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1 Introduction

Let (X;);ez be a strictly stationary sequence of random variables, and denote by
M, = max{X;, X5,..., X, },n > 1, its partial maxima. The asymptotic distributional
behavior of M,, is one of the main objects of interest of classical extreme value theory.
When (X;) is an i.i.d. sequence and there exist constants a,, > 0 and b,, such that

P(M"—_b” Sx) S G(x) asn— oo, (1)
dap

with nondegenerated limit G, the limit belongs to the class of extreme value distri-
butions, see [13]. It is known that generalizations of this result to weak convergence
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of partial maxima processes in the space of cadlag functions hold. More precisely,
relation (1) implies

Ln-]
ay (My(-) = by) = a;l(vxi—bn) Sy() @
i=1

in the space D([0, 1],R) of real-valued cadlag functions on [0, 1] endowed with the
Skorokhod J; topology, with Y being an extremal process generated by G (see [11],
and Proposition 4.20 in [13]). Simplifying notation, we sometimes omit brackets and

write a; ' (M, — b,) 4 Y. The convergence in relation (2) also holds for a special
class of weakly dependent random variables, the linear or moving averages processes
with i.i.d. heavy-tailed innovations and deterministic coefficients (see Proposition 4.28
in [13]).

Recently, it was shown in [9] that the functional convergence in (2) holds for linear
processes with i.i.d. heavy-tailed innovations and random coefficients. In this paper we
aim to generalize this result in two directions, the first one by studying linear processes
with weakly dependent innovations (and random coefficients), and the second one by
extending this theory to the multivariate setting. Due to possible clustering of large
values, the J; topology becomes inappropriate, and therefore we will use the weaker
Skorokhod M| topology. This topology works well if all extremes within each cluster
of large values have the same sign.

The paper is organized as follows. In Section 2 we introduce basic notions about
regular variation, linear processes, point processes and Skorokhod topologies. In Sec-
tion 3 we derive the weak M, convergence of the partial maxima stochastic process
for finite order multivariate linear processes with weakly dependent heavy-tailed in-
novations and random coefficients. In Section 4 we extend this result to infinite order
multivariate linear processes, and give an example which shows that the convergence
in the weak M| topology in general cannot be replaced by the standard M conver-
gence.

2 Preliminaries

We use superscripts in parentheses to designate vector components and coordinate
functions, ie. a = (aV,...,a®) e R and x = (x(V,...,x@): [0,1] —» R<.
For two vectors a = (a(l),...,a(d)), b = (b(l),...,b(‘”) € R4, a < b means
a® < p® forall k = 1,...,d. The vector (a(l), oadD p b(d)) will be
denoted by (a, b), and the vector (aV, 6, a@ p? 4@ p(d))will be denoted
by (a'?, ) . DenotebyaV b the vector (a'V v, ... aldvbD) where
for c,d € R we ﬁft ¢ Vd = max{c, d}. Sometimes for convenience we will denote
the vector a by (a?),;.._4. For a real number ¢ we write ca = (ca'", ..., ca®).

.....

2.1 Regular variation

The R¢-valued random vector ¢ is (multivariate) regularly varying if there exist @ > 0
and a random vector ® on the unit sphere S~! = {x € R? : ||x|| = 1} in R?, such that
for every u > 0,
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P(IEN > ux, E/lEl € ) w o
(€] > x) DuwTR@e:) asx— e, )

where the arrow “—>” denotes the weak convergence of finite measures and || - ||
denotes the max-norm on R¥. This definition does not depend on the choice of the
norm, since if (3) holds for some norm on R<, it holds for all norms (of course, with
different distributions of ®). The number « is called the index of regular variation of &,
and the probability measure P(® € -) is called the spectral measure of ¢ with respect

to the norm || - ||. In the one-dimensional case regular variation is characterized by
P(|¢] > x) =x~?L(x), x > 0, for some slowly varying function L and the tail balance
condition
. P(E>x) P <-x)
lim ———~— = p, lim —=—— =g,
x—e P(|€] > x) x—e P(|&] > x)

where p € [0,1] and p + ¢ = 1.

A strictly stationary R?-valued random process (&£,,),.cz is regularly varying with
index @ > 0 if for any nonnegative integer k the kd-dimensional random vector
& = (&1, ...,&) is multivariate regularly varying with index @. According to [2] the
regular variation property of the sequence (&,) is equivalent to the existence of a
process (Y;,)nez which satisfies P(||Yp|| > y) =y ®fory > 1, and

(" Enez | oll > x) 5 (Vnez asx — oo, @)

fidi L . T
where “——” denotes convergence of finite-dimensional distributions. The process
(Y,,) is called the tail process of (&,).

2.2 Linear processes

Let (Z;)icz be a strictly stationary sequence of random vectors in R¢, and assume
Z, is multivariate regularly varying with index @ > 0. We study multivariate linear
processes with random coefficients, defined by

Xi ZZCJ'Z[,J', iEZ, (5)
Jj=0

where (Cj) ;>0 is a sequence of d X d matrices (with real-valued random variables as
entries) independent of (Z;) such that the above series is a.s. convergent. One sufficient
condition for that is Z;—.;OE||Cj||§ < oo forsome d < @,0 < § < 1 (see Section 4.5 in
[13]), where for a d x d matrix C = (C; ;), ||C|| denotes the operator norm

d
Cl = Cx|| :x e R4, ||x|| = 1} = G il.
IC]l = sup{l|ICx]| : x € R, ||x]| = 1} i:rfladeI Jl

..... -

Jj=1

2.3 Skorokhod topologies

Denote by D = D([0, 1], R¢) the space of all right-continuous R¢-valued functions
on [0, 1] with left limits. For x € D9 the completed (thick) graph of x is defined as
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G.={(t.2) € [0.1] xR’ : z € [[x(1-),x(D]]}.

where x(¢—) is the left limit of x at # and [ [a, b]] is the product segment, i.e. [[a, b]] =
[aD,bD] x - x [aD, b D] for a = (aV,...,a D), b = (bD,...,b D) €
R4, and [a", b)] coincides with the closed interval [a A b, a® v (], with
¢ A d =min{c, d} for c,d € R. On the graph G, we define an order by saying that
(t1,21) < (12, 22) if either (i) 11 < 12, or (i) |x;(11-) = 2| < |xj(12-) = 23| for
all j =1,2,...,d. A weak parametric representation of the graph G is a continuous
nondecreasing function (r, #) mapping [0, 1] into G ., with r being the time component
and u the spatial component, such that r(0) = 0, 7(1) = 1 and u(1) = x(1). Let IT,, (x)
denote the set of weak parametric representations of G . For xi,x; € D4 define

dy (x1,x2) = inf{{|r1 = ralljo,1) V llur —ualljo,1) : (risui) € Iy (x;),i = 1,2},

where ||x[lj0,17 = sup{|lx(#)|| : ¢ € [0,1]}. Now we say that a sequence (x,),
converges to x in D¢ in the weak Skorokhod M, topology if d,, (x,,x) — O as
n — oo. If we replace the graph G, with the completed (thin) graph

Iy ={(t,2) € [0,1] xR? : z = Ax(t=) + (1 — )x(¢) for some A € [0,1]},

and weak parametric representations with strong parametric representations, that is
continuous nondecreasing functions (r, #) mapping [0, 1] onto I'y, then we obtain the
standard (or strong) Skorokhod M; topology. This topology is induced by the metric

dp, (x1,x2) = inf{||ry = ralljo,1) V llur —ualljory : (risui) € Mg(x;),i = 1,2},

where IT;(x) is the set of strong parametric representations of the graph I'y. Since
I, (x) C I, (x) for all x € D4, the weak M topology is weaker than the standard M,
topology on D, but they coincide for d = 1. The weak M topology coincides with
the topology induced by the metric

dp(x1,x2) = max{dp, (7, 23y j =1, d} (6)

for x; = (xf]), ... ,xfd)) € D4 and i = 1,2. The metric d, induces the product
topology on D4,

By using parametric representations in which only the time component r is non-
decreasing instead of (r,u) we obtain Skorokhod’s weak and strong M, topologies.
The metric

dm, (x1,x2) = ( sup irll_f d(a,b)) V( sup irll_f d(a,b)),

aely b€lx a€ly, P€lx|

where d(a,b) = max{ja®) —bD| :i=1,....,d+1} fora = (aV,...,ald*V),
b= (bW, .. ., b)) e R¥! induces the strong M, topology, which is weaker than
the M topology. For more details and discussion on the M; and M, topologies we refer
to Sections 12.3-5 and 12.10-11 in [17]. Since the sample paths of the partial maxima

processes in (2) are nondecreasing, we will restrict our attention to the subspace D?

of functions x in D¢ for which the coordinate functions x(*) are nondecreasing for all
i=1,...,d
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2.4 Point processes

Let (Z;);ez be a strictly stationary sequence of regularly varying R%-valued random
vectors with index @ > 0. Assume the elements of this sequence are pairwise asymp-
totically (or extremally) independent in the sense that

P(|Zi|| > x, 1 Z;]| > x)
1m
x—00 P(IZ1]l > x)

=0 foralli#j. @)

We also assume asymptotical independence of the components of each Z;:
lim P(1Z7| > x|z >x) =0 forall jk e {l,....d},j#k (8
X—00

Condition (7) implies the sequence (Z;) is regularly varying with index « (Proposition
2.1.8 in [10]) with the tail process as in the i.i.d. case, thatis ¥; = 0 for i # 0, and
P(||Ypll > y) = y=® for y > 1. Relation (8) implies that Y a.s. has no two nonzero
components.

Define the time-space point processes

n
Np = 8(i/m zijay forallneN,
i=1

with (a,) being a sequence of positive real numbers such that
nP(|Zi]| > a,) =1 asn — co. ©)

The point process convergence for the sequence (N,,) on the space [0, 1] x E, where
E9 = [—00, 00]? \ {0}, was obtained in [3] under the following two weak dependence
conditions.

Condition 2.1 (Mixing condition). There exists a sequence of positive integers (ry,)
such that r,, — oo and r,/n — 0 as n — oo and such that for every nonnegative
continuous function f on [0, 1] x E¢ with compact support, denoting k,, = |n/r,], as
n— oo,

wlool- (N [1eleo- S (5 )} o

Condition 2.2 (Anticlustering condition). There exists a sequence of positive integers
(rn) such that r, — oo andr, /n — 0 as n — co and such that for every u > 0,

lim limsupP( max || Z;|| > uay ||| Zo|| > uan> =0.

m—oo m<|i|<r,

The sequences (r,,) in these two conditions are assumed to be the same. It can be

shown that Condition 2.1 holds for strongly mixing random sequences (see [5, 7]).
Now we show that Condition 2.2 holds under condition (7). Let

k
— Z PIZil > uan, || Zoll > uan)
’ P(llZoll > uan)

lil=1
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for k,n € N. For every k € N condition (7) implies that x¢, — 0 as n — oco. An
application of the triangular argument (Lemma A.1.3 in [10]) yields that there exists
a nondecreasing sequence of positive integers (s,), such that s, — coand x,, , — 0
as n — oo. Denote

rp =min{s,, |[Vn|}, neN. (10)
Then r,, — oo and r,;/n — 0 as n — oo. For a fixed m € N and large r, (such that
r, = m) it holds that

I'n

Z PUIZill > uan, || Zoll > uan)
P(llZoll > uan)

P( max || Z;|| > ua,

m<|i|<ry,

1Zoll > uan) <

lil=m
< Xspuns

and letting n — oo we obtain

lim P( max ||Z;|| > uay, ||| Zo|| > uan) =0

n—oo m<|i|<r,

for every m € N. Hence, letting m — oo, we see that Condition 2.2 holds. The latter
condition holds also under Leadbetter’s condition D’:

Ln/k]
lim limsup n Z P(||Zol| > xan, || Zi|| > xa,) =0 forallx >0. (11)

— n—oo P

The asymptotical independence condition (7) also holds under condition D’. For more
discussion of the above weak dependence conditions, in the context of partial sums,
we refer to Section 9.1 in [12] and [16].

In the sequel whenever we assume that Condition 2.1 holds we suppose that the
sequence (r,) that appears in this condition is the same as in (10), and this will
ensure that Conditions 2.1 and 2.2 are satisfied by the same sequence (r,). Under
Condition 2.1 by Theorem 3.1 in [3], as n — oo,

d
N, —>N=ZZ5<E,Pm> (12)
R

in [0, 1] x E4, where

() 22 6(r,p,) is a Poisson process on [0, 1] x (0, c0) with intensity measure
Leb x v, with v(dx) = ax~ ! dx and @ = P(sup,._, |[¥;]| < 1).

(i1) (Z;o:l Oy;)i is an iid. sequence of point processes in E“ independent of
2. 6(1;,p,) and with common distribution equal to the distribution of the point
process )’ ; 6)7j/L()7), where L(Y) = sup;ez [|¥;]l and 2; 5)7j is distributed as
(2Zjez Oy, | sup;<_y |IY:ll < 1).

Taking into account the form of the tail process (Y;), it holds that # = 1 and

N = 361, pino) With |Imioll = 1. Hence, denoting Q; = 7,0, the limiting point
process in relation (12) reduces to

N = Zé(Tf,PiQi)' 13)
i
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Since the sequence (Q;) is independent of the Poisson process 3.2, 6(7;,p;), an ap-
plication of Proposition 5.3 in [14] yields that }}; 6(r,, p, 0,) is a Poisson process on
[0,1] x (0, 00) x E¢ with intensity measure Leb X v x F, where F is the common
probability distribution of Q;.

For x € Rlet x* = |x|1 x>0y and x~ = |x|1{c0}. Define the maximum functional

®: M, ([0, 1] x E) — D%f by

_ )+ -\
(I)(Z5(ti’(xl§1)"..’x§d))))(t) = (( \/xi ) \/xi )j:l d>k y (14)

.....

1<t <t =1,...,

fort € [0, 1] (with the convention V@ = 0), where the space M, ([0, 1] xE4) of Radon
point measures on [0, 1] x E is equipped with the vague topology (see Chapter 3
in [13]). Note that on the right-hand side in (14) we repeat the 2d coordinates of the

. . *
vector (\/tig XD, xY )_) o consecutively d times. Let
j=

A = {7 € M,([0,1] x E?) : n({0,1} x E?) = 0 and
7([0,1] x {(xD, ..., x@) : x| = oo for some i}) = 0}.

Then Proposition 3.1 in [9] and the definition of the metric d), in (6) yield the
continuity of the maximum functional ® on the set A in the weak M| topology.

3 Finite order linear processes

Let (Z;);ez be a strictly stationary sequence of regularly varying R%-valued random
vectors with index @ > 0. Fix m € N, and let

m
X; = Z CiZi; i€, (15)
=0
be a finite order linear process, where Cy, Cy, ..., C,, are random d X d matrices

independent of (Z;). Define the corresponding partial maxima process by

| nt ] | nt ]

(16)

for ¢ € [0, 1], with the normalizing sequence (a,) as in (9). For k, j € {1,...,d} let
. m ) m

D% = \/C;k’j and D*J = \/ Cikj» a7
i=0 i=0

where Cx ; is the (k, j)th entry of the matrix C;, C;Tkj = |Cik,jll¢cip ;503 and
Ci_;k,j = |Ci;k,j|1{ci;k,j<0}'
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First, we show in the proposition below that a particular process W,,, constructed
from the sequence (Z;), converges in D‘Ti with the weak M| topology. Later, in the
main result of this section, we show that the weak M; distance between processes
M,, and W,, is asymptotically negligible (as n — o0), which will imply the functional
convergence of the maxima process M,,. The limiting process will be described in
terms of certain extremal processes derived from the point process N = 3; 6(7;,p,0;)
in relation (13). Extremal processes can be derived from Poisson processes in the
following way. Let ¢ = 34 6(,, ;) be a Poisson process on [0, ) X [0, 00)4 with
mean measure Leb X u, where 4 is a measure on [0, c0)¢ satisfying p({x € [0, )¢ :
|x]| > 6}) < oo for any 6 > 0. The extremal process G( -) generated by ¢ is defined
by G(t) = \V/,, < jk for t > 0. Then for x € [0, 00), x # 0, and ¢ > 0 it holds that
P(G (1) < x) =exp(—tu([[0,x]]¢)) (cf. Section 5.6 in [14]). The measure u is called
the exponent measure.

Proposition 3.1. Let (X;) be a linear process defined in (15), where (Z;);c7z is a strictly
stationary sequence of regularly varying R -valued random vectors with index a > 0
that satisfy (7) and (8), and Cy, Cy, . .., Cy, are random d X d matrices independent
of (Z;). Assume Condition 2.1 holds. Let

Lnz]

d
W, (¢) = ( \/ \a! (D’j’le.(”* v D’j’fZl.(“)) . relo1],

i=1 j=1

with Df’j and D%J defined in (17). Then, as n — oo,

d
Wa() S M(-) = (v (DM v 5’i’fM(f‘)(-))> (18)
k=

j=1

in D? with the weak M, topology, where MU*) and MU=) are extremal processes
with exponent measures v, and v ;_ respectively, with

vj+(dx):E(Q§j)+)aax_“_1dx and vj_(dx):E(Qij)_)“ax_“_ldx

forx >0 (j=1,...,d), and ((5f’j,5]f’j);:1 Dk=1,...d 15 a 2d?-dimensional

random vector, independent of (M), MU~)) =1

.....

..........

Remark 3.2. In Proposition 3.1, as well as in the sequel of this paper, we suppose
MU*) is an extremal process if E(Qil ) ™)@ > 0, and a zero process if this quantity is
equal to zero. Analogously for M=),

Proof of Proposition 3.1. As noted in Subsection 2.4, condition (7) implies that the
sequence (Z;) is regularly varying with index @ and that Condition 2.2 holds. This,
with Condition 2.1, implies the point process convergence in (12) with the limiting
point process N described in (13). Since N is a Poisson process, it almost surely
belongs to the set A. Therefore, since the maximum functional @ is continuous on A,
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the continuous mapping theorem (see, for instance, Theorem 3.1 in [14]) applied to

the C()nVergenCe m (1 2) yleldS @(Nn) b q)(N) m D under the Weak M t()p()l()gy,
T
1.€.

Ve a7 0-)
Wx(-) := ((a‘l ZU q-l z ) )
" " \/ ' " \/ ' j=1,..d/ k=1,...d

i=1 i=1 =1,...,d/ k=1,...,

SW() = (( \/ P \/ P,~ij>_) ) .19
Ti<. Ti<. d/ k=1,....d

j=l,...d/ k=1,...,

By the same arguments as in the proof of Proposition 3.2 in [9] we obtain that D%dz
with the weak M topology is a Polish space, and hence by Corollary 5.18 in [4] we

.....
.....

..........

.....
.....

W, by an application of Theorem 3.29 in [4], imply that
(B,W)) 4, (B,W) asn— oo (20)

.....
.....

B = (B, E’f’j);:l _k=1,....a are random elements in D%dz such that BX/ (1) =
DXJ Bki(r) = D*J, B (1) = DX/ and B*J (1) = DX for ¢ € [0, 1].
A multivariate version of Lemma 2.1 in [9] implies that the function g: D

D%d2 defined by

2
4d> _,

1

g(x) = (x(])x(2d2+])’x(2)x(2d2+2), o ’x(de)x(4d2))

forx = (x(D, ... x@d)) ¢ D‘T‘dz, is continuous in the weak M; topology on the set of
4d?
T _
points, and this yields P[(B, W) € Disc(g)] = 0, where Disc(g) denotes the set of
discontinuity points of g. A multivariate version of Lemma 2.2 in [9] shows that the

function h: D24* — D4 , defined by

all functions in D%?" for which the first 2d> component functions have no discontinuity

T T
2d  4d ‘ 2d° A
h(x) = (\/x(’), \/ D, \/ x(l))
i=1 i=2d+1 i=2(d~1)d+1
forx = (x)_y  op € D%dz, is continuous when both spaces D%dz and D? are

endowed with the weak M) topology. Therefore, the continuous mapping theorem

applied to the convergence in (20) yields (ko g)(B, W) i) (ho g)(E, W) asn — oo,
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i.e.

in D‘Ti with the weak M topology. Note that (k o g)(B, W)r) is equal to W,,.

To finish the proof, it remains to show that (4 o g)(B,W) is equal to the limiting
process in relation (18). By an application of Propositions 5.2 and 5.3 in [14] we obtain

that for every j = 1,.. ., d the point process ;; 6(7- P09 is a Poisson process with

intensity measures Leb X v, and hence M U (1) = V< Piij )* is an extremal
processes with exponent measures v;; (see Section 4.3 in [13]; and [14], p. 161).

Analogously, MU= (1) := V< Piij )~ is an extremal processes with exponent
measures v;_, and hence

(hog)(B,W) = (\/ (5]j’jM<f+) v E’j»fMU-))) ., refo,1].
A d
]
The proof of the next theorem relies on the proof of Theorem 3.3 in [9] where
the functional convergence of the partial maxima process is established for univariate
linear processes with i.i.d. innovations and random coefficients. We will omit some
details of those parts of the proof that remain the same in our case, but we will

show how to handle those parts that differ due to the multivariate setting and weak
dependence of innovations.

Theorem 3.3. Let (Z;);cz be a strictly stationary sequence of regularly varying
R<-valued random vectors with index a > 0 that satisfy (7) and (8), and let Cy, Cy,
..., Cyy be random d x d matrices independent of (Z;). Assume Condition 2.1 holds.

d
Then M,, —» M as n — o in D?’ endowed with the weak M topology.
Proof. Let W, be as defined in Proposition 3.1. If we show that for every ¢ > 0,
lim P[d,(W,, M,) > 6] =0,

then from Proposition 3.1 by an application of Slutsky’s theorem (see Theorem 3.4

in [14]) it will follow that M, 4 M in D? with the weak M, topology. Taking into
account (6) we need to show

lim P[dp, (W, M) > 6] =0,
n—oo

forevery j = 1,...,d, but it is enough to prove the last relation only for j = 1 (since
the proof is analogous for all coordinates j). In fact, it suffices to show

lim P[dp, (W", M) > 6] =0, @

n—oo



M convergence of maxima of multivariate linear processes 261

since for x,y € D% it holds that dy, (x,y) = dy, (x,y), where dj,, 1s a complete
metric topologically equivalent to dps, (see Remark 12.8.1 in [17]; and [9], page 247).

In order to show (21), fix 6 > 0 and let n € N be large enough, i.e. n >
max{2m,2m/¢}. By the definition of the metric dps, we have

sz(W,i”,M,S”)z( sup inf d(v,z))V( sup  inf d(v,z))

vel, ) zely,m vel, m zelym
=R, VT,.

Hence
Pldp, (WD, M) > 5] < P(R, > 6) +P(T;, > 6). (22)

To estimate the first term on the right-hand side of (22), define

D,={3ve me such that d(v, z) > 6 for every z € FM(I)}.

Note that {R,, > 6} C D,. On the event D, it holds that d(v,FM<1>) > §. Let
v = (t,,x,). Then as in the proof of Theorem 3.3 in [9], forall/ = 0, 1, ..., m it holds

that . ’
+
Wi (5) - mih (’ )|z 0.0 > 6 (23)
n n n

with * |nt,| or i* = |nt,| — 1. Note that i* is a random index. Let D =
_____ d(Dk] \Y Dkf) This implies |Cix ;| < D for all i € {0,...,m} and
k,j € {1 .,d}. Denote 6* = §/[8(m + 1)d]. We claim that

Dn - Hn,l U Hn,Z U Hn,3v (24’)

ap

Hn,Z =

D||Z
Hp, :{316{—m,-..,m}U{n—m+1,...,n}s.t. —” il >5*},
{3k€{L...,n}andHle{k—m,...,k+m}\{k}

such that

Qan Qan

D||Z Dl||Zz
1zl _ . .4 DIZl >5*},

Hn’gz{ﬂke{l,...,n}, Jjoe{l,....d}and3p e {l,....d}\ {jo}

Z(jo)| | I’)l
such that —~—— > §* and kS 5*}.
a, a,

Note that relation (24) will be proven if we show that
ﬁn =D,N (Hn,l UH,,U Hn,3)c =

Assume the event Bn occurs. Then necessarily W,(ll)(i*/n) > ¢*. Indeed, if
WiV (i /n) < 6%, that is

it d o
\/ /a4 (Di’fz}”+ v Dlgfzj”‘) =w (l—) <&,
n

i=1 j=1
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then for every s € {m + 1, ...,i*} it holds that
X(l) m d Cri JZS(])r m d D] jZ(j)r"' DL /ZY(J)r—
P I3 -
r=0 j=1 r=0 j=1
m d 5
< —
;; 8(m+ Dd 8

D. Krizmanié¢

(25)

since by the definition of D'/ and D'/ we have D}/ ZY)* > 0, D1/ ZY)~ > 0 and

DYz, it Gy > 0and ZVY) > 0,

Cr,; 2 <4 DYZYT if €y < 0and ZY) <0,

0, if Cry - 2 <0
Since the event H¢ | occurs for every s € {1,...,m}, we also have
(1) m d ) m d
| X |Z D||Z
|SZZ|,~]]| sr ZZ ” Sl’||<(m+1)d6
r=0 j=1 r=0 j=1

(1) o it (1)
_é <L < Mr(Ll) (l_) = Xs < é7
8 ay n dap 8
s=1
and thus
() - ()= (O s ()] = i
W, M, W, M, <
‘ " \n " 8(m+1)d

which is in contradiction to (23).

°
8

(26)

0
S_3
4

Therefore W,Sl)(i*/n) > 6%, and hence there exist k € {1,...,i"} and jy €

{1,...,d} such that
Wi (%) = a! (D Z v DLz ) > 5.
n

This implies

D|Z o .
|| Kl _ \/ 20 x 2 Z(JO)| S a_(DLJOZI((JOH v Doz ) S st
n

From this, since HZ N HZ ,N Hr‘; 5 oceurs, it follows thatm +1 < k < n-m,

izl _ .

Aap

foralll e {k —m,...,k+m}\ {k},

@7
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and
D|Z\"|

dan

<6 forall pe{l,...,d}\ {jo}. (28)

Similarly as in the proof of Theorem 3.3 in [9] one can show that MV (i /n) = X](.l)/an
for some j € {1,...,i*} \ {k, ..., k+m}. Now we have four cases:

(A1) all random vectors Z;_,,,, ..., Z; are “small”,

(A2) exactly one is “large” with exactly one “large” component,
(A3) exactly one is “large” with at least two “large” components,
(A4) at least two of them are “large”,

where we say Z is “large” if D||Z||/a,, > 6%, otherwise it is “small”, and similarly the
component Z®) is “large” if D|Z®)|/a, > 6"

Following the arguments from [9], adjusted to the multivariate setting, it can be
shown that the cases (A1) and (A2) are not possible (see the arXiv preprint [6] for
details). The case (A3) is not possible on the event Hc , and the case (A4) is not
possible on the event H, ¢ ,- Since neither of the four cases (Al)—(A4) is possible, we
conclude that Bn =0, and hence (24) holds.

The next step is to show that P(H,, ) — Oasn — oo for k = 1, 2, 3. By stationarity
we have P(H,,,1) < (3m + 1) P(D||Z:|| > 6*a,), and therefore

lim P(H,. 1) = 0. (29)

As for H,, » we have

n k+m
Dz DIz
P(HppN{D<ch=> > P( 12l 5, DI l”>5*,1)3c)

k=l I=k-m n
1+k
m
Z * | Z; *
- Z ||0|| 6_,||l||>6_
a, c

5 Il S5
i (llzoll )P(an > s £
1 Zoll S5*
i=1 P( a,: T)

c
for an arbitrary ¢ > 0. Therefore regular variation and the asymptotical independence
condition (7) yield limy, e P(H, 2 N {D < c}) = 0, and this implies

limsupP(H, ) < limsupP(H,» N {D > c}) < P(D > ¢).

n—oo n—oo

Letting ¢ — oo we conclude
lim P(H, ) =0. 30)
n—oo
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By the definition of the set H,, 3 and stationarity it holds that

n d (1) (s)
D|Z,”| D|Z,”|
P(Hn,m{DSc}):Z Z P( ks g, K >6*,DSC)
=l 1521 an An
l+s
d (s) (1) (s)
Z o* Z s | 1Z 5
< Z nP(|1|>—>P(|1|>—u>—)
Pt an c an c | an c
L+s
d 0) (s)
Z 0" VA 5|12 0"
< Z nP(” 1”>—>P(u>— |1 |>_),
= a, c a, c a, c
’lis
and hence regular variation and condition (8) yield
lim P(H,3) = 0. 31

Now from relations (24) and (29)—(31) we obtain lim,_,., P(D,) = 0, and since
{R,, > 6} C D,,, we conclude that

lim P(R, > 6) =0. (32)
Interchanging the roles of M,(,]) and W,(,l) in handling the event D,,, and using the

arguments from the proof of Theorem 3.3 in [9], adjusted to the multivariate setting,
we can show

lim P(T,, >6) =0 (33)
n—oo0
(for details see the arXiv preprint [6]). Now from (22), (32) and (33) we obtain (21),
which means that M, 4, M in D? with the weak M, topology. O

4 Infinite order linear processes

Let (Z;);cz be a strictly stationary sequence of regularly varying R¢-valued random
vectors with index @ > 0, and (C;);>0 a sequence of random d xd matrices independent
of (Z;) such that the series defining the linear process

Xi=) CiZiy, i€Z, (34)
7=0
is a.s. convergent. For k, j € {1,...,d} let

D’J:J = max{C;k,J. :i>0} and D%/ = max{Cy; ;i >0},

where Cjx ; is the (k, j)th entry of the matrix C;. Let M, be the partial maxima
process as defined in (16), and M the limiting process from Proposition 3.1.
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To obtain functional convergence of the partial maxima process for infinite order
linear processes, we first approximate them by a sequence of finite order linear pro-
cesses, for which Theorem 3.3 holds, and then show that the error of approximation
is negligible in the limit with respect to the weak M, topology. In this case, besides
the conditions from Theorem 3.3 for finite order linear processes, we will need also
some moment conditions on the sequence of coefficients.

Theorem 4.1. Let (Z;);cz be a strictly stationary sequence of regularly varying R-
valued random vectors with index a > 0 that satisfy (7) and (8), and let (C;);>o be a
sequence of random d X d matrices independent of (Z;). Assume Condition 2.1 holds
and suppose

S EUICH I +ICi117) < oo, if @ € (0,1),
S EUICHI +1ICiD) <00, ifa=1, (35)
255 ENC I < oo, ifa>1,

for some 6 € (0,a) andy € (a,1). Then M, 4 M as n — co in D? endowed with

7
the weak M, topology.

Proof. Form € N, m > 2, define
m-2
=>.CZi j+CM V7 iy +CVZ, L, i€,
7=0

and
Lnt]

‘1\/Xm, te[— 1]

1
a;IX{", re o),
n

Mn,m(t) =

where C"Y) = max{C; : i > m — 1} and C"") = min{C; : i > m — 1}, with
the maximum and minimum of matrices interpreted componentwise, i.e. the (k, j)th
entry of the matrix cm.V) ig C(m’v) = max{Ciy,; : i > m — 1}, and the (k, j)th
entry of the matrix C"") is C("; A) =min{Ciy,; : i >m—1}.

For k,j € {1,...,d} define

m k,j _ (m,V)+ (m,A)+
( v C; ,”) vty e

and
m—2

Dkl = ( \/ Ci‘;k’j) VeIV e,

i=
Then D7"*/ = D/ and D™k = D*-J and therefore for the sequence of finite order

linear processes (X!"); by Theorem 3.3 we obtain M, ,, 4, M asn — oo in D? with
the weak M; topology.
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If we show that for every € > 0

lim limsupP[d,(M,, M, ) > €] =0,
then by a generalization of Slutsky’s theorem (see Theorem 3.5 in [14]) it will follow
that M, 4 M in D with the weak M, topology. Taking into account (6) and the fact

7
that the metric dps, on D} is bounded above by the uniform metric, it suffices to show

that
P @D sy _ W) _
lim limsupP ( sup |M," (1) = My (8)] > e> =0,

M=o p—oeo 0<t<l

for every j = 1,...,d, and further, as in the proof of Theorem 3.3, it is enough
to show the last relation only for j = 1. Denote by J, , the probability in the
last relation (for j = 1). Now we treat separately the cases @ € (0,1) and @ €
[1, 00).

Case @ € (0, 1). Recalling the definitions, we have

n oy () (D) n (D) pm(D)
xV _x’ xM _x!
hmsP(\/LL——L—J>e)gP(}]LL——L—J>E). (36)

i=1 n i=1 dn

Similarly as in the univariate case treated in [9] we obtain

d 00
1 1 ' , j
Xi( ' - Xl'm( )= Z ( Z Ck;l,jZ,-(g( + (Cn-131,j — Cl(n; V))Zl-(fz,m

=1 N k=m+l

+(Coy = € 2D,

and

n
Sx - Xy
i i
-
' 0

d ) +1
<> [ SO S 1Ciosl + (2 D ||cl||) S |z,.<f3n|].
j=1 s=1

i=—00 I=m-1 i=1

Therefore from (36) by applying condition (35) and the multivariate generalization of
Lemma 3.2 in [8] (for the proof of this generalization see the arXiv preprint [6]) it

. . . d .
follows that lim, . lim sup,,_,, Jn.,m = 0, which means that M,, — M asn — oo in
D? with the weak M, topology.

Case a € [1, ). Define

Cra =Y, ik =m—1,
Akj=9 Cinj-C""Y, ifk=m,
Cht,j» ifk>m+l,
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fork > m—1and j € {1,...,d}. Then using the representation of Xl.(l) - Xl.m(l)

obtained in the previous case we get

n |X(1) m(])| n

1 1 i
MY (1) = Myln(n)] < \/ l— =

i=1 i

for every t € [0,1]. This, (35) and Lemma 5.2 in the arXiv preprint [6] yield

. . o d . .
limy, o0 lim sup,,_,, Jn.m = 0. Thus in this case also M, — M asn — oo in D? with

the weak M topology. O

Remark 4.2. When the sequence of coefficients (C;) is deterministic, the limiting
process M in Theorem 4.1 has the representation

M@ =\/ PiSi, rel0,1],

T; <t

where S; = (Sfl), .. .,S}d)), with S}k) = \/?:](DE’J-QEJ.)Jr \Y D’i’fQEj)_) for k =
1,...,d.Itis an extremal process with an exponent measure p, where for x € [0, oo)d s

x#0,
(01 = [ (vaﬂ)ay“‘dy.

Remark 4.3. A special case of multivariate linear processes studied in this paper is
XizszZi—j7 i €7,

where (B;);>0 is a sequence of random variables independent of (Z;). To obtain this
linear process from the general one in (34) take

oo _ [ B ifk=j.
BeITN 0, ifk £,

fori > Oand k,j € {1,...,d}. In this case, under the conditions from Theorem 4.1
the limiting process M reduces to

() = (D M ™ (1) v DM (1)

- (§+M(k+)(t) v E_M<’<->(z))k_l

for t € [0,1], where (B,, B_) is a two-dimensional random vector, independent of
(MU, &=y such that (By, B-) £ (\Vis0 BY, Viso B;). By an application
of Propositions 5.2 and 5.3 in [14] we can represent M in the form

M(t) = BaM,(t) vV B_LM_(1), t€[0,1],
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where M, (1) = (M%*))_y gand M_(t) = (M* 7)),y 4 are extremal processes
with exponent measures v, and v_ respectively, where for x € [0, oo)d ,x#0,

.....

d (k)+

vl = [ p (yv > 1) ay™ ! dy

and
d (k)—

v-([[0.4]]) = /0 P (y\/ Qxl(k) > 1) ay ! dy.

k=1

In the following example we show that the functional convergence in the weak M
topology in Theorems 3.3 and 4.1 in general cannot be replaced by convergence in the
stronger standard M, topology.

Example 4.4. Let (7;);cz be a sequence of i.i.d. unit Fréchet random variables,
ie. P(T; < x) = e /¥ forx > 0. Take a sequence of positive real numbers (a,) such
that n P(T} > a,) — 1/2 as n — oo, for instance, we can take a, = 2n. Let

Zi = (Tri-1,T), i€Z.

Then it follows easily that n P(||Z1|| > a,) — 1 asn — oo. It is straightforward to see
that the random process (Z;);cz satisfies all conditions of Theorem 3.3, and hence the
partial maxima processes M,,( - ) of the linear process

X, =CoZ;+CiZi—1, 1i€7Z,

1 1 0 0
C0=(00) and C1=(1 1),

converges in distribution in D% with the weak M, topology.

Next we show that M,,(-) do not converge in distribution under the standard M
topology on D%. This shows that the weak M; topology in Theorems 3.3 and 4.1 in
general cannot be replaced by the standard M, topology. Let

with

Va(t) = MY (1) = M7 (1), 1€ 0,1],

where
t 1 2 t
M (1) = L”\/J z{" + 2z _ L\n/ i1 + 1y
" A an 4 an
i=1 i=1
and
t] (1) (2) t
M2 (1) = L\n/J Zia*tZ4io, _ L{l/J Dhi-3 + i
n a an .

i=1 i=1

The first step is to show that V,,( -) does not converge in distribution in D! endowed
with the standard M topology. According to [15] (see also Proposition 2 in [1], where
the term “weak M/ convergence” is used for convergence in distribution in the standard



M convergence of maxima of multivariate linear processes 269

M, topology) it suffices to show that

(lsin%] limsup P(ws(Vy,) > €) >0 37
-V nooo
for some € > 0, where
ws(x) = sup M (x(11),x(1),x(12))
1 <t<hth

0<tHh-t <6
(x e D', 5 > 0) and

0, if x; € [x1,x3],

M(x1,x2,x3) = . i
(x1,x2,x3) { min{|x; — x|, |x3 — x2|}, otherwise.

Denote by i’ = i’(n) the index at which max;<;<,-1 T; is obtained. Fix € > 0 and let
An.e ={Ty > €a,} and

Bn.e ={Ty > eapand 3k € {-i’ — 1,...,3} \ {0} such that Ty, > €a,/8}.

The regular variation property of Ty yields n P(Ty > ca,) — (2¢)~! as n — oo for
¢ > 0, and this, together with the fact that (7}) is a sequence of i.i.d. variables, yield

P(T) > n-l -
lim P(A, ) =1 - lim <1 - M) —1—e 07" (38
n—0oo n—oo n
and
n-1 3
limsupP(B,,¢) < lim supz Z P(T; > €a,, Tirr > €a,/8)
n—oo n—oo l:1 k - —n
k#0
< limsup (n — 1)(n+3) P(T} > €a,) P(T} > €a,/8) = 2¢ 2. (39)

n—oo

Note that on the event A, ¢ \ By, e it holds that Ty > €a, and T4, < €a, /8 for every
ke{-i"-1,...,3}\ {0}. Now we distinguish two cases.
(i) ¢’ is an even number. Then i’ = 2i* for some integer i*. Observe that on the set
Ap.e \ Bn,e we have
n(i\ _ T+ T 2) (1" CTiz+Thia €
) (5) = H e md MY ()2 B s

and similarly
1 1
M,(Ll)(l—) < ¢ and M,(lz)(l—) <
4 n

" ” ” 3
() =m ()M (5) > 5
n n n 4

Blm

This implies
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=1 1) =1 2) =1 € €
() () - () < [-5:4]
" n n n © 4°4

Further, on the set A, ¢ \ By, it holds that

Mr(.])(i*+ 1) _ T +To and M(z)(i* + 1) _ T +To
n an n

and

which yields

-
V,,(’ * ):o.
n

(i) i’ is an odd number. Then i’ = 2i* — 1 for some integer i*. Similarly as in the
case (i) on the event A, ¢ \ B, e one obtains

i 3e =1 € € "+1
n(i)e T w(5)el-3E) me w(E) =0

Hence from (i) and (ii) we conclude that on the set A, ¢ \ By, e it holds that

i -1 3¢ € €
W) (o)l -3 (40)
and . . 3
v,,(’ +1)—v,,(’—) > 2€ (1)
n n 4

Note that on the set A, ¢ \ Bj, ¢ one also has

w5 [ (50) (0]

and therefore taking into account (40) and (41) we obtain

=1 i " +1 €
"-)Z/n(vn) Z1‘4(‘/}1( )»Vn(_)’vn( )) > =
n n n 2

on the event A, ¢ \ By, . Therefore, since ws( - ) is nondecreasing in ¢, it holds that

*

liminf P(A,.¢ \ Bn.c)
n—o0

IA

lim inf P(wy/,, (V) > €/2)
n—oo

IA

éin%) limsup P(ws(Vy,) > €/2). 42)

n—oo

Since x2(1 — e~} tends to infinity as x — oo, we can find € > 0 such that
eX(1 - e_(zf)_l) > 2. thatis 1 — e~ €)™ > 2¢=2. For this e, by relations (38) and
(39), we have
nlim P(Ap,e) > limsupP(B,.¢),
0 n—oco
ie.
lirIlIl)ioIolfP(An,E \Bn.e) = nlE:Igo P(Ap,e) —limsupP(B, ) > 0.

n—oo
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This and (42) imply (37), and hence V,,(-) does not converge in distribution in D'
with the standard M, topology.

To finish, if M,,(-) would converge in distribution in the standard M; topology
on D%, and then also on D2, using the fact that linear combinations of the coordinates
are continuous in the same topology (see Theorems 12.7.1 and 12.7.2 in [17]) and
the continuous mapping theorem, we would obtain that V,,(-) = M,(,l)( - - M,(,Z)( -)
converges in D! with the standard M; topology, which is impossible, as is shown
above.
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