Modern Stochastics: Theory and Applications 0 (0) (2025) 1-22
https://doi.org/10.15559/25-VMSTA275

Approximations related to tempered stable
distributions

Kalyan Barman®*, Neelesh S Upadhye®, Palaniappan Vellaisamy®

2Department of mathematics, IIT Bombay, Powai, 400076, India
bDepartment of Mathematics, IIT Madras, Chennai, 600036, India
®Department of Statistics and Applied Probability, UC Santa Barbara, Santa
Barbara, CA, 93106, USA

barmankalyan @math.iitb.ac.in (K. Barman), neelesh@iitm.ac.in (N.S. Upadhye),
pvellais@ucsb.edu (P. Vellaisamy)

Received: 14 August 2024, Revised: 24 January 2025, Accepted: 15 February 2025,
Published online: 27 February 2025

Abstract In this article, we first obtain, for the Kolmogorov distance, an error bound between
atempered stable and a compound Poisson distribution (CPD) and also an error bound between
a tempered stable and an «-stable distribution via Stein’s method. For the smooth Wasserstein
distance, an error bound between two tempered stable distributions (TSDs) is also derived. As
examples, we discuss the approximation of a TSD to normal and variance-gamma distributions
(VGDs). As corollaries, the corresponding limit theorem follows.
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1 Introduction

Probability approximations is one of the fundamental topics in probability theory, due
to its wide range of applications in limit theorems [6, 30, 35], runs [34], stochastic al-
gorithms [37], and various other fields. They mainly provide estimates of the distance
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between the distributions of two random variables (rvs), which measure the close-
ness of the approximations. Hence, estimating the accuracy of the approximation is a
crucial task. Recently, Chen et al. [9, 8], Jin et al. [18], Upadhye and Barman [30],
Xu [38] have studied stable approximations via the Stein’s method. The distributional
approximations for a family of stable distributions is not straightforward due to the
lack of symmetry and heavy-tailed behavior of stable distributions. One of the major
obstacles is that the moments of a stable distribution do not exist, whenever the stabil-
ity parameter o € (0, 1]. To overcome these issues, different approaches and various
assumptions are used.

Koponen [22] first introduced tempered stable distributions (TSDs) by temper-
ing the tail of the stable (also called «-stable) distributions and making the distribu-
tion’s tail lighter. The tails of TSDs are heavier than those of the normal distribution
and thinner than those of the a-stable distribution, see [21]. Therefore, quantifying
the error in approximating «-stable and normal distributions to a TSD is of inter-
est. A TSD has mean, variance and exponential moments. Also, the class of TSDs
includes many well-known subfamilies of probability distributions, such as CGMY,
KoBol, bilateral-gamma, and variance-gamma distributions, which have applications
in several disciplines including financial mathematics, see [4, 5, 29, 33].

In this article, we first obtain, for the Kolmogorov distance, an error bound be-
tween tempered stable and compound Poisson distributions (CPDs). This provides a
convergence rate for the tempered stable approximation to a CPD. Next, we obtain
the error bounds for the closeness between tempered stable and «-stable distributions
via Stein’s method. We obtain also the error bounds for the closeness between two
TSDs, for smooth Wasserstein distance. As a consequence, we discuss the normal
and variance-gamma approximation and the corresponding limit theorems to a TSD.

The organization of this article is as follows. In Section 2, we discuss some no-
tations and preliminaries that will be useful later. First, we discuss some important
properties of TSDs and some special and limiting distributions from the TSD family.
A brief discussion of Stein’s method is also presented. In Section 3, we establish a
Stein identity and a Stein equation for TSD and solve it via the semigroup approach.
The properties of the solution to the Stein equation are discussed. In Section 4, we
discuss bounds for tempered stable approximations of various probability distribu-
tions.

2 The preliminary results

2.1 Properties of tempered stable distributions

We first define the TSD and discuss some of their properties. Let Iz (.) denote the
indicator function of the set B. A rv X is said to have TSD (see [24, p.2]) if its cf is
given by

¢rs(2) = exp (/ (&' — l)vzs(du)) , z€R, (L
R
where the Lévy measure vy is

mi
u1+a1

m3

e*MuI(Oﬁoo)(u) + e

Vs (du) = ( e*”'l<-oo,o><u>) du, (2
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with parameters m;, A; € (0,00) and o; € [0, 1), for i = 1,2, and we denote
it by TSD(m1, a1, A1, m2, oz, A2). Note that TSDs are infinitely divisible and self-
decomposable, see [24]. Also, note that if o] = oy = «a € (0, 1), then the Lévy
measure in (2) can be seen as

Vis(du) = q(u)ve(du), 3

where
vy (du) = ( T4a Lo,00) + 1+ot — I 0)) du “4)

is the Lévy measure of a a-stable distribution (see [19]) and ¢ : R — Ry is a
tempering function (see [24]), given by

qu) = e Mg o) () + e 2T _ o 0) (). ®)

The following special and limiting cases of TSDs are well known, see [24]. Let R
denote the convergence in distribution. Also let m;, A; € (0, co) and «; € [0, 1), for
i=1,2.

(i) When a; = ap = «, then TSD(m 1, a, A1, m2, a, A2) is the KoBol distribution,
see [3].

(i1) When m{ = mp = m and o1 = ap = «, then TSD(m, o, A1, m, a, A») is the
CGMY distribution, see [5].

(iii) When a1 = ap = 0, then TSD(m1, 0, A1, m2, 0, A7) is the bilateral-gamma
distribution (BGD), denoted by BGD(m 1, A1, m3, X2), see [23].

@(iv) Whenm; = mp» = m and o1 = ap = 0, then TSD(m, 0, A1, m, 0, A») is the
variance-gamma distribution (VGD), denoted by VGD(m, A1, A2), see [23].

(v) Whenm| =my =m, A =X y = rand o] = ap = 0, then TSD(m, 0, A, m, O,
A) is the symmetric VGD, denoted by SVGD(m, 1), see [23].

(vi) When A1, Ay | O, then TSD(m1, a, A1, ma, @, A7) converges to an «-stable
distribution, denoted by S(m 1, m>, o), with cf

¢q(2) = exp (f (e — l)va(du)) , z€eR, (6)
R

where vy is the Lévy measure given in (4), see [28].

(vii) The limiting case as m — oo of the SVGD(m, ~/2m /1) is the normal distribu-
tion NV (0, 12), see [12].

Let X ~ TSD(m1, a1, A1, m2, oz, A2). Then from (1), for z € R, the cumulant gen-
erating function is given by

W(z) = log E[e"“*] = log ¢y (2), 7
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where ¢;(z) is given in (1). Then the n-th camulant of X is

n

[
Ca(X) = (i) [

\Il(z):| = / uvg(du) < oo, n>1. €3]
az" 7=0 R

In particular (see [24]),

mi
C1(X) =EX] =T —a) 5= -1 =)

%)
1—ap’
Al

A

€))

nmi my
Co(X) = Var(X) =T 2~ o) 5o + T2~ @) -, and (10)
Al AZ ?
m3

C3(X) =T (3 —a) —
AZ

an

" _r3
}":]570(] - ( —OlZ)

2.2 Key steps of Stein’s method

Let £ henceforth denote the n-th derivative of f with f@ = fand f' = f(. Let
S(R) be the Schwartz space defined by

SMR) := {f e C®M) : | l‘im Ix™ f™ (x)| =0, forallm,n € No} . (12

where Ny = N U {0} and C*°(R) is the class of infinitely differentiable functions on

R. Note that the Fourier transform (FT) on S(R) is an automorphism. In particular,

if f € SR),and f(u) := [ e ™ f(x)dx,u € R, then f(u) € S(R). Similarly, if

f) e SR),and f(x) := o [ ™ fu)du, x € R, then f(x) € S(R), see [32].
Next, let

H, = {h : R — R|h is r times differentiable and |A X < 1,k =0, 1,...,r},
(13)

where ||i1|| = sup,cg |2 (x)|. Then, for any two rvs Y and Z, the smooth Wasserstein
distance (see [14]) is given by

dy, (Y, Z) := sup |E[r(Y)] = E[r(D)]], r=1 (14)
heH,
Also, let
Hw = {h : R - R|his 1-Lipschitz and ||z] < 1}. (15)

Then, for any two rvs Y and Z, the classical Wasserstein distance (see [14]) is given
by
dw(Y,Z) := sup |E[h(Y)] - E[r(Z)]]. (16)
heHw

Finally, let

Hig ={h:R—> R|h=1I_oy forsomex € R}. (17)
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Then, for any two rvs Y and Z, the Kolmogorov distance (see [14]) is given by

dg (Y, Z) := sup |E[h(Y)] — E[A(2)]]. (18)
heHgk

Next, we discuss the steps of Stein’s method. Let Z be a random variable (rv) with
probability distribution Fz (denote this by Z ~ F7z). First, one identifies a suitable
operator A (called the Stein operator) and a class of suitable functions F such that
Z ~ Fz,if and only if

E[Af(Z)]=0, forall fe F.

This equivalence is called the Stein characterization of Fz. This characterization leads
us to the Stein equation

Af(x) = h(x) —E[h(2)], (19)

where / is a real-valued test function. Replacing x with arv Y and taking expectations
on both sides of (19) gives

E[Af(M)] =E[hX)] - E[r(2)]. (20)

This equality (20) plays a crucial role in Stein’s method. The probability distribution
F7 is characterized by (19) so that the problem of bounding the quantity |E[k(Y)] —
E[h(Z)]| depends on the smoothness of the solution to (19) and the behavior of Y.
For more details on Stein’s method, we refer to [1, 7] and the references therein.

In particular, let Z have the normal distribution A/ (0, 02). Then the Stein charac-
terization for Z (see [31]) is

E [azf’(Z) — Zf(Z)] =0, Q1)

where f is any real-valued absolutely continuous function such that E| f'(Z)| < oo.
This characterization leads us to the Stein equation

o2 f'(x) — xf(x) = h(x) — E[h(Z)], (22)

where £ is a real-valued test function. Replacing x with a rv Z,, ~ A0, UnZ) and
taking expectations on both sides of (22) gives

E[0?1(Zn) = Zuf(Z2)]| = BIK(Z,)] ~ EI(Z)]. (23)

Using the smoothness of solution to (22), it can be shown (see [27, Section 3.6]) that

2/
dw(Zn, Z) < = V/ oy —a’l. (24)
n

From (24), if 0, — o, then dw(Z,, Z) = 0, as expected, which implies that Z,
converges to the normal distribution A (0, o-2). We refer to [25] and [26] for a number
of bounds similar to (24) for comparison of univariate probability distributions.
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3 Stein’s method for tempered stable distributions

3.1 The Stein identity for tempered stable distributions

In this section, we obtain the Stein identity for a TSD. First recall that S(R) denotes
the Schwartz space of functions, defined in (12).

Proposition 3.1. A rv X ~ TSD(my, a1, A1, ma, a2, Ap) if and only if

]E|:Xf(X)—f uf(X+u)v,s(du)] =0, feSM), (25)
R

where v is the associated Lévy measure of TSD, defined in (2).

Proof. From Equations (2.7) and (2.8) of [24], the integral fR(eiZ” — Dy (du) is
convergent for all z € R. Also, the cf of X ~ TSD is given by (see (1))

¢is(z) =exp(¥(2)), zeR (26)

where W(z) = [ (€™ — 1)vis(du). Since |(iu)e'™| < |u| and [p ulvis(du) < oo
(see (8)), we have

d . .
V'(z) = d—Z/R(e”” — D (du) =/ﬂéiuelZ”st(du).

Now, taking logarithms on both sides of (26), differentiating with respect to z, we
have

b1,(2) = igys(2) /R ue' vy (du). 27)

Let Fx be the cumulative distribution function (CDF) of X. Then,
4o = [ Fedn) = 9@ =i [ xeF @, @y
R R
Using (28) in (27) and rearranging the integrals, we have
0= ( / xe' ¥ Fx(dx) — ¢ys(2) / ue' ™y, (du)> . (29)
R R
Multiplying both sides of (29) by —i, we get
0= / xe' ¥ Fy(dx) — ¢s(2) / ue' v, (du). (30)
R R

Note that ¢;s(z) and ¢;,(z) exist and are finite for all z € R. Hence by Fubini’s
theorem, the second integral of (30) can be written as

¢zs(2)/ uei“‘vm(du)=/ / ue'™ e’ Fy (dx)vis (du)
R R JR

=//ueiZ(“”)vm(du)FX(dx)
RJR



Approximations related to tempered stable distributions 7
= [ [ vt e - w)
RJR
= / / ue'™ vy (du) Fx (d(x — u))
R JR
=/eizx/uFX(d(x—u))U,S(du). (31)
R R
Substituting (31) in (30), we have
O:/xei”FX(dx)—/ei”/ uFx(d(x —u))vis(du)
R R R
=/eizx (xFX(dx)—/uFX(d(x—u))v,s(du)>. (32)
R R

Applying the Fourier transform to (32), multiplying with f € S(R), and integrating
over R, we get

IR (xe(dx> - [ urxac —u))ws(du)> 0. (33)
R R
The second integral of (33) can be seen as
f / uf (x)Fx(d(x —u))ves(du) = / / uf (y +u)Fx(dy)vs(du)
RJR R JR
= / / uf (x +u)Fx(dx)vis(du)
R JR
=E |:/ uf(X + u)vm(du)i| . (34)
R
Substituting (34) in (33), we have
E [Xf(X) - f uf(X + u)vts(du)] =0,
R

which proves (25).
Assume, conversely, that (25) holds for v;s defined in (2). For any s € R, let
f(x) = €%, x € R, then (25) becomes

E[XeéX| =E [ / X0 (du):|
R

=FE [eiSX/H{eis"uv,S(du)] .

Setting ¢y (s) = E[¢'*X], we have

b1 (5) = is(s) /R e uvgs (du). 35)
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Integrating the real and imaginary parts of (35) leads, for any z > 0, to

QMﬁwwG/UQWWMwa
0 JR
= exp (i / /Z e”“dsuv,s(du))
RJO
= exp (/ (e — 1)v,s(du)) )
R

A similar computation for z < 0 completes the derivation of the cf. O

We now have the following corollary for «-stable distributions.

Corollary 3.2. Arv X ~ S(m1, ma, o) if and only if

E|:Xf(X) —/uf(X+u)va(du)i| =0, feSM), (36)
R

where vy, is the associated Lévy measure of an a-stable distribution, given in (4).

Proof. Let o1 = ap = « in Theorem 3.1. Observe now that

< o0, and

xﬂm—fwu+wmuw
R

M%%Rwa+m%wm=éwu+wumx

since f € S(R). So, the dominated convergence theorem is applicable in (25). Next,
taking limits as A1, A2 | 0 in (25), and then applying the dominated convergence
theorem, and noting that v, — vy, we get (36). |

Remark 3.3. (i) Note that we derive the characterizing (Stein) identity (25) for TSD
using the Lévy—Khinchine representation of the cf. Also, observe that several classes
of distributions such as variance-gamma, bilateral-gamma, CGMY, and KoBol can
be viewed as TSD. The Stein identities for these classes of distributions can be easily
obtained using (25).

(ii) Recently Arras and Houdré ([1], Theorem 3.1 and Section 5) obtained the
Stein identity for infinitely divisible distributions with first finite moment via the co-
variance representation given in [17]. Note that TSD is a subclass of IDD and TSD
has finite mean. Hence, the Stein identity for TSD can also be derived using the ap-
proach givenin [1].

3.1.1 A nonzero bias distribution

In Stein’s method literature, the zero bias distribution is a powerful tool to obtain
bounds, which has been used in several situations. It has been used in conjunction
with coupling techniques to produce quantitative results for normal and product nor-
mal approximations, see, e.g., [11]. The zero bias distribution due to Goldstein and
Reinert [16] is as follows.
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Definition 3.4. Let X be a rv with E[X] = 0, and Var(X) = o2 < co. We say that
X* has X-zero bias distribution if

E[Xf(X)] = o°ELf'(X*)]. (37

for any differentiable function f with E[X f(X)] < oo.

In the following lemma, we prove the existence of a nonzero (extended) bias
distribution (see [1, Remark 3.9 (ii)]) associated with TSD. Before stating our result,
let us define

u

UM 2/ yvis(dy), u >0, and 7~ (u) :/ (=y)vis(dy), u <0, (38)

where vy is the Lévy measure of TSD (see (2)). Let
n@) == n"w) +n" ().
Also let Y be a random variable with the density

n(u) n(u)

= = , R. 39
N0 =@~ Vet € &
Then, for n > 1, the nth moment of Y is
E[Y"] = ! /u"n(u)du
Var(X) R
= ;/ W2 (w)du
(n+ DVar(X) Jr
C X
n+2( ) (40)

T+ D)

Lemma 3.5. Let X ~ TSD(m1, oy, A, ma, a2, A2) and Y (independent of X) have
the density given in (39). Then

Cov(X, f(X)) = Var(XE[f'(X + V)], 41)
where f is an absolutely continuous function with E [f’(X + Y)] < o0.

Proof. Using (8) and (9), for the case n = 1, in (25), and rearranging the terms, we
get

QWXfa»=ELéMﬂX+w—fa»mww]

Now

Cov(X, f(X))=E [fRu(f(X +u) — f(X))Vts(du)]

=K I:/*oo (X +v) /OO uv,s(du)dv]
0 v
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0 v
+EU FIX +v) / (=) vys (du)dv

=E [fR P (X +v) (7 W)0,000 (V) + 17 (0)(~00,0) (V) dv]

_ ( f uzv,s(dm)E[ / FX 40 fi)dv)
R R i

- </ uzvm(du)> E[f (X +Y)]
R

=Var(X)E[f (X +Y)].

This proves the result. O

Remark 3.6. Note that the covariance identity in (41) coincides with the one given
in [1, Proposition 3.8]. However, the usefulness of the identity is shown in deriving
the error bound of the limiting distributions of TSD (see the proof of Theorem 4.5).

3.2 The Stein equation for tempered stable distributions

In this section, we first derive the Stein equation for TSD and then solve it via the
semigroup approach. From Proposition 3.1, for any f € S(R),

Af(x) :=—xf(x) +/ uf (x + u)veg(du) (42)
R

is the Stein operator for TSD. Hence, the Stein equation for X ~TSD (m1, a1, A1, m2, a2,
A2) is given by

Afx) =h(x) — E[R(X)], (43)
where h € H, a class of test functions. The semigroup approach for solving the Stein
equation (43) is developed by Barbour [2], and Arras and Houdré [1] generalized it for
infinitely divisible distributions with the finite first moment. Consider the following
family of operators (P;);>0, defined as, for all x € R,

t Grs(2)
Prs(e7'z)
where f is FT of f, and ¢, is the cf of TSD given in (1). Recall that the TSD family

is self-decomposable, see [24], p. 4284. Hence, from Equations 5.8 and 5.15 of [1],
one can define a cf, for all z € R, and ¢t > 0, by

e,
P =5 e
exp (fp(e™™ — Dy (du))

- exp ([’ — Dvys(du))

exp (/ eiZLl(l _ ei(Et_l)Z”)Um(dM)>
R

= /R " Fx,, (du), (45)

1 I
P (f)(x) = Z/Rf(z)elm dz, [ eSR), (44)
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where FX(,) is CDF of arv X, say. Also, for any t > 0, the rv X(;) is related to X
(see Equation 2.11 of [1], Section 2.2) as

4

X=e¢'X4+Xq),

where X ~TSD and < denotes the equality in distribution. We refer to Section 15 of
[19] for more details on self-decomposable distributions. Now using (45) in (44), we
get

1 —~ it
Pz(f)(x)=E/RfRf(Z)elm e Fx, (du)dz

:L/ / F@)e? Dy (duydz
27[ R JR (1)
= /R fu+xe™)Fy,, (du), (46)

where the last step follows by applying the inverse FT.
Proposition 3.7. Let (P;);>0 be a family of operators given in (44). Then

(i) (Pt)i>0 is a Co-semigroup on S(R);

(ii) its generator T is given by
T(f)(x) = —xf'(x) +/Ruf'(x +wvis(du),  feSR). (47

Following the steps similar to Proposition 3.8 and Lemma 3.10 of [30], the proof
is derived.

Remark 3.8. Note that the domain of the semigroup (P;);>0 is S(R). So, the semi-
group (Py)i>0 is a uniformly continuous semigroup. Also, for 1 < p < oo, the
Schwartz space S(R) is dense in LP (Fx) = {f : R — R| fR | f(x)|P Fx(dx) < oo},
where Fx is CDF of X ~ TSD (see [20, Remark 1.9.1]). Following the proof of
Proposition 5.1 of [1], the domain of (P:);>0 can be extended to LP(Fx) and the
topology on LP (Fx) can be derived from the LP-norm, which is a metric topology.

Next, we provide a solution to the Stein equation (43).

Theorem 3.9. Let X ~ TSD(m1, a1, A1, ma, a2, A2) and h € H,. Then the function
fn : R — R defined by

© d
fu(x) = —/ d—P,h(x)dt (48)
0 X

solves (43).

Proof. Let -~
gn(x) = —/0 (Pr(h)(X) - E[h(X)]>dt.
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Then g, (x) = fr(x). Now from (44), we get

1 N .
P()(h)(x) = 2_ / h(Z)elzde = h(x)7 (49)
T JR
and lim P.h(x) = lim ZL/ ﬁ(z)eim_eqf%(f))dz
€—> 00 €E—>00 LTT R ts e EZ
= % A;{ h(@)rs (2)dz
= E[h(X)]. (50)

Also from (47), we get

Afn(x) = =xfp(x) + /R ufn(x + u)vg(du)
=Tgn(x)

— /oo T P, (h)(x)dt
0

*d
—_ / L P h(x)dr (see [27, p.68])
o dt
€

d
= — lim d—Pth(x)dt

€E—=>00 0 t

= Poh(x) — lim Peh(x)
= h(x) — E[h(X)] (using (49) and (50)).

Hence, fj, is the solution to (43). |

3.3 Properties of the solution of the Stein equation

The next step is to investigate the properties of fj,. In the following theorem, we es-
tablish estimates of f, which play a crucial role in the TSD approximation problems.
Gaunt [12, 13] and Dobler et al. [10] propose various methods for bounding the so-
Iution to the Stein equations that allow them to derive properties of the solution to
the Stein equation, in particular for a subfamily of TSD, namely the variance-gamma
family.

Lemma 3.10. For h € H, 41, let f, be defined in (48).

(i) Forr =0,1,2,...,
1
1) < r+—1”h(r+””' (51)

(ii) Foranyx,y € R,

[rasdl

I f5C) = DI < lx —yl. (52)
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Proof. (i) Forh € H,1,

© d
| fall = sup —/ d—P,h(x)dt
xeR 0 X
* g
= sup —/ —/ h(xe™ + y)Fx,, (dy)dt| (using (46))
xer| Jo dx Jr
o0
=sup|= [t [ HOe 4 )Py, (i
xeR 0 R

IA

o
1A D V e ldt
0

= 1AW

It can be easily seen that f}, is r-times differentiable. Let » = 1, then

o0
1 B B
1A = sup _/ e 2t/ W (xe™ + y)Fx,, (dy)d
xeR 0 R
o0
< [h?] ‘ / e dt
0
k@
=

Also, by induction, we get
) Lo e+ _
I fy ||§r+1||h I, r=0,1,2,....

(ii) Forany x, y e Rand h € Ha3,
o0
i = fiol = [ e [ @we 42O e + 0| i, @os
0 R
o
< [ [ - yie Py @ar
0 R

o0
— 1D x =y f i
0

[rasdl
3

lx —yl.

This proves the result. O

4 Bounds for tempered stable approximation

In this section, we present bounds for the tempered stable approximations to various
probability distributions. First, we obtain, for the Kolmogorov distance dg, the error
bounds for a sequence of CPD that converges to a TSD.
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Theorem 4.1. Let X ~ TSD(m1, a1, A1, m2, o2, A2) and X, n > 1, be compound
Poisson rvs with cf

®n(2) := exp (n <¢zi(z) - 1) ) z €R, (53)
where ¢:5(t) is given in (1). Then

2 2
1
dk (X, X) < c(Z |C,»<X)|>5 (;) (54)

j=1
where ¢ > 0 is independent of n and C; denotes the jth cumulant of X.

Proof. Let b = f_ll uvig(du), where vy is defined in (2). Then by Equation (2.6) of

[1], TSD(m1, a1, A1, ma, a2, ha) = ID(b, 0, vy). That is, TSD(my, a1, A1, m2, @2,
A2) is an infinitely divisible distribution with the triplet b, O and v;s. Note that TSD
are absolutely continuous with respect to the Lévy measure with a bounded density
and E|X|? < oo (see [24, Section 7]). Recall from Proposition 4.11 of [1] that, if
X ~ ID(b, 0, v) with cf ¢x (say), and X,, n > 1, are compound Poisson rvs each
with cf as (53), then

s 71\ 7
dg (Xp, X) < C(lE[XN +/ u st(du)) (-) ) (55)
R n

Il gy
< colz|?, p = 1. Now observe that

lpx ()] —

where [¢x (2)| /
0

|Z| ds ‘Zl dS
|¢ZS(Z)|/0 |pes (5] 5/0 |E[cos s X ]+ iE[sin s X]|

_ /Z' B0
o [EZ[cossX]+ E2[sinsX]

z] .
< / [E[e1ds
0

1
<]E2[cos sX]+ E2[sinsx] ~ ° (Sa”>

|z
= co/ |E[cossX —isinsX]|ds
0

Izl
< C()/ ds
0

= colzl.

Hence by (55), for p = 1, we get

% 1\53
dg (Xn, X) SC<|E[X]I+/ uzvzs(du)> (—)
R n
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2 5/1\3
=c(2|cj<X>|) (;) :
j=1

since fR u?vs(du) = Co(X). This proves the result. |

Remark 4.2. Note that if n — oo, dx (X, X) — 0, as expected, and TSD is the
limit of CPD.

Our next result yields an error bound for the closeness of tempered stable distri-
butions to «¢-stable distributions.

Theorem 4.3. Let x € (0, 1). Let X ~TSD (m1, o, Ay, mp, ¢, Ay) and Xy ~ S(my,
mo, ). Then

di (Xoo X) < CLA0T2 4 0277, (56)
where Cy, Ca > 0 are independent of 1 and 1.
Proof. For h € Hg, from (43), we get
E[h(Xo)] — E[h(X)] = ELAf (Xo)] = ETAf (Xo) — Au f(X)1, (57

since
E[Ay f(Xe)] =E [_Xaf(Xa) +/ uf(Xo + u)va(du)} =0, fesS®),
R

where v, is the Lévy measure given in (4) (see (36)).
Then, from (57), we have

E (_Xotf(Xot) +/ uf(Xe + u)vts(du)>
R

E[h(Xq)] - IE[h(X)]‘

- <_X(th(XOl) +/ uf (X + M)Ua(du)>:H
R

= |E /uf(Xa + u)vis (du) _/ uf(Xo "l‘u)va(du)iH
R R

00 67)\1“
= |E (I’)’“/O Mf(Xa +M)Wdu

0 e—)»2|u\
—{—mg/ uf(Xy +u)| |1+ad“)
— (ml /0 uf(Xa + M)l—+a

0
+m2/_w”f(x P |1+“)]‘

[e’s) (ef)qu _ 1)

E[h(Xa)]_E[h(X)]' = 'E[im/ Tuf(x + u)du
0

So, we write
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00 (e—kzu _ 1)
- mzw/‘o ulTuf(Xa — u)du}

Now applying the triangle and Cauchy—Schwartz inequalities in (58), we get

. (58)

00 —Au 2 % 00 2
dg (Xg, X) §m1{/0 (%) du} E(/O uzfz(Xa—i-u)du)
00 —Au 2 i 0o i
+m2{f (_(e 21+a D—) duFE(/ u? f2(Xq —u)du)2
0 u 0

1
oH—% 1 o 2 2 2
=A, "mM2(@)E uf“(Xq +u)du
0
1

a+%

425 sz%(a)E[ /Oo W2 f1(Xy — u)dui| " (59)
0

2
where M(a) = [° (W‘)) du < oo (see [15, p.169]). Also, E[ [¢° u® f2(Xy +

u1+ot

u)du]% and E[fooo uzfz(Xa — u)du]% are finite, since f € S(R). Now setting

1
0o 2
ClzmlM%(a)E[f u2f2(Xa+u)dui| < o0, and
0

1

Cy = sz%(a)E[/oo u? f2( Xy — u)du:| < 00,
0

in (59), we get

Ot+%

at+l
dg(Xy, X) < C1ry * 4+ C2h,
where C1, C2 > 0 are independent of A1 and A,. This proves the result. |
Next, we state a result that gives the limiting distribution of a sequence of tem-
pered stable random variables.

Lemma 4.4. ([24, Proposition 3.1]) Let m1, ma, m; n, Ai n € (0, 00) and a1, a2, o
€ [0, 1), fori = 1,2. Also, let X,, ~ TSD(my ,, 1, AMop, M2 0, Q2.5, A2.p) and X ~
TSD(my, ay, Ay, ma, a2, A2). If (M1 p, Q1 s Al gy M2, €20, A2n) — (M, 0, A,

mo, ay, Ap) as n — o0, then X, —L> X.
The following theorem gives the error in the closeness of X, to X.
Theorem 4.5. Let X,, and X be defined as in Lemma 4.4. Then

1
dy; (X, X) = |C1(Xp) — C1(X)| + 3 |C2(Xn) — C2(X)]

G (Xn)|  [C3(X)]
C(Xn)  C(X) |

+ éczoo (60)

where C;(X), j =1, 2, 3, denotes the j-th cumulant of X and dyy, is defined in (14).
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Proof. Let i € H3z and f be the solution to the Stein equation (42). Then
E[h(Xn)] — E[h(X)] = E[Af(X4)]

=E[—an(Xn)+/ uf(Xn+u)st(dM)]
R

= E[( — Xn + CI(X))f(Xn) + C2(X) f' (X + Y)}, (61)

where the last equality follows by (41), and Y has the density given in (39).
Since X,, ~ TSD(m1 ,, &1.n, M n, M2.n, @2.n, A2,n), by Proposition 3.1, we have

E[ — Xn f(Xn) +/ uf (Xy + u)vfs(du)} =0, (62)
R

" . .
where v! is the Lévy measure given by

min

_ my,
vy (du) = (M1+a1_n e M1 10,00 (1) + -

|u|1+°‘2,"

et o) (u)) du.

Also, by Lemma 3.5, the identity in (62) can be seen as

E[( - Xn+ C1(Xn)>f(Xn) + Co(Xn) f' (X + Yn)i| =0, (63)
where Y, has the density

LS yv (dy)Io,00) @) — [ oo VI (dY)](—00,0 (1)
CZ(Xn) ’

Jn(w) = eR. (64)

Using (63) in (61), we get

E[r(Xn)] — ]E[h(X)]’ = ’E[<(_Xn + LX) f(Xn) + Co2(X) f (X + Y))

- <(_Xn + Ci1(Xa) f (Xn) + Co(Xn) f' (X + Yn))]‘

<1Ci1(Xp) = CLX I fI
+E|Co(Xp) f' (X + Yy) — C2(X) f/(Xn + 7))
<1C1(Xp) = CLX I fI

+ ]E‘(C2(Xn) = C2(X)) f'(Xn + Yp)

+ CyX)E| /(X + Vo) — f/(Xp + Y)‘
. 1@
< IRVNIC1 (X)) — C1(X)| + S 1C2(X) = C(X)]
[rasdl
+ C(X)=—— |E|Y,| — EIY]], (65)
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where the last inequality follows by applying the estimates given in Lemma 3.10.
From (64) and (39), it can be verified that (see (40))

C3(X C3(X
]E|Yn|=M and E|Y|= G301 (66)
2C2(Xy) 2C2(X)
Using (66) in (65), we get the desired result. |

Remark 4.6. (i) Note that if (1, &1 5, M.n, M2, 02,0, A2.n) = (M1, @1, A1, M2,
a2, A2) asn — oo, then C;(X,) — Cj(X), j =1,2,3, and d3,(X,, X) = 0, as
expected.

(ii) Note also that if m1, = ma,, 01y = 025, Mg = A2p, M| = M2, 0] =
az, and Ay = Ay, then Cj(X,) = C;j(X) = 0, j = 1,3. Under these conditions,
from (60), we get

1
dy; (Xn, X) < 71€2(Xn) = C2(X)]

= T2 - )&—F(Z—otl)ﬂ
N )\‘%7“1’” )"%70(1

If in addition C3(X,) — Ca(X), then X, 55 X, asn — oc.

Next, we discuss two examples. Our first example yields the error in approximat-
ing a TSD by a normal distribution.
Example 4.7 (Normal approximation to a TSD). Let X,, ~ TSD(m1 n, @11, Aln,
Mo, @y Aan)s Xm ~ SVGD(m, +/2m /1) and X; ~ N (0, A?). Recall from Sec-
tion 2.1 that, SVGD(m, /2m /1) 4 TSD(m, 0, ~/2m /X, m, 0, ~/2m/X). Then, the cf
of SVGD(m, ~/2m/\) is

242\ —Mm
@mm=(r+ii) ©7)
2m
= exp ( f (e'™ — l)vsv(du)>, zeR, (68)
R

where the Lévy measure vy, is
m _ m _m
mww=(;ex”mmwo+mf AMhmmwQ.

Note from (67) that

2.2

lim ¢g(z) =€ 2.
m-—0o0

That is, X, i> X, ~ N(O, Az), as m — 00. Also, it follows from [36, Theorem
7.12] that, if X,, 5 X;, as m — oo, then

dH} (Xna X)u) = nlli—)mOO dH3 (Xna Xﬂ‘l) (69)



Approximations related to tempered stable distributions 19

Applying Theorem 4.5 to X = X,,,, and taking the limit as m — oo, we get from (69)

dH3(Xn7XA)§m]Lmoo<|Cl(Xn) Cl(Xm)I-lr 1C2(Xn) — C2(Xim)]

IC3 (X))l |C3(Xm)| )
Cz(Xn) Cz(Xm)

- 92 2|C3(Xn)|
= |C1(Xn)| + ICz(X) AT+ 6)” Xy

1
+ —CZ(Xm)

(70)

which gives the error in the closeness between X, and X. Note that

ma;
C1(Xn) = E[X,] = T(1 = a1~ = T(1 = 2,) o,
)"1 n 2,n ,
my, my,
Co(Xp) = Var(X,) = T2 = a1) 5~ + T2~ o) =~ and
)"l n , 2,n '
ma,
C3(X,) =T — 1) 5 — TG =) 50—
)‘1 n )‘Zn

When C;(X,) — 0,for j = 1,3 and C2(X,) — A2, from (70), we have X, X X,
asn — oo.

Example 4.8 (Variance-gamma approximation to a TSD). Let X,, ~ TSD(m ,,
A1y Mons M2,0, 020, A2,n) @and Xy ~ VGD(m, A1, A2). Then

1 1 1 1
C1(Xy) :m(— - —), Ca(Xy) :m(—2 + —) and

Moo A A3
C3(x,) =2 (1 1)
3Ay) =2am| —= — 3 |-
MM
Now applying Theorem 4.5 to X = X, we get
mGa =) m(A2 +13)
dy,(Xn, X)) < |C1(Xp) — —— Cr(X,) — ——=
Hy (Xn, Xo) < [C1(Xn) g 2 2(Xn) X%K%
LA+ 16X 2103 — Al
6 3 | (X)) ahe(l+23)|

which gives the error in the closeness between X, and X,,. When C; (X,) — C;(X,),
for j = 1,2, 3, we have X,, —L> Xy, asn — o0.
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