linear processes with weakly dependent heavy-tailed in-
novations and random coefficients. In Section 4 we extend this result to infinite order
multivariate linear processes, and give an example which shows that the convergence
in the weak M, topology in general cannot be replaced by the standard M; conver-
gence.

2 Preliminaries

We use superscripts in parentheses to designate vector components and coordinate
functions, i.e.a = (@W,...,a®) e R? and x = (xD, ..., x@D): [0,1] —> R,
For two vectors a = (a(l), ...,a(d)), b = (b(l), R b(d)) € Rd, a < b means
a® < p® forallk = 1,...,d. The vector (a(l), aD p® b(d)) will be
denoted by (a, b), and the vector (¢, bV, a® b@ ... 4@ p@) will be denoted
by (aV,b)*_, . Denote by a Vb the vector (a'V vb, ... a@ v pD) where
forc,d € R we ’pL’lt ¢ vV d = max{c, d}. Sometimes for convenience we will denote
the vector a by (@);—1.__4. For a real number ¢ we write ca = (caV, ..., ca(d)).

.....

2.1 Regular variation

The R?-valued random vector & is (multivariate) regularly varying if there exist @ > 0
and a random vector ® on the unit sphere S¢~! = {x € R? : ||x|| = 1} in RY, such
that for every u > 0,
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POIENl > ux, /1511 €-) w _,
P(lI&]l > x) —u "POe€-) asx — oo, 3)

where the arrow “—” denotes the weak convergence of finite measures and || - ||
denotes the max-norm on R¢. This definition does not depend on the choice of the
norm, since if (3) holds for some norm on R?, it holds for all norms (of course, with
different distributions of ®). The number « is called the index of regular variation
of &, and the probability measure P(® € -) is called the spectral measure of & with
respect to the norm || -||. In the one-dimensional case regular variation is characterized
by P(J€] > x) = x~*L(x), x > 0, for some slowly varying function L and the tail
balance condition

P(£ > x) . P <—x)
lim ——— =p, lim ————— =
x—00 P(J€] > x) x—oo P(I§] > x)

)

where p € [0, 1]and p+¢g = 1.

A strictly stationary R?-valued random process (£,)ncz is regularly varying with
index o > 0 if for any nonnegative integer k the kd-dimensional random vector
& = (&1, ..., &) is multivariate regularly varying with index «. According to [2]
the regular variation property of the sequence (&,) is equivalent to the existence of a
process (Y;,),ez which satisfies P(|| Yyl > y) =y~ for y > 1, and

(" Enez | 1ol > x) 25 (Fuez s x — oo, )

fidi o . S
where “—>” denotes convergence of finite-dimensional distributions. The process
(Yy,) is called the tail process of (&,).

2.2 Linear processes

Let (Z;)iez be a strictly stationary sequence of random vectors in R4, and assume
Z is multivariate regularly varying with index o > 0. We study multivariate linear
processes with random coefficients, defined by

o
XiZZCjZifj, ieZ, (5)
=0

where (C;) >0 is a sequence of d x d matrices (with real-valued random variables
as entries) independent of (Z;) such that the above series is a.s. convergent. One
sufficient condition for that is Z?’;OEHCj [ < oo for some § < o, 0 < § < 1 (see
Section 4.5 in [13]), where for a d x d matrix C = (C;_ ;), [|C|| denotes the operator

norm
d

ICIl = sup{lICx]| : x € RY, ||| = 1} = max 3 |C; 1.

.....

j=1

2.3 Skorokhod topologies

Denote by D = D([0, 1], R?) the space of all right-continuous R¢-valued functions
on [0, 1] with left limits. For x € D? the completed (thick) graph of x is defined as
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Gy ={(t,2) €0, 11 x R?: z € [[x(t=), x()]]}

where x (f—) is the left limit of x at # and [[a, b]] is the product segment, i.e. [[a, b]] =
[a®, pM] x ... x [a(d),b(d)] fora = (a(l), ...,a(d)), b = (b(l), ...,b(d)) €
R4, and [a®, D] coincides with the closed interval [a® A D, oD v pD], with
¢ Ad = minfc, d} for ¢, d € R. On the graph G we define an order by saying that
(t1.21) < (12, 22) if either (i) 11 < 12, or (i) |x; (=) —2{"| < |x;(12—) =25 | for all
j =1,2,...,d. A weak parametric representation of the graph G, is a continuous
nondecreasing function (r, #) mapping [0, 1] into G, with r being the time compo-
nent and u the spatial component, such that 7(0) = 0, »(1) = 1 and u(1) = x(1).
Let IT,, (x) denote the set of weak parametric representations of G . For x1, x» € DA
define

dy(x1, x2) = inf{|lr; — r2lljo,17 V llur — uzlljo, 1y : (i, ui) € My (x;),i =1, 2},

where [|x[lj0,1] = sup{llx(@)| : ¢ € [0, 1]}. Now we say that a sequence (x,), con-
verges to x in D4 in the weak Skorokhod M topology if dy, (x,,, x) = 0 asn — oo.
If we replace the graph G, with the completed (thin) graph

'y ={(t,z2) €[0,1] x RY:z= Ax(t—) + (1 — 2)x(¢) for some A € [0, 1]},

and weak parametric representations with strong parametric representations, that is
continuous nondecreasing functions (r, u) mapping [0, 1] onto 'y, then we obtain
the standard (or strong) Skorokhod M; topology. This topology is induced by the
metric

duy, (x1, x2) = inf{llr1 — ralljo, 11 Vv llur — uzlljo,1y @ (i ui) € Ms(x;),i =1, 2},

where I (x) is the set of strong parametric representations of the graph I',. Since
IMy(x) C Iy (x) forall x € D4, the weak M 1 topology is weaker than the standard
M; topology on D, but they coincide for d = 1. The weak M topology coincides
with the topology induced by the metric

dp(x1. x7) = max{dy, (v, x37) 1 j=1,....d) (©)

for x; = (xi(l), el xi(d)) € D% and i = 1, 2. The metric d), induces the product
topology on D¢,

By using parametric representations in which only the time component r is non-
decreasing instead of (r, u) we obtain Skorokhod’s weak and strong M; topologies.
The metric

dm,(x1,x2) = ( sup inf d(a, b)) \% ( sup inf d(a, b)),
aely, €ly, acrly, ely
where d(a, b) = max{|ja® —pD|:i =1,...,d+1}fora = (@D, ..., a4tV p =
bW, ..., b¥+D) e RIF! induces the strong M» topology, which is weaker than the
M topology. For more details and discussion on the M and M» topologies we refer
to Sections 12.3-5 and 12.10-11 in [17]. Since the sample paths of the partial maxima

processes in (2) are nondecreasing, we will restrict our attention to the subspace D?

of functions x in D for which the coordinate functions x ) are nondecreasing for all
i=1,...,d.
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2.4 Point processes

Let (Z;)iez be a strictly stationary sequence of regularly varying R¢-valued random
vectors with index o > 0. Assume the elements of this sequence are pairwise asymp-
totically (or extremally) independent in the sense that

i PUZill > x, 121 > x)
X—00 P(IZ1]l > x)

=0 foralli # j. @)

We also assume asymptotical independence of the components of each Z;:
lim P(ZY| > x[1ZP]>x) =0 forall jkefl,....d)},j#k (8
X—> 00

Condition (7) implies the sequence (Z;) is regularly varying with index « (Proposi-
tion 2.1.8 in [10]) with the tail process as in the i.i.d. case, that is ¥; = 0 for i # O,
and P(||Yol| > y) = y~ for y > 1. Relation (8) implies that Yy a.s. has no two
nonzero components.

Define the time-space point processes

n
Nn = Zs(i/n, Zi/an) foralln e N,
i=1

with (a,) being a sequence of positive real numbers such that
nP(Z1]| > ay) -1 asn — oo. 9)

The point process convergence for the sequence (N,,) on the space [0, 1] x E¢, where
E4 = [—00, 0o]? \ {0}, was obtained in [3] under the following two weak dependence
conditions.

Condition 2.1 (Mixing condition). There exists a sequence of positive integers (ry)
such that r, — oo and rp/n — 0 as n — o0 and such that for every nonnegative
continuous function f on [0, 11 x B with compact support, denoting k, = |n/r, |,
asn — 09,

ol £ filol- £ o

Condition 2.2 (Anticlustering condition). There exists a sequence of positive integers
(rn) such that r, — oo and r,/n — 0 asn — oo and such that for every u > 0,

lim limsupP|{ max | Z;| > ua,
m—=00 pn—o0 m=|i|<ry

1 Zoll > uan> =0.

The sequences (r,,) in these two conditions are assumed to be the same. It can be
shown that Condition 2.1 holds for strongly mixing random sequences (see [5, 7]).
Now we show that Condition 2.2 holds under condition (7). Let

k
. P(IZi|l > uan, | Zoll > uay)
Xen = )
P(Zoll > uan)

li]=1
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for k,n € N. For every k € N condition (7) implies that x; , — 0 asn — 0. An
application of the triangular argument (Lemma A.1.3 in [10]) yields that there exists
a nondecreasing sequence of positive integers (s, ), such thats, — oo and x5, , — 0
as n — 00. Denote

rp i=min{s,, |[v/n]}, neN. (10)
Then r, - oo and r,,/n — 0 as n — oo. For a fixed m € N and large r,, (such that
rn > m) it holds that

I'n

PU|Z;|| = uay, | Zol| > ua
P max 1Zi] > uan | 1Zo] > uay ) < Z (1Z; |l ns 1 Zoll )
mlil=r, = PIZoll > uay)
fxs,,,nv

and letting n — 0o we obtain

lim P( max || Z;|| > uay
n—00 m=|i|<r,

1 Zoll > uan> =0

for every m € N. Hence, letting m — 00, we see that Condition 2.2 holds. The latter
condition holds also under Leadbetter’s condition D’:
n/k]
lim limsup n Z P(| Zo|l > xan, | Zi|| > xap) =0 forallx >0.  (11)

k=00 p—o0 ‘1
1=

The asymptotical independence condition (7) also holds under condition D’. For more
discussion of the above weak dependence conditions, in the context of partial sums,
we refer to Section 9.1 in [12] and [16].

In the sequel whenever we assume that Condition 2.1 holds we suppose that the
sequence (r,) that appears in this condition is the same as in (10), and this will ensure
that Conditions 2.1 and 2.2 are satisfied by the same sequence (r,,). Under Condi-
tion 2.1 by Theorem 3.1 in [3], as n — oo,

d
No = N=3 % 8t.pm (12)
i

in [0, 1] x E4, where

@) Zﬁl 8¢1;, p) 1s a Poisson process on [0, 1] x (0, co) with intensity measure
Leb x v, with v(dx) = fax ™ dx and 6 = P(sup;—_; | ¥;[| < D).

(i) (ZT’:I 8,71.],),- is an i.i.d. sequence of point processes in E4 independent of
> ;i 8¢r;, p,) and with common distribution equal to the distribution of the point
process Zj Syj/L(y), where L(?) =supjez ||I7/ || and Zj 8;}_ is distributed as
(ZjeZ 5Yj | Sup;<—1 1Y; ] < 1).

Taking into account the form of the tail process (Y;), it holds that 8 = 1 and
N = 3, 81, Pinio) With [Inioll = 1. Hence, denoting Q; = 1o, the limiting point
process in relation (12) reduces to

N =Y 81.r0n- 13)
i
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Since the sequence (Q;) is independent of the Poisson process Y .o, 8(r, p,), an ap-
plication of Proposition 5.3 in [14] yields that ), 5(7; p,, 0, is a Poisson process on
[0, 1] x (0, 00) x E? with intensity measure Leb x v x F, where F is the common
probability distribution of Q;.

Forx € Rletxt = [x|1{x>0y and x~ = |x|1{y<0}. Define the maximum func-

tional ®: M, ([0, 1] x EY) — D3*" by

_ D+ (h=Y*
q)<ZS(Iia(x,'(l)""!xi(d)))>(t) = ((I\</IXi ' \/xi ) j d) - (1
i i= -

=1,...,
<t J

for t € [0, 1] (with the convention V# = 0), where the space M, ([0, 1] x E4) of
Radon point measures on [0, 1]xE¢ is equipped with the vague topology (see Chapter
3in [13]). Note that on the right-hand side in (14) we repeat the 2d coordinates of the

i N—\* . .
vector ( <t paias Vi<t x )j_ , consecutively d times. Let

A={neM,(0,1] x EY) : n({0, 1} x EY) = 0 and
n([0, 1] x {xD, ..., x@) : |xD| = o0 for some i}) = 0}.
Then Proposition 3.1 in [9] and the definition of the metric d), in (6) yield the conti-
nuity of the maximum functional ® on the set A in the weak M| topology.
3 Finite order linear processes

Let (Z;)iez be a strictly stationary sequence of regularly varying R¢-valued random
vectors with index o > 0. Fix m € N, and let

m
Xi:ZCjZifj’ iGZ, (15)
=0
be a finite order linear process, where Coy, Cq, ..., Cy, are random d X d matrices

independent of (Z;). Define the corresponding partial maxima process by

|nt] |nt]

1
Moo — a’ :\:/1 X = (a;" :\:/1 Xi(k))kzl ,,,,, d = n’ (16)
a' X1 = a7 (xV, L x\D)y, = %
for ¢ € [0, 1], with the normalizing sequence (a,) asin (9). Fork, j € {1, ..., d} let
m m
pil=\/cf,; ad DY =\/Cp, .. (17)
20 0

where Cj.i ; is the (k, j)th entry of the matrix C;, lek i = |Ci;k,j|1{c,-;k,,->0} and
Cik.j = 1Cikjl(Ciy j<0)-
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First, we show in the proposition below that a particular process W, constructed
from the sequence (Z;), converges in D? with the weak M topology. Later, in the
main result of this section, we show that the weak M distance between processes M,
and W, is asymptotically negligible (as n — 00), which will imply the functional
convergence of the maxima process M,,. The limiting process will be described in
terms of certain extremal processes derived from the point process N = Y, (7., p, 0;)
in relation (13). Extremal processes can be derived from Poisson processes in the
following way. Let & = Zk 8(1, jr) be a Poisson process on [0, 00) x [0, 00)4 with
mean measure Leb x , where p is a measure on [0, 00)4 satisfying u({x € [0, 00)4 :
x| > 8}) < oo for any § > 0. The extremal process G( -) generated by & is defined
by G(t) = \/tkft Jr for t > 0. Then for x € [0, oo)d, x # 0,and ¢ > 0 it holds
that P(G () < x) = exp(—tu([[0, x]]°)) (cf. Section 5.6 in [14]). The measure pu is
called the exponent measure.

Proposition 3.1. Let (X;) be a linear process defined in (15), where (Z;)icz, is a
strictly stationary sequence of regularly varying R?-valued random vectors with in-
dex o > 0 that satisfy (7) and (8), and Cy, Cq, ..., Cy are random d x d matrices
independent of (Z;). Assume Condition 2.1 holds. Let

nt] d

Wi (t) = <\/ \ a' (P z0" v D’i’jz}f’)> . tel0.1],

i=1 j=I
with Di’j and D’i’j defined in (17). Then, as n — oo,

d
d ki ~k i i
Wo(-) = M(-) := (\/ (D+/M(J+)(_) V. Df‘/M(] )())) (18)
j=1
in D%’ with the weak My topology, where MU and M=) are extremal processes
with exponent measures vj and vj_ respectively, with

Vi) = BV ax @ Tdx  and vj_(dx) = E(QY) )% ax ™ dx

forx >0( =1,...,d), and ((5{?"., 5’2"')7:1’._#);{:1 4 is a 2d*-dimensional

random vector, independent of (M UH pmU 7)) j=1

.....

4, such that

.....

((Dk’ Dk’) Dk=1,. d—((ij Dk]) Lndk=1,...d-

.....

Remark 3.2. In Proposition 3.1, as well as in the sequel of this paper, we suppose
MU is an extremal process if E(ng )+)"‘ > 0, and a zero process if this quantity is
equal to zero. Analogously for M=),

Proof of Proposition 3.1. As noted in Subsection 2.4, condition (7) implies that the
sequence (Z;) is regularly varying with index « and that Condition 2.2 holds. This,
with Condition 2.1, implies the point process convergence in (12) with the limiting
point process N described in (13). Since N is a Poisson process, it almost surely
belongs to the set A. Therefore, since the maximum functional @ is continuous on A,
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the continuous mapping theorem (see, for instance, Theorem 3.1 in [14]) applied to

the convergence in (12) yields ® (N,,) i> ®(N) in D%dz under the weak M topology,
i.e.

,,,,,

=l1,...,

By the same arguments as in the proof of Proposition 3.2 in [9] we obtain that D%dz

with the weak M topology is a Polish space, and hence by Corollary 5.18 in [4] we

can find a random vector ((Dk . pki )s_1....a)k=1,...d> independent of W, such that

.....

Th1s relation (19) and the fact that ((Dk . pki )5_1....a)k=1,...a is independent of

.....

W, by an application of Theorem 3.29 in [4], 1mp1y that
B,WH S (B.W) asn— oo (20)

in D‘T“’l2 with the product M; topology, where B = ((Bi’j , Bf"i );“.:1 1111
=~ =k.j k.j
B= (B By,
DY B (1) = D’i’, B* (1) = D'/ and B*/ (1) = B for 1 e [0, 11.

A multivariate version of Lemma 2.1 in [9] implies that the function g: D‘T‘d2 —
D%dz defined by

2k=1...d and
. 2
4)k=1,....d are random elements in D%d such that BiJ (1) =

g(x) = (x(])x(2d2+l)7x(2)x(2d2+2)7 L x(2d2)x(4d2))

for x = (x(l), e, x(4d2)) € D‘%dz, is continuous in the weak M| topology on the set

L 2 . . .
of all functions in D‘T‘d for which the first 2d> component functions have no discon-

tinuity points, and this yields P[(E , W) € Disc(g)] = 0, where Disc(g) denotes the
set of discontinuity points of g. A multivariate version of Lemma 2.2 in [9] shows
that the function & : Dzd — Dd defined by

2d?
h(x) = <\/x(’) \/ xU \/ x(i))
i=2d+1 i=2(d—1)d+1
forx = (x( )) 242 € D" is continuous when both spaces D%dz and D[Tl are

endowed with the ‘weak M 1 topology. Therefore, the continuous mapping theorem

applied to the convergence in (20) yields (hog) (B, W) i) (hog) (E, W)asn — oo,
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i.e.

V'V

i=1 j=1

<Ln | d Dlijzi(j)+ v D’i’jZ,»(j)_>
an k=1,....d

d
d Sk A+ Tk p. o)
4 (\/ \/ (B4 P00 v 541 00 )>
T,<-j=I1 k=1,....d

in D‘% with the weak M topology. Note that (2 o g)(B, W)) is equal to W,,.

To finish the proof, it remains to show that (k& o g)(§ , W) is equal to the limiting
process in relation (18). By an application of Propositions 5.2 and 5.3 in [14] we

obtain that for every j = 1,...,d the point process ) _; S(T_ P oY) is a Poisson

process with intensity measures Leb x v, and hence M U () = \/Ti < Pi Ql(j .
is an extremal processes with exponent measures v;1 (see Section 4.3 in [13]; and
[14], p. 161). Analogously, MU (¢) := \/Tift P; Q;J)_ is an extremal processes
with exponent measures v;_, and hence

d
(o) B w)=(\/ (B/mMiH v DEIMID)) o reqo.
=t
O

The proof of the next theorem relies on the proof of Theorem 3.3 in [9] where
the functional convergence of the partial maxima process is established for univariate
linear processes with i.i.d. innovations and random coefficients. We will omit some
details of those parts of the proof that remain the same in our case, but we will show
how to handle those parts that differ due to the multivariate setting and weak depen-
dence of innovations.

Theorem 3.3. Let (Z;);c7, be a strictly stationary sequence of regularly varying
R%-valued random vectors with index a > 0 that satisfy (7) and (8), and let Cy, C1,
..., Cp be random d x d matrices independent of (Z;). Assume Condition 2.1 holds.

d
Then M, —> M asn — o0 in D? endowed with the weak M1 topology.

Proof. Let W, be as defined in Proposition 3.1. If we show that for every § > 0,
lim Pld,(W,, M,) > 6] =0,
n—o0

then from Proposition 3.1 by an application of Slutsky’s theorem (see Theorem 3.4

in [14]) it will follow that M, 4 M in D‘Tj with the weak M topology. Taking into
account (6) we need to show

lim Pldy, (W, M) > 81 =0,
n—oo

for every j = 1,...,d, but it is enough to prove the last relation only for j = 1
(since the proof is analogous for all coordinates j). In fact, it suffices to show

lim Pldy, (WD, M(V) > 81 =0, 1)
n—oo
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since for x,y € D! it holds that dy,(x,y) = djf,,l (x, y), where dj{,,l is a complete
metric topologically equivalent to dy, (see Remark 12.8.11in [17]; and [9], page 247).

In order to show (21), fix § > 0 and let n € N be large enough, i.e. n >
max{2m, 2m/§}. By the definition of the metric dy;, we have

sz(W,El),Mn(l)):< sup inf d(v,z)) v( sup inf d(v,z))

vell (1) ZEFM(I) vell (1) ZEFW(I)
=R,V T,.
Hence
Pldy, WV, M(D) > 81 < P(R, > 8) + P(T;, > §). (22)

To estimate the first term on the right-hand side of (22), define
D, ={3v e FW“) such that d(v, z) > 6 forevery z € FM<1>}.

Note that {R,, > 6} € D,. On the event D, it holds that d(v, FMU)) > §. Let

v = (ty, xp). Then as in the proof of Theorem 3.3 in [9], for all [ = ’b, 1,...,mit
holds that

(i (it +1
‘Wn (7)—1\4” (T)’zd(v, Ty > 8 (23)

with i* |nt,| or i* = |nt,| — 1. Note that i* is a random index. Let D =
\/k] { d(Dk] v Dk]) This implies |Ci,j| < D foralli € {0,...,m} and

,,,,,

k,je{l,...,d}. Denote §* = §/[8(m + 1)d]. We claim that
Dn - Hn,l V) Hn,2 U Hn,3a (24’)

where

DIZ|| .
Hy,y=33le{-m,.... m}Un—m+1,... ,n}st. —— > 46" ¢,
dn

Hn‘2={Elke{1,...,n}andEIle{k—m,...,k—i—m}\{k}

such that

D|Z D|z
1Zell e g P2 >8*},

a, a,

Hn,gz{Elke{l,...,n}, djoe{l,...,d}andIp e {1,...,d}\ {jo}

(jo) (p)
D|Z
such that —%— biz,1 > 8" and M > 8*}.

a a,
Note that relation (24) will be proven if we show that
Dy := Dy N (Hp1 UHy2UH,3)¢ = 0.
Assume the event ﬁn occurs. Then necessarily W,gl)(i */n) > &% Indeed, if

wVi*/n) < 8%, that is

%k

1 . . . . . x
\/ \/ a“ ( DLz y DE-’Z}”‘) _ W,El)<l;) <5,

i=1j=1
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then for every s € {m + 1, ...,i*} it holds that
xM ii’:crl, 2 <22": DY zW*\ pliz0-
n r=0 j=1 r=0 j=I An
m d 5
< -, 25
= ;; 8(m—|—1)d 3 ()

since by the definition of D+ "and D"/ we have D o Z(j)+ >0, p- ]Z(J) > 0 and

DY/ zPT it C.y ;> 0and 2 > 0,

S—=r 2 S—r

Cri1,j2 <1 DY ZYV~ if €y <0and 29 <o,

s—r S—r
0, ifC..p;-Z9 <o,
Since the event Hrf] occurs for every s € {1, ..., m}, we also have
(H m )
|Xs | 1Z DIIZ l
ZZICmI o= —ZZ =< nar =3 )
r=0 j=1 r=0 j=1

Combining (25) and (26) we obtain

M * )
X M(”( ) _\/ 5
8~ an n -

and thus

i () = o)l = i (o)l e Co)l = g g =

which is in contradiction to (23).
Therefore Wn(l)(i*/n) > 8%, and hence there exist k € {1,...,i*} and jy €
{1, ..., d} such that

W,f”(i> — (DY v DRz s g
n
This implies

Dz oo (i o Cio)—
” k“ \/ |Z(])| > Z(]O)| > ;(DiJOZIEJO)J’_ Vi DL]OZIEJO) ) > 8*
n

From this, since H‘ N H , N HY 3 oceurs, it follows thatm + 1 <k <n — m,

DI Z|l

dn

<&* foralll e (k—m,... .k+m)\{k}, 27)
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and
DIz

dn

<é&* forall p e{l,...,d}\ {Jjo} (28)

Similarly as in the proof of Theorem 3.3 in [9] one can show that M,(ll)(i */n) =
X;l)/an forsome j € {1,...,i*}\ {k, ..., k+ m}. Now we have four cases:

(A1) all random vectors Z;_,, ..., Z; are “small”,

(A2) exactly one is “large” with exactly one “large” component,
(A3) exactly one is “large” with at least two “large” components,
(A4) at least two of them are “large”,

where we say Z is “large” if D|Z||/a, > 8%, otherwise it is “small”, and similarly
the component Z) is “large” if D|Z®)|/a, > §*.

Following the arguments from [9], adjusted to the multivariate setting, it can be
shown that the cases (Al) and (A2) are not possible (see the arXiv preprint [6] for
details). The case (A3) is not possible on the event H, ¢ 3 and the case (A4) is not
possible on the event HY ,. Since neither of the four cases (A1)—(A4) is possible, we
conclude that 5,, =0, and hence (24) holds.

The next step is to show that P(H,x) — Oasn — oo for k = 1,2,3. By
stationarity we have P(H,.1) < 3m + 1) P(D||Z;|| > 8*a,), and therefore

lim P(H, 1) =0. (29)
n—oo
As for H, » we have
n k+m
D| Z| D\ Z|
P(H,, N{D < = > 8%, §*, D <
tanip<en=3 3. (2L 1) - 5 p<c
k=1 I=k—-m
I#k
4 I Zoll _ &* IZi]| _ &*
§2n2P< 0 >—,—l>—>
= ay c  ay c

1 Zoll 8 1zl

8*
<2Z (|zo|| 5*>P(an c’a,,>7)

c p(lzl . >
an c

for an arbitrary ¢ > 0. Therefore regular variation and the asymptotical independence
condition (7) yield lim,,—, oo P(H, 2 N {D < c}) = 0, and this implies

limsupP(H, 2) <limsupP(H,» N {D > c}) < P(D > ¢).

n—oo n—oo

Letting ¢ — oo we conclude

lim P(H,,) = 0. (30)
n—oo
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By the definition of the set H, 3 and stationarity it holds that

P(Hnm{D<c}>—Z Z

k=1 I,s=1
l#s
d

©) 0)

|Z; I 8" 1Zy'| 6"
< o (Rt L,
- Z < c a, I

l,s=1
b |Zl|| (1 ¥
c ay c

l#s
and hence regular variation and condition (8) yield

0 ()
<D|Z | > §* biz |>5* D<c>

an

12} 5*)
> —_—
a, c

1z s
1z 8y
a, c

IA

l,s=

#
d
1#

lim P(H,3) = 0. (31
n—o0

Now from relations (24) and (29)—(31) we obtain lim,_,,, P(D,) = 0, and since
{R, > 6} C D,,, we conclude that

lim P(R, > 8) =0. (32)
n—oo

Interchanging the roles of M,(,]) and Wn(l) in handling the event D,,, and using the
arguments from the proof of Theorem 3.3 in [9], adjusted to the multivariate setting,
we can show

lim P(7,, >6)=0 (33)
n— o0

(for details see the arXiv preprint [6]). Now from (22), (32) and (33) we obtain (21),
which means that M, 4 M in D‘TJ with the weak M topology. O

4 Infinite order linear processes

Let (Z;)iez be a strictly stationary sequence of regularly varying R¢-valued random
vectors with index o > 0, and (C;);>¢ a sequence of random d x d matrices indepen-
dent of (Z;) such that the series defining the linear process

o
Xi:ZCjZi—j’ i€’ 34
is a.s. convergent. For k, j € {1,...,d} let
DYy =max{C, ;:i =0} and DY =max{Cr ;i =0},

where Cj, ; is the (k, j)th entry of the matrix C;. Let M, be the partial maxima
process as defined in (16), and M the limiting process from Proposition 3.1.
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To obtain functional convergence of the partial maxima process for infinite order
linear processes, we first approximate them by a sequence of finite order linear pro-
cesses, for which Theorem 3.3 holds, and then show that the error of approximation
is negligible in the limit with respect to the weak M topology. In this case, besides
the conditions from Theorem 3.3 for finite order linear processes, we will need also
some moment conditions on the sequence of coefficients.

Theorem 4.1. Let (Z;);cz, be a strictly stationary sequence of regularly varying R¢-
valued random vectors with index o > 0 that satisfy (7) and (8), and let (C;)i>0 be a
sequence of random d x d matrices independent of (Z;). Assume Condition 2.1 holds
and suppose

Y SOEUCHP +1C17) < 00, if @ €(0,1),
YL EUCHI +1CI) <00, ifa=1, (35
Zc;o:oE”CjH < o0, ifa > 1,
for some § € (0,a) and y € (o, 1). Then M, i M asn — oo in D%’ endowed with
the weak M1 topology.

Proof. Form € N, m > 2, define

m—2
XI'= 3 CiZi j+C" 2y + C" N2y, i€,
j=0
and
[nt]
_1 \/ X", te [ 1]
Mnm(t) =

—1ym 1
a, X7, IE[O,;),
where CY) = max{C; : i > m — 1} and C™" = min{C; : i > m — 1}, with
the maximum and minimum of matrices interpreted componentwise, i.e. the (k, j)th
entry of the matrix C"") is C(m M = = max{C;;x,; : i > m — 1}, and the (k, j)th
entry of the matrix C") is C("j A) =min{Cj.k,j : i >m — 1}.
Fork, j € {1,...,d} define

m k,j (m,V)+ (m,N)+
(\/Clkj>vck‘j ka‘j

and
m—2

mk] (m,Vv)— (m,~)—
(\/ C,k,)VCk,j v,

k

mk,j Ni k,j
Then D = DY

and D™/ = pk

order linear processes (X}"); by Theorem 3.3 we obtain M, ;, —> M asn — o0 in
D‘% with the weak M topology.

, and therefore for the sequence of finite
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If we show that for every € > 0

hm lim sup P{d, (M, My, ;) > €] =0,

n—oo

then by a generalization of Slutsky’s theorem (see Theorem 3.5 in [14]) it will follow
that M, 4 M in D? with the weak M topology. Taking into account (6) and the

fact that the metric dp;, on D % is bounded above by the uniform metric, it suffices to
show that

lim lirnsupP( sup |M(J)(t) M,(/m(t)| > e) =0,

m—00 p—oo 0<t<l

for every j = 1,...,d, and further, as in the proof of Theorem 3.3, it is enough
to show the last relation only for j = 1. Denote by J, , the probability in the
last relation (for j = 1). Now we treat separately the cases ¢ € (0,1) and o €
[1, 00).

Case a € (0, 1). Recalling the definitions, we have

n o) m(1) n 1 m(1)
X' —-X X=X
Jn,mfp(\/il ! a ! |>€)§P<Z—| . P L |>6>. (36)
n n

i=1 i=1
Similarly as in the univariate case treated in [9] we obtain

d

1 1
X002 (3 sz €
k=m+1

+ (Cm 1,j — C(m A))Zl'(i)m)s

and

n

> 1x - xr)

=l d 0 n+1
52[ > iz, |Z||cm l+v||+( Z IICIII)ZIZ(” }

j=1"i=—00 l=m—1
Therefore from (36) by applying condition (35) and the multivariate generalization
of Lemma 3.2 in [8] (for the proof of this generalization see the arXiv preprint [6]) it

follows that lim,,, oo lim sup,,_, o, Ju,» = 0, which means that M, i) M asn — oo
in D? with the weak M topology.
Case @ € [1, 00). Define

Crj—C%Y, itk=m—1,
Arj = CMJ—C%M,szm
Ck;l,j’ lszm+15
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fork > m — land j € {1,...,d}. Then using the representation of X(l) X;"(l)

obtained in the previous case we get

n |X(l) . Xm(l)| n d %) Z(j)k
Dy — gD i i — I
M0 = My 01 < \/ - =V | 2 A .
i=1 i=1j=1"k=m-—1

for every ¢+ € [0, 1]. This, (35) and Lemma 5.2 in the arXiv preprint [6] yield

. . . . d .
limy;,— o0 limsup,,_, o, Ju,m = 0. Thus in this case also M, — M asn — oo in

D‘Tj with the weak M topology. 4

Remark 4.2. When the sequence of coefficients (C;) is deterministic, the limiting
process M in Theorem 4.1 has the representation

M@)=\/ PS;. te[0.1],

T; <t

where S; = (5", ..., ), with § = \/4_, (D} 0 v DM Q7 for k =

I,...,d. It is an extremal process with an exponent measure p, where for x €
[0, 00)?, x # 0,
o0 d (k)
p ([0, x11) = / P (y \/ Ml 1) ay “ldy.
0
k=1

Remark 4.3. A special case of multivariate linear processes studied in this paper is

o0
Z iZi—j, i€,

where (B;);>0 is a sequence of random variables independent of (Z;). To obtain this
linear process from the general one in (34) take

oo _| B itk=].
BkiT) 0, ifk #

fori > 0andk, j € {1,...,d}. In this case, under the conditions from Theorem 4.1
the limiting process M reduces to

M) = (Bf‘;kM“‘“ (1) v 13’2"M("*>(t))k7

- (§+M("+)(t)v§,M(k_)(t))k ey

for ¢t € [0, 1], where (§+, B_) is a two- dimensional random vector, independent of

(M*D, MEyr | such that (By, B_) = (\/l>0 Bi".\/i=0 Bi"). By an appli-
cation of Proposmons 5.2 and 5.3 in [14] we can represent M in the form

M(t)= B, M. (t)vVB_M_(1), tel0,1],
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where M, (1) = (M* D)y 4 and M_(t) = (M%*))_y. 4 are extremal pro-
cesses with exponent measures v, and v_ respectively, where for x € [0, c0)?, x # 0,

o0 d Q(k)+
v ([0, x]19) =/0 P <y \/ xl(k) > 1> ay = dy
k=1
and . ) Q(k)_
V- (110, x11 Z/ P(y V l(k) > 1>Oly°’1 dy.
0 o

In the following example we show that the functional convergence in the weak
M, topology in Theorems 3.3 and 4.1 in general cannot be replaced by convergence
in the stronger standard M7 topology.

Example 4.4. Let (7;);cz be a sequence of i.i.d. unit Fréchet random variables,
ie. P(T; < x) = e '/* for x > 0. Take a sequence of positive real numbers (a,,)
such that n P(T1 > a,) — 1/2 as n — oo, for instance, we can take a,, = 2n. Let

Zi = (Thi—1,Th), i€l

Then it follows easily that n P(||Z|| > a,) — 1 as n — oo. It is straightforward
to see that the random process (Z;);c7z satisfies all conditions of Theorem 3.3, and
hence the partial maxima processes M, (- ) of the linear process

Xi=CoZi+Ci1Zi—1, i€,

1 1 0 0
Co:<0 0> and C1:<1 1),

converges in distribution in D? with the weak M topology.

Next we show that M,,(-) do not converge in distribution under the standard M
topology on D%. This shows that the weak M topology in Theorems 3.3 and 4.1 in
general cannot be replaced by the standard M topology. Let

with

Vo) =MV @) = MP (1), 1e]0,1],

where
lnt] (1) , @ o) o ‘
MOy =\ LA o\ Bt T

a a
i=1 n n

i=1
and
nt] (1) (2) [nt]
@O ANTZLAFTZE Y T+ i
MP @ =\/ =\/ .
an ay

i=1 i=1

The first step is to show that V,,(-) does not converge in distribution in D! endowed
with the standard M topology. According to [15] (see also Proposition 2 in [1],
where the term “weak M convergence” is used for convergence in distribution in
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the standard M topology) it suffices to show that

lim lim sup P(ws (V) > €) > 0 37
=0 n—oo
for some € > 0, where
ws(x) = sup M(x(t1), x(1), x(t2))
1<t=<n

0<tnh—-1 <94

(x € D', 8 > 0) and

0, if x2 € [x1, x3],
M(xy, x2, x3) = . .
min{|x; — x|, |x3 — x2|}, otherwise.

Denote by i’ = i’(n) the index at which max<;<,—; 7; is obtained. Fix € > 0 and let
Ape ={Tyy > €a,} and

Bue ={Ty > €ayand Ik € {—i’ — 1,...,3}\ {0} such that T, > €a,/8}.

The regular variation property of Tj yields n P(T} > ca,) — (2¢)~! asn — oo for
¢ > 0, and this, together with the fact that (7;) is a sequence of i.i.d. variables, yield

P(T n—1 B
lim P(Apc) =1 — lim <1 - M) —1—e @ (38
n—o0 n—oo n
and
n—1 3
lim sup P(B, < limsu P(T; > €a,, T;+r > €a,/8
n_)oop ( n,e)_ nﬁmpg k_Z_n (l n> Li+k n/)
k#0
<limsup (n — 1)(n 4+ 3) P(T1 > €a,) P(T1 > €a,/8) = 2¢72. 39)

n—oo

Note that on the event A, ¢ \ By ¢ it holds that 7j» > €a, and T 4 < €a, /8 for every
ke{—i'"—1,...,3}\ {0}. Now we distinguish two cases.

(i) i’ is an even number. Then i’ = 2i* for some integer i*. Observe that on the
set Ay.e \ Bn,e we have

. | .
Mﬁl)(f)zw>e and M’g)(i):\/mg

€
n an n A an 4’

and similarly

This implies
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i*—1 i*—1 i*—1 € €
"\ n " n " n € 4’ 4

Further, on the set A, ¢ \ By, ¢ it holds that

and

M,gl)<i* + 1) _ Lt Ty and Mr(lz)<i* + 1) _ L+ Ty
n an n

which yields

.
w(—) =
n

(ii) i’ is an odd number. Then i’ = 2i* — 1 for some integer i *. Similarly as in the
case (i) on the event A, ¢ \ B, one obtains

e N R

Hence from (i) and (ii) we conclude that on the set A, ¢ \ By, ¢ it holds that

() -5 555 0
and i*+1 i* 3¢
() ()]

Note that on the set A, ¢ \ B, e one also has

w() e [ (7))

and therefore taking into account (40) and (41) we obtain

*

W2yn (Vi) = M(Vn(i* — l), vn(i—), vn(i* + 1)) -3

n n n

on the event A, ¢ \ B, . Therefore, since w;( - ) is nondecreasing in §, it holds that

IA

HminfP(A, ¢ \ Bue) < liminfP(w)/n(Vy) > €/2)
n—oo n— 00

IA

gim lim sup P(ws (V) > €/2). (42)
—

0 n—soo

Since x2(1 — e_(2x)_l) tends to infinity as x — oo, we can find € > 0 such that
€2(1 — e~ 97"y 5 2 thatis 1 — e 297" > 2¢=2. For this e, by relations (38) and
(39), we have
lim P(A, ) > limsupP(B, ),
n—0o0 n—00
ie.
liminfP(A, ¢ \ Bne) > lim P(A;) —limsupP(B, ) > 0.
n—od n— oo

n—oo
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This and (42) imply (37), and hence V,,(-) does not converge in distribution in D!
with the standard M topology.

To finish, if M,,(-) would converge in distribution in the standard M topology on
D%, and then also on D2, using the fact that linear combinations of the coordinates
are continuous in the same topology (see Theorems 12.7.1 and 12.7.2 in [17]) and
the continuous mapping theorem, we would obtain that V,,(-) = M,gl)( 2) - M,(lz)( -)
converges in D! with the standard M; topology, which is impossible, as is shown
above.
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