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Abstract In many practical systems, the load changes at the moments when random events
occur, which are often modeled as arrivals in a Poisson process independent of the current
load state. This modeling approach is widely applicable in areas such as telecommunications,
queueing theory, and reliability engineering. This motivates the development of models that
combine family-wise scaling with non-Gaussian driving mechanisms, capturing discontinuities
or jump-type behavior. In this paper, a stationary time series is formed from increments of a
family-wise scaling process defined on the positive real line. This family-wise scaling process is
expressed as an integral of a pseudo-Poisson type process. It is established that this stationary
time series exhibits long-range dependence, as indicated by an autocovariance function that
decays following a power law with a slowly varying component, and a spectral density that
displays a power-law divergence at low frequencies. The autocovariances are not summable,
indicating strong correlations over long time intervals. This framework extends the classical
results on fractional Gaussian noise as well as on series driven by Poisson-type or Lévy-type
noise. Additionally, it provides a versatile methodology for the spectral analysis of one-sided
long-memory stochastic processes.

Keywords Family-wise scaling process, long-range dependence, pseudo-Poisson process,
spectral density
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Introduction

Self-similar processes are crucial for modeling complex systems that exhibit scale-
invariant or fractal-like behavior. These processes have been studied extensively due
to their theoretical significance and practical applications in various fields, includ-
ing network traffic modeling, financial time series analysis, geophysics, and hydrol-
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ogy. Significant contributions to this area include the works of Mandelbrot and Van
Ness [14], Samorodnitsky and Taqqu [19], and Embrechts and Maejima [9]. A key
feature of self-similar processes is their capacity to capture long-range dependence,
where correlations persist over large time intervals.

On the other hand, processes exhibiting family-wise scaling are vital in modern
stochastic modeling because they offer a more flexible and realistic framework for sys-
tems where scaling behavior isn’t simple and fixed. While traditional self-similarity
describes a system that looks statistically the same at all scales, family-wise scal-
ing accounts for a deeper, more complex relationship where the very nature of the
process changes when it is scaled, all while remaining part of the same “family”
of processes. Jgrgensen, Martinez and Demétrio [12] introduced a framework for
self-similarity and the Lamperti convergence in one-parameter families of processes.
Also, Borgnat, Amblard and Flandrin [5] discussed scale invariances and Lamperti
transformations as tools for understanding how time rescaling interacts with parame-
ter changes. These perspectives justify distinguishing “family-wise scaling” from the
standard notion of self-similarity of a fixed-parameter process. Processes exhibiting
family-wise scaling have importance and practical benefits. From a theoretical point,
studying processes with family-wise scaling expands the scope of stochastic analysis
beyond the well-understood self-similar processes like fractional Brownian motion.
It allows researchers to develop new mathematical tools and theories to understand a
broader range of complex, nonstandard behaviors. This contributes to the development
of more sophisticated models that can handle a wider array of real-world data. For
instance, in financial markets, volatility and other statistical properties of asset returns
can change over different time scales. A traditional self-similar model might miss
these nuances. A family-wise scaling model, however, can capture this by allowing a
parameter (e.g., related to volatility) to change with the time scale, providing a more
accurate and robust model for risk assessment. These processes enable us to deal with
non-Gaussian phenomena. For example, many natural and human processes, such as
network data traffic and seismic activity, exhibit sudden jumps or shocks that cannot
be modeled by Gaussian (natural) processes.

Long-memory and scaling phenomena play a central role in stochastic processes
and time series. Classical models often rely on self-similar processes and their station-
ary increments, such as fractional Brownian motion and fractional Gaussian noise.
Extensions driven by Poisson-type or Lévy-type noises provide a richer framework
for modeling discontinuities and heavy-tailed behavior.

Stationary long-range dependent (LRD; this abbreviation will also stand for ‘long-
range dependence’) series can be broadly classified into three main types, each with
distinct mechanisms for LRD, jumps, and scaling. Lévy-based series, including frac-
tional Lévy noise and Lévy-driven moving averages, exhibit LRD via slowly decaying
kernel correlations, with jumps intrinsic to the Lévy process, and show approximate
scaling: X (ct) ~ ¢ X(t) for large c [6, 7]. Time-changed Gaussian processes gen-
erate LRD through memory in the stochastic time-change 7(t); if 7(¢) is self-similar
with index v, then X(ct) d iy (7) [8]. Counting-based Poisson-type series, such
as fractional Poisson and mixed Poisson models, produce LRD through heavy-tailed
interarrival times or correlated random intensity, with jumps intrinsic to the counting
mechanism, but generally lack scaling except in certain asymptotic regimes [2, 13, 15].
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In this paper, we introduce a family-type scaling process, where scaling the time
variable by a factor a > 0 produces a scaled version of another process from the
same family, rather than the same process. That is, the process parameters themselves
are affected by scaling, distinguishing this construction from classical self-similar
processes. Based on this process, we construct, under certain conditions, a stationary
time series exhibiting long-range dependence. This framework extends classical results
on a fractional Gaussian noise and Lévy or Poisson type series, providing a versatile
tool for spectral analysis of one-sided long-memory processes.

The paper is organized as follows. In Section 1, we review the concepts of self-
similarity and long-range dependence, followed by an overview of classical models
such as fractional Gaussian noise (fGn). We then introduce the notion of pseudo-
Poisson type processe, which serve as the driving process in our construction. In
Section 2, we introduce our approach to family-type scaling processes, and then present
the construction of such a process as the integral of a pseudo-Poisson type process.
The Gamma distribution of the random intensity in the underlying Poisson process
provides a natural mechanism for heavy-tailed behavior and significantly influences the
statistical properties of the model. We refer to this process as fractional PSI-process.
Its covariance structure, as given in Proposition 1, reflects long-range dependence
with a power-law decay governed by the exponent parameter H € (%, 1). This implies
persistent correlations over long time intervals, making the model suitable for capturing
memory effects observed in various real-world phenomena such as network traffic,
financial time series, and environmental data.

The fractional PSI-process Wy(#),t € R, inherits several important character-
istics from both the underlying fractional Brownian motion and the pseudo-Poisson
time change. In Section 3, we study a time series defined on Z,, constructed from
the stationary increments of a fractional PSI-process. The main contribution of this
paper is to establish the long-memory behavior of the resulting stationary time series.
Specifically, we show that its autocovariance function exhibits a power-law decay of
the form

yx(h) = L(h) K*¥~!,  d € (0,1/2),
where L(h) is a slowly varying function at infinity. Also, we prove the functional
central limit theorem for LRD series {X;,},cz, in the Skorokhod space 20, 1].
Finally, in Section 4, we derive the spectral density and discuss its implications
for the long-memory behavior. Although a stationary time series defined on Z, is
not strictly causal, its one-sided domain allows for the application of the unilateral
Fourier transform to derive its spectral density. Nevertheless, the lack of symmetry and
causality introduces additional technical challenges in both the spectral representation
and its interpretation. By using distributional Fourier analysis, we show that the
resulting spectral density is, in general, a complex-valued and nonsymmetric function.
As aresult, the corresponding spectral measure is not classical but must be understood
in the sense of a generalized spectral measure, specifically, as a tempered distribution.

1 Preliminaries and known results

In this section, we will briefly review key concepts and results that are essential for our
construction and analysis. All concepts and definitions presented here can be found
in [16]. If a different source is referenced, it will be indicated explicitly.
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Definition 1 (stationary increments). A stochastic process {X(f)},r has stationary
increments if, for any ¢ € R,

X(r+k) - X(k) £ X(r) - X(0), Vk €R.
Typically, one selects k = 1 when examining the properties of the stationary time
seriesY,, = X(n+ 1) — X(n).

Definition 2 (Self-similar process). A stochastic process {X(#)},cr is called self-
similar (SS) or H-SS if there is H > 0, such that for all ¢ > 0

X(ct) P X (1), VieR.

The parameter H is called Hurst parameter.

As is known, the most famous self-similar process with stationary increments is
a fractional Brownian motion (fBm). The fBm, denoted by By = {Bu (f) };cg, is
Gaussian SSSI process with Hurst parameter H € (0, 1), zero mean and covariance
function, for s, 1 € R, given by

E [Bu(1)?]
2

A stochastic process {X (¢)}, . is called weakly(or second-order) stationary if for
all s, €T,

EX (1) =EX(0), and Cov(X(t),X(s)) = Cov(X(z—s),X(0)),

where T =R or Z.
The autocovariance function of a weakly stationary time series {Xp, },,c7 is defined

EBp (1)Bu(s) = (ePH 4 IsPH = e = sH) .

as
)/X(h) = COV(Xn+h, Xn)’ heZ.

By weak stationarity, yx (/) depends only on the lag 4. The autocovariance function
serves as a fundamental measure of dependence in time series analysis and it has a
symmetry property, i.e., yx(h) = yx(—h), h € Z.

The spectral density function is a fundamental tool in analyzing weakly stationary
time series, providing a frequency-domain perspective of their dependence structure.
It is especially important for detecting and characterizing long-range dependence, as it
reveals how the variance of the series is distributed over low-frequency components.
This insight helps identify persistent correlations over long time horizons, which are
crucial for accurate modeling and forecasting in many fields of application.

Definition 3 (Spectral density). Let A denote the spectral frequency. The spectral
density of a weakly stationary time series X = {X,},cz is defined as the Fourier
transform of its autocovariance function yx(k),' that is,

1 < :
fr@) = 5= ) yx(he™, A€ (-m.al. M
h=—c0

IThe spectral density fx (1) is 27-periodic, i.e.,
fx(A) = fx(A+2nk), VkeZ.
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Definition 4 (Long-range dependence). A weakly stationary time series {X,}, 7
is called long-range dependent (LRD) with parametr d € (0,1/2) if one of the
nonequivalent conditions holds.

I. The auto-covariance yx (%) of the time series { X, },,c7 satisfies
yx(h) =Li(h) **7', h=0,1,2,..., )
where L is a slowly varying function at infinity.”
II. The time series {X}, },<z has a spectral density satisfying
fx) = La(aDIA™, A€ (-, 7], 3)
where L is a slowly varying function at zero.

II. The time series {X, },cz satisfies

N
Var (Zxk) =L3(N) N4 N =1,2,3,..., )
k=1

where L3 is a slowly varying function at infinity.

IV. The auto-covariances of the time series {X,, },c7 are not absolutely summable,
i.e.,

D rx(h) = . )

h=—00

The parameter d € (0, 1/2) is called a long-range dependence parameter.

Thus, although the four conditions capture different perspectives — covariance
decay, spectral density, variance of partial sums, and nonsummability — they are tied
together through a network of implications, providing a unified but flexible framework
for analyzing long-memory behavior. This is shown in Table 1.

Definition 5. Let By = {Bp(f)},cr be a fractional Brownian motion. Then the
stationary series
X, =By(n)-Byg(n-1), nezZ

is called a fractional Gaussian noise (fGn).

The fractional Gaussian noise is a zero-mean stationary process with variance
2 _ 2
EX, =E[Bu(1)7],

and the autocovariance function given by

2
vy = POV (et i1 e ©
~E[(Bu(1)*]-HQH -1 k* 2, ask — . (7

2The function L, is slowly varying function at infinity if it is positive on [b, ), b > 0, and for any

. Li(ax) _
a>0, lim GHED =1,
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Table 1. Relations between different conditions of LRD according to Pipiras and Taqqu [16,
pp- 21-30]

Condition Formulation and relation
(I) Covariance decay yx(h) = L (h)h*?=', h > 0, L; slowly varying at co.
I=1V.

I = III, where the function Lj3 is related to function L;.

I = II if the slowly varing function L, is quasi-monotone.?
(II) Spectral density fx() =Ly(aD|A ™4, A e (-n, x].

L, slowly varying at 0.

II = Iif Ly (1/u) is a quasi-monotone slowly varing function on
[1/7, 00).
I = ML IV.

N
(IIT) Variance of partial sums Var( > Xk) = L3(N)N2d+1 N > 1.
k=1
L3 slowly varying at oo,

(IV) Nonsummability of covariances > lyx(h)| = .

2 A slowly varing function L on [0, o) is called quasi-monotone if it is of bounded variation on any
compact interval of [0, co) and if, for some § > 0,

/ u%|dL(u)| = O(x%L(x)), x — oo.
0

According to [16, 20], the spectral density of fGn is given by

fx() = cp|l — e 2 Z 27k +A7'72H | for A € (—-n, 7],
k=—o00
where ¢y = 2B R H 4 1) sin(xH).
Moreover, the spectral density exhibits a power-law divergence near the origin and
behaves asymptotically as

1
fx(A) ~cgA' 22, as 1 — 0, for H > 5

In his foundational monograph [11], Feller introduced the concept of a pseudo-
Poisson process, through what he called Poissonian randomization of time. This
approach involves subordinating the index set of a sequence of random variables
(€1)n>0 using a Poisson process, typically assumed to be independent of the underlying
sequence, which itself exhibits the Markov property.

In this paper, we consider a generalization of this construction in which the index
time of the sequence (£,)n»0 is subordinated by a Poisson process I1;(,) with a
random intensity A(w). This type of model has been studied by Rusakov, Yakubovich
and Baev [17], as well as by Rusakov, Yakubovich, and Laskin [18].

Definition 6. Poisson Stochastic Index process (PSI-process) is defined by

‘//(5) = é:H,l(w) (S)’ s € R+’ (8)
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where the sequence (&,)n>0, the Poisson process Il;(,,), and the random variable
A(w) are assumed to be mutually independent and defined on a common probability
space (Q, F,P).

Note that the standardized Poisson process with rate A(w) can be obtained by a
random time-scaling of the unit-rate process:

ILyw)(s) 4 I (ﬁ(w)s).

Throughout this work, we assume that (&,),>0 is a sequence of independent and
identically distributed (i.i.d.) random variables with zero mean and finite variance
Eg—‘g = 0% < oo and that A(w) is a positive random variable. As shown in [17, 18], the
mean and covariance function of the PSI-process are given by

Ey(s)=E& =0, Cov(y(s),y(t)=E[&]La(lt—s]), s.teR., (9)

where L,(-) denotes the Laplace transform of the random variable A(w).
For simplicity, we denote A(w) by A.

2 A family-wise scaling stochastic model driven by a pseudo-Poisson type pro-
cess

In this paper, we introduce a new class of stochastic models that extends the clas-
sical notion of self-similarity, referred to as family-wise scaling processes. Up to
now, there has been no rigorous or unified definition for processes whose scaling
property involves not only time rescaling but also a simultaneous rescaling of an
additional parameter. The existing literature mainly provides precise definitions for
self-similar processes (characterized by a single Hurst exponent). However, none of
these frameworks captures the family-wise relation that links the dynamics of the
process with the simultaneous transformation of its family parameter. Therefore, the
definition we introduce here provides the formulation of such a family-wise scaling
processes.

Definition 7. Let {X4(1)},50.9>0 be a family of stochastic processes indexed by a
scale parameter 6. We say that {Xg(f)},5¢, ¢~ is a family-wise scaling process with
exponent H if, for every scaling factor a > 0, the following scaling relation holds:

Xp(at) £ at X0 (1). (10)

Instead of the classical self-similarity condition, here the scaling also acts on the
parameter 6.

In this section, we introduce a stochastic model that combines two important
features: family-wise scaling and randomness in the time index through a pseudo-
Poisson-type process. This model introduced by Azzo and Rusakov in [1] is defined
by

t
qu(;)=/0 0% &0 (s) ds, 1€ (0,71, (11)

where 6 € (0, 00) and « € (0, 1).



8 E.A. Azzo

The process Wy(r) can be interpreted as a randomly time-changed integral of
a scaled discrete-time noise sequence {&,},>0, Where the time distortion is gov-
erned by a Poisson process I1g,(s) with random intensity A, scaled by the param-
eter . The parameter & > 0 controls the degree of aggregation or dispersion in
the time deformation, while k € (0, 1) determines the scaling behavior of the inte-
grand. Moreover, since the Poisson process and the noise sequence are independent,
the process Wgy(t) is well defined and integrable under suitable assumptions on &g
and A.

This model can be applied to the analysis of stochastic systems in which ran-
dom events generate workload or transmit information over time. Examples include
telecommunications networks, financial systems, and queueing models. The process
reflects the total load that is the accumulated effect or quantity of events occurring
within a specified period — offering important insights into system efficiency, resource
allocation, and risk evaluation.

Moreover, the stochastic process defined in (11), indexed by parameter 6, exhibits
a family-wise scaling property with exponent parameter H € (%, 1), as opposed
to the classical H-self-similarity. Specifically, a linear scaling of time by a factor a
corresponds, in the distributional sense, to a deterministic rescaling of another process
from the same family, indexed by a#, i.e., for any a > 0,

Wy(ar) £ alW,0(1), teR,. (12)

This property can be verified through a straightforward calculation.
at d at t
Yo (ar) = /0 0" €1, (5) ds = /0 0“1 &1, (gas) ds = a/o 0" &, (p.au) du

t
= al’“/Z/ (a0) " &, (aoauy du = a™W (1),
0

where the scaling exponent H =1 - % € (1,1).

We are interested in analyzing the covariance structure of the process defined
in (11), under the assumption that the random intensity A4 of the Poisson process
follows a gamma distribution with unit scale and shape parameter « € (0, 1).

Denote the covariance function of Wg(¢) by Ky, (s,1) := Cov (Wg(s), Py(2)).
Proposition 1. Ler E&) = 0, Efé = 0% < o0, § > 0 and suppose that A ~ I'(, 1)
with k € (0, 1). Then the process W ¢ (t), defined by (11), has the following covariance
function for all s,t € R,:

2

o
2H(2H - 1)
— 4H min{s, t}mZH_l) , (13)

Ky, (s,1) = ((t +m) >+ (s+m)* = (|t = s| + m)* —m?H

Wherem:%andH:l—ge (%,1).

Proof. It follows from (9) that the process has zero expected value and the following
covariance function for all s, € R,:

K, (5.1) = Cov (o (s), ¥o (1)) = 6% B [&2] / / Loa(lx - yDdyds.  (14)
0 0
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Since A ~ I'(k, 1) with « € (0, 1), for 6 denoting the scale parameter, it follows that
04 ~ I'(k, 0). The Laplace transform of the distribution I'(k, 8) is well known and is
given by

Loai(s) = (1+0s)7 .

For 6 > 0 and « € (0, 1), note that (1 + 6s)™ is continuous on [0, o). Hence,
(1 + 0|x — y|)~* is measurable and nonnegative on [0,7] X [0, s], so we can apply
Tonelli’s theorem. Moreover, since

0<(1+0x—-yh ™ <1,
it follows that Lg,(|x — y|) is integrable on [0, ¢] X [0, s]. Therefore, Fubini’s theorem

also applies.
Thus, we obtain

//LHA(|x—y|)dydx //(1+(;)szdxy|)K_ //<(9+d|yxdxy|):<)
([ e

(15)
Denote m = %. Calculate the first integral for 0 < s < 1:
d S t S
dx Yy —K 1 / 1- d
= —-y+ dxdy = — —y+ “1 d
//(xwm)K //("ym) Ve ) vt
0y 0
A
—1—/((t—y+m)1 K_ml—K)dy
0
1 1 2—-k IKS
_l—K(K—Z(t_y+m) ym 0)
1 1 2—-k 2—-k 1-«
= —-s+m -— m —sm
T« K_z(t +m) — (t+m)
1

= TGy (rm=tmstmP =@ =) sm'™).
(16)

In the same way, we calculate the second integral for 0 < s < ¢ and obtain

dy dx ror B o e
,//(y i+m)’< —//(y—x+m) dydx:m/(y—x+m)l dx
0 x 0

X

R

1

_ /((s—x+m)l_K—ml_K)dx

1 -«
0




10 E.A. Azzo

—xm

Il
| —_
x
/N

S
(s —x+m)> " .

K—2

1 1 1
— ( m271< _ (S + m)Z*K — le)
K=2

11—k \k-2
1 2- 2- 1-
- K _ K_(2 - KY
T-0C2-0 ((s+m) m 2—-k)sm )
17
We put (16) and (17) in (15), and obtain the formula for 0 < s < #:
t s
[ [ zoati=sarae = oo (e m o s emp™
0<(1 —k)(2—«)
0 0

—(t=s+m)* = (m)** =22 -«k)s (m)'7¥).
(18)
In the final step, we substitute (18) into (14) and assume that E£Z = o2, thus we
obtain, for all 5,7 € Ry,
o2
(1-x)(2-x)
m*>™% —2(2 - k) min{s, t}ml_") )
Wehave H=1 - %, so k = 2 — 2H, and then obtain

Ky, (s,1) = ((t+m)> ™  + (s+m)>™* = (|t — 5| +m)*™*

Ky, (s,1) = ((t+m)*H + (s +m)* — (1t — 5| + m)*H — m?H

o
2H(2H - 1)
- 4Hmin{s,t}m2H*l) .

i

Observe that for H € (%, 1), the constant factor % is strictly positive.
Consequently, we refer to the process Wy (), t € R,, defined in (11) and satisfying the
assumptions of Proposition 1, as the fractional PSI-process with exponent parameter
H=1-%¢(3,1).

Lemma 1. As 8 — oo, the asymptotic covariance of the fractional PSI-process is
proportional to the covariance of the fractional Brownian motion {By (t)},cg, With

0_2

E[Bu(1)?] = —————. 19
81 ()] = o= (19)
Proof. It is clear from (13) that, when 8 — oo, it follows that m — 0, and we have

2

ﬁ ((t+m)* + (s +m)* = (It = s| + m)* = m*" — 4H min{s, ym*7 ")
i E [Bu(1)*]
o 2H , 2H 2H H SH . oH -
HeE-H ot - = =— (" + — -
2 e (e Ul = = (e e
=EBy (1)Bp (s),
where E [B11(1)°] = sy o
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Proposition 2. The fractional PSI-process W¢(t), t € R, satisfies the family-wise
scaling property with stationary increments.

Proof. For a non-Gaussian process to have stationary increments, it is sufficient to

show that X (¢ + h) — X(1) 4 X(h) — X(0) for all t > 0,2 > 0. For the fractional
PSI-process, we have

t+h t t+h
Yo(t+h)—Pe (1) :/ HK/Z fne/l(s)ds—‘/‘ HK/Z fnm(s)ds =/ 9K/2 ng,l(s)dS-
0 0 t

Note that the PSI-process &m,,, (s) Was constructed based on jumps of the Poisson
process. In other words, the random variable ¢ is replaced by an independent copy
when the leading Poisson process I1g, has a jump on the interval [¢,¢ + h]. Let Nj, is
the number of Poisson jumps in the interval [z, 1+ 4], then Ny, := Tlg,(t+h) —Tlga (1) ~
Poi(6Ah).

Suppose Ilg, jumps at times 7y < Tp < --- < Ty, -1 within [t,7 + h]. For
convenience, we set Ty = ¢, Ty, +1 = t + h. Thus, for s € [T_1, T), we have EMga(s) =
(. k=1,...,Ny.

Since the integrand is constant in each interval between jumps, the increments of
the fractional PSI-process can be written as the sum of the contributions from each
interval as follows:

N,

t+h
Foltrh)=Wo(0) = [ 0P e, 005 = ) 06 A
! k=1

where Ak = Tk - Tk—l-
It follows that, for all u € R, the characteristic function of the increments of the
fractional PSI-process is

t+h
OW, (14+h) =y (1) (1) = Eexp {iu / gx/2 Enw(s)ds}
t

r t+h

=E, |Eexp {m/ HK/zfnm(s)ds} ‘ /l]
L t
[ Nll

=E, |Eexp {iuzwzgk Ak} )/l]

k=1

=E; |Eexp { Z Do g Ak} 1Ny =n) ﬂ] :
n=0 k=1
Note that 22’:1 A = h and the normalized vector (%, %, e, T") have the Dirichlet
(1,1,...,1) law. So the average spacing is E [Ax | N, =n] = % and for large n the

gaps concentrate around this mean. Thus, we approximate Ay ~ %, k=1,...,n. Let
@& be the characteristic function of £, and since all random objects are independent,
we obtain

Oy (t4h)— o (1) (1) = g lz E lexp {lu Z 0“2 & —} Ty, —n}] ‘ /ll

n=0
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_E, -%E lﬁexp {lugk/sz—}ﬂ{]\]h—n}] |/1]
- E, %“)(tpf ( gr/2 1 ))np{Nh :n}’ﬂ]
5 1

h _oan (0"
k/2 61h
pe ()

—E, [exp {e/m y (uh@"/z) - H/Ih} | /l]

—E, [exp {—/1 <9h —Ohge (uh9k/2>> } ) A} (20)

I Ak

= (1+0n-0hg, (uno*?))
Note that the distribution of the increment Wy (1 + h) — Wy(t) is determined by the
jumps of the process Iy, that occur within the interval [z,¢ + k]. In the same way,
the distribution of the increment Wy (h) — ¥y(0) = Wy (h), where Wy (0) = 0, is

determined by the jumps that occur within the interval [0, i]. Following the same
steps as before, we get

=E,

—K
Ow,(h) (1) = (1 +0h—0hog (uhGK/z)) ,

which is the characteristic function of Wy (¢ + h) — W4 (¢). Then the fractional PSI-

process has stationary increments, as its increment Wy (¢ + h) — Wy(t) 4 Yo(h) —
Yy (0). O

Remark 1. Note from equation (20) that the stationary increments property of the
fractional PSI-process does not depend on the distribution of the Poisson process’s
random intensity A. Therefore, the stochastic model defined by (11) is a family-wise
scaling process with stationary increments.

The following corollary follows directly from the stationary increments property
of the fractional PSI-process and highlights that the increment process is weakly
stationary, with constant variance and an autocovariance function depending solely on
the time lag.

Corollary 1. Let Wy (1), t € Ry, be the fractional PSI-process. For any fixed h > 0,
the increment process Wo(t + h) — Wy(t) is weakly stationary. Its autocovariance
depends only on the lag |t — s| and the fixed increment length h.

Proof. The variance of the fractional PSI-process follows from (13) and is given by
o2

Var (Tg (t)) W

((t+m)* —m* —2Htm*"1) | (1)

Moreover, from the stationary increments of the fractional PSI-process, we have, for
any fixed h > Oand ¢ > 0,

Var (Wo(t + h) — Wo (1)) = Var (W (t + h)) +Var (¥ (1)) = 2Cov (Wo (1), W (t + h))
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o2

THQH-1)
= Var(‘Pg(h)),

((h +m)?H -2t~ 2Htm2H—1)

Therefore, we assume for any u,v > 0
Var(Wo (1) = Wo(v)) = g(lu—v|)
Denote U = Wy (t+h) =Py (1),V = Po(s+h)—¥y(s) and K,,, = E[Pg (1) Py (v)].
Since the fractional PSI-process is centered, we obtain
Cov(U,V) = Kivn,s+h — Kesn,s — Ki sen + K 5,
and use the polarization identity
Var(Wo(u) — Yo (v)) = Kuy + Kyy — 2Ky,
so that
Ky, = %(Kuu + Ky, — Var(Wo(u) - \PH(V)))
Substituting this expression for each S.. into the autocovariance above, we obtain
2Cov(U, V) = (Kpanisn + Ksan,sen — Var (Yot + h) = Yo(s + h)))
= (Kishien + Ks,s = Var(Po(t + h) = Po(s)))
= (Kt + Kyehson = Var(Wo(t) = o (s + h)))
+ (Kt,t + Ks,s - VCZI"(“P() (t) - ‘PG(S)))
= —Var(Wo(t + h) = ¥y(s + h)) + Var (P (t + h) — X(s))
+ Var(Wy (1) — X(s + h)) — Var(Wo () — Po(s)).

Thus, we get

COV(‘P(,(Hh)—‘Pg(t), lI’g(s+h)—‘l’g(s)) = %(g(|t—s+h|)+g(|t—s—h|)—2g(|t—s|)).

Since g depends only on the pairwise time differences, the right-hand side depends
solely on |t — s| (and the fixed increment length /). Moreover, because the increments
have zero mean, the increment process is weakly stationary with autocovariance
depending only on the lag. O

3 Fractional PSI-increment series and their memory properties

The construction of the fractional PSI-process captures essential features of long-
range dependent systems by incorporating both a nontrivial time structure and a non-
Gaussian or Lévy source of randomness. Since the fractional PSI-process Wy (7),t €
R, has stationary increments, it is well suited to the analysis of LRD phenomenaon Z,.
In practice, many empirical time series (e.g., in network traffic, finance, and climate
data) are naturally indexed by nonnegative time. For instance, fractional ARIMA
processes, which are classical examples of LRD models, are typically defined on Z,.
Accordingly, we define the stationary increment series as

X, =Wo(n+1)—Yo(n), nez,. 22)

The resulting stationary time series {X, },cz, has key properties, as detailed below.
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Proposition 3. The stationary time series X = { Xy } ez, definedin (22), satisfies the
following properties.

«EX, =0.
s EX2 =E[Py(1)?].

o The autocovariance function for h € Z, is given by’

2
yx(h) = m ((h+1+m?H 4 (h=1+m) —2(h+m)*)  (23)
~cr(h+m)* 2, ash — . 24)

Proof. Since the fractional PSI-process is centered, the mean of the series {X, },,cz,
is zero.

The expression for the variance of the series {Xj, },,cz, follows immediately from
the fact that the increment process is weakly stationary (Corollary 1), thus

EX?(n) = Var(Wo(n + 1) — Wo(n)) = Var(¥o(1)) =E [¥e(1)?] .

By Corollary 1, since the increment process is weakly stationary, the autocovari-
ance function of the increments depends only on the lag time. An explicit formula can
be derived from (13) and Wy (0) = 0:

¥x(h) = Cov(X(n + h), X(n)) = Cov(X(h), X(0)) =E [X(h)X(0)]
=E[(Wo(h+1) - ¥o(h)) (Yo(1) - ¥e(0))]
=E[Yo(h+1)¥e(1)] - E [Yo(h)¥e(1)]

2
= siiam = (o 1+m o (L mp— Goem)— — 4im? )
2
a m ((h+m)2H +(1 +m)2H— (h-1 +m)2H_ mZH—4Hm2H*1)
2
ag
:m((k+l+m)211+(h_1+m)2H_2(h+m)2H).

Finally, for the asymptotic autocovariance as & — oo, we denote & +m = x and define
f(x) = x*H  Therefore, we can write

2
m ((1 +x)2H 4 (x - 1) —2x2H)
_0-72 2H_2.f(1+%)_2f(1)+f(1_%)
T2HQH - 1) 1
2
c 22
e A R

=2 (h+ m)zH_z.

3Here and below ~ denotes asymptotic equivalence, i.e., f(x) ~ g(x) if lim % =1
X—00
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Remark 2. Note that since 2H —2 € (—1,0), dependencies decay slowly. This means
that, as h — oo, the asymptotic autocovariance of the stationary series {Xy},ez,
corresponds to the asymptotic autocovariance of the fGn, defined by (7), with shift
parameter m = &, such that 0> = E [By (1)?] H(2H - 1).

Morevere, as § — oo, the asymptotic autocovariance function of {X,},cz, is
given by

yx(h) — ((h+ 1)+ (h=1)* —2n7H) .

o
2H(2H - 1)
This expression corresponds to the autocovariance function of fGn, defined by (6), with
E[Bu(1)?] = H(20—7};—1)’ a result which is consistent with the statement in Lemma 1.

Figure 1 illustrates that when 6 is sufficiently large, the effect of m = % in the
autocovariance of the series derived by the fractional PSI-process becomes negligible,
and it matches the fGn autocovariance. Consequently, for large 6 the studied series
behaves very similarly to fGn, with E[By(1)?] = 15{(207};_1)’ regarding long-range

correlations.

Autocovariance Comparison

—— autocovariance of the series X,
16 —~— fGn autocovariance

0 10 20 30 40 50
Lagh

Fig. 1. Autocovariance comparison of the studied series and fGn, for o = 1,6 = 1000 and
H =0.85

Remark 3. Since the time series constructed from the increments of the fractional
PSI-process is defined only on Z,, its autocovariance function is defined only for
h > 0. Consequently, the symmetry property yx(—h) = yx(h), which typically holds
for two-sided stationary series indexed over Z, does not apply in this context. We also
observe that its autocovariance function is positive.

Corollary 2. The series {Xn}pez,, constructed from the increments of the fractional
PSI-process WY, exhibits long-range dependence in the sense of condition I, defined
by (2), in Definition 4. From (24), we have

2H-2 1
yx(h) ~ o2 (h+m)*H=2 = o2 (1 + %) RH2 Z L () W41, de (o, 5) :

whered = H - % and Ly (h) = o2 (1 + %)QHQ is a slowly varying function at infinity.
Furthermore, as shown in Table 1, condition I implies condition IV. Therefore, its

[oe]
autocovariance sum diverges for H € (%, 1), ie, > yx(h) =co.
h=0
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For the following result, we are interested in verifying that the stationary series
{Xn}nez, satisfies condition III of Definition 4. From 3, we have

N N
Var (kz; Xk) = kZ; Var(X;) +2 Z Cov(X;, X;)

1<i<j<N
N-1
= Nyx(0)+2 )" (N = hyyx(h)
h=1
N-1
~ *Nm*H 2 1202 Z (N = h) (h+m)*H?
h=1
2H- N-1 2H-2
— o2 N2H-1 (ﬂ) + 20 2N2H- 12 l—ﬁ ﬁ+ﬂ
N £ NJ\N N
2H-2 N-1 h h 2H-2
e (G (-3) ()
N £ NJ\N N
=N L3(N)
where
2H— m\ 22 1
— ~2n-1 - _ = - _
Ly(N) = 02N (( ) +2Z(1 )(N N) ) He(3.1).

(25)
Note that L3(N), defined in (25), is a slowly varying function at infinity. To analyze

this, define
w22 (-3) (R)

Letx = %, so that 2 = Nx. Then

S(N) ~ (%)ZH +2N/(1—x) x+ﬁ)2H ?

Since 2H —2 < 0, as N — oo we have ( )2H_2 — 0 and (x+ﬂ)2H_2

m
N N

x*H=2 " forx > 0. So
_ C(2H - 1)I[(2) C2H - 1)
S(N) ~2N 1—x)x?H 24y =oN——————Z = ON—————~.
(V) /( x)x T(2H + 1) TQH+ 1)
Thus F(ZH D
~ 202 _
L3(N) ~ F(2H D = const > 0 (26)

which is a constant as N — oo. Thus the function L3(N), defined by (25), is slowly
varying at infinity for H (%, 1).
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Then the stationary series {X, },ez, satisfies condition III of Definition 4, i.e.,

N
Var <Z xk) = N2+ (N), Q7
k=1

where d = H — %, withd € (O, %) and L3(N) is the slowly varying function defined
in (25).

Now, we consider the following model and then state and prove the functional
central limit theorem for LRD series { X}, } ¢z, , constructed from the increments of a
fractional PSI-process. The convergence is understood in distribution in the Skorokhod
space [0, 1] towards a fractional Brownian motion.The assumptions below follow
the classical framework of [21].

Assumption 1 (Gaussian driving sequence and long memory). Let (17,),cz be a
stationary Gaussian sequence with mean 0, unit variance, and covariance function

r(h) = Cov(no,nn) ~ L(h) K**~',  h — oo, (28)

where d € (0,1/2) and L(-) is a slowly varying function. Then the corresponding
Hurst index is H :=d + % € (%, 1).

Assumption 2 (Functional transform and Hermite rank). Let G : R — R be a square-
integrable function with respect to the standard Gaussian measure, and define the
stationary sequence

X, :=G(nn), neZ,.
The function G admits the Hermite expansion

0o

G(x0) —E[G(x)] = ) cgHy(x),

q=m

rank of G. In this note, we focus on the important case m = 1 (i.e., c; # 0).

where H, denotes the g-th Hermite polynomial, ¢, # 0, and m > 1 is the Hermite

For N > 1 and ¢ € [0, 1], define the partial-sum process

[Nt]
Sv(= Y. (X -BIX]).  Sn():= Sn (1)

=1 JVar (2, Xk).

Theorem 1 (Functional CLT for the LRD Series). Under Assumptions 1 and 2 with
Hermite rank m = 1, let {X,}nez, be an LRD series defined by (22), satisfying
Condition III. Then, as N — oo,

Sn() S By() inD[0.1],

where By is a fractional Brownian motion with Hurst parameter H = d + %
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Proof. By Assumption 2 and the classical Hermite expansion, we can express the
centered observations as

)

Xe —E[Xe] = ) cqHy(ne).

gq=1
Hence,
oo [Nt|
SN() = D cgSng(),  Sng(D) = ) Hy(p).
gq=1 k=1

Because the Hermite rank is m = 1 (that is, ¢; # 0), we will show that, after the
normalization determined by the variance of Sy (1), the term corresponding to g = 1
dominates, while all higher-order chaos components are asymptotically negligible.
For any fixed ¢ > 1, by the product formula for Hermite polynomials (see [19,

Section 1.1]), we have
Cov(Hgy(m0), Hy(nn)) = g r(h)7.
Under the regular variation condition r(h) ~ L(h)h*¢~!, this gives
Cov(Hg (10). Hg (1)) ~ q! L(W)T 934~

The standard Karamata—Abelian arguments (see[19, Section 1.3]) yield

N-1
Var(Sn,4(1)) = Z (N = |h]) Cov(Hy (0), Hg (111)) ~ CqL(N)?N?*~901724),
h==(N-1)

where Cy = (1—(3)% and @ = ¢g(1 — 2d). Since the Hermite rank is m = 1, for
g=1wehavea =1-2d,

1
C] = m (29)

Thus
Var(Sn.,1(1)) ~ Cy L(N) N'*4, (30)

and consequently
A/ Var SNl(l Ci L(N) Nd+2.

1
Thus, the standard deviation of the ¢ = 1 sum grows like N2 For q > 2, the
exponent 2 — g(1 — 2d) is strictly smaller than 2 — (1 — 2d), and therefore the higher-
order chaos terms grow at a slower rate.

Consequently,
N
Var(z Xk) = 2 Var(Sy o (1)) = ¢ Var(Sn. 1 (D) (1 +0(1)), N — oo,
k=1 q=1

Note that for each fixed r € [0, 1], Var(Sy,1(#)) ~ C1 L(LNt]) [Nt] '**¢, so asymp-
totically,

Var(Sy,1(t)) ~ 443 Var(Sy,1(1)).
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Hence, the normalization used in Sy is asymptotically proportional to

1
le1] v/C1 L(N) N%*2.

Now, we verify the finite-dimensional convergence. We fix finite time points
0<t <--- <ty <1,and then show that

(S (1), Sn () S (Bu(t1), .., Bultn)), N — oo

Since the higher-order chaos components are negligible after normalization, it
suffices to consider the leading term corresponding to ¢ = 1. Note that

L]

c1Sn,1(t) = ¢ Z Nk

k=1
is linear in the Gaussian sequence {n; }. Hence, the vector

C1

N
Var( D Xk)
k=1

is Gaussian for each N. Therefore, if the covariances converge, the limit distribution
will also be multivariate normal. By the variance asymptotics, defined by (30), for
i < j, the covariance of the normalized vector can be written as

(Sn(t1), ..., Sn(tm)) = (Sn.a(t1), .., Sn1(tm)

2
Cov(Sn (1), Sn (1)) = L—IESN,I (t:)Sn.1(2))

N
Var (Z Xk>
k=1

1

~ —————ES t)S t;
CNTIL(N) N1 () SN (1))

where C is defined by (29). Using the polarization identity

E[Sn.1(t)Sn.1(t))] = %(E[SN,I (t:)*] +E[Sn.1(2))?] —E[(SN,l(tj)—SN,l(ti))z]),
and the variance asymptotics
E[Sn.1(t:)*] = Var(Sn.1(t:)) ~ C1 L(LN#;]) [Nt;]'*,

we get
E[Sna()’] [Nt |™4L(IN1)) 142d
~ — I
Cl N1+2dL(N) N1+2dL(N) l

Combination of these three reliation yields

COV(gN(li),gN(tj)) — %(I?H +I§H - |lj —l‘i|2H), N — oo,

which coincides with the covariance function of fractional Brownian motion with
Hurst parameter H = d + %
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To cotlclude the functional central limit theorem, it remains to establish the tight-
ness of {Sn(#)}:ef0,17 in P[0, 1]. We first establish a uniform L?-bound for incre-
ments.

By stationarity and the variance asymptotics proved above, there exists Ny and a
constant M > O such that, forall N > Npandall0 < s <t <1,

Var( ZIEI:VEIJVSJH Xk)

Var( Z,’:’Zl Xk)

Var(Sy (1) = Sy (s)) = <Mt —sPH.

Indeed, the numerator is of order ([Nt] — [Ns])'*?*? L([Nt] — [Ns]) and the denomi-
nator is of order N'*>¢ L(N); by regular variation this yields the stated uniform bound
for large N.
Fix € > 0 and let § > 0. For any partition 0 =7y < f; < --- < t, = 1 with mesh
< ¢ define
Wi (8) = inf max  sup ISn (1) = Sy (V).

iy 1<isry ve[_1.1)

By Chebyshev’s inequality and the L?-bound,

B(S (1)~ Sw(5)] > 5) < YEOSN (D =Sn () _ Mir = 5P

&2 g2

Hence, for any partition with mesh < ¢,

, N N r . \2H
P(wg (8) > 1) < ZP( sup Sy (u) = Sn(v)| > €) < Z M
i=1

u,ve[ti-1,t;) i=1 &

M
< 5 §2H-1
because the number of intervals 7 < 1/8 and ¥, (t; —t;_1)* < r6*" < 6?1~ Since
H > 1/2 we have 2[1 — 1 > 0, so the right-hand side tends to 0 as ¢ | 0, uniformly
in N > Ny. Finally S5 (0) = 0 for all N, so by Billingsley’s tightness criterion ([3,
Thm. 13.2]) the sequence {§N} is tight in 210, 1].

Since both the convergence of the finite-dimensional distributions and the tightness
condition hold, we conclude that

Sn() S By() in2[0,1],

where By is a fractional Brownian motion with Hurst parameter H = d + % O

4 Spectral density

The (classical) spectral density of a weakly stationary time series X = {X,, },,c7, de-
fined by (1), is always real and nonnegative. This is because the autocovariance function
vx(h) of a stationary process is always symmetric, satisfying yx(h) = yx(—h). Con-
sequently, the Fourier representation reduces to a cosine series, and no imaginary
component appears.
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In contrast, in our framework we consider the nonsymmetric autocovariance func-
tion of stationary series {X, },cz, constructed by increment process of the fractional
PSI-process Wy (r),t € R,. Since the series is defined only on Z, and the autoco-
variance function is defined only for 4 > 0, it is nonsymmetric. Hence, the spectral
density can be defined using a unilateral (one-sided) Fourier series

1 © :
fr@) = 5= > yx(e ™, de (-n.al, (31)
h=0

which is not the classical spectral density but rather a one-sided distributional exten-
sion.

By Corollary 2, since the autocovariance series diverges for H € (% 1), the
unilateral Fourier series of yx(/h) may not converge pointwise. Nevertheless, the
spectral density can still be rigorously defined as a tempered distribution.

To obtain a rigorous representation of the spectral density fx (1), defined by (31),
in terms of a unilateral Fourier series, one must establish the convergence of the
unilateral Fourier transform of yx (%) in the distributional sense within the space of
tempered distributions S’ (R).

Let S(R) denote the Schwartz space of rapidly decreasing smooth functions, i.e.,

SR) := {<p € C¥(R) : sup |x" " (x)| < o0, ¥m,n > O}.
xeR
Its topological dual, denoted by S’(R), is the space of tempered distributions. A tem-
pered distribution 7 € §’(R) is a continuous linear functional on S(R), i.e., for each
¢ e S(R),
T:p—(T,p)eC.

Thus, the spectral density fx (A1), defined by (31), can be rigorously defined as a
tempered distribution by

(o) = 5= D xRN @A), Vi € S(R),
h=0

where (h) = [ e™"*¢(1)da is the Fourier transform of a test function ¢. This
ensures that fx € S’(R) and provides a rigorous basis for the unilateral Fourier
transform in the distributional sense.

Furthermore, by Corollary 2, the autocovariance function yx (%) exhibits long-
range dependence of the form

yx(h) ~ Li(h) **', de(0,1), (32)

where L is a slowly varying function at infinity. Estrada and Kanwal in [10] prove
that if coefficients yx(h) satisfy at most polynomial growth, then fx (1) defines a
tempered distribution (via its partial sums). Accordingly, we state the following result.

Lemma 2. Let {yx(h)}ns0 be a sequence with yx(h) defined by (32). Define the
unilateral Fourier series

N
fv () = yx(hye ™,

h=0
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Then the sequence { fy } N>1 converges in the topology of tempered distributions, that
is,

Jim (fn.¢) = {fx.0). Vo € SR),
where fx € S’ (R) is the tempered distribution defined by (31).

Proof. Since yx(h) given by (32), there exists M > 0 such that
lyx(h)| < M |Ly(h)| B>~

for sufficiently large 4. By Karamata’s characterization of slowly varying functions
(see [4, Chapters 1-2]), for any & > 0 we have |L(h)| < M.h® when h is large. Thus

lyx(h)| = O(h*~1*#),

which is of polynomial growth since 2d — 1 < 0. Hence the hypotheses of the
distributional Fourier series theorem apply for yx (k). The convergence in S’(R)
follows. O

Lemma 2 shows that the unilateral Fourier expansion of yx (%) is well defined in
S’(R), and its spectral interpretation remains valid.

Now, we present a typical result used in the study of long-memory processes and
fractional behavior.

Proposition 4. Let {X,,},cz, be a stationary time series constructed from the in-

crements of a fractional PSI-process with exponent parmeter H € (%, 1). Then for
A € (—m, «r] the spectral density is given by

Sx(D) ~ Chr (2(cos A = 1)) e (i)~ D, (33)
and satisfies the asymptotic behavior
fx() ~ C )" as a1 — 0, (34)

where the constants Cy and Cy; are given by

a? a?

- % TQH+1,iml) and Cy=—2 T QH+1).
maCH-1)" ¢ imd) and - Cy ( )

Cr 4nH(2H - 1)
(35)

Proof. We have

1 < ;
fx(@) =5 > yx(hye™™
h=0

2

I o i o
‘4nH(2H-1)hZ:;)((h“+m) +(h=1+m)*" =2 (h+m)*) e7 "1,

Denote C = ﬁ and g(h) = (h+m)*. So, we have

fx() =C Y (g(h+1)+g(h—1) - 2g(h)) e~
h=0
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=C (Z g(h+ l)e—ih/l + Zg(h _ l)e—ih/l _ Zzg(h)e—ih).)
h=0 h=0

h=0
=C (ei/l Z g(h)e—ih/l + e—i/l Z g(h)e—ih/l ) Z g(h)e—ih/l>
h=0 h=0 h=0
=C (e +e M -2) Zg(h)e*ih’l =C(2cos1-2) Z g(h)e M
=0 =0

=C (2(cosA—1)) i (h+m)*H e1h,
h=0

Sine for 2H > 1, the sum Y, (h+ m)ZH e~ defines a tempered distribution rather
h=0
than a regular function. By approximating this sum with an integral and applying

distributional Fourier analysis, we obtain, for 2H € (1,2),

Z (h+m)*H e=ih / (x +m)2H e=ixgy = eim/l'/‘yZHefiy/ldy
h=0

m

0
= e[ (2H + 1,im2) (i1)” A+,

where I'(s, z) is the upper incomplete Gamma function.
So, we get
fx(2) % Cp (2(cos A = 1)) e™(ia) =D,
where Cpp = C T (2H + 1,im) = 1 G T (2H + 1,im).
AsA1 — 0,wehavecosd—1 ~ —’172 andI" (2H + 1,imA) — I'(2H +1). Therefore,
asd — 0,

o? 22 (2H+1)
D~ TQH+1)2 (-5 ) ()"
) ~ s T H + 1) ( 2)(:)
T (2H + 1) (i) (i)~ A+
4nH(2H - 1)
2
— F 2H 1 ‘/l 1-2H — ’ 'A 1-2H
THGETT 2H D (' = Cy ',
where Cj; = G T (2H + 1), o

Remark 4. The incomplete Gamma function representation in the formula for the
spectral density (33) arises naturally from the integral approximation of the unilat-
eral Fourier sum. Since the argument of the incomplete Gamma function is purely
imaginary, the resulting expression for fx (1) is, in general, complex-valued and non-
symmetric function. Moreover, the imaginary part reflects the one-sided nature of the
representation, not any causal structure of the series.

Remark 5. The spectral density exhibits a power-law divergence near zero frequency,
which is characteristic of long-range dependence. The term (i1)!=>H governs the
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behavior at low frequencies. This asymptotic form generalizes classical results for
fractional Gaussian noise, making it a crucial tool in the spectral analysis of fractional
processes.

Corollary 3. Let yx(h) be given by (32), and fx(1) be given by (34). Then the
Abelian/Tauberian theorem linking fx (1) and yx(h) holds.

Proof. By the classical Abelian/Tauberian theory (see [4]), the power-law asymptotics
of yx(h) is directly linked to the singular behavior of the spectral density near the
origin:

yx(h) ~ Li(h) F**7" & fx (1) ~ Ca Li(1/1A]) |47, 21— 0, d e (0,1),

for some explicit constant C4 > 0. In our setting, according to (34), ford = H — % we
obtain

G = (i) = |22 emimd s = 11724 (cos(nd) — i sgn(A) sin(rd))
~ 1A% cos(nd), A1 — 0,

where Li(1/|4]) = 1, and hence Cy = C}, cos(nd). Thus, our result confirms the
validity of the classical Abelian/Tauberian theory in this framework. O

Thus, a key distinction between general stationary LRD models and our model lies
in the availability of closed-form covariance functions and spectral distributions. As we
have shown, our LRD model admits a closed-form covariance function and tractable
one-sided spectral distributions, whereas other LRD models behave differently.

* Fractional Lévy noise / Lévy-driven moving averages: The covariance is
usually implicit, given by an integral involving a kernel, and only asymptotic
behavior (e.g., yx(h) ~ Ch*=2) is explicit. The spectral density is defined via
the bilateral Fourier transform, but no closed-form expression exists in general
and one-sided spectral distributions are not tractable.

* Time-changed Gaussian models: The covariance may be expressed explicitly
only for special subordinators (e.g., inverse stable), but is otherwise implicit. The
spectral density, also defined via the bilateral Fourier transform, is rarely closed-
form, though asymptotics near the origin often characterize long memory. One-
sided spectral distributions are not tractable in general.

* Fractional Poisson-based models: The covariance often admits closed forms
in terms of Mittag-Leffler functions. The spectral density can sometimes be
written explicitly, and one-sided spectral distributions are tractable in special
cases.

* Mixed Poisson-based models: The covariance is closed-form, depending di-
rectly on the variance of the random intensity in the underlying Poisson process.
The spectral density and one-sided spectral distributions are often explicit and
analytically tractable.
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Spectral Density Components (Exponent parameter H = 0.75, Scale parameter 6 = 1000, 0=1)

B { —— Real part of fy(A)
i Imag part of fx(A)
..... Magnitude [fx(A)]

0.0

Spectral Density fx(A)

-3 -2 -1 o
Frequency A

Fig. 2. Spectral density fx (A1) of the process for H = 0.6 and § = 1000. The plot shows the
real part (blue), imaginary part (orange dashed), and magnitude (green dotted) of the complex-
valued spectral density

Figure 2 illustrates the spectral structure of the stationary time series constructed by
the increments of the fractional process. We observe that as 4 — =+, the spectral
density decays smoothly, indicating diminishing contribution from high-frequency
components. Notably, the magnitude of |fx(2)| sharply peaks at zero frequency,
which is a characteristic signature of LRD processes, where low frequencies dominate
the spectrum. Additionally, while the imaginary part of fx(A4) is small for large 6
(i.e., small m = %), it demonstrates the asymmetry of the spectral density caused by
the exponential factor ¢'V/?_ This reflects the lack of symmetry in the autocovariance
function. In spectral analysis and many applications, we are interested in how much
energy or variation is present at each frequency. This is accurately represented by
| fx ()| which, represents the spectral energy at the frequency. The upper panel of
Figure 3 illustrates the effect of Hurst parameter H for H = 0.6,0.7,0.9 with fixed
6 = 1000. The spectral energy |fx(1)| shows a clear peak at zero frequency, which
sharpens and increases in height as H rises.

The lower panel of Figure 3 shows the effect of varying 6 = 0.3,0.5, 10, 100 on
| fx ()|, with fixed H = 0.8. As 6 increases, the spectral energy decays more smoothly
near A = =, indicating reduced contributions from high-frequency components.
Furthermore, large values of 6 produce a spectrum that closely resembles that of
classical fractional Gaussian noise.

Remark 6. As a consequence, the spectral density is not integrable over (-, 7], and
the associated spectral measure is not absolutely continuous with respect to Lebesgue
measure. Therefore, the spectral measure in this case is a generalized spectral measure
given by

Fx(dd) = fx(1) dd ~ Cy (2(cos A — 1)) €7 (i2)~@H+D d.
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Effect of Varying H (fixed 6 = 1000)
35 — H=06
— H=07
H=0.9
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Effect of Varyiné‘ 6 (fixed H=0.8)
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14
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[fx(A)]
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Fig. 3. The upper panel illustrates the effect of varying the Hurst parameter H (with fixed 6 =
1000) on | fx (2)|. The lower panel shows the effect of varying 6 with fixed H = 0.8 on | fx ()|

Thus, the spectral representation of the stationary time series defined as the increments
of a fractional PSI-process is to be interpreted in the sense of generalized spectral
measure. This approach leads to the framework of distribution theory and the Fourier
transforms of distributions.

5 Numerical simulation of the studied series

In this simulation, we generate and analyze a stationary time series constructed from
the increments of a fractional PSI-process with x = 0.4 and 6 = 50 over a fixed
total duration of 1000, representing the complete time interval across which the
process is observed and the series is constructed. Figure 4 shows a sample path
of the simulated series {X, },cz, over the first 500 observations. The amplitude of
changes between successive points is influenced by the fractional PSI-process pa-
rameters, particularly & = 50 and H = 1 — 5§ = 0.8. The upper panel of Figure
5 displays the empirical autocorrelation function of {X,},cz, . The slow decay of
correlations across lags indicates the presence of long-range dependence, consistent
with the exponent parameter H = 0.8. The lower panel of Figure 5 presents the
low-frequency spectral density of the sequence {X,},cz,. It can be observed that
the spectral power attains its highest values near the origin (1 = 0), indicating that
most of the energy of the process is concentrated at low frequencies. This feature
reflects the dominance of slow-varying components in the signal, which evolve grad-
ually over time. Such a concentration of spectral power near zero frequency is a
well-known signature of long-range dependence and is consistent with the slow de-
cay observed in the empirical autocorrelation function shown in the upper panel.
As the spectral density decays smoothly at higher frequencies with no additional
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Sample Path of {X,}nez,

-2

Fig. 4. Sample path of the simulated series { X}, } ¢z, over the first 500 observations for H = 0.8
and 6 = 50

Empirical Autocorrelation for H=0.80
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Fig. 5. Upper panel — empirical autocorrelation of {Xy},c7, , lower panel — low-frequency
spectral density of {X,},,cz, , both for H = 0.8

dominant peaks (Figure 2), only the low-frequency range is shown in Figure 5 to
highlight the slow-varying components and the long-memory behavior of the se-
quence.
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