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Abstract In this paper, we consider a modified version of a well-known submartingale condi-
tion for the weak convergence of probability measures, adapted to the semi-Markov case. In this
setting, it is convenient to work with an embedded Markov chain and the filtration generated
by jump times. We demonstrate that a straightforward restatement of the classical result is not
valid, and that an additional condition is required.
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1 Introduction
The submartingale condition for weak convergence was introduced in the celebrated
book [4], Theorem 1.4.6, and is stated as follows:

Theorem 1. /D. Strook, S. Varadhan] Let Q = C([0, c0); R?) be the space of con-
tinuous functions on [0, 00) with values in R?, and let (M,);s¢ be the corresponding
canonical filtration. Let P be a family of probability measures on (Q, (M;);>0), such
that for any non-negative f € C3 (R?) there exists a constant A f such that, for all
P € P, the stochastic process

(f(x(t)) + Aft’ MI)IZO
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2 V. Golomoziy

is a non-negative P-submartingale. Assume also that A ¢ can be selected in such a way
that it works for all translations of f (i.e. if g(x) = f(x —a), a € RY, then Ag =Ay).
Assume further that
lim sup P(|x(0)| = ¢) =0. (1)
€2X pep

Then the family P is weakly precompact (and thus tight).

This condition is useful in many situations, especially in connection with diffusion
processes and the associated martingale problem. However, in the theory of semi-
Markov processes we typically face a discrete-time martingale problem.

For instance, it is used as a main tool for establishing weak convergence in [2]
(see Preface, page vii). Next, we give some basic definitions and recall the main facts
about semi-Markov processes. We will use [2] as the main source, and we restrict our
attention to processes with values in R¢.

Definition 1. Function Q: R¢ x B x [0, ) — [0, 1], where B is a Borel sigma-field
in R9, called a semi-Markov kernel on (R?, B) if

e For every x € R4 and B € ‘B, function QO(x, B, -) is non-decreasing, right-
continuous real function, such that Q(x, B,0) = 0.

* Forevery t > 0, Q(, -, ) is a sub-Markov kernel on (R?, B).
e P(-,-) = Q(-, -, o) is a Markov kernel on (R4, B).

Definition 2. An R%-valued Markov renewal process is a two-component, time-
homogeneous Markov chain (x,,7,), n > 0 taking values in RY x [0, ), with
transition probability defined by a semi-Markov kernel Q as follows

P(xnﬂ €B, Tyy1 — T, <t | 9n) = Q(xn, B, t),

for any integer n > 0, real r > 0, and Borel set B C R¥. We assume that 7y = 0. Here
(9n) >0 is the natural filtration generated by {(x,, 1,) : n > 0}.

In what follows we assume that semi-Markov kernel Q (x, B, t) admits a represen-
tation
Q(x,B,t) = P(x, B)Fx (1), 2

where P(x, B) is a Markov kernel, and F is a distribution function for every x.
Thus, 7,41 — T, is a holding time, and when (2) holds, it has distribution F, where
Xn = X, = x. We denote its mean by

m(x) = /Othx(dt) = /000 (1= Fy(1)) dt. 3)

Definition 3. A semi-Markov process associated with the Markov renewal process
(x5, Tn), n > 0, is the stochastic process

x(1) =Xy, 20,

where
v(t)=sup{n>0:1, <t}, t=>0,

is the counting process of jumps.



Submartingale condition for weak convergence 3
We also introduce the continuous version of 7,, by
T(s)=7 v(s)»
and the continuous filtration generated by the semi-Markov process by
F, = O'(x(s),T(s),O <s< t).

Definition 4. Let g(x) = 1/m(x). We define the compensating operator L of the
Markov renewal process (x,,7,), n = 0 (or of the associated semi-Markov process
x(t),t > 0) by

Lo(x,1) = g(x) [/O Fy(ds) /de(x’ dy) p(y,t+5s) — o(x, t)] ,

where ¢(x, t) is a function from an appropriate class of test functions. By convention,
we set Lo (x, 1) = 0 when g(x) = 0.

When ¢(x,t) = ¢(x) does not depend on ¢, this expression reduces to

et = a0 ([ P ) - o )

Finally, from Proposition 1.4 in [2], we know that the discrete-time process
n
Z§ = o(in.t) = Y (1= T Lp(xi1,7i01). n 20,
i=1

is a martingale with respect to the discrete filtration G, = o (xg, 7% : 0 < k < n),
n>0.

In applications, we typically use this fact to establish a discrete-time version of
the submartingale condition of Theorem 1. Namely, we can establish the following:

Condition D. Let U be an index set, and let x*(t), u € U, be a family of semi-
Markov processes (with associated Markov renewal processes (x}y, 7)), n > 0). As-
sume that condition (1) holds, and that for any non-negative ¢ € Cy° (RY) there exists
a constant A, > 0, the same for all translations of ¢, such that for every u € U the
discrete-time process

(e(em) + ApTh) 0

is a non-negative submartingale with respect to its natural filtration (G%)n>0.

The question is whether Condition D is sufficient for tightness. The answer is no,
as we show in Section 3, so an additional condition is required. We introduce and
discuss this condition in Theorem 2. We will see that it is essential to ensure that
there is no positive time interval during which no jumps occur for all semi-Markov
processes in the family. In other words, the frequency of jumps must increase. We also
show that in some important and typical applications this condition indeed holds.

This paper is organized as follows. Section 2 contains the main result, and Section 3
presents a counterexample that justifies the additional condition in Theorem 2. Finally,
Section 4 is devoted to a special case—families of semi-Markov processes obtained
by scaling a single given process in space and time—which are important examples in
the theory of semi-Markov approximations.
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2 Main result

In this section we assume that Q = D[0, co) is the Skorokhod space equipped with
the standard Borel o-field B(Q) (with respect to the Skorokhod topology; see [1],
Chapter 16 for details).

Note that any semi-Markov process defined through a Markov renewal process
(x5, Tn)n>0 has trajectories in a subspace Q* consisting of functions that have at most
one accumulation point of jump times. In other words, w € QF if and only if there
exists a non-decreasing sequence

0<tg<t;] <+ <ty <--

such that w(7—) # w(¢) if and only if ¢ € {t,, : n > 0}. For such w € Q*, we define a
non-decreasing sequence of jump times by 7, (w) = t,. For all other w € Q \ QF, we
set 7,(w) = 0. Since Q* is Borel-measurable, this construction yields a sequence of
non-decreasing stopping times with respect to the natural coordinate filtration.

To simplify notation, we adopt the following convention. Let (£,,),>0 be a sequence
of random variables and let 7 > 0 be an integer-valued random variable. We will write
Ex (@) for &r() ().

Theorem 2. Let ({“(t)),s0, € {0,1,2,...}, be a sequence of semi-Markov pro-
cesses with values in R, and let P = {P"},s0 be the corresponding family of
distributions on the Skorokhod space (2, B(Q)). Let {t,(w) : n > 0} be the non-
decreasing sequence of jump times defined above, and define the corresponding value
at jump time t, by

Xn (@) = (1 (w)).

Assume the following conditions hold.
(i) ForeveryT > 0,
lim lim sup P* ({w €Q: sup |w(l)| > a}) =0. @
a—o0

u te[0,T]

(ii) Assume that for every non-negative f € C;° (RY) there exists a constant A 20
such that the discrete-time process

(f(X") + AfT")n20

is a non-negative submartingale with respect to the filtration G, = o (X, ¢ :
0 < k < n). Assume also that the choice of Ay can be made so that it works for
all translates of f.

(iii) For any n and t, denote the next jump after T, +t by

Ta(t) = Th(tw) = ’ilri{Tm(w) CTm(w) > th(w) + 1}, 5)
and define the conditional expectation of the time between T, + t and the next
Jump by

d¥(t) = E"[#,(t) =ty — t| Xn =x], xeR% (6)
Assume that
lin(1)lim sup sup d%(t) =0. @)
t—

u—oo  xecRd
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Then the family P is tight in D[0, o).

Remark 1. Note that d%(t) does not depend on n, since the pair (X, t,) forms a
time-homogeneous, discrete-time Markov chain, and t,,(t) — 1, is independent of 1y,
k < n, and depends only on the state X,,.

Proof. The proof follows the steps of the original proof of Theorem 1.4.6 from [4].
First, for a function y € Q = D[0, c0) and § > 0, we define

wi(6;T) = inf max  sup [y(7) = y(s)l,

{0=t9<t;<---<t,=T} 1<i<n s,teltionti)

where the infimum is taken over all sets {zg,...,t,} suchthat 0 =) < ¢} < --- <
tp, =T (nis arbitrary) and min; <;<, (#; — t;—1) > 6 (see [1], p. 171 for details).

From [1], Theorem 16.8, we know that the family of distributions P is tight if and
only if condition (4) holds, together with the following condition:

(lsiir‘ljlimusupP”({y €Q:wi(8:T) 2 p}) =0, ®)

forallp >0and T > 0.

Thus, our goal is to prove (8). In what follows we assume that both 7" and p are
fixed positive numbers. Following the proof of Theorem 1.4.6 from [4], we define for
w € Q:

s0=0, sp(w) = inf{t > sp-1(w) : |w(t) - w(sn_1)| > p/4} . )

Denote
N = N(w) =min{n : 5,41 (w) > T},
and

Ap(T; w) = min{s,(w) = sp-1(w) : 1 <n < N(w)}.

Next, we make a crucial observation: each P is concentrated on piecewise constant
functions in D [0, o), so the moments s, necessarily coincide with some 7,,. Hence
we can define v, (w) as the integer such that

sp(w) = Ty, (w),

where we use the convention 7,,, (w) = Ty, (v)(w) introduced at the beginning of this
section. Note that v,, is a stopping time with respect to the filtration (G,,)n>0-
We then observe that

P({yeQ: wi(6,T) 2 p}) < P*(Ap(T) <6),

which follows directly from the definitions (the argument literally repeats the proof of
Lemma 1.4.1 in [4]).
For each @ € Q, let Q% be a regular conditional probability,

05() =P | Gy,)(@),
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whose existence is guaranteed by Theorems 1.1.6 and 1.1.8 in [4]. The corresponding
expectation will be denoted by E?;, so that

E" (€] = /Q £(w) 0% (dw) = E*[£] 9] (@). (10)

Let us now choose f € C;°(R) such that f(0) = 1, f(x) = 0 for [x| > p/4, and
0 < f < 1. Define 3 y
f('x) = f(x’d)) = f(x_XVn((I))) s

that is, a random translation of f by X,, ().

Let y,, 5 be the index of the first jump after 7,,, + 9, so that 7, (§) = 7y, ;, where
7, (t) was defined in (5). Note that vy, s is also a stopping time with respect to the
filtration (G,,),,50-

Fix an arbitrary ¢ € Q", an n-dimensional vector of rational numbers. Put f;, (x) =
f(x —¢q) and note that Ay, = Ay by the translation-invariance property of A (see
condition (ii)).

Define

Kn,6 = Kn,6(w) = Vps1 (W) A yn,é(w)-

Note that «; 5 is a (Gm),,>0-stopping time and that «,, s > v, P"-a.s. for all u. In
what follows, we will write x and y to mean «,, s and 7y, s respectively, as n and ¢ are
fixed.

By Proposition IV.5.5 from [3] and condition (ii) of the theorem (namely, the
submartingale property of the process f(X,) + A;7,), we may conclude that there
exists a null set F, € B(Q) such that for all v’ ¢ Fy,

E*[f,(X) + Arte| Gv, ] (@) 2 f4 (X, (@) + Af1y, (o). (11)

Let us define the null set
F= U F,,
q

and fix an arbitrary @ ¢ F'. For this fixed @ and arbitrary £ > 0, we can find a rational
vector § = G(&,®) € Q" such that

sup | £(x) = fz(x)| = suPl|f(x - X, (@) - f(x= )| < &.

xeR4 x€RA

This is possible because f has compact support and is therefore uniformly continuous.
It is clear that 4(-, ) is G,, -measurable as a function of w, since it is completely
determined by X,, (w).

Now, using (11), we obtain

EL[f(X) +Agt] = EL[(F(Xe) = f3(X0) + f3(Xi) + Apri]
> E%[fe(X) +Apte] — €
> f7(X, (@) + Afry, (@) — &

[ (X5, (@) + Ap1y, (@) - 2e,

[\

where E7 is defined in (10).
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Note that & is fixed, so v,(®) is a non-random integer. Also observe that
f(X,,(®)) = f(0) = 1. Finally, it is impossible that 7,,,, € (7, + 6,1, (5)),
since 7, ,, is a jump time, and 7,, (9) is the first jump time after 7,, + 6.

Thus, we have a.s.

EL[f(X) +Af(te = 1, (@)] > 1 -2&.
Hence,
E%[1-f(X)] < EL[Af(tc — 1, (@))] + 26

<Af(6+E%[%),(0) -1y, —6]) +2¢
= Af6 + Afd?(v (&) (6) +2¢e

<Ay (6 + sup d;‘(é)) +2¢,

where d%(0) is defined in (6), and we used the fact that
T = Ty, = Typny =Ty STy =Ty, =5,(6) = 1y,

Note that 0 < 1 — f < 1.
Define
Bs={weQ:1,, (0) <1, (@) +6} CG,,,,.

We know that for a regular conditional probability, Q% (C) = 1 for C € B(Q) if and
only if ® € C (see [4], p. 16). Put

Co={weQ:vy(w)=v(d)},

and note that @ € Cg.
Using this fact and the definition of f, we obtain

EL L8] = [ (X0 (@) = X0, (@) Q)

[7]

- / (X (@) = Xy, (@) Q% (dw)
BsNCo

- / F(Xop (@) = X, (@) Q% (des) = 0,
B,NCo

since
|Xy,... (@) = Xy, (w)] > p/4.

Thus, we obtain
vy (5 + supd;(a)) +2e > E4[(1 - f(X0)(1g, +1a\a,)]

=0%(Ba) +E5[(1- (X)) 1avs,]
> 05(Ba),



8 V. Golomoziy

so we arrive at the inequality

vy (6 +sup dﬁ;(é)) +2& > Q% (Bg) = P*(1y,,, < 1, (@) +6|Gy,) (@). (12)
X
Next, for every k > 0 we can write

P'({w : Ap(T;w) < 6}) < P* mln Ty, — Ty,

, <

5) + P*(N > k)

IA

P (7, = Ty,, < 6) +P*(N > k)

S

IA

E“[P“(ty, = Ty, <6|Gy,_,)] +P“(N > k)

<k|A (6+supd)'§(6)) +28:| + P*(N > k),
X

where we used inequality (12) and the fact that Ay can be chosen so that it works for
all translations of f.
Next, we write for any 79 > 0:

E" |:e_(T"i+] ~Tv;)

SVL.] < P“(TVM -7y, <ty | 9‘,,.) + e_t"P“(TVM -7y, > I | Sw)

<e M+ (1-e) Pu(TVi+1 — Ty, <o | 9Vi)

<e M4 (1- €_t0) |:Af (Z‘o + sup dﬁ(lo)) + 28:| s

where we used (12).
From condition (iii) of the theorem we know that

lim sup sup d¥(t9) — 0, to — 0,

Uu— oo

so we can choose ug, fyp and € such that
A=+ (1—e)|As(to+supdi(tg)) +2¢| <1,
X

for all u > ug.
Next, by Lemma 1.4.5 from [4], we conclude that for u > uy,

PY(N > k) < T2, k> 0.
Thus, in order to prove the theorem, it remains to show that condition (8), namely

lm}) lim sup P ({w AN(T;w) < 6})

Uu— oo

holds.
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Indeed, we have

hm lim supP" ({w : A%(T; w) < 63})

u—00

< lim lim sup( [Af(6 +supd(5)) +2¢] + P*(N > k))
X

620 4500

<2ke+e /lk,

where in the last step we used condition (iii).
Now, we set £ — 0 and then k — oco. Thus, condition (8) holds, and the theorem
is proven. O

Remark 2. Condition (iii) can be replaced with a somewhat opposite assumption:
Condition (iv). Assume that there exists a real number a > 0 such that for every
x € R4,

limsup P*(1p41 —Tn < a| X, =x) =0. (13)

u

This condition means that asymptotically there are no jumps on the interval (1, T, +a).
The proof of tightness is trivial in this case, since equation (8) takes the form (here we
follow the notation from the proof)

11m lim supP“({w AS(T;w) < (5})

u—oo

< hm lim sup (Z E“[P"(ty, = Ty, <6|Gy,,)] +P*(N > k))

u—o0o

=limsup P“(N > k) — 0, k — co.

u—00

3 Discussion and examples

In the previous section we saw that each of Conditions (iii) or (iv) guarantees tightness
(assuming the submartingale conditions (i) and (ii)). At the same time, it is clear
that neither Condition (iii) nor Condition (iv) is sufficient on its own. The following
example shows two things:

* These conditions cannot be omitted entirely;

* Tightness fails in situations where Conditions (iii) and (iv) are mixed in some
sense.

Consider the sequence of semi-Markov processes ¢, (¢), n € {1,2,3,...}. Fix n.
Let £, () start at 0 and make a jump to 1 at one of two times, 1/n or 1, each with
probability 1/2. After that, £, (¢) remains equal to 1 forever.

To show that tightness does not hold, we use the same criterion from [1], The-
orem 16.8, that was applied in the proof of Theorem 2. Theorem 16.8 states that a
family of probability measures is tight if and only if both conditions (4) and (8) hold.
We will show that condition (8) fails in this case.
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Recall the definition of w’ from the proof of Theorem 2. For y € D[0, c0) and
6 > 0 define

"(6;T) = inf max  su 1) — ,
Wy( ) {0=tg<t) <---<t,=T} 15i5"s,te[t,~]_91,t,~) |y( ) y(S)|
where the infimum is taken over all partitions {f,...,t,} such that 0 = ¢y < #; <
-+ < t, =T (n arbitrary) and min; <;<,, (¢; — t;—1) > 6.
Our goal is to show that
lim li P" eQ:w. (5;T) > > 0.
lim lim sup P*({y € Q: w{(8:T) > p})

Indeed, fix arbitrary p € (0,1) and § > 0. We can choose n large enough so that
1/n < 6, which gives

limsup P" ({y € Q: wi(6;T) > p}) = 1.
On the other hand, the submartingale property does hold. It suffices to check it at
the first jump:

FO)<E'[f()+Armi] = f(1) +5(As/n+Ay),

which is true if Ay = 4sup|f].

Next, we demonstrate how Condition (iii) can be verified in a situation where a
family of semi-Markov processes is obtained via a time-scale and space-scale transfor-
mation of a single process, which is typical in diffusion and averaging approximations.

4 Space-time scaled semi-Markov processes

Assume the semi-Markov process x(f) is given in the sense of Definition 2, with
associated Markov renewal process (x,, T,)n>0 and an associated family of holding-
time distributions {F, : x € R%}. Let ,, = 7,41 — 7,,. Note that 8,, depends only on
X, and does not depend on n or 7.

We then generate a family of processes ({"(t)),>1 defined by

:M t>0

"(1) b, >

where {a, },>1 and {b, }, > are two increasing sequences of positive numbers such
that a,, A b, — o0 as n — oo. Typical examples are b,, = n and a,, = n? for diffusion
schemes, or a,, = n for averaging schemes (see [2] for details). We denote by (XJ’.‘, TJ'?)
a Markov renewal process that is associated with the semi-Markov process (" ());>0-

It follows from the construction that all processes (x());»0, (X;,7;) jz0, (" (£))s >0,
and (X ]’.‘, TJ'.‘) j>0 are defined on the same probability space. The next theorem gives a
condition that allows one to verify condition (iii).

Theorem 3. Let ({"),>1 be the family of space-time-scaled semi-Markov processes
defined above. Assume the following condition holds:

1 © g
lim lim sup — sup / ()4 2o, (14)

t—0 n—oo dp x nt Fx(aﬂt)
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where F,, = 1 — Fy is the tail distribution function associated with Fy. Then condi-
tion (iii) of Theorem 2 holds.

Proof. Let Py (dy,dr) be the transition probability of the Markov chain (xn, Tu)n>0,
and let Pfc,s (dy, dr) denote the corresponding j-step transition probability.
Consider the measurable space (Q, F), where

Q= (R?%[0,00))"
is a countable product space and J is the corresponding cylinder o-field. Let

w = ((wo0, wo1), (W10, W11), - - .) € Q.

Define the random variables

Xj(w) = wjo, Tj(w) = wji, X;‘zé, ==

n

For every pair (x,s) € R¢ x [0, c0) we may define a probability measure Py s

on (L, F) such that the finite-dimensional distributions of the sequence (X, 7;);x0

coincide with those of the original sequence (x;, 7;) ;>0 starting at (x, s). The same

is true for the scaled sequence (X j" T;.l) j>0- In fact, not only the finite-dimensional

distributions coincide, but also the distributions of the entire sequences as random ele-

ments of (Q, F); however, for our purposes it suffices to work with finite-dimensional

distributions.

Condition (iii) may then be restated as

limsupsupEy s [#)(t) —s—1] >0, t—0. (15)
X,8

n

Moreover, it is enough to prove the convergence for s = 0

limsupsupEy [} (1) —1] -0, t—0, (16)
X

n

where 77 () = inf,s0{7, : 7,5, > 7 +1}.
In what follows we will simplify the notation by denoting

Ey =By, di(1) =By [f] (1) 1] .

‘We can write

(1) = B, [#1(1) - 1] = ZE [t -ny<i<,]

j=0

EX[TJ+ tT <t<‘rj+1]

M 1M

B
=

n
Ex[Ex[Tj+1 tT <t<‘1'JJr1

n o_n
xp.77]]
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(o)

= ZEx [Ex [97 —(t=1}); 07 > (t—1})

J=0

Xjn, Tjn:| ]l{Tjr_LSt}:I s

where we used the relation 9” =7"

[ T;?. Thus, by the Markov property,

di(r) = ZEx [EX}"T”[ —(t- T") 0y >t—1; ] ]l{T <,}}
j=0

Y B [ - (1-3) > (- 3) o]
j=0

[o0]

1
_ E [EXn n [ - (anl - Tj); 90 > apt — Tj] ]l{Tjﬁanl}:I

an

Z /Rd / Ey /b, [00 = (ant = $); 00 > ant — s] P (dy, ds),

where we used the equalities X 7 =x;/b, and TJ’.’ = 7j/a,, together with the fact that
6o does not depend on 79. Hence we may omit the second subscript and write E\/,,
instead of Ey ., s/, -

Finally, since 6y is a nonnegative random variable, for every z € R?

E;[00 — (ant = 5); 60 > ant — 5]

= (/sz(eo >r+ (an,t—s) |60 > anl‘—s) dr) PZ(G() > ant_s)
0

_( [T 1= F(r+(ant —5))

- ('/0 1 —Fz(an[—s) dr) (1_Fz(ant_5))

:</“Mdr>F(a (= 5)
0 Fz(ant_s) wen '

Thus, we can continue

y/b (r+apt—s) _ ;
drF a.,t — s P d ,dS
Z /Rd / / /b (an[ _ S) y/bn( n ) x,O( 'y )
_ Z/ / / y/b (r) dr Fy/b" (ant —s) Pi O(dy,ds)
a, Rd ant—s F /by (Ant = ) ' ,
[ ) S i
an 'y ant —§ P d s ds
<an )’p‘/ant F (ant) )Z R ,V/b ( ) 0( y )
1 . Fy(”) -
(a P L,,,t I’:y(anl‘) o 20 = [PXj’Tj (0 > ant = 7)) ]l{Tjﬁant}]

! S RO L\
B an’y a E Tj > ant X"T' Tyr, dn
(o [ ) Syt > 15080

(1)

IA

~.
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1 0 F (r) >

Jj=
1 © F
—sup/ _yidr

an 'y Jaut Fy(ant)

Thus,
1 ® F,
lim lim sup sup di(r) = hm lim sup — sup/ ) dr=0
-0 p5c0 -0 pooo An x ant F (a t)
by condition (14). |

Remark 3. As an example, consider the case when Fx = F does not depend on x
(so that all holding times are identically distributed). In this situation, condition (14)
holds if the tails of F are exponential or polynomial.
Indeed, if
cre” ™ < F(u) < coe™ ™,

for some constants cy,cy > 0, and a > 0 then

1 © F(r cr 1 o cr 1
— T ) r< = — e~ gr = 2 50, n— oo,
an Jayt F(ant) €1 an Jaut acy an

If instead for c1,cy > 0 and @ > 1

ciu”® < F(u) < cou™@,

then
1 © F I A
_/ F(r) . calant) / egre — 2 0 0.
an Jaui F(ant) Cldn ant (- 1)y
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