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Abstract We investigate the convergence of hitting times for jump-diffusion processes. Spe-
cifically, we study a sequence of stochastic differential equations with jumps. Under reasonable
assumptions, we establish the convergence of solutions to the equations and of the moments
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1 Introduction

In this article, we consider a sequence of stochastic differential equations with jumps
t

t
X"() = X"(0) +/ a"(s, X"(s))ds +/ b”(s, X"(s))dW(s)
0 0

t
+/ / c”(s,X”(s—),@)?(d@,ds), t>0,n>0.
0 JRm

Here W is a standard Wiener process, V is a compensated Poisson random mea-
sure, and X" (0) is nonrandom (see Section 2 for precise assumptions). Assuming
that a” — a%, b" — b, ¢" — ¢, and X"(0) — X°(0) asn — oo in an appropriate
sense, we are interested in convergence of hitting times " — 79, n — oo, where

" =inf{t > 0:¢"(r, X" (1)) = 0}
is the first time when the process X" hits the set G;' = {x : ¢" (¢, x) > 0}.
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The study is motivated by the following observation. Jump-diffusion processes
are commonly used to model prices of financial assets. When the parameters of a
jump-diffusion process are estimated with the help of statistical methods, there is an
estimation error. Thus, it is natural to investigate whether the optimal exercise strate-
gies are close for two jump-diffusion processes with close parameters. Moreover, we
should study particular hitting times since, in the Markovian setting, the optimal stop-
ping time is the hitting time of the optimal stopping set.

There is a lot of literature devoted to jump-diffusion processes and their appli-
cations in finance. The book [1] gives an extensive list of references on the subject.
The convergence of stopping times for diffusion and jump-diffusion processes was
studied in [2, 3, 6]. All these papers are devoted to the one-dimensional case, and
the techniques are different from ours. Here we generalize these results to the multi-
dimensional case and also relax the assumptions on the convergence of coefficients.
As an auxiliary result of independent interest, we prove the convergence of solutions
under very mild assumptions on the convergence of coefficients.

2 Preliminaries and notation

Let (£2, 7, F, P) be a standard stochastic basis with filtration F = {F;, r > 0} satis-
fying the usual assumptions. Let {W (t) = (W((¢), ..., Wi(¢)), t > 0} be a standard
Wiener process in R, and v(d6, dt) be a Poisson random measure on R” x [0, 00).
We assume that W and v are compatible with the filtration F, that is, forany t > s > 0
and any A € B(R™) and B € B([s, t]), the increment W (t) — W (s) and the value
V(A x B) are F;-measurable and independent of Fj.

Assume in addition that v(d60, dt) is homogeneous, that is, for all A € B(R™)
and B € B([0, 00)), E[v(A x B)] = u(A)L(B), where A is the Lebesgue measure,
is a o -finite measure on R™ having no atom at zero. Denote by v the corresponding
compensated measure, that is, V(A x B) = v(A x B) — u(A)A(B) for all A €
B@R™), B € B([0, 00)).

For each integer n > 0, consider a stochastic differential equation in RY

X”(t)_X”(O)+/ (s, X" (s) ds—}-Z/ b (s. X" (5))dW; (s)

t
+/ / cf’(s,X”(s—),Q)F(dG,ds), t>0,i=1,...,d. (1)
0 m
In this equation, the initial condition X" (0) € R is nonrandom, and the coefficients
aj', b [0,00) xR? — R, c?: [0,00) xRIXR™ > R,i=1,...,d,j=1,....k,

are nonrandom and measurable.
In what follows, we abbreviate Eq. (1) as

t t
X" (1) =X"(O)+/ a”(s,X"(s))ds+/ b" (s, X" (5))d W (s)
0 0

t
+// (s, X"(s—),0)V(db,ds), t=0. )
O m
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For the rest of the article, we adhere to the following notation. By | - | we denote
the absolute value of a number, the norm of a vector, or the operator norm of a matrix,
and by (x, y) the scalar product of vectors x and y; Bi(r) = {x € Rk . |x] < r}. The
symbol C means a generic constant whose value is not important and may change
from line to line; a constant dependent on parameters a, b, c, ... will be denoted by

Ca,b,c,...-
The following assumptions guarantee that Eq. (2) has a unique strong solution.

(Al) Foralln > 0,7 > 0,7 € [0, T], x € RY,
la"(t, )| + |b”(t,x)|2+/ ", x,0)|*11(d6) < Cr(1 + Ix]?).
RUI

(A2) Foralln >0,T >0,t €[0,T], R > 0,and x, y € B4(R)
|a" (1, x) — a" (1, )" + B, x) = "1, »)|
+f (1, x,6) — (1. y. 0)Pu(d6) < Cr glx — yI2.
Rm
Moreover, under these assumptions, for any 7 > 0, we have the following esti-

mate:

E[ sup |X”(t)|2] <Cr(1+ |X”(0)|2) 3)
1€[0,T1

(see, e.g., [5, Section 3.1]). From this estimate it is easy to see from Eq. (2) that for
allt,s € [0, T],

E[|x" (1) — X"(9)]"] < Cr(1 + [X"©)*)Ir — 5. (4)
Now we state the assumptions on the convergence of coefficients of (2).
(Cl) Forallt > 0and x € RY,
a'(t,x) — a’(t,x),  b'(t,x) — b(t, %),

/ (1, %,6) — (t, x, ) 1u(df) — 0, n — oo.
Rm
(C2) X"(0) - X°(0),n — oo.

3 Convergence of solutions to stochastic differential equations with jumps

First, we establish a result on convergence of solutions to stochastic differential equa-
tions.

Theorem 3.1. Let the coefficients of Eq. (2) satisfy assumptions (Al), (A2), (C1),
and (C2). Then, for any T > 0, we have the convergence in probability

sup |X"(1) — X°(0)] >0, n— 0.
t€[0,T]
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If additionally the constant in assumption (A2) is independent of R, then for any
T >0,

E[ sup |X"(t) - Xo(t)|2] —- 0, n— oo.
1€[0,T]

Proof. Denote A" (1) = sup,cjo X" (1) — X0, al™ = a" (s, X" (s)), b =
b (s, X" (s)), c¢s" (0) = " (s, X" (s—), 0),

t t
1;(;):/ a"ds, 1;(:):/ b AW (s),
0 0

t
Ig(t)sz M(0)D(d6, ds).
0 Rll‘l

It is easy to see that /;} and 1" are martingales.
Write

A7 = c(|x"©0 - X°O) + s [16) 126

+ sup [I(s) — I29)]” + sup |I”(s) - 126)).
s€[0,7]

For N > 1, define
op =inf{t > 0: |X°(0)| v [X"®)| = N}
and denote 1; = 1,52 . Then
E[A"(1)*1,] < E[a"(t A of})?]

§C<|X”(0)—X0(O)|2+ > E[ sup |1;1(s)—12(s)|2]>.

x€{a,b,c) SE[O,Z‘/\O’;\’,]
2
E[ sup |I;(s) - I,?(s)‘ sup ( |a” " a2’0|1udu> ]
se[0,tAay] se[Ot 0

<E[(/ |ap" — a1, du)] E "”—ag’o}zlu]du
0
+

< ¢ [ Ella a1 + Ella” - a2 1, ®

We estimate

In turn,
t t
/ EHa,’j’” - aZ’0|21u]du = / E[}a"(u, X"(u)) - a”(u, Xo(u))|21u]du
0 0

t t
< CN,,/ E[|X" ) — X"(0)|* 1, ]du < CN,,/ E[A" (w)*1,]du
0 0
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By the Doob inequality and It6 isometry we obtain

E[ sw |16 - 1§o)*] = CE[1(c nofy) = 1 A o) ]
se

[0,tA0]

t
- c/ E[[p" — 60| 1,]ds.
0
Estimating as in (5), we arrive at

t
[ el — 5001 Jas
0
t t
< CN,I/ E[A"(s)zls]ds—i—C/ E[|610 — 201, ]ds.
0 0
Finally, the Doob inequality yields

E[ sup |17 (s) — If(s)|2] < CE[|Il(t noy) — 1 A‘71’\1/)|2]
se[ 1

n
0,110y

t
- c/ / E[|c"" ) —C?’0(9)|215],u(d9)ds
O m

t
< cf / (E[|c2©0) — @) *15] + E[[00) — >00)|*1,]) s (dO)dls.
0 Jrm

By (A2) we have

t
c// E[|c?’"(9)—c?'0(9)|215],u(d9)ds
0 m
t

t
< cN,,/ E[|X"(s) — Xo(s)yzls]ds < CNJ/ E[A"(s)*1,]ds.
0 0
Collecting all estimates, we arrive at the estimate

t
E[4"(1)1,] < C|X"(0) — X°0)|* + Cw / E[A"(s)1,]ds
0

t t
+c,/ E[|d§’0—d?’°|215]ds+C/ E[|670 - 5°|*1,]ds
0 0
t
+C/ / E[|c0©) — c200)|* 1] u(d0)ds,
O m

where we can assume without loss of generality that the constants are nondecreasing
in t. The application of the Gronwall lemma leads to
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E[A"(T)*17]
T
< cN,T(}X"<0> - x°O + /0 Ef|an0 — a%0*1,]ds

T T
+/ E[|570 — 5°|*1,]ds +/ / E[|c0®) — cS’O(e)fls]u(de)ds).
0 0 m

We claim that the right-hand side of the latter inequality vanishes as n — co. Indeed,
the integrands are bounded by Cr(1+ | X (s) |2) due to (A1) and vanish pointwise due
to (C1). Hence, the convergence of integrals follows from the dominated convergence
theorem. The first term vanishes due to (C2); thus,

E[A"(T)*17] = 0, n— oo.
Now to prove the first statement, for any ¢ > 0, write
1
P(A™(T) > &) < S—ZE[A”(T)ZIT] +P(op <T)
i n 2 n
< SE[A"(T)*17] +P( sup |X"(0)] = N
€ t€[0,T]

+ P( sup |X°(0)| > N).
1€[0,T]

This implies

lim P(A™(T) > ¢) < 2sup P( sup [X"(0)] = N).

n—00 n>0 “tel0,T]

By the Chebyshev inequality we have

- n i n 2
nll)ngo P(A (T) > s) < 2 zlzlgE[teS[léPT]‘X (0)} ]

Therefore, using (3) and letting N — oo, we get
lim P(A"(T) > ¢) =0,
n—oo

as desired.

In order to prove the second statement, we repeat the previous arguments with
oy =T, getting the estimate

T
E[a"(T)?] < CT<|X"(O) - x°0)|" + / E[|a0 — a%°|*]ds
0
T 2
+/ E[|670 — 620 ]ds
0

T
+/ / E[\cf’o(e)—cg’0(9)|2]u(d9)ds).
0 Rm

Hence, we get the required convergence as before, using the dominated convergence
theorem. 0
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4 Convergence of hitting times
For each n > 0, define the stopping time

" =inf{t > 0:¢"(r, X" (1)) = 0} 6)

with the convention inf @ = 4-00; ¢" is a function satisfying certain assumptions to
be specified later. In this section, we study the convergence t” — t° as n — oo.

The motivation to study stopping times of the form (6) comes from the financial
modeling. Specifically, let a financial market model be driven by the process X" solv-
ing Eq. (2), and ¢ > 0 be a constant discount factor. Consider the problem of optimal
exercise of an American-type contingent claim with payoff function f and maturity
T, that is, the maximization problem

E[¢797 f(X"(r))] — max,
where t is a stopping time taking values in [0, T]. Define the value function

Vi(t,x) = sup E[e71TTDF(X" (1)) | X" (1) = x]

e, T]

as the maximal expected discounted payoff provided that the price process X" starts
from x at the moment #; the supremum is taken over all stopping times with values in
[+, T].

Then it is well known that the minimal optimal stopping time is given as

™" =inf{r > 0: " (1, X" (1)) = f(X" (1))},
that is, it is the first time when the process X" hits the so-called optimal stopping set
" ={t,x) €[0, TT x R? : v"(t, x) = f(x)}.
Note that 7*" < T since v(T, x) = g(x). Since, obviously, v" (¢, x) > f(x), we may
represent " in the form (6) with ¢" = f(x) — v"(z, x).
5 Convergence of hitting times for finite horizon

Let T > 0 be a fixed number playing the role of finite maturity of an Ameri-
can contingent claim. Let also the stopping times t”, n > 0, be given by (6) with
¢": [0, T] x R? — R satisfying the following assumptions.

(G1) ¢° € C1([0, T) x RY), and the derivative D, ¢ is locally Lipschitz continuous
in x, thatis, forallt € [0,T), R > 0,s € [0,¢], and x, y € B4s(R),

|Dx¢° (s, x) — Dx@"(s, y)| < Crrlx — .
(G2) Foralln > 0and x € R?, ¢"(T, x) = 0.
(G3) Forallz € [0, T) and x € R?,

6%, x) T Dy (t, x)| > 0. ©)
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Here by bo(s, x)TDx <p0(t, x) we denote the vector in R¥ with Jjth coordinate equal to

d
3 08,000, j=1. .k
i=1

Remark 5.1. Assumption (7) means that the diffusion is acting strongly enough
toward the border of the set Q? = {x € R? : ¢, x) < 0). In which situa-
tions does this assumption hold, will be studied elsewhere. Here we just want to
remark that it is more delicate than it might seem. For example, consider the opti-
mal stopping problem described in the beginning of this section with n = 0 in (2).
Then, under suitable assumptions (see, e.g., [4, 7]), we have the smooth fit principle:
3,v0(t, x) = 9, f(x) on the boundary of the optimal stopping set. This means that
we cannot set q)o(t, x) = f(x) — v0(z, x) in order for (7) to hold, contrary to what
was proposed in the beginning of the section.

We will also assume the locally uniform convergence ¢” — ¢°.
(G4) Forallt € [0,T) and R > O,

sup  [¢"(5.x) —¢ (s, 0)| > 0, n— oc.
(s,x)€[0,t]x B4 (R)

Remark 5.2. The convergence of value functions in optimal stopping problems usu-
ally holds under fairly mild assumptions on the convergence of coefficients and pay-
offs. However, as we explained in Remark 5.1, we cannot use the value function
for ¢". This means that we should find a function ¢" defining G different from
v"(t, x) — f(x), but it still should satisfy the convergence assumption (G4).

The question in which cases such functions exist and the convergence assumption
(G4) takes places will be a subject of our future research.

In the case where v has infinite activity, that is, u(R™) = oo, we will also need
some additional assumptions on the components of Eq. (2).

(A3) Foreachr > 0, u(R™ \ By, (r)) < oo.
(A4) Forallt > 0,x € R¢, and 6 € R™,
|, x,0)| < h(t,x)g(6),
where the functions g, & are locally bounded, g(0) = 0, and g(¢) — 0,60 — 0.

Remark 5.3. Assumption (A3) means that only small jumps of © can accumulate
on a finite interval; assumption (A4) means that small jumps of p are translated by
Eq. (2) to small jumps of X". An important and natural example of a situation where
these assumptions are satisfied is an equation

t t
X% :XO(O)+/ ao(s,XO(s))ds—i-/ b0 (s, XO(s))dW (s)
0 0
t
+/ R(s, X°(s—))dZ(s), t=0,
0

driven by a Lévy process Z(t) = fot Jrm 07(d0, ds).
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Now we are in a position to state the main result of this section.
Theorem 5.1. Assume (Al)—(A4), (Cl), (C2), (G1)—~(G4). Then we have the following

convergence in probability:

" —P> % n— .
Proof. Let ¢, § be small positive numbers. We are to show that for all n large enough,

P(|r”—r0| >8) < 4. 8)
Using estimate (3) and the Chebyshev inequality, we obtain that for some R > 0,

8
P( sup |X0(t)‘ > R) < -
1€[0,T] 4
Denote L = [0, T — /2] x B4(R + 2),

M=1+R+Crri2+Cr+Crepriz+ sup (|alt,x)|+|bt, x|
(t,x)elC

+0:0°t, )| + [ Deg® (1, )| + B0, ) T D, )| 7,

where, with some abuse of notation, C7 g4 is the constant from (A2) corresponding
to T and R + 2, Cr is the sum of constants from (A1) and (4), and C7_¢/2 g2 is the
constant from (G1) corresponding to 7 — ¢/2 and R + 2.

Let « € (0, M] be a number, which we will specify later. Now we claim that there
exists a function ¢ € ch2([0, T) x ]Rd) such that

sup_o(r, x) — (1, ¥)| < 5¢/2
(t,x)ekl

and, moreover,

sup  (|dre(r, 0)| + | Dxop(t, x)| + ID)%xgo(t,x)| + |b0(t,x)TDx(p(t,x)|_l)
1[0, T—¢/2]

xeBy(R+1)
< Cr—epri2+ sup (|8,0°0, )| + | De’(t, x)|
(t,x)elC
+ (6%, 0 T D, )| )
<M.

Indeed, we can take the convolution ¢(¢, x) = ((po(t, -) % ¥)(x) with a delta-like
smooth function ¥, supported on a ball of radius less than 1.
Further, by (G4) there exists n; > 1 such that for all n > ny,

sup 9" (1, x) — (1, x)| < /2. )
t.x)ell

On the other hand, by Theorem 3.1 there exists ny > 1 such that for all n > n»,
4 1)
P( sup | X" (1) — X°0)| > —> <-. (10
te[O,T]’ | M 4

In what follows, we consider n > ny V nj.
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Define the stopping time
o' = inf{t >0:|x"(1) — X°(0)| = % or | X°()| = R} AT.

Write

P(|r” — 1:0| > 8) < P(|r” - rO| >¢g0">T — 8/2)

+P X’ =R +P< X"(t) — X% zﬁ)
(tes[g,pT]| ol ) zes[lé,pT]| ® ® M

<P(|t" =1 > e0" > T—s/2)+%. (11)
For any ¢t < o",

1X"()] < |X0)| + % <R+1,
and hence,
0" (1. X" (1)) = ¢ (t. X°0)]

<" (t. X" ) — o(t. X"®)| + |o(t. X" () — o(t. X))
x+M|X"(1) — X°(t)| < 252

A

IA

Now take some 1 € (0, /2] whose exact value will be specified later and write the
obvious inequality

P(r;’o +e <1, 0" >T —¢/2)
5P(7:0<T—8,1:0+n<r",6”>T—8/2). (12)
Assume that t© < T — ¢, 9 + n < t,0" > T — ¢/2. Then, for all t €
[0 "+ 9] =T,
0" (5, X°9)) —0(s, X°(9))| <25, (1, X"(®) <0,

Therefore, in view of the inequality (p(ro, X O(to)) > 0, we obtain

inf (p(t, Xo(t)) > q)(to, Xo(ro)) — 2z, (13)

tel,

Further, we will work with the expression ¢(z, X%%) — <p(ro, X% forr e Z,.
For convenience, we will abbreviate f; = f(s, XO(s)); for example, ¢y =
(s, XO()).

Let r > 0 be a positive number, which we will specify later, and assume that v

does not have jumps on Z, greater than r, that is, v((R™ \ By, (r)) x Z;) = 0. Write,
using the Itd formula,

o(1, X)) — (%, X°(<%))
t t t
:/ stsds+/ (was,b?dW(s))+// Ag(0)V(d0, ds)
70 70 70 By (1)

() + L) + (1),

where
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1 T
Ligr = 010 + (Dx(Ots a?) + 3 tr(b?(b?) D,%X‘Pt)
+ / (A50) = (Dxgs, (s, X (s-),0))) (),
B (r)

As0) = (s, X°(s—) + c(s, XO(s-), 0)) — o(s, X (s-)).

Start with estimating /;(¢). Since t < o" A (T — ¢/2) for any ¢t € Z,, by the
definition of M and ¢” we have

1
dpr + (Drgr, a) + = (b0 ()" D21

5 <M+ M?*+ M <3M>,

Further, by (A4), for t € Z,, and 6 € B,, |c(t, X(t—),0)| < h(t, X(t—))g(0) <
Kim,, where K1 = sup;c(o 7], x|<g (t, %) and m, = supgep () &(0). Since
m; — 0,7 — 0, we can assume that r is such that m, < 1/K;. Then, for t € 7, by
the Taylor formula

fB (8@~ (D (X, 9)))M(d9)‘

1
sup D2, o(u, x)| le(t, X°(t—), 0)|1u(d6)

< _
2 (u,x)€[0,T1x B4 (R+1) Bu(r)

IA

%M2(1 +1x0) < %Mz(l +R?) < M*.
Summing up the estimates, we get
0] < M + M*)y < 4am*y. (14)
Now proceed to /3(¢). By the Doob inequality, for any a > 0,

P(sup|13(t)| >a,0,>T —8/2) < P( sup |13(t)| > a)

1Ty te[o. (t0+n) Aoy ]

T 2
< Ca—ZE[( fo f As(9)l[m,(mmm,,](sﬁ(de,ds)) ]
i (1)

T
=Ca—2/ / E[A(0)* 1 1rg.(zp 4 o] ()] 1(d)ds
0 By, (r)
2o [T 0 2
<CaM /0 /  Elle(s: X0620.6) Pt oo (0] ut@o)ds
m I

T
< Ca*M? / / E[K{m? Lz, (ro-tmynonl ()| 1(d0)ds < Kra™*min
0 m (1)

with some constant K;. Further, we fix a = 82771/ 2 and some r > 0 such that m% <
8 /(16K5) and m, < 1/K;. Then

1)
P(sup|13(t)| >822 6, >T —8/2) < o

tel,
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Hence, in view of (12)—(14), we obtain
P(‘L’O +e<t,o">T — 8/2)
< P(inf h(t) > 23— 4M*y — 82912 6" = T — 5/2)

tely

+P(sup| 50| = 80"/ 0, > T — £/2) + P(v((R" \ Bu(r)) x T,) > 0)
tel,

< P(inf b(t) > 25— 4M*y — 82912 6" = T — 8/2)

tel,

m 8
+nu(R™\ By (r)) + =

Assume further that n < 51 := § w(R™)/16 (not yet fixing its exact value). Setting
= (MM*) A M, we get

P(t0+3 <1t o" > T—s/2)

5
< P(inf h(t) > —snM* — 82312, 6" > T — 5/2) iy (15)
teT, 8

Write I,(¢) = J1(t) + Jo(t) + J3(t), where
t
Ji(t) = /0 (Drps — Drgr0, b2 dW (s)),
T

t
520 = [ (Dagen. (8 = B0)dW ).
J3(t) = (Dx@y0, B% (W () — W(2°))) = (up0, W(t) = W(°));
Uy = bO(s, Xo(s))TDx(p(s, XO(S)).

Taking into account that (s, X 0(s)) € K for s < 0", we estimate with the help of
Doob’s inequality

E[sup 710 1oror-cp | <E[  sup 7]

1€, e[z, (z0+n)Aa"]

@+mnc” 2
< CE[(/ (Dxgs — Drgro, b?dW(S))> }
T

0

(O+mnc 51012
SCE[/O |Dx@s — Dx,o] }bs‘ ds:|
T
r0+n 2
5CM3E|:[ |X0(s)—X0(ro)| ds]
70
< CMA(1+ |x°0)|P)n? < cM* (1 + RY)n? < CMOpP.
Similarly, using (A2), we get

E[sup Jz(t)210n>T_€/2] < CM%y2.

tel,
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The Chebyshev inequality yields

P(sup(|J1(t)| + |.12(t)|) >0 > T — 8/2) < K3M®p?/3
tel,

with certain constant K3. Assume further that

5 3/2
< = _ s
=1 <I6K3M6>

in which case the right-hand side of the last inequality does not exceed §/16, and that

1

< = ——,
=137 050

so that n2/3 > 5nM3. Hence, in view of (15), we obtain

P(ro +e<t,o">T —8/2)

368
< P(inf J3(t) > —577M3 — 772/3 — 82771/2,0” >T — 8) + —
reZ, 16

< P(inf () > =20 — 82'2, (20, X0(<?)) € IC) + % (16)

tel,

Further, due to the strong Markov property of W,

P(int 1) = 202 = 8702, (2%, X°(c9) € K)

tel,

= E[1c(*, X°()Pinf J50) = —20% — %'/ | Fuo)]
n

= E[1c(=". x("))

x P(_inf (u(s, %), W(s+2) = W) = =207 = 820"2) |00 30000 |

z€[0,n]

where u(s, x) = b%(s, x) T Dy¢(s, x). Observe now that {(u(s, x), W(z+s) — W(s)),
z > 0} is a standard Wiener process multiplied by |u(s, x)|. Therefore,

P( inf (u(s,x), W(s +2z)— W(S)) > —2772/3 - 52771/2)
z€[0,n]

= 1= 2P((u(s, x), W(s +n) — W(s)) < =203 — 62n'72)

n2/3 1 A2p1/2 nl/6 4 52
=1—2¢ I =1-2@ T ron ,
|u(s, x)Int/2 lu(s, x)|

where @ is the standard normal distribution function. Thus,
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(i 0=~ (0,0 € )

tel,

0 w01 npf 200 +8 ))}
SE[I’C(T’X(T ))(1 M( U (@0, X0(20)
<1-20(-M((29"° +6%)) < M%f(znl/6 +8%).

Note that the definition of M does not depend on §. Thus, we can assume without loss
of generality that § < /7 /(32M+/2). Finally, if

n=n4:= (%)6,

then
P(inf J(t) = =20 — A%~ 12 (9, X0(7Y)) e IC) < 1‘3—6. a17)

tely

Now we can fix n = min{e/2, n1, n2, 3, N4}, making all previous estimates to hold.
Combining (16) with (17), we arrive at

P(r0+s <t",o">T —8/2) <

Similarly,
P(r" +¢ < 9 0" > T —¢/2) < %
and hence
P(It” — ‘L'0| >e0">T — 8/2) < %
Plugging this estimate into (11), we arrive at the desired inequality (8). O

Remark 5.4. It is easy to modify the proof for the case where (7) holds for all (¢, x) €
G :={(r,x) € [0, T) x R? : (¢, x) = 0}. Indeed, the continuity would imply that
(7) holds in some neighborhood of G°, which is sufficient for the argument.
Remark 5.5. As we have already mentioned, assumptions (A3) and (A4) are not
needed in the case £ (R™) < oo. Indeed, we can set » = 0 in the previous argument
and skip the estimation of I3(¢). Nevertheless, these assumptions does not seem very
restrictive, as we pointed out in Remark 5.3.

5.1 Convergence of hitting times for infinite horizon

Here we extend the results of the previous subsection to the case of infinite time
horizon. Let, as before, the stopping times t”, n > 0, be given by (6). We impose the
following assumptions.

(H1) <p0 eC! ([0, o0) x Rd), and Dx(po is locally Lipschitz continuous in x, that is,
forall T > 0,R > 0,7 €[0,T],and x, y € B;4(R),

|Dog’(t, x) — Dx¢°(t, y)| < Crrlx — yl.
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(H2) 19 < 0o as.
(H3) Forallt > 0and x € R?,

|De%(t, x)b° (1, )T | > 0.

(H4) Forallt > 0and R > 0,

sup " (t.x) — %t x)| > 0. n— oo.
(s,x)€[0,t]x By (R)

Theorem 5.2. Assume (Al), (A2), (Cl), (C2), (HI)-(H4). Then we have the following
convergence in probability:

P
10 n- oo

Proof. Fix arbitrary ¢ € (0, 1) and § > 0. Since 9 <oc0as,PE>T-1) <4for
someT > 1.Forn > 0,t € [0, T], and x € R?, define @"(t,x) = @"(t, x)1o,7) (1),
1} = " A T. Then the functions ¢", n > 0, satisfy (G1)—(G3) and 77 = inf{r > 0 :
@"(t, X" (t)) = 0}. Therefore, in view of Theorem 5.1,

P(|r¥ — r;’0| >¢)—>0, n— oo
We estimate

P(’r” —‘L'O‘ > 8) < F’(|r¥ - ‘C?‘ > 5) +P(TO >T — 1)

<P(|z} — 1P| > &) +3.
Hence,
n@o P(|r” — r0| > 8) <.
Letting 6 — 0, we arrive at the desired convergence. ]

Example 5.1. Letd = k =m = landforallt > 0, x,0 € R, a"(t,x) = a",
b"(t,x) =Db", c"(t, x,0) = "0, where a", b", ¢" € R. Then we have a sequence of
Lévy processes

t
X"(t):X"(O)+a”t+b”W(t)+c”/ /e”v‘(ds,de).
0 JR

Consider the following times:
" =inf{r >0: X"(0) =" (O} AT, n=0,

of crossing some curve h € clqo, 1.
Assume that a” — a% b — b0 £ 0, " — ¢, and X*(0) — X°(0) as
n — oo and, for any 7 € [0, T'), supsc(g . |h" (1) — ho(t)] — 0asn — oo. Then

" —P> 79, n — oo. Indeed, setting ¢" (¢, x) = (h"(t) — x)1j0,1)(t), we can check

that all assumptions of Theorem 5.1 are in force.



218 G. Shevchenko

Example 5.2. Let d = k = m = 1. Suppose that the coefficients a”, b", ¢" satisfy
(A1), (A2) and that the convergence (C1)—(C3) takes place. Assume that oz, x)>0
forall t+ > 0 and x € R. Define

" =inf{r >0: X"(t) ¢ (I".r")}, n=>0.

It is not hard to check that, due to the nondegeneracy of b°, ¥ < 0o a.s. Assume that
" — 19" - % n — oo. Then, setting ¢"(f, x) = (x — I")(r* — x) and using

P
Theorem 5.2, we get the convergence 7" —> 79, n — o0.
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