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Abstract Multisets are like sets, except that they can contain multiple copies of their elements. 
If there are 𝑛𝑖 copies of 𝑖, 1 ≤ 𝑖 ≤ 𝑡, in multiset 𝑀𝑡 , then there are 

(︁
𝑛1+···+𝑛𝑡
𝑛1 ,...,𝑛𝑡

)︁
possible 

permutations of 𝑀𝑡 . Knuth showed how to factor any multiset permutation into cycles. For 
fixed 𝑛𝑖 , 𝑖 ≥ 1, we show how to adapt the Chinese restaurant process, which generates random 
permutations on 𝑛 elements with weighting 𝜃# cycles, 𝜃 > 0, sequentially for 𝑛 = 1, 2, . . ., to the 
multiset case, where we fix the 𝑛𝑖 and build permutations on 𝑀𝑡 sequentially for 𝑡 = 1, 2, . . .. 
The number of cycles of a multiset permutation chosen uniformly at random, i.e. 𝜃 = 1, 
has distribution given by the sum of independent negative hypergeometric distributed random 
variables. For all 𝜃 > 0, and under the assumption that 𝑛𝑖 = 𝑂 (1), we show a central limit 
theorem as 𝑡 → ∞ for the number of cycles.

Keywords Chinese restaurant process, random permutations, multiset
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1 Introduction

A growth rule which received considerable attention in the literature is the following 
preferential attachment algorithm on permutations written as the product of cycles 
known as the Chinese restaurant process (CRP) [1, 5, 9, 12--14, 16, 20, 23]. For 
𝑛 ≥ 1, given a permutation of [𝑛−1] := {1, 2, . . . , 𝑛 − 1} which has been constructed 
at step 𝑛 − 1, element 𝑛 is either appended to the permutation as a new singleton 
cycle with probability 𝜃

𝜃+𝑛−1 , or inserted into a random position within the existing 
permutation with probability equal to 𝑛−1 

𝜃+𝑛−1 . Let 𝑆𝑛 be the set of permutations on [𝑛]. 
The permutation obtained at step 𝑛 has the Ewens distribution, which is the uniform 
distribution on 𝑛! permutations in the case 𝜃 = 1, and, in general, has probability 
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distribution 𝜃 | 𝜋 | /𝜃 (𝑛) , 𝜋 ∈ 𝑆𝑛, where 𝜃 (𝑛) := 𝜃 (𝜃 + 1) · · · (𝜃 + 𝑛 − 1) and |𝜋 | is the 
number of cycles in 𝜋.

Let Π𝑛 be the random permutation of [𝑛] at the 𝑛th step of the CRP. The distri
bution of Π𝑛 is invariant under relabelling. For different orders the permutations are 
consistent, in the sense that Π𝑚, for 𝑚 < 𝑛, can be derived from Π𝑛 by removing 
elements 𝑚 + 1, . . . , 𝑛 from their cycles and deleting empty cycles if necessary.

The CRP expresses every permutation 𝜋 of [𝑛] uniquely as the product

𝜋 = (𝑥1,1 . . . 𝑥1,𝑚1 𝑦1)(𝑥2,1 . . . 𝑥2,𝑚2 𝑦2) · · · (𝑥𝜏,1 . . . 𝑥𝜏,𝑚𝜏 𝑦𝜏), 𝜏 ≥ 1,

where the following two conditions are satisfied:

1. 𝑦1 < 𝑦2 < · · · < 𝑦𝜏

2. 𝑦𝑖 < 𝑥𝑖 𝑗 for 1 ≤ 𝑗 ≤ 𝑚𝑖 , 1 ≤ 𝑖 ≤ 𝜏.

We will see in Section 2 that there is a similar unique expression for permutations of 
multisets.

The number of cycles in Π𝑛, denoted by 𝐾𝑛, has probability generating function 
(p.g.f.)

𝔼𝑧𝐾𝑛 =
(𝜃𝑧)𝑛
(𝜃)𝑛

,

which corresponds to the distribution of the sum of 𝑛 independent Bernoulli variables 
𝐾𝑛 =

∑︁𝑛
𝑖=1 𝐼𝑖 , 𝐼𝑖 ∼ Bernoulli(𝜃/(𝑖 + 𝜃 − 1)); see [1]. We have 𝐼𝑖 = 1 exactly when the 

element 𝑖 starts a new cycle. As 𝑛 → ∞,

𝐾𝑛 ∼ 𝜃 log 𝑛 a.s.,
𝐾𝑛 − 𝜃 log 𝑛√︁

𝜃 log 𝑛
𝑑
→ N(0, 1),

where 
𝑑
→ denotes convergence in distribution.

In this paper, a CRP will be defined for multiset permutations and derived using the 
methods in [23]. As motivation, we note that multiset permutations are of fundamental 
interest in combinatorics [22] and random multiset permutations have been studied 
previously [10].

2 Multiset permutations and their factorisations into cycles

There are at least two different ways of defining cycles of multiset permutations 
[19, 22]. Knuth’s way [19] will be used in this paper. In this section, we summarise the 
discussion and results on multiset permutation factorisation taken from Section 5.1.2 
of [19] that is needed in this paper. In particular, we are going to use Theorem 1
below to factor multiset permutations. A multiset is like a set except that it can have 
repetitions of identical elements, for example

𝑀 = {1, 1, 1, 2, 2, 3, 4, 4, 4, 4},

where the set {1, 2, 3, 4} is given the usual ordering. A permutation of a multiset is 
an arrangement of its elements in a row, for example

3 1 2 4 4 1 2 4 1 4.
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We may write this in two-line notation as(︃
1 1 1 2 2 3 4 4 4 4
3 1 2 4 4 1 2 4 1 4

)︃
. (1)

The intercalation product 𝜋1 ⊥ 𝜋2 of two multiset permutations 𝜋1 and 𝜋2 is defined 
in [6, 11] and is obtained by

1. Expressing 𝜋1 and 𝜋2 in the two-line notation.

2. Juxtaposing these two-line notations.

3. Sorting the columns into nondecreasing order of the top line, in such a way that 
the sorting is stable, in the sense that left-to-right order in the bottom line is 
preserved when the corresponding top line elements are equal.

For example, (︃
1 1 2 3 4
3 1 4 1 2

)︃
⊤

(︃
1 2 4 4 4
2 4 4 1 4

)︃

=

(︃
1 1 1 2 2 3 4 4 4 4
3 1 2 4 4 1 2 4 1 4

)︃

For possibly repeated elements 𝑥1, 𝑥2, . . . , 𝑥𝑚, the cycle (𝑥1, . . . , 𝑥𝑛) stands for the 
permutation obtained in two line form by sorting the columns of(︃

𝑥1 𝑥2 . . . 𝑥𝑚
𝑥2 𝑥3 . . . 𝑥1

)︃

in a stable manner. For example, we have

(4 2 4 4 1 3 1 1 2 4)

=

(︃
4 2 4 4 1 3 1 1 2 4
2 4 4 1 3 1 1 2 4 4

)︃

=

(︃
1 1 1 2 2 3 4 4 4 4
3 1 2 4 4 1 2 4 1 4

)︃
(2)

and so (1) is a cycle. For these general cycles, (𝑥1𝑥2 . . . 𝑥𝑛) is not always the same as 
(𝑥2 . . . 𝑥𝑛𝑥1) and it can happen that a cycle can be written as the intercalation product 
of other cycles, as we shall see at the end of this section.

Knuth [19] proves the following factorisation of multiset permutations into cycles.
Theorem 1 ([19]). Let the elements of the multiset 𝑀 be linearly ordered by the 
relation <. Every permutation 𝜋 of 𝑀 has a unique representation as the intercalation

𝜋 = (𝑥1,1 . . . 𝑥1,𝑚1 𝑦1)⊤(𝑥2,1 . . . 𝑥2,𝑚2 𝑦2)⊤ · · · ⊤(𝑥𝜏,1 . . . 𝑥𝜏,𝑛𝜏 𝑦𝜏), 𝜏 ≥ 1, (3)

where the following two conditions are satisfied:

1. 𝑦1 ≤ 𝑦2 ≤ · · · ≤ 𝑦𝜏
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2. 𝑦𝑖 < 𝑥𝑖, 𝑗 for 1 ≤ 𝑗 ≤ 𝑚𝑖 , 1 ≤ 𝑖 ≤ 𝜏.

Note that (2) is not in the form (3). The factorisation of (1) corresponding to 
Theorem 1 is

(3 1)⊤(1)⊤(2 4 2 4 4 1)⊤(4)

=

(︃
3 1
1 3

)︃
⊤

(︃
1
1

)︃
⊤

(︃
2 4 2 4 4 1
4 2 4 4 1 2

)︃
⊤

(︃
4
4

)︃

=

(︃
3 1 1 2 4 2 4 4 1 4
1 3 1 4 2 4 4 1 2 4

)︃

=

(︃
1 1 1 2 2 3 4 4 4 4
3 1 2 4 4 1 2 4 1 4

)︃
.

3 The CRP for multiset permutations

Given a fixed sequence of positive integers 𝑛𝑖 ≥ 1, 𝑖 ≥ 1, we will construct a 
CRP process on permutations of multisets indexed by integers 𝑡 ≥ 0. We define 
𝑀 (𝑛1, . . . , 𝑛𝑡 ) to be the multiset which contains 𝑛𝑖 copies of 𝑖 for 𝑖 ∈ [𝑡], 𝑡 ≥ 1, and 
∅ for 𝑡 = 0. We give the set of elements [𝑡] of 𝑀 (𝑛1, . . . , 𝑛𝑡 ) the usual ordering. The 
set of permutations of 𝑀 (𝑛1, . . . , 𝑛𝑡 ) is denoted by 𝑆(𝑛1, . . . , 𝑛𝑡 ) and is of size

|𝑆(𝑛1, . . . , 𝑛𝑡 ) | =

(︃
𝑁𝑡

𝑛1, . . . , 𝑛𝑡

)︃
,

where 𝑁𝑡 = 𝑛1 + · · · + 𝑛𝑡 . Note that 𝑆𝑛 = 𝑆(1, 1, . . . , 1⏞⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⏞
𝑛 times 

). The random multiset permu

tation Π̃𝑡 of our process at the 𝑡th step is an element of 𝑆(𝑛1, . . . , 𝑛𝑡 ), represented in 
accordance with (3). At step 𝑡 ≥ 1, there are 𝑛𝑡 copies of 𝑡 either to be inserted in the 
existing permutation Π̃𝑡−1 or to be put into singleton cycles. (It is not possible to put 
more than one copy of 𝑡 in a new cycle because of condition 2 of Theorem 1.) Suppose 
that 𝑘𝑡 ∈ {0} ∪ [𝑛𝑡 ] of the 𝑛𝑡 copies of 𝑡 start 𝑘𝑡 new singleton cycles containing 𝑡, 
and the 𝑛𝑡 − 𝑘𝑡 other copies of 𝑡 are inserted into the existing permutation. The 𝑛𝑡 − 𝑘𝑡
copies of 𝑡 can be inserted to the left of any of the 𝑦𝑖 or 𝑥𝑖 𝑗 in (3). A ‘stars and bars’ 
argument shows that the number of ways of inserting 𝑛𝑡 − 𝑘𝑡 copies of 𝑡 to the left of 
an element in the multiset 𝑆(𝑛1, . . . , 𝑛𝑡−1) formatted like (3) is(︃

𝑁𝑡−1 − 1 + 𝑛𝑡 − 𝑘𝑡
𝑛𝑡 − 𝑘𝑡

)︃
, (4)

recalling that (︃
−1
𝑘

)︃
=

{︃
1 if 𝑘 = 0;
0 if 𝑘 > 1.

We now define the multiset CRP. Given 𝜃 > 0, define

𝐹𝑡 (𝜃) =
𝑛𝑡∑︂
𝑘𝑡=0

(︃
𝑁𝑡−1 − 1 + 𝑛𝑡 − 𝑘𝑡

𝑛𝑡 − 𝑘𝑡

)︃
𝜃𝑘𝑡
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The special case

𝐹𝑡 (1) =
𝑛𝑡∑︂
𝑘𝑡=0

(︃
𝑁𝑡−1 − 1 + 𝑛𝑡 − 𝑘𝑡

𝑛𝑡 − 𝑘𝑡

)︃
=

(︃
𝑁𝑡
𝑛𝑡

)︃
. (5)

results from the well known identity
𝜈∑︂
𝜌=0 

(︃
𝜇 + 𝜌

𝜌

)︃
=

(︃
𝜇 + 𝜈 + 1

𝜈

)︃
, 𝜈, 𝜇 ≥ 0 integers; (6)

see page 161 of [15]. Note that (5) is the total number of ways of extending the 
permutation from time 𝑡−1 to time 𝑡. At time 𝑡 ≥ 1, 𝑘𝑡 new singleton cycles containing 
𝑡 are created and the other 𝑛𝑡 − 𝑘𝑡 copies are inserted into the existing permutation in 
a specified way with probability 𝜃𝑘𝑡/𝐹𝑡 (𝜃). If 𝑛𝑡 = 1 for all 𝑡, then 𝐹𝑡 (𝜃) = 𝜃 + 𝑡 − 1
and we recover the usual CRP. An induction argument on 𝑡 shows that all possible 
𝜋 ∈ 𝑆(𝑛1, . . . , 𝑛𝑡 ) can be constructed in this manner. This can also be seen from the 
identity (︃

𝑁𝑡
𝑛1, . . . , 𝑛𝑡

)︃
=

𝑡∏︂
𝑠=1 

(︃
𝑁𝑠
𝑛𝑠

)︃

Next we will find the distribution of Π̃𝑡 .
Theorem 2. Given 𝜃 > 0, for all 𝜋 ∈ 𝑆(𝑛1, . . . , 𝑛𝑡 ) the CRP generates 𝜋 at step 𝑡
with probability equal to 𝜃 |𝜋 | /𝑆, where

𝑆 =
∑︂

𝜋∈𝑆 (𝑛1 ,...,𝑛𝑡 )

𝜃 | 𝜋 | = 
𝑡∏︂
𝑠=1 

𝐹𝑠 (𝜃). (7)

Proof. We will use the method in [23]. An arborescence is a directed, rooted tree with 
edges oriented in agreement with paths from the root to the leaves. Our arborescence 
has vertex set 𝑉 =

⋃︁𝑡
𝑠=0 Π(𝑛1, . . . , 𝑛𝑠) and the root is ∅ (when 𝑠 = 0). The leaves 

of the arborescence are Π(𝑛1, . . . , 𝑛𝑡 ). Give each leaf 𝜋 ∈ Π(𝑛1, . . . , 𝑛𝑡 ) the weight 
𝜃 | 𝜋 | , where |𝜋 | is the number of cycles in 𝜋. There is a directed edge from 𝜋1 ∈

Π(𝑛1, . . . , 𝑛𝑠−1) to 𝜋2 ∈ Π(𝑛1, . . . , 𝑛𝑠), 𝑠 ∈ [𝑡], if and only if, for some 𝑘𝑠 ∈

{0}∪[𝑛𝑠], 𝜋2 is obtained from 𝜋1 by inserting 𝑛𝑠−𝑘𝑠 copies of 𝑠 to the left of elements 
of 𝜋1, when 𝜋1 is written as (1), and creating 𝑘𝑠 singleton cycles each containing 𝑠. For 
each 𝜋 ∈ 𝑉 , define 𝑄(𝜋) to be the sum of the weights of all leaves 𝜋′ ∈ Π(𝑛1, . . . , 𝑛𝑡 )
for which there is a directed path from 𝜋 to 𝜋′. For 𝜋 ∈ Π(𝑛1, . . . , 𝑛𝑠), we have

𝑄(𝜋) = 𝜃 | 𝜋 |
𝑡∏︂

𝑢=𝑠+1
𝐹𝑢 (𝜃), (8)

which follows immediately from the interpretation of the binomial coefficient preced
ing (4). Taking 𝜋 = ∅ and 𝑠 = 0 in (8) gives (7). With 𝜋1 and 𝜋2 taken as above, we 
have |𝜋2 | = |𝜋1 | + 𝑘𝑠, and therefore

𝑝𝜋1 , 𝜋2 :=
𝑄(𝜋2)

𝑄(𝜋1)
=

𝜃𝑘𝑠

𝐹𝑠 (𝜃)
. (9)
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These are the transition probabilities of the CRP. Theorem 1 of [23] states that if we 
put transition probabilities (9) on the edges of the arborescence, and let the leaves be 
absorbing states, then we obtain a Markov chain whose probability of absorption on 
a given leaf is proportional to the weight of the leaf. By our choice of weight we are 
done. □

For different steps the permutations are consistent, in the sense that Π̃𝑠, for 𝑠 < 𝑡, 
can be derived from Π̃𝑡 by removing elements 𝑠+1, . . . , 𝑡 from their cycles and deleting 
empty cycles if necessary.

4 The distribution of the number of cycles

Let 𝑋𝑡 denote the number of new cycles added in moving from time 𝑡 − 1 to time 
𝑡, 𝑡 ≥ 1, which is the choice of 𝑘𝑡 above. The 𝑋𝑡 are independent with distributions 
given by

IP(𝑋𝑡 = 𝑘𝑡 ) =
𝜃𝑘𝑡

𝐹𝑡 (𝜃)

(︃
𝑁𝑡−1 − 1 + 𝑛𝑡 − 𝑘𝑡

𝑛𝑡 − 𝑘𝑡

)︃
, 𝑘𝑡 ∈ {0} ∪ [𝑛𝑡 ] . (10)

If 𝜃 = 1, then, by (5), we have

IP(𝑋𝑡 = 𝑘𝑡 ) =
1 (︁
𝑁𝑡
𝑛𝑡

)︁(︃𝑁𝑡−1 − 1 + 𝑛𝑡 − 𝑘𝑡
𝑛𝑡 − 𝑘𝑡

)︃
=

(︁
𝑛𝑡
𝑘𝑡

)︁
(︁
𝑁𝑡
𝑘𝑡

)︁ 𝑁𝑡 − 𝑛𝑡
𝑁𝑡 − 𝑘𝑡

(11)

This equals the probability that starting from an urn with 𝑛𝑡 balls representing failures 
and 𝑁𝑡 − 𝑛𝑡 balls representing successes, that the first 𝑘𝑡 balls pulled from the urn 
without replacement are failures, and the (𝑘𝑡 + 1)th ball pulled from an urn is a 
success. This description shows that 𝑌𝑡 = 𝑋𝑡 + 1 has a negative hypergeometric 
distribution, which we now describe. The negative hypergeometric distribution [17, 
18, 21] with parameters 𝑁 , 𝑀 and 𝑟 is like the negative binomial distribution, but 
without replacement. There are 𝑁 balls in total, 𝑀 balls representing success and 𝑁−𝑀
balls representing failures. The hypergeometric distribution gives the probability that 
the 𝑟th success happens on the 𝜅th draw, 𝜅 = 𝑟, 𝑟+1, . . . , 𝑁 . A negative hypergeometric 
random variable 𝑌 with these parameters has probability mass function

ℙ(𝑌 = 𝜅) =

(︁
𝑀
𝑟−1

)︁(︁
𝑁−𝑀
𝜅−𝑟 

)︁
(︁
𝑁
𝜅−1

)︁ ·
𝑀 − 𝑟 + 1
𝑁 − 𝜅 + 1 

(12)

It is easily checked that (11) is (12) with 𝑁 = 𝑁𝑡 , 𝑀 = 𝑁𝑡 − 𝑛𝑡 = 𝑁𝑡−1, 𝑟 = 1 and 
𝜅 = 𝑘 + 1. The expectation of 𝑌 is

𝔼(𝑌 ) = 𝑟
𝑁 + 1 
𝑀 + 1

,

the variance of 𝑌 is

Var(𝑌 ) =
𝑟 (𝑁 − 𝑀)(𝑁 + 1)(𝑀 + 1 − 𝑟)

(𝑀 + 1)2(𝑀 + 2) 
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and the third centred moment (see [17, 18]) is

𝔼([𝑌 − 𝔼(𝑌 )]3) = Var(𝑌 ) ·
(2𝑁 − 𝑀 + 1)(𝑀 + 1 − 2𝑟)

(𝑀 + 1)(𝑀 + 3) 
.

Therefore,
𝔼(𝑋𝑡 ) = 𝔼(𝑌𝑡 ) − 1 =

𝑁𝑡 + 1 
𝑁𝑡−1 + 1

− 1 =
𝑛𝑡

𝑁𝑡−1 + 1
, (13)

Var(𝑋𝑡 ) = Var(𝑌𝑡 ) =
𝑛𝑡 (𝑁𝑡 + 1)𝑁𝑡−1

(𝑁𝑡−1 + 1)2(𝑁𝑡−1 + 2)
(14)

and

𝔼([𝑋𝑡 − 𝔼(𝑋𝑡 )]
3) = 𝔼([𝑌𝑡 − 𝔼(𝑌𝑡 )]

3)

= Var(𝑌𝑡 ) ·
(𝑛𝑡 + 𝑁𝑡 + 1)(𝑁𝑡−1 − 1)
(𝑁𝑡−1 + 1)(𝑁𝑡−1 + 3) 

. (15)

It follows that the number of cycles 𝐾𝑡 =
∑︁𝑡
𝑠=1 𝑋𝑡 has expectation

𝔼(𝐾𝑡 ) =
𝑡∑︂
𝑠=1 

𝑛𝑠
𝑁𝑠−1 + 1

and variance

Var(𝐾𝑡 ) =
𝑡∑︂
𝑠=1 

𝑛𝑠 (𝑁𝑠 + 1)𝑁𝑠−1

(𝑁𝑠−1 + 1)2(𝑁𝑠−1 + 2)
.

Given sequences 𝑎𝑡 and 𝑏𝑡 , we use the notation 𝑎𝑡 = 𝑂 (𝑏𝑡 ) to mean 𝑎𝑡 ≤ 𝐶𝑏𝑡
for a constant 𝐶 > 0; 𝑎𝑡 ≍ 𝑏𝑡 to mean 𝐶1𝑏𝑡 ≤ 𝑎𝑡 ≤ 𝐶2𝑏𝑡 for constants 𝐶1 > 0, 
𝐶2 > 0; and 𝑎𝑡 ∼ 𝑏𝑡 to mean lim𝑡→∞ 𝑎𝑡/𝑏𝑡 = 1. We also define 𝑎𝑡 = 𝑜(𝑏𝑡 ) to mean 
lim𝑡→∞ 𝑎𝑡/𝑏𝑡 = 0. We will put the bound the 𝑛𝑡 = 𝑂 (1) to give a central limit theorem 
for 𝐾𝑡 for all 𝜃.
Theorem 3. If 𝜃 = 1 and 𝑛𝑖 = 𝑛 ≥ 1 for all 𝑖 ≥ 1, then

𝔼(𝐾𝑡 ) ∼ log 𝑡, Var(𝐾𝑡 ) ∼ log 𝑡. (16)

For general 𝜃, let 𝑛1, 𝑛2, . . ., be given, 𝑛𝑖 ≥ 1 for all 𝑖, and suppose

𝑛𝑖 = 𝑂 (1). (17)

Then,
𝔼(𝐾𝑡 ) ≍ log 𝑡, Var(𝐾𝑡 ) ≍ log 𝑡, (18)

and
𝐾𝑛 ∼ 𝔼(𝐾𝑛) a.s.,

𝐾𝑡 − 𝔼(𝐾𝑡 )√︁
Var(𝐾𝑡 )

𝑑
→ N(0, 1). (19)

Proof. First we prove the theorem for 𝜃 = 1. From (13), (14) and (17) we get 𝔼(𝑋𝑡 ) ≍
1/𝑡 and Var(𝑋𝑡 ) ≍ 1/𝑡, which result in (18), after which the Lindeberg-Feller Theorem 
easily shows the central limit theorem in (19), because 𝑋𝑡 ≤ 𝑛𝑡 = 𝑂 (1). If we impose 
the condition 𝑛𝑖 = 𝑛, for 𝑖 ≥ 1, then we immediately obtain (16). For 𝜃 general, 
we reduce to the case 𝜃 = 1. This follows from noting that in (10), 𝜃𝑘𝑡 ≍ 1 and 
𝐹𝑡 (𝜃) ≍ 𝐹𝑡 (1) uniformly over 𝑡 ≥ 1, by (17), and so (18) still holds. For the almost 
sure convergence, modify the proof of (6.6) Theorem on page 44 of [8]. □
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By the following theorem a Central Limit Theorem can be obtained even when 𝑛𝑡
is unbounded, which is not the case in Theorem 3.
Theorem 4. Suppose 𝜃 = 1, 𝑛𝑡 = 𝑂 (𝑁𝑡−1). Then, (19) holds.

Proof. In order to prove limiting normality, we will verify Lyapounov’s Condition in 
[3] with 𝛿 = 1, by showing that

lim 
𝑡→∞

1 
Var(𝐾𝑡 )3/2

𝑡∑︂
𝑠=1 

𝔼([𝑋𝑠 − 𝔼(𝑋𝑠)]
3) = 0. (20)

The assumption 𝑛𝑡 = 𝑂 (𝑁𝑡−1), (14) and (15) produces

𝔼([𝑋𝑡 − 𝔼(𝑋𝑡 )]
3 ≍ Var(𝑋𝑡 ) ≍ 𝑛𝑡/𝑁𝑡−1, 𝑡 ≥ 2.

We have the lower bound
𝑡∑︂
𝑠=2 

𝑛𝑠
𝑁𝑠−1

≥

𝑡∑︂
𝑠=2 

ln
(︃

1 +
𝑛𝑠

𝑁𝑠−1

)︃

=
𝑡∑︂
𝑠=2 

(ln(𝑁𝑠) − ln(𝑁𝑠−1)

= ln(𝑁𝑡 ) − ln(𝑁1) → ∞,

where the convergence to infinity follows from the assumption 𝑛𝑡 ≥ 1 for all 𝑡 ≥ 1. 
Hence,

Var(𝐾𝑡 ) ≍
𝑡∑︂
𝑠=1 

𝔼([𝑋𝑠 − 𝔼(𝑋𝑠)]
3) ≍

𝑡∑︂
𝑠=2 

𝑛𝑠
𝑁𝑠−1

→ ∞

and (20) holds.
For the almost sure convergence, modify the proof of (6.6) Theorem on page 44 

of [8] as in the proof of Theorem 3. □

An example where Theorem 4 holds is obtained by setting 𝜃 = 1, 𝑛𝑡 = ⌈𝐶𝑡𝛼⌉, for 
constants 𝐶 > 0, 𝛼 > 0, where ⌈𝑥⌉ is the smallest integer greater or equal to 𝑥. Then, 
𝑛𝑡 = 𝐶𝑡𝛼 +𝑂 (1) and 𝑁𝑡 = 𝐶𝑡𝛼+1/(𝛼 + 1) +𝑂 (𝑡𝛼) and the assumptions of Theorem 4
hold. The expectation and variance are asymptotically

𝔼(𝐾𝑡 ) ∼ (𝛼 + 1) log 𝑡, Var(𝐾𝑡 ) ∼ (𝛼 + 1) log 𝑡.

Another example for 𝜃 = 1 is obtained through regular variation [4]. A positive, 
measurable function ℓ(𝑥), defined on [𝜂,∞) for 𝜂 real, is slowly varying if

lim 
𝑥→∞

ℓ(𝜆𝑥)

ℓ(𝑥) 
= 1, ∀𝜆 > 0. (21)

The Uniform Convergence Theorem [4] provides that the convergence in (21) is 
uniform on compact 𝜆-sets in (0,∞). A positive, measurable function defined on 
[𝜂,∞), is regularly varying with real index 𝛼 if

lim 
𝑥→∞

𝑓 (𝜆𝑥)

𝑓 (𝑥) 
= 𝜆𝛼, ∀𝜆 > 0.
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A regularly varying function with index 𝛼 can be written as

𝑓 (𝑥) = 𝑥𝛼ℓ(𝑥),

where ℓ(𝑥) is a slowly varying function. Suppose that ℓ(𝑥) is locally bounded in 
[𝜂,∞), i.e. bounded on compact subsets of [𝜂,∞), and 𝛼 > −1. Karamata’s theorem 
gives ∫ 𝑡

𝜂
𝑥𝛼ℓ(𝑥) 𝑑𝑥 ∼ 𝑡𝛼+1ℓ(𝑡)/(𝛼 + 1), 𝑡 → ∞.

We further suppose that 𝜂 ≤ 1, 𝛼 ≥ 0, with lim𝑥→∞ ℓ(𝑥) = ∞ in the case 𝛼 = 0, and 
define

𝑛𝑡 =
⌈︂∫ 𝑡+1

𝑡
𝑥𝛼ℓ(𝑥) 𝑑𝑥

⌉︂
, 𝑡 ≥ 1.

The Uniform Convergence Theorem implies that

sup 
𝑡≤𝑥≤𝑡+1

⃓⃓⃓
⃓ℓ(𝑥)ℓ(𝑡) 

− 1
⃓⃓⃓
⃓ ≤ sup 

1≤𝜆≤2

⃓⃓⃓
⃓ℓ(𝜆𝑡)ℓ(𝑡) 

− 1
⃓⃓⃓
⃓ = 𝑜(1),

from which ∫ 𝑡+1

𝑡
𝑥𝛼ℓ(𝑥) 𝑑𝑥 = (1 + 𝑜(1))ℓ(𝑡)

∫ 𝑡+1

𝑡
𝑥𝛼 𝑑𝑥

= (1 + 𝑜(1))ℓ(𝑡)(𝑡𝛼 + 𝑜(𝑡𝛼))

and
𝑛𝑡 ∼ 𝑡𝛼ℓ(𝑡).

Moreover, Karamata’s theorem gives us

𝑁𝑡−1 ∼ 𝑡𝛼+1ℓ(𝑡)/(𝛼 + 1).

Hence, the conditions of Theorem 4 hold.
We will now show that 𝑛𝑡 may be chosen in such a way that the conclusion of the 

central limit theorem does not hold for 𝐾𝑡 . Suppose that 𝜃 = 1 and the 𝑛𝑡 are chosen 
such that

𝑁𝑡−1 = 𝑜(𝑛𝑡 ). (22)

By (13) and (14), we have

𝔼(𝑋𝑡 ) ∼
𝑛𝑡

𝑁𝑡−1
, Var(𝑋𝑡 ) ∼

(︃
𝑛𝑡

𝑁𝑡−1

)︃2
.

We further choose the 𝑛𝑡 such that

𝑡−1 ∑︂
𝑠=1 

Var(𝑋𝑠) = 𝑜 (Var(𝑋𝑡 )) , (23)

A particular example of such a sequence is

𝑛𝑡 = ⌈𝑒𝑡
3
⌉ = 𝑒𝑡

3
+𝑂 (1),
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from which

𝑁𝑡 =
𝑡∑︂
𝑠=1 

𝑒𝑠
3
+𝑂 (𝑡)

= 𝑒𝑡
3

(︄
1 +

𝑡−1 ∑︂
𝑠=1 

𝑒𝑠
3−𝑡3

)︄
+𝑂 (𝑡)

= 𝑒𝑡
3
(︂

1 +𝑂
(︂
𝑡𝑒 (𝑡−1)3−𝑡3

)︂)︂
+𝑂 (𝑡)

= 𝑒𝑡
3
(1 + 𝑜(1)).

Clearly, (22) holds and we also have

𝑡−1 ∑︂
𝑠=1 

Var(𝑋𝑠) = 𝑂

(︄
𝑡−1 ∑︂
𝑠=1 

𝑒2𝑠3−2(𝑠−1)3

)︄

= 𝑂

(︄
𝑡−1 ∑︂
𝑠=1 

𝑒6𝑠2−6𝑠

)︄

= 𝑂
(︂
𝑡𝑒6(𝑡−1)2−6(𝑡−1)

)︂
= 𝑜

(︂
𝑒6𝑡2−6𝑡

)︂

and so (23) holds, as well, because Var(𝑋𝑡 ) ∼ 𝑒6𝑡2−6𝑡+2.
Assuming (22) and (23), we have

𝐾𝑡 − 𝔼(𝐾𝑡 )√︁
Var(𝐾𝑡 )

=
𝑋𝑡 − 𝔼(𝑋𝑡 )√︁

Var(𝑋𝑡 )
(1 + 𝑜(1)) +

∑︁𝑡−1
𝑠=1 (𝑋𝑠 − 𝔼(𝑋𝑠))√︁

Var(𝐾𝑡 )
. (24)

Suppose that
𝐾𝑡 − 𝔼(𝐾𝑡 )√︁

Var(𝐾𝑡 )
𝑑
→ N(0, 1).

By our assumptions, the variance of the last term of (24) is 𝑜(1) and so by Slutsky’s 
theorem [8]

lim 
𝑡→∞

ℙ

(︄
𝑋𝑡 − 𝔼(𝑋𝑡 )√︁

Var(𝐾𝑡 )
≤ 0

)︄
= lim 
𝑡→∞

ℙ

(︄
𝐾𝑡 − 𝔼(𝐾𝑡 )√︁

Var(𝑋𝑡 )
≤ 0

)︄
= 1/2, (25)

We will show that (25) is impossible. The c.d.f. of 𝑋𝑡 is given by

𝑃(𝑋𝑡 ≤ 𝑥𝑡 ) =
𝑥𝑡∑︂
𝑘𝑡=0

ℙ(𝑋𝑡 = 𝑘𝑡 )

=
1 (︁
𝑁𝑡
𝑛𝑡

)︁ 𝑥𝑡∑︂
𝑘𝑡=0

(︃
𝑁𝑡−1 − 1 + 𝑛𝑡 − 𝑘𝑡

𝑛𝑡 − 𝑘𝑡

)︃
(26)
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=
1 (︁
𝑁𝑡
𝑛𝑡

)︁
⎛
⎝ 𝑛𝑡∑︂
𝑗=0 

(︃
𝑁𝑡−1 − 1 + 𝑗

𝑗

)︃
−

𝑛𝑡−𝑥𝑡−1∑︂
𝑗=0 

(︃
𝑁𝑡−1 − 1 + 𝑗

𝑗

)︃⎞⎠
=

1 (︁
𝑁𝑡
𝑛𝑡

)︁ (︃(︃𝑁𝑡
𝑛𝑡

)︃
−

(︃
𝑁𝑡 − 𝑥𝑡 − 1
𝑛𝑡 − 𝑥𝑡 − 1 

)︃)︃
(27)

= 1 −
(𝑁𝑡 − 𝑥𝑡 − 1)!/(𝑛𝑡 − 𝑥𝑡 − 1)!

𝑁𝑡 !/𝑛𝑡 ! 

≥ 1 −

(︃
𝑁𝑡 − 𝑥𝑡 − 1

𝑁𝑡

)︃𝑁𝑡−1

, (28)

where we have used (11) at (26), (6) at (27), and (𝑁𝑡 − 𝑥𝑡 − 1 − 𝑖)/(𝑁𝑡 − 𝑖) ≤

(𝑁𝑡 − 𝑥𝑡 − 1)/𝑁𝑡 for all 0 ≤ 𝑖 ≤ 𝑁𝑡−1 − 1 at (28). We therefore have

lim inf
𝑡→∞ 

𝑃(𝑋𝑡 ≤ 𝔼(𝑋𝑡 )) ≥ 1 − lim 
𝑡→∞

(︃
𝑁𝑡 − 𝔼(𝑋𝑡 ) − 1

𝑁𝑡

)︃𝑁𝑡−1

= 1 − lim 
𝑡→∞

(︃
𝑁𝑡 − 𝑛𝑡 (1 + 𝑜(1)/𝑁𝑡−1 − 1

𝑁𝑡

)︃𝑁𝑡−1

= 1 − lim 
𝑡→∞

(1 − (1 + 𝑜(1))/𝑁𝑡−1)
𝑁𝑡−1

= 1 − 𝑒−1 > 1/2,

contradicting (25).

5 Discussion

Potentially, improvements might be made on these results. The CRP we have defined 
places all 𝑛𝑡 elements labelled 𝑡 at the same time. Placing them sequentially seems 
like a difficult problem. It would be interesting to get better estimates for 𝔼(𝐾𝑡) and 
Var(𝐾𝑡 ), especially when 𝜃 ≠ 1. Perhaps the hypotheses of Theorem 4 could be 
weakened.

In the case of random permutations, there is a Poisson approximation of 𝐾𝑛. 
The total variation distance between the law ℒ(𝐾𝑛) of 𝐾𝑛 and the Poisson(𝔼(𝐾𝑛))
distribution is of order

𝑑TV(ℒ(𝐾𝑛), Poisson(𝔼(𝐾𝑛))) :=
1
2

𝑛∑︂
𝑘=1 

⃓⃓⃓
⃓ℙ(𝐾𝑛 = 𝑘) − exp (−𝔼(𝐾𝑛))

𝔼(𝐾𝑛)
𝑘

𝑘! 

⃓⃓⃓
⃓

≍
1 

log 𝑛
;

see [2]. By considering the process of cycle counts (𝐶1(𝑛), 𝐶2 (𝑛), . . . , 𝐶𝑛 (𝑛)), where 
𝐶𝑖 (𝑛) is the number of cycles of size 𝑖, we may write 𝐾𝑛 =

∑︁𝑛
𝑖=1 𝐶𝑖 (𝑛). Moreover, [7] 

shows that 𝐵𝑛 (·)
𝑑
→ 𝐵(·), where

𝐵𝑛 (𝑡) :=
∑︁⌊𝑛𝑡 ⌋
𝑖=1 𝐶𝑖 (𝑛) − 𝑡 log 𝑛√︁

log 𝑛
, 0 ≤ 𝑡 ≤ 1,
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and 𝐵(𝑡) is standard Brownian motion. If suitable approximations could be made to 
the process of cycle counts for multiset permutations, then similar progress might be 
made for the results obtained in this paper when 𝜃 = 1.
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