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Abstract The paper presents bounds for the distributions of suprema for a particular class
of sub-Gaussian type random fields defined over spaces with anisotropic metrics. The results
are applied to random fields related to stochastic heat equations with fractional noise: bounds
for the tail distributions of suprema and estimates for the rate of growth are provided for such
fields.
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1 Introduction and preliminaries

Aim and metivation. In this paper, we study sample paths properties of a class of sub-
Gaussian type random fields X (¢), t € T, focusing on the case where a parameter set 7'
is endowed with an anisotropic metric and imposing some kind of Holder continuity
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condition on the field X. Our aim is to establish upper bounds for the distribution of the

supremum P{ sup, . |X(7)| > u} for bounded 7 and to evaluate a rate of growth of X

over an unbounded domain V by considering upper bounds for P{ SuUp,cy ljfg;' > u}

for a properly chosen continuous function f. The study is motivated by applications
to random fields related to stochastic heat equations. Extensive recent investigations
of such equations resulted, in particular, in establishing the Holder continuity of
solutions in various settings. It is quite natural and appealing to make further steps
towards consideration of different functionals of solutions. We evaluate the distribution
of suprema of solutions and their asymptotic rate of growth.

Approach and tools. We present bounds for distributions of suprema assuming X
to belong to a particular class of ¢-sub-Gaussian random fields (to be defined below),
which provides a generalization of Gaussian and sub-Gaussian fields. To derive the
results we apply entropy methods. Recall that the entropy approach in studying sample
paths of a stochastic process X (¢), t € T, requires to evaluate entropy characteristics of
the set T with respect to a particular metrics generated by the process X. The origins
of this approach are due to Dudley, who stated conditions for the boundedness of
Gaussian processes in the form of convergence of metric entropy integrals (which we
call now Dudley entropy integrals). We address for corresponding references, e.g., to
[1] and [5], where in the latter one the entropy approach was extended to different
classes of processes, more general than Gaussian ones.

Some facts from the general theory of p-sub-Gaussian random variables and
fields. Note that it is important for applications to go beyond the Gaussianity assump-
tion in considered models, and possible extensions are provided by sub-Gaussian and
¢-sub-Gaussian random processes and fields. Recall that a random variable ¢ is sub-
Gaussian if its moment generating function is majorized by that of a Gaussian centered
random variable 7 ~ N (0, 2):

E exp(1€) < Eexp(An) = exp(0?12/2).

The generalization of this notion to the classes of ¢-sub-Gaussian random variables
is introduced as follows (see, [5, Ch.2], [9], [19], [25]).

Consider a continuous even convex function ¢ such that ¢(0) = 0, p(x) > 0 as
x # 0 and lim £¥ = 0, lim £X)

0o x

= oo. Note that such functions are called Orlicz

X—00
N-functions. Suppose that ¢ additionally satisfies lim ;gfo % = ¢ > 0, where the
case ¢ = oo is possible.

Let ¢ be the function with the above properties and {Q, F,P} be a standard
probability space. The random variable { is ¢-sub-Gaussian, or belongs to the space
Sub,, (Q), if E¢ = 0, Eexp{A{} exists for all A € R and there exists a constant a > 0
such that the following inequality holds for all 4 € R:

Eexp{Al} < exp{e¢(da)}. (1

The random field X (z), t € T, is called ¢-sub-Gaussian if the random variables
{X(t),t € T} are g-sub-Gaussian.
The space Sub,,(£2) is a Banach space with respect to the norm (see [9, 19])

T,(¢) = inf{a > 0 : Eexp{A{} < exp{¢(ad)}.
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For a ¢-sub-Gaussian random variable £ the following estimate for its tail proba-

bility holds:
u
P <2 " —— ) ¢, 0, 2
el <200 v (Z2)}, s .

where the function ¢* defined by ¢ (x) = supycr(xy — ¢(y)) is called the Young—
Fenchel transform (or Legendre transform, or convex conjugate) of the function ¢.
It was stated in [5] (Corollary 4.1, p. 68) that, moreover, a random variable { is a
@-sub-Gaussian if and only if E{ = 0 and there exist constants C > 0, D > 0 such
that

P{|¢| >u} < Cexp{—go* (%)}

This second characterization of ¢-sub-Gaussian random variable by the tail be-
havior of its distribution is important for practical applications.

The class of ¢-sub-Gaussian random variables includes centered compactly sup-
ported distributions, reflected Weibull distributions, centered bounded distributions,
Gaussian, Poisson distributions. In the case when ¢ = %2, the notion of ¢-sub-
Gaussianity reduces to the classical sub-Gaussianity. The main theory for the spaces of
p-sub-Gaussian random variables and stochastic processes was presented in [5, 9, 19]
followed by numerous further studies. Various classes of ¢-sub-Gaussian processes
and fields were studied, in particular, in [4, 11, 16—18, 22].

The property of ¢-sub-Gaussianity allows to evaluate different functionals of the
stochastic processes, in particular, the behavior of their suprema.

Estimates for distribution of supremum P{sup, . |X(¢)| > u} of ¢-sub-Gaussian
stochastic process X were derived in various forms in the monograph [5] basing on
entropy methods.

We will base our study on the following theorem (see [5], Theorems 4.1-4.2, pp.
100, 105).

Theorem 1 ([5]). Let X(¢t), t € T, be a p-sub-Gaussian process and px be the
pseudometrics generated by X, that is, px(t,s) = 7,(X(t) — X(s)), t, 5 € T. Suppose
further that

(i) the pseudometric space (T, px) is separable, the process X is separable on

(T’ PX);
(ii) €0 :=sup T, (X(t)) < oo;
(iii) et
£
I,(g9) = / Y(In(N(v))) dv < oo, 3)
0
where ¥ (v) = m and N(v) = Ny (v), v > 0, is the metric massiveness of

the pseudometric space (T, px), that is, the smallest number of elements in a
v-covering of T by closed balls, w.r.t. the metric px, of a radius at most v.

Then forallA > 0and(0 < 6 < 1,

Eexp{Asup[X(1)[} <20(4,6),
teT
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where 5
/18() A
1,6) = { ( )+ 1,(6 }
Q(4,0) =expq¢ -6/ o0 o (0e0)
andfor0 <6 <1, u > 2;";ffz(;),

P{ sup | X(2)| > u} <2A(u,0),
teT

where

Au, 0) = exp{ - ¢*(8io (u(l _0)- §1¢(950)))}.

In the above theorem and in what follows we denote by f(~1) the inverse function
for a function f.

The integrals of the form (3) are called entropy integrals. Entropy characteristics
of the parameter set 7' with respect to the pseudometric px generated by the process
X and the rate of growth of the metric massiveness N(v) = Ny, (v), v > 0, or metric
entropy H(v) := In(N(v) are important for the study of sample paths properties of
the underlying process X (see [5]).

Consider now a metric space (7T, d), with an arbitrary metric d, and suppose that
this metric space is separable. Suppose that we can evaluate the metric massiveness
Ny of T with respect to the metric d and also have a bound for the function px (¢, s) =
T,(X(#) — X(s)) in terms of d(t, s). Then Theorem 1| implies the following result.

Theorem 2. Let X (1), t € T, be a p-sub-Gaussian process and T be supplied with a
metric d. Assume that
(i) the metric space (T, d) is separable, the process X is separable on (T, d);

(ii) €0 = sup 1, (X(t)) < oo;
teT
(iii) there exists a monotonically increasing continuous function o-(h), 0 < h <
sup, ser d(s,1), such that o (h) — 0 as h — 0 and

sup Ty (X(1) = X(5)) < o (h), @)
d(t,s)<h,
t,seT
and for 0 < & < 1y,
I,(e) = / P(In(Ng(o =D (v))) dv < oo, ®)
0

where P(v) = m, Nqa(v), v > 0, is the metric massiveness of the metric
space (T, d), yo = o (sup; ser d(1,5)).
Then the statement of Theorem 1 holds for A > 0 and0 < 6 < 1 such that 6go < o
with Q(A4,0) and A(u,6) replaced by Q(A,6) and A(u,6) which correspond to the
integral 1,:

Eexp{Asup|X(1)|} < 20(4,06)
teT
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21, (0&o)
6(1-9) ’

and, foru >

P{sup|X(1)| > u} < 2A(u,6),
teT

where

(/l 0)—exp{<p< )+9(1 I, (050)}
A(u 6)—exp{ 10 ( ( (1-0)- —Iw(eso)))}.

Proof. Theorem 2 follows immediately from Theorem 1. We have from (4) that

SUP4(s,s)<h, Px(t,s) < o (h), therefore, the smallest number of elements in an &-
t,seT

covering of (T, px) can be bounded by the smallest number of elements in a oD (g)-
coveringof (T, d): N,y (g) < Ng(o=V(g)). This implies the estimate I,(e) < I, o (&),
as € < 7y, and the statement of the theorem follows. m|

Theorem 2 has been mainly used in the literature with a choice of the metric space
(T,d)oftheform:T ={a; <t; < b;, i =1,2}yand d(t,s) = m?)z( |t; —sil, t = (11, 12),
i=1,

s = (s1, 52) (see, for example, [4, 17, 12] for application to the analysis of solutions to
the heat equation and higher order heat-type equations with random initial conditions).

In the paper we study a particular class of ¢-sub-Gaussian random fields with
p= £l ‘ , @ € (1,2], which is a natural generalization of Gaussian and sub-Gaussian
random ﬁelds Gaussian and sub-Gaussian cases are involved in our consideration,
with the choice @ = 2. We study the sample paths of such fields for the case of the
parameter set T of the form T = [ay, b1] X [az, b3] or T = [0, +00) X [-A, A] with
the so-called anisotropic metric

d(t,s) = Z lt; — si|™, H;e(0,1],i=1,2.
i=1,2

Theorem 2 will serve as the main tool in our study. Note that the above metric is
useful for studying anisotropic random fields, which have different geometrical and
statistical properties for different directions and also for space-time random fields,
where one needs to treat spatial and temporal variables in a different way. This is
the case, for example, for random fields arising as solutions to stochastic partial
differential equations. We can refer to papers [20], [27] (among others), where the use
of such metric was essential for investigating sample paths properties of some models
of anisotropic Gaussian random fields.

Stochastic heat equations with fractional noises. Stochastic heat equations have
been studied in various settings: with a time-space white noise, with generalizations
of noise in space and/or in time, and also by considering differential operators more
general than the Laplacian. The case of fractional noises was considered, e.g., in the
recent papers [2], [10], among many others (see references therein). In the present
paper we consider the stochastic heat equation:

ou u  O*wW

- T
= oGt o, (1x) € (O.T]xR, ©)
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u(0,x) =up(x), xeR, (7

where W is a centered Gaussian process which is white in time and is fractional
Brownian motion in space with index H < % Namely, following [10] we consider the
case of W with the covariance functional

T
EW(0)W(y) = /0 /R Fo(t, ) () Fur(t,) (y)u(dy)dr

for any ¢, € C3°([0,T],R) (F denotes the Fourier transform with respect to the
space variable), where the spectral measure u is of the form

I'(2H + 1) sin(wH)

u(dy) = Cylyl'*"dy, Cy= >
T

(we give more details and references in Section 3). The problem (6)—(7) was con-
sidered, for example, in [10] and it was stated therein that under some continuity
and boundedness conditions on ug(x) there exists a unique mild solution u(¢,x),
(t,x) € (0,T] X R, satisfying the Holder condition

lu(t,x) = u(s, y)llr < cA((t,x), (s, )P ®

with some constant ¢ = ¢(p, T, H), and where A((t, x), (s,y)) = |t — sl% +|x—y|isa
parabolic metric, p is an index in the Holder condition imposed on ug(x).

For our consideration, the bounds for the increments u(z,x) — u(s, y) in L, norm
will be important. In view of this, we restate the bound (8) in another form for the
case of p = 2, with the constant ¢ given by a closed expression, and then we use this
bound to derive the results on the distribution of suprema and on the rate of growth
for random fields representing the solution.

Contents. The paper is organized as follows. In Section 2 we study ¢-sub-Gauss-
ian random fields with ¢ = |x| , @ € (1,2]. In Section 2.1 we present the estimates
for the tail distribution of suprema on the bounded domain and in Section 2.2 we state
the results on the rate of growth of random fields over unbounded domains. Section 3
presents applications of the results of Sections 2.1 and 2.2 to random fields related to
stochastic heat equations with fractional noise.

2 Sub, (L) processes with ¢ = LxI® |

tropic metrics

, @ € (1,2], defined on spaces with aniso-

Consider the process X (1), t € T, from the class of ¢-sub-Gaussian processes with
p = IxI® ‘ , 1 < @ < 2. This class is a natural generalization of Gaussian and sub-
Gaussmn processes, which correspond to @ = 2.

|x| ,1 <a <2, wehave o=V (x) = (ax)

the Young—Fenchel transform e (x) = i , where 8 > 0 is such that 5+ 5 =1, that

B
is, B = ﬁ
The entropy integrals (3) and (5) take the form

1/ a

For the function ¢(x) = ,x>0,and
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&

I,(e) = In(Npy (1)) z du
0

and
E

(@) = [ (Ve D) au. ©)
0

and the bounds in Theorems | and 2 will be based on these integrals.

As we can see, for such function ¢ the integrals appear in a quite simple form and
can be evaluated for particular metrics d. Note that for more general ¢ sometimes it is
more convenient to use entropy integrals of another form (see, e.g., [11, 16, 18]).

We next consider ¢-sub-Gaussian fields X(¢),¢ € T, with the parameter set T =
[a1, b1] X [a2, by] endowed with the anisotropic metric

dt,s)= Y |t —si|™, Hie(0,1],i=1.2. (10)
i=1,2

2.1 Estimates for the distribution of suprema

Theorem 3. Let X(1),t € T, be a p-sub-Gaussian field with ¢(x) = % a € (1,2],
T = [a1,b1] X [az, ba] with the metric d(t,s) defined by (10), B = -%. Suppose
that the field X satisfies conditions (i)—(iii) of Theorem 2 with o(h) = ch?, ¢ > 0,
v € (0,1] and yB # 1.

Then forall A > 0 and 6 € (0,1)

1/ Ay \@ 21 1-25
Eexpd Asup |X(1)| b <2 —( ) (9 ) 1
eXp{ f‘;?l (t)l} eXp{a 1—a) taa-g P ¢ an

L
and for all 0 € (0, 1), 8y < yo and u > ﬁ(@so)l B ¢y, we have

P{flelg |X(t)| > u} <2expq — é(u(lT;H) - %(050)1_#“)[;}, (12)

11 H;
B 7B A .
where ¢y = 2272 % —FII_ (%) B owithT; =b; —a;,i=1,2.
Ty =12

Proof. We apply Theorem 2. We need to estimate the entropy integral I~¢,(e) given
by (5) for the particular ¢, o, d under consideration. For the metric d given by (10)
we can write the estimate for the metric massiveness

vater < [ (< e1) = [ (22 1),

T T
=12 "2(5)H i=1,2  2eHi

This estimate can be deduced from the observation that a rectangle

1 1

NORORERGRGN
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is contained in the ball in metric d with center (0, 0) and radius &, which is given as
B(e) = {(x1,x2) : [x1|™ + [xo| 2 < &}

Now, for the given functions ¢ and o (note that o=V (1) = (%)%), we consider
the entropy integral (9):

&

7¢(8)=/<ln(Nd(0'( 1>(u))))3dus/(1n ( 2T, +1))%du
0

0 i=12 2(c(- 1)(u))H

& 1
T,27 ¢ 3
:/(ln (%+1))ﬁdu.
0

i=1,2 2urHi

Forany 0 < » < 1,In(1+x) = % In(1 +x)* < );—%, we apply this inequality for each
term in the product in the above formula choosing x = H;, i = 1,2:

i=1,2 ZWH =129 urs
1 H
e 1o 1 T\ 7
— . 2B c7¥B Z —(E) =g 7hCy
"B i=1,2 "7t

2.2 Estimates for the rate of growth

Consider now the field X(¢1,1,), (t1,t2) € V, defined over the unbounded domain
= [0, +00) X [-A, A].
Let f(¢) > 0, ¢ > 0, be a continuous strictly increasing function such that f(¢) —
ocoast — oo,
Introduce the sequence by = 0, bgy1 > by, by — 00, k — oo.
We will use the following notations:

lik = biv1 = b, Vi = [bi, ben | X [-A, ALk =0,1,..., fi = f(b),
Ek = SUP (4, pyev, To(X(71,12)), and suppose that 0 < & < oo;

= inf k , where

Yk = Ck max  (d((t1.12), (51, 52)))7 = cx (L)™' + (24)H2)7,

(t1,12),(51,52) €V

with ¢y being from (13) below,
B=3tr

Theorem 4. Let X(t1,1), (t1,t2) € V, be a p-sub-Gaussian separable field with
p= E1d ‘ , @ € (1,2]. Suppose further that
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(i)

sup To(X(t1,12) = X(s1,52)) < cxh?, ¢ >0, 0 <y < 1; (13)
d((t1,t2),(s1,52)) <h,
(t1,12),(51,82) €V

(ii) C = Zk08k<oo

1

s, cl(k) zﬁCYﬁ

1-55

H
(iii) S = 2iy < oo, where ey(k) = (7 (/)7 + 4 7)

Then
(i) forany @ € (0, min(1, 6)) and any 1 > 0

X(n,t A ([ C \“* 24
Eexpqd sup M < 2exp —( ) + =S ¢
(.myev  J(11) a \1-6 (1-6)97%
(14)

(ii) forany 6 € (0, min(1,0)) and u > —25
(1-0)07B

| X (11, 12)] 1 _1\B
o, Bt} saon o (-0 205}
5

Proof. We use the scheme of the proof which is similar to that in [8] (Theorem 2.4),
[11] (Theorem 4). Using (11) we can write the estimate

I(/l)ZEexp{/l sup M}SEGXP{AZ sup |X(l1,t2)|}

(t],tz)EV f(tl) k=0 (t],tz)EVk fk

sﬁ(Eexp{/lf— sup |X(t1,t2)|})rL ZﬁQk(/l,e)rLk,
k=0 k k=0

(t1.12) € Vi
where
1/ A 1 -5
0x(1,0) =exp ( EkTk )a+2/1r—](71811c Pei(k) oy,
(1-0)fk feqa - g)gm
1 2ﬁ cgﬁ
ci(k) = (—(zk/2> R
H> 1--L
7/3
and let here ry, k > 0, be such that 37, — = 1. This implies that

-
1 €S repre B 21 > & Yﬁcl(k)
I(2) < 2exp a( ) kz_;)( ) (1—9)0#;) fi
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Choose ri = f"C where C = 377 f L then

L
s Bcl(k)

1(2) < 2exp é(lﬁfg)aca Y Lﬁi

k=0

Therefore,
X(ty,t A% C @ 24
Eexpqd sup |(1—2)| < 2exp ( ) + =S,
nmev  f(1) -6 (1-6)97%
and forall A > 0,u > 0,0 < 6 < 6,
X (1,1 X(t,t
p sup M >up <exp{—-Au}Eexpqd sup M
n.mev  f(0) .myev  J(1)

A7/ C \@ 218
< 2exp ( ) + ——Au .
1-4 (1-6)97%

28
1
(1-0)07P

We minimize the right-hand side with respect to A and obtain for u >

X(t1,¢t
Pe sup |X(t1,1)] .
(tmev  f(t)
28 i/ C \ama-1
< 2exp —(u— - ) ( )
(1—9)9W 1-6 a

_1 (o3 a—
=26xp{—a—Ca-l (u(l —9)—259‘#) }
a

O

Theorem 5. Let X(t1,12), (t1,t2) € V, be a p-sub-Gaussian separable field with
m , @ € (1,2]. Suppose further that

(i)

sup To(X(11,12) = X(s1,52)) < cih?, ¢k >0, 0 <y < 1; (16)
d((t1,2),(s1,52))<h,
(t1,12),(s1,52) €V

(ii) there exist 6 > 0 and a constant c(6) such that for (t|,t;) € V

To(X(t1,12)) < c(8)f; (17)

< 0oy

(iii) C = c(6) Ty, “kt
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- L
e RZEN

(iv) §=(c(6)' "7 £, b“fikl(k) <o

21%6‘:%

-
1-35

where ¢ (k) = (E(lk/Z) P+ AP )
Then

(i) forany 6 € (0,min(1,8)) and any 1 > 0

~ @
X(t1,¢ 1% 22 _

Eexpqd sup X, o)l <2expd c N st
nyev  S() a \1-6 (1-6)6

(18)
—_ N I_L,.,
(ii) for any 6 € (0, min(1, 8)) and u > M
(1-0)07B
X(t1,t 1 ~ 1\B
P sup M>u <2expq ——— (u(l—@)—2S0*/lﬁ) .
([1,[2)€V f(t]) ﬂcﬁ
(19)
Proof. The theorem is a corollary of Theorem 4. O

Remark 1. The bound (15) can be rewritten in another form. We can choose 6 =

B 5
u~ 7+ and then under conditions of Theorem 3 for u > (1+ 2S)# the following
bound holds:

X 1 g
P{ sup 1X(1, 10)] >u SZexp{—— (u—uﬁ(l‘*'zs)) }
(t],tz)EV f(tl) BC'B

~ B
Correspondingly, under conditions of Theorem 5 for u > (1 +25) 75T we can write
the bound

X(t,t 1 1 ~\B
P sup M >up <2expy ———— (u—uwl+l(1+25)) .
(t],tz)EV f(tl) ﬂcﬁ

Theorem 6. Suppose that for the field X (t1,1,), (t1,t2) € V, and function f conditions
of Theorem 5 are satisfied. Then there exists a random variable & such that with
probability one

|X(t1,0)| < f(t)E, (20)

and ¢ satisfies the assumption
P{£>ul < 2expd —— ( %(1+2§))ﬁ @1
usy < —— U —urk
BCF

~ B
foru > (1 +ZS)#.
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Proof. The theorem is a corollary of Theorem 5. Denote £ =  sup % then
(t1,n)eV
& satisfies (21) and for all w we have (20). |

Remark 2. Note that we introduced the condition (ii) in Theorem 5 having in mind the
application of Theorems 5 and 6 to random fields arising as solutions to stochastic heat
equations — see the field V (¢, x) in (26) and the estimate for its norm (29). At the same
time, Theorem 5 gives an example of the case where £y needed in the conditions (ii) and
(iii) of Theorem 4 can be evaluated due to the additional assumption (17) on the norms
of the field under consideration. As a result, we can check the validity of conditions for
C and S (see conditions (ii) and (iii) of Theorem 4) which in this particular case take the
form of C and S (see conditions (iii) and (iv) of Theorem 5). This implies Theorem 9
for the field V(¢,x). Therefore, one can see that to evaluate the rate of growth it is
sufficient to have a kind of the Holder condition (16) and some scaling for the norms
like in (17), which gives the possibility to choose a particular f and a partition b so
that C and S are finite as needed to write down the estimates (18) and (19). The choice
of f and by is demonstrated in the proof of Theorem 9. Distributional properties of
the field, which in the present paper appear as the assumption of ¢-sub-Gaussianity
with a particular function ¢, lead to the exponential form of the bounds and are
also taken into account in the functional form of the expression under the exponent
(which depends on ¢) in (18) and (19). More detailed study of these topics, including
particular models, deserves further investigation.

3 Application to stochastic heat equation with fractional noise

Consider the stochastic heat equation

ou 0*u O*wW
—_— = —t — Tl xR 22
=SSt o, (1x) € (0.T]xR, (22)

u(0,x) =up(x), xeR, (23)

with the following assumption about the noise:

A.1. W is a centered Gaussian process which is white in time and is fractional
Brownian motion in space with index H < %

Namely, following [10] we consider the case of W with the covariance functional

T
EW ()W (W) = /0 /R Fo(t, ) 5)Fu (1, ) (y)u(dy)dr

for any ¢, € C°([0,T],R) (F denotes the Fourier transform with respect to the
space variable), where the spectral measure u is of the form

u(dy) = Cyly|' =2 dy,
I'(2H + 1) sin(wH)

C =
H 2

(24)
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Note that there exists extensive literature on SPDEs driven by Gaussian and more
general noises, and involving various differential operators, see, for example, the
monographs [6], [21], [26], among many others.

As for the stochastic heat equation, it has been studied in various settings: as
that one driven by a time-space white noise, further with generalizations of noise in
space or in time, and also by considering differential operators more general than the
Laplacian.

Since we are going to apply the results of the previous section, we are interested
in the results for solution to the problem (22)—(23), which allow to write down the
bounds for E|u(t,x) — u(s, y)|%.

We will base our study on the results from the recent papers [2, 10] on regularity
properties of the solution to the stochastic heat equation.

We consider the problem (22)—(23) with assumption A.1 on the noise and imposing
the following assumption on the initial condition ug.

A.2. The process up(x),x € R, is continuous, possesses uniformly bounded p-th
moments for p > 2 and is stochastically Holder continuous with p € (0, 1], i.e.
forallp > 1

lluo(x) —uo(WllLr < Lo(p)lx —yI°,  x,y €R,

where Lo(p) is a constant and ||.||z» denotes the norm in L?(Q,R): |lu|lLr =
1
(ElulP)P,p > 1.

From [10] (see Theorem 1.1) it follows that under assumptions A.l and A.2
equation (22) has a unique mild solution u(z,x), (z,x) € (0,T] X R, satisfying

sup E|u(t,x)|” < oo and the Holder condition
(t,x)€(0,T]xR

||u(t,x) - M(S’ y)”LP < CA((t,X), (S7 Y))pAH (25)

with some constant ¢ = ¢(p, T, H) and where A((t,x), (s,y)) = |t — s|% +|x —y|is
the parabolic metric.
The mild solution is defined as the random field

t
u(t0) = [ G-yt v [ [ Groole-mwido,d = o(r.) + V(0.)
R 0 Jr
(26)
where G,(x) is the Green’s function (fundamental solution) of the equation (% -
2 )u =0, that is,

_ 1 Jx|?
GI(X) = \/?m exp <—?> .

We refer for the rigorous definitions of the integrals in (26), for example, to [2], [10]
(see also [3], [14]). Note that the construction of the integral with respect to space-time
fractional noise is rather subtle and involved, and all the details can be followed and
consulted in the mentioned papers. Here we just recall some facts. The domain of the
Wiener integral with respect to the fractional Brownian motion B of index H € (0, 1)
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is the completion of the space C° of infinitely differentiable functions with compact
support with respect to the inner product

(6.) = EB($)B(y) = /R Fo()Fu(yu(dy). 6.0 € C3.

and coincides with the space of distributions § € §’(C;°) whose Fourier transforms F'S
are locally integrable functions satisfying A« |[FS(y)|?u(dy) < oo. The construction
of the integral can be extended by adding one more variable. The integral with respect
to the space-time fractional process W is defined over Hr which is the completion of
the space C;°([0,T] x R) with respect to the inner product

T
(60) = EW(O)W(Y) = /0 /R F(t,) () Fus (6, ) (y)(dy)r,
o0 € CX([0.T] X R),

where the Fourier transforms F is taken with respect to the space variable. The space
Hr can be characterized, in particular, as follows (see, e.g., [10]):

o T2 (s, y) = (s, )
Hr={oec ([O,T]XR):/O /R e = dy dzds }.

The following to isometry holds.
Proposition 1 ([10], Theorem 2.1, [2], Theorem 2.7). Let ¢ € Hr. Then for any

t€[0,T]
E) /0 /R o (5. )W(ds, dy)

In the next theorem we state the Holder continuity of the fields w(z,x) and V (¢, x)
in the form, where explicit expressions for the constants are given.

2 t
- / / Fo(s. )P uldy)ds.  @7)
0 R

Theorem 7. Let assumptions A.1 and A.2 hold. Then the following bounds hold:

(el < sup o)l 2 < cos 28)
x€R

VG0l < ACH)E (29)

(e, = w5l < eo (=% + b =y1) ; (30)

V() =Vl < ev (= s %+l =y17) (31

where the constants ¢, cy, A(H) are calculated as follows:

cw = (2L max(Cy, L)'?, cy = (3Cy max((c1,m + ca.n)sc3,m))'/?,
A(H) = (Cyerm)'?

with
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Ci = %T(p+1), L =Lo(2), ¢, = 27 HD L,

Cexn(—2))?

c3.g = (2H)™'T'(1 - 2H) cos(Hr) for H < % and c3 g = 5 for H =

=

Cpy is given by (24).

Proof. For the proof we use the reasoning similar to that applied for a more general
case in [10] (Theorem 1.1) (see also [2]). Therefore, we present only the main steps,
our interest is in keeping the values of constants involved in each step through the
entire chain of bounds.

We have

2
Elew(1,%) - (s,0)> = E ’/R (Gi(x =y) = Gs(x = y) uo(y) dy

2
=E

/ Gros(y) / Gy (x = 2oz — y) — up(2)) dz dy
R R

< /R Gros(y) /R G (x — DE oz y) — uo(2) dzdy

<L / Gros (PP dy = LCyJt - s,
R

since

1 y2 2
Gh()yP* dy = / exp (——) VI dy
-/R " = Varh 4h

! Z/Wexp _y_2 vy dy
Varh Jo 4h
40 1
=—I(p+ )k =C 11,
= (p 2) 1
where C; = “‘;—%F(p + %), L = Ly(2), and we have used above the property

[R G:(y) dy = 1 and assumption A.2.
We now consider the more general increment:

Elw(1,x) = w(s, y)I?

<2 (Elw(t,x) - w(s,%)]* + Elw(s, x) — w(s,y)|?)
2
<2LCq|t - s|P +2E '/ (Gs(x=2) = Gs(y—2)up(z) dz
R

2
=2LC|t — s +2E

/RGS(Z) (uo(x — z) —uo(y —2)) dz

<2LC|t—slP+2L%x -y < ¢ (|t —slP+|x - y|2p) ,
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where ¢ = 2L max(Cy, L), and assumption A.2 is used again. Therefore,
1
(Elo(.x) (P <co (=58 +lx=3F"). co=ve. (D)
Considering V(t, x), we follow again the similar lines as those in [10] keeping

track of constants.
We can write:

EIV(t,x) = V(s, )

/Ot/RG,_g(x—n)W(de,dn)—/OS/RGS_Q(y—mW(d@’d")

/0 /R Gi-o(x — )W (d8, dn)
+ /0 | /R (Gr-o(x — 1) = Go_o(x — 1)) W(d6, d)

2
=E

=E

2

s /O /]R (Gaeo(x = 1) = Go_ay — 1)) W(d6, d)
<3Cy ( /0 /R FGo(©)P 162 dedo

* _ 2 p11-2H
, /O /R FGy_v0(€) — FG o(&) 112 dedo

v [ ] - costete -y iFGo@ Pler" aeao)
= 3CH(11 + 1+ 13),
where by F we mean the Fourier transform and use the fact that FG,(¢£) = exp(—t£?)

and also the isometry relation (27).
Evaluate now the integrals Iy, I, I5.

! I'(H+1
I = / /exp(—2s§2)|§|l_2H déds = 27 H+D %r” =cipt?,
0 R

_ n—(H+1) C(H+1) .
where ¢,y =27 H+) 200

I= / / IFGys10(€) — FGo(&) |é]'2H dide
0 R
= [ [[exp(-268) (1 - expl=(2 - 1)’ x kel agao
0 R

1 — exp(-2s&?
= /R % (1 - exp(=( = )£%))" 1] d

1 [ (1-exp(=(t - 9)&?)°
< 5‘/R |2~ 1+2H d¢
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—exp(—u2))?
:(t_s)Hl/wduzcz,H(t_s)H,
R

2 ul+2H

1 (l—exp(—uz))2
where C2,H = 3 [1‘% TaeH du,

B [ [ (= costete -y exp(-208) 1) ddo
1 — exp(—2s&?) -
- [ - costete -y el e
< [ 1= costetr =y 316l d = cate =y,
where

for H < 3:c3 = [ (1-cosx)x™""2H dx = (2H)~'T'(1 - 2H) cos(Hr),

for H = %: C3.H =

[SIE]

(We used here Lemma D.1 from [2]).
Therefore,

EV(t,x) = V(s,)* <3Cu((cr +com)lt = s + ez ulx - y*7)
and
1
EWV@0) -V P) <ev (1= + e -y17),

where cy = (3Cy max((¢c1,g + ¢c2.1), 03,H))1/2.

‘We also have the bound

(EIV(1,x)?)? < A(H)?,
where A(H) = (CHCLH)I/2. O

Remark 3. To derive further results for the fields w and V, basing on the approach of
the previous section, it is essential that we deal with space-time random fields having
different behavior with respect to space and time arguments as reflected, in particular,
in the different indices of the Holder regularity in space and time in (30), (31). Note that
the estimates of the norms of increments of random fields (like those in (30), (31))
are important for the study of sample path properties of anisotropic fields, and in
particular, the fields related to stochastic heat equation (see, e.g., [27] and references
therein). Here we present the bounds for the distributions of suprema for w, V in
Theorem 8 and the estimate for the rate of growth of V in Theorem 9 which have not
been presented in the literature before.

For the next results we will use an additional assumption on the initial condition
uo and will need the following definition ([15]).
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A family A of ¢-sub-Gaussian random variables is called strictly ¢-sub-Gaussian
if there exists a constant Cx (called determining constant) such that for all count-
able sets I of random variables {; € A, i € I, the inequality T¢(Zi€1 /1,{,-) <
Ca(E (e 1ili)? )]/2 holds. A random field (1), t € T, is called strictly @-sub-
Gaussian if the family of random variables {{(¢),t € T} is strictly ¢-sub-Gaussian.

Let K be a deterministic kernel and 7(x) = fT K(x,y)dé(y), x € X, where £(y),
y €Y, is astrictly p-sub-Gaussian field and the integral is defined in the mean-square
sense. Then 77(x), x € X, is strictly ¢-sub-Gaussian field with the same determining
constant (see [15]).

A.3. The field ug(x) is strictly ¢-sub-Gaussian random field.

Theorem 8. Let assumptions A.1 and A.2 hold, uy(x) satisfy assumption A.3 with
plx) = |x| , @ € (1,2], and let ¢, be the determining constant. Then for fields w(t, x)
and V(t, x) (t,x) € Dyp = a1, b1] X [az, b2, the following estimates hold:

(i)
1-6 )
P sup |w(t,x)| > u p <2exp (M +2(6cocy) Acl)
(t.x)eDap B\ cocy
(33)
1 1
_1 ~ 28 CwC B o B
foru > ﬁ(gcocw)l Feci, where ¢y = (1—7};) (%(%)Zﬁ +%(%)B>’
T,~=b,-—a,-,i:1,2,ﬁ=ﬁ-
(ii)

2
Pl sup [V(x)>ub <2expd-t <M 20ey)” %’5)
(t.x)€Dap 2\ ev

foru > 1= H)H(QSV)%;: heresV:A(H)bf[/z,
H
=2v2ey (3(3)F +4(3)%) Ti=bi-ai=1.2

Proof. Statement (i) follows from Theorem 3 and the estimates (28), (30), and we use
that 7, (w(t,x)) < cyllw(t, x)|| 2. Statement (ii) follows from Theorem 3 with o = 2
(since the field V (¢, x) is Gaussian) and the estimate (31). |

“H

Remark 4. Under the assumption of Gaussianity of the initial condition uy we can
present a similar result for the original solution u (¢, x) in the following form:

y(1-9) ’
P sup u(t,x)| >y p <2exp ( +2(0g,)"2¢ )
(t.x)€Dap 2\ e

H2

MI-—

I/\
fory > (l_#g)g(esu)icl, where g, = ¢g +A(H)b
é1 =2+2max{cy,,cv} Hl(%)T*’F(%) JH =HAp,T; =b;j—a;,i =1,2.

Otherwise, combining two parts will lead to a rather complicated expression for the
bound within this approach.



Investigation of sample paths properties of sub-Gaussian type random fields 307

The next theorem presents the power upper bound for the asymptotic growth of
the trajectories of the field V(z,x), (z,x) € D = [0,+00) X [-A, A].

Theorem 9. Let assumptions A.1 and A.2 hold. Then for any p > 1 there exists a
random variable &(p) such that for any (t,x) € D, with probability one,

H
[V(t,x)] < ((£7 (log)") v D¢ (p),
where &(p) satisfies assumption (21) with y = 1, 8 = 2 and some constants C and S.

Proof. We apply Theorem 6 and Theorem 5. Condition (i) holds since V(z,x) is
continuous, condition (ii) holds in view of (29).

Consider conditions (iii) and (iv). Let f(¢) = (t% [logt|?P) v 1 fort > 0 and some
p > 1. Let us choose by = eX, k > 0.

H
Then f; = b (logby)? = ek (log e¥)P = ek% kP and we have

H
_ oo b7 oo % o0 1
_ k+l _ q ez \ _ L
C—A(H)Z - = A(H) (ez +Z p) = A(H)e™ (1+ka> <o
k=0 k=1 k=1
Consider
iy b¥ (k) o (k+1)H
— 1 k+1€1 1 e T cy(k)
S=(AH))? ) ——F——=(AH))? ) ——5——
;) Jx kZ‘) ek kp

where ¢ (k) = %ek%(%l)% +A%, and we can see that § < oo.
Therefore, conditions of Theorem 6 hold true, and applying this theorem with
f(@) = (t% |logt|”) v 1 we obtain the statement of Theorem 9. O

We consider now an assumption on the initial condition which can be used instead
of assumption A.2.

A.2'. The process up(x),x € R, is a real, measurable, mean-square continuous sta-
tionary stochastic process.

Let B(x),x € R, is a covariance function of the process ug(x),x € R, with the
representation

B(x) = /]R cos(Ax)dF (1), (34)

where F (1) is a spectral measure, and for the process itself we can write the spectral
representation

uo(x) = / e Z(dn). (35)
R

The stochastic integral is considered as L, (L) integral. Orthogonal random mea-
sure Z is such that E|Z(d2)|> = F(dA).
Then the field w can be writen in the form

w(t,x) = / exp {i/lx - uzﬁ}zw) (36)
R
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and its covariance function has the representation (see [11])

Cov(a)(t,x),w(s, y)) - /R exp {i/l(x — ) = (- s)}F(d/l). 37)

Theorem 10. Let assumption A.3 hold. Then

1

lo0le < ([ Fav)’, ()
and if for some € € (0, %]
(e) = /R ¥F(dA) < o, (39)
then the following estimate holds:
lo(t.x) = w(s.y)ll 2 < e(e) (4172 = 2 + ] = 512) 2, (40)

Proof. We have
E@mm—wmwf=/quﬂMx
R

where
b(2) = exp{idx} exp{—pu’t} — exp{idy} exp{—puA>s},

and we can estimate

b)) < (1 - exp{ — u?|r - sI})2 +4sin® (%A(x - y))

) 2 1 2

< (min(/l |t—s|,l)) + 4min (§|/l||x—y|,1)
2 281 l 282

< (/l |t—s|) +4(5|/l||x—y|)

for any £1,&, € (0,1]. Let us choose € := &) = &/2, ¢ € (0,1/2], and suppose
J A*¥F(dA) < oo. Then we can write the bound

2 2e l-g(,. _ ,,|2¢& _ olE
/Rlb(/l)| F(d/l)s(/R/l F(D) (4% = P2+ e = 81,

which implies (40). The estimate (38) follows from (37). m|

In view of Theorem 10, under assumption A.3 and assuming uq to be strictly
¢-sub-Gaussian, we can write the estimate for the tail distribution of supremum of
w(t,x) which is analogous to (33), where the constants cg and ¢, will come now
from (38), (39).

In the example below we present the process which can be used as initial condition,
for which (39) is satisfied.
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Example 1. Let the initial condition ug(x), x € R, be a Gaussian stationary process
with the spectral density

2

a

The corresponding covariance function is of the form

B0 = = (B k(). xer “2)
X)= ——| — _ x|), x€eR,

n \/7—1.1_, ( 2&’) ) 2a-1/2
where K, is the modified Bessel function of the second kind, in particular, K > (x)
\/%e’x. Covariances (42) constitute the so-called Matérn class, a parameter v
2a — 1/2 > 0 controls the level of smoothness of the stochastic process.

Note that the Gaussian stochastic process with the above covariance and spectral
density can be obtained as solution to the fractional partial differential equation

d* \ @
(1 - @) n(x) =w(x), xeR,
with w being a white noise: Ew(x) = 0 and Ew(x)w(y) = 026(x — y) (see, e.g., [7,
Thm. 3.1]).

The Matérn model is popular in spatial statistics and modeling random fields
(with corresponding adjustment of (42) for n-dimensional case). The relation between
the spatial Matérn covariance model and stochastic partial differential equation (u —
A)*n(x) = w(x), x € R", was established by Whittle in 1963 and since then has been
widely used in various applied and theoretical contexts.

For the stationary initial condition u( with spectral density (41) the condition (39)
holds and we are able to calculate the constant ¢(&) defined in (39). We have

/128 o0 ta+l/2—l
/R (1+22)2 ./0 (Tt nera—eipn @ = Ble+1/2.2a-e-1/2),

where B is the Beta-function, £ € (0,1/2], 2a — & — 1/2 > 0, and the formula
oo -1 .
/0 (lfﬁw dt = B(u, v) is used.
Therefore, in this case we obtain ¢2(g) = o> B(e+1/2,2a—&—1/2). In particular,

having in (41) @ > 1 and choosing & = 1/2, we get c(1/2) = 0~ 3.
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