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Abstract We prove a limit theorem for paths of random walks with n steps in R9 asn and d
both go to infinity. For this, the paths are viewed as finite metric spaces equipped with the £),-
metric for p € [1, co0). Under the assumptions that all components of each step are uncorrelated,
centered, have finite 2p-th moments, and are identically distributed, we show that such random
metric space converges in probability to a deterministic limit space with respect to the Gromov-
Hausdorff distance. This result generalises earlier work by Kabluchko and Marynych [Ann. Inst.
H. Poincaré Probab. Statist. 60(4): 2945-2974, 2024] for p = 2.
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1 Introduction
For each dimension d € N, consider a random walk (Sgd))izo,l’___ in R? defined by
(d) _ (d) _ y(d) (d) (d)
S0 =0, S, =X +X, " +--+ X, ', neEN,

where Xl.(d) = (Xl.(‘ll), R Xl.(‘;)),i > 1, are independent identically distributed random

vectors in R?, and denote Sl.(d) = (Sﬁ), cees Sf‘fi)).
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The values of this random walk
ZW = (s, 8y, neN,

are considered as a finite metric space which is embedded in R¢ with the induced
Euclidean metric.
In the regime where the dimension d and the distribution of X l(d) are fixed, with

Ede) = 0 and an identity covariance matrix Cov(X l(d)) = I;. Donsker’s invariance

principle implies that, after rescaling by n~!/2, the random set Z,(,d) converges in
distribution to the path of the d-dimensional standard Brownian motion on [0, 1].

Let £, be the space of square-summable real sequences with norm denoted by
|- |lo. For every d € N, we identify R? with the d-dimensional coordinate subspace of
¢, which leads to the embedding of R4 into ¢,. This identification allows us to view
all random walks as subsets of a common ambient space.

When both n and d tend to infinity, under the square integrability and several fur-
ther assumptions listed in [5], the random metric space (n~"/ 22,5‘1), || - |l2) converges
in probability to the Wiener spiral with respect to the Gromov—Hausdorff distance.
The latter space is defined as the set of indicator functions 1o}, ¢ € [0, 1], viewed
as a subset of the Hilbert space L>([0, 1]) and endowed with the metric induced by
the L2-norm. With respect to this metric, the space is isometric to the interval [0, 1]
equipped with the distance r(z,s) = /|t — s|. Later Jin [4] verified that the bridge
variant of the random metric space also converges in probability to a deterministic
limit in the Gromov—Hausdorff sense, that is [0, 1] equipped with the pseudo-metric
\/ |t — s|(1 — |t — s]). Furthermore, the case of random walk with heavy-tailed incre-
ments is considered in [6].

The Gromov—Hausdorff distance between metric spaces X = (X, px) and Y =
(Y, py) is defined as

den(X,¥) = inf  du(i(X).j(1),

where the infimum is taken over all isometric embeddings i and j into all possible
metric spaces (Z, d) which can embed X and Y. The Hausdorff distance between sets
F and H in (Z, d) is defined as

dy(F,H) =inf{¢ >0: F c H® and H C F®},

where F¢ = {x : d(x, F) < &} is the &-neighbourhood of F, see [1, Chapter 7].

We replace the £,-metric on the space of sequences with the £,-metric for a
general p € [1,00). The study of random metric spaces relies on identifying the
spaces up to isometries. The following remarks explain why the proof for p # 2 is
not a routine modification of the ¢, case. Contrary to the ¢, setting, which admits a
large group of rotations as isometries, the isometry group of £, for p # 2 is far more
constrained, see [7] and [2, Theorem 7.4.1]. Furthermore, while we have the identity
llx + ylI3 = llx||3 + lyl|3 + 2(x, ), no analogous simple expression exists for [lx + y||5
with p # 2. This complicates the analysis of path of the random walk.

It should be noted that Kabluchko and Marynych [5] established that for subsets
of », convergence in the Gromov—Hausdorff sense is equivalent to convergence in the
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Hausdorff distance up to isometries of ¢,, that is distance for the two subsets defined by
taking the infimum over the Hausdorff distance between their images under all possible
isometries of £,. However, this equivalence fails for compact subsets of £, when p # 2.
For instance, consider the two-point metric spaces F = {(0,0,...),(1,1,0,...)} and
H = {(0,0,...),(@"/?,b"? (2 —a — b)"/P,0,...)} for any a,b > 0 such that
a+b <2,a+b+1anda,b # 1. Equipped with the £,,-metric, these spaces are
isometric for any p € [1, o) and thus the Gromov—Hausdorff distance between them
vanishes, while it is impossible to map F' to H using an isometry of £, if p # 2.

Fix a p € [1, o). Impose a special structure on the increments of the random
walk. Namely, we assume that

Xl(d) = d_l/”(fl, o éq),  &1,...,&q share the same distribution,
E¢ =0, E[&*P <o, Cov(é,é) =0 foralll <i#j<d. (1)

Denote E&% = 2. Let M p be the p-th absolute moment of the standard normal
distribution.

Theorem 1. Let p € [1,00) and d = d(n) be an arbitrary sequence of positive
integers such that d(n) — oo as n — oo. Consider a random walk with increments
given by (1). Then, as n — oo, the random metric space (n~"/ 2Z,(,d), II-1l), converges
in probability to ([O, 1], V|t = sloM 11,/ P ) under the Gromov-Hausdorff distance.

Remark 1. In the case p = 2, we assume E&* < oo, while only the finite second

moment of ¢ is required in [5]. However, we do not see a possibility that the moment
assumption can be weaker, since a different tool is applied in our proof.

The paper is organised as follows. In Section 2, we provide the univariate and
bivariate moment convergence theorems, which serve as the main tools for proving
the limit theorem. Section 3 contains some auxiliary theorems and the proof of the
main result.

2 Moment convergence theorem

We need the following results.

Lemma 1 (Moment convergence theorem). Let ,11,12, ... be independent identi-
cally distributed random variables withEn = u and Varn = 0%, and S, = 1+ - -+,
n > 1. Then »
E Sn—np - M, = 2P/2LF(M),
NG

o\n T 2

if p € (0,2) and for p = 2 ifE|n|P < co.
Lemma 2 (Marcinkiewicz—Zygmund inequality. See Corollary 3.8.2 in [3]). Let
p > 1. Suppose that X, Xy, ..., X, are independent, identically distributed random

variables with mean 0 and E|X|P < co. Set S,, = 33 _; Xk, n > 1. Then there exists a
constant B, depending only on p such that

1-p/2 p <p<
Ejn-12S, [P < B,n E|X|P, whenl < p <2,
B,E|X|P, when p > 2.
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Theorem 2 (Bivariate moment convergence theorem). Let (X1,Y1), ..., (Xu,Yy)
be independent copies of a centered 2p-integrable random vector (X,Y) with the
covariance matrix 2. Denote S, = X\ +---+ X, and Z,, =Y, +--- +Y,. Then

E|n™ 28, |07 2 Z,|" — Elmim|? asn — o, @

where (n1,12) ~ N(0,%).

Proof. By the central limit theorem,

d
(n—l/ZS;d)’n—l/ZZn) 4 (77]’7]2) as 1 — oo,

Now we apply Skorokhod’s representation theorem, which allows us to replace the
distributional convergence above with a.s. convergence on a new probability space
which accommodates the following objects.

* For every d € N, a distributional copy (Y,(cd), 7,<€d))keN of the sequence
d) v(d
PN At
* Distributional copy (77;,77,) of (171, 72).

=) = <(d =(d)  =(d =(d
DenoteSL)in )+'--+X£l)andZL)=Yi )+---+Y,(,>.Then

—(d =(d)y as.
(n_l/zS,(1 ),n_1/2Zi )) = (n1,m2) asn — oo,

By Lemma 1, as n — oo,

— d —_—
E(|n—l/2si >|2p + |n—1/2zid>|zp) _ E(n*1/2|55f’)|2" + |n—1/zzr<ld>|2p)
— E(Im | + n2|*?) = E(7,|* + [7, *P).
Furthermore, by Pratt’s extension of the Lebesgue dominated convergence theo-
rem, see [3, Theorem 5.5], and the inequality

7 + [y

peyl? = Pyl < S

y€R,
we conclude that, as n — oo,

Bl 255 |07 P20 | = Bl 25,7 n 7 PZ,0 P — BRI = Bl ). ©

3 Convergence of the £,-metric of random walks

The proof of Theorem 1 relies on the following theorems, while they follow the general
scheme of [5], substantial adjustments are necessary to handle the £,,-case with p # 2.

Theorem 3. Let p € [1, ). Consider a random walk with increments given by (1).

Then

n—p/2||SEd)

p P o.pl2_p
mJ||p—>t oM, asn— oo

forallt € [0,1].
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Proof. Without loss of generality, let + = 1. By the definition of convergence in
probability, we need to verify that

"

Markov’s inequality implies that (3) is bounded above by

d
n_p/zz |S£ldi)|p -ofM,

i=1

>s}—>0 as n — oo. 3)

d

2
e’E (n_”/z Z |S£fl.) |P - 0"’Mp)

i=1

d 2 d
o G D R e (et

i=1

i=1

=72 <nPdE|sfj3 Praenr > BISEIPISEP + o M)
I<izj<d

—2n"PPoP M, dE|s\) |f’)
=& 2 (A1 + Ay + A3),
where we have decomposed the terms as follows,
Ay =n"PdE|S\) P,

Ay=nP T Cov (ISU 1P, ISS1P),
1<i#j<d

and

_ d)\p\2 - d
Ay =nPd(d - 1)(E|S£l’1)|f”) +o-2pM}2, —-2n P/Zo-pMpdEISL,1)|p~

Let (fl(k), . ,g;k)), 1 < k < n, be independent copies of (£1,...,&,). Denote

buij.p = Cov (n-p/z|§i(1) +§i(2> +.”+§i(n) p7n-p/z’§]<_1) +§](2) +n.+§]{n)|P)

forall 1 <i+# j <d. Thus, by Lemma 2,
Al =d ' En Pl + &7 4o+ £ < d7 By EIEPY,

where B»), is a constant depending only on p, and the term A; converges to 0 as
d — oo.
By Theorem 2, the term A, converges to 0 as n — oo since limy, 0 bpaa,p = 0.
Furthermore, the term A3 is bounded above by

P (EIS) P M ISP 5 P P S

= PRaEIS\ P (n P PaRISN - oMy
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+a?My (o M,y = nPPaEIS\ )|
- (n_p/sz|S(d)|” — oM )2
n,1 p)>

which converges to 0 as n — oo by the moment convergence theorem. O

Theorem 4 (Uniform convergence of the £,,-norm of random walk). Let p € [1, c0).
Consider a random walk with increments given by (1). Then

sup |n p/2||S(d)

tp/za'pMp|£>0 asn — oo.
te[0,1]

LI -

Proof. Forall p > 1,

d
d d d d
IS5 = > 1P = 1,4 + 01,
i=1

where
)N (@) X () o)l
(d) _ (d (d (d d) 2
Ty _Z|S'l,i 'p‘PZ X Si-1ilS5- Ll
i=1 i=1 j=1
(d) L (d) o(d) ( )
d) _ d) o(d d 2
n _pzzx Slll Jll|p S
i=1 j=1
Forall n € N,

d
(d) (d) _ (d) (d) ¢(d) (d) 2 (d)
R N (i Zx SYOISEO P = 1L 1P
i=1

(@) g(d) |gld) p-2
+pZX S\ IS\ 1P )

d
d d d d d
:Z (lS( )|p |Sr(tf)l,i|P_pX}'(l,i)S( ) |S( ) |P- 2)

n—-1,i'""n-1,i

I
—

i

M&

(|S(d)|P |S(d) 1P _p(Sif) S(d)

n—1,i n—1,i

)S(d) .|S(d> '|p—2) )

n—-1,i'""n-1,i

I
If p > 1, then the generic term of this sum is

d d
ISP — |5

n—1,i

(d) (d) (d) (d)
|p_p(Sn, Sn lz)Sn 11|Sn 1,i

d d) d d d - d
= I3717 = 18,5 1P = Sy i, IS 177+ plsy Y 1P

=2

n-1,i""n-1,i n—1,i
d d d d d —
= I8,717 + (p = DI, 1P = psy @) S ISWD, P2

> ISP+ (p - 1ISY

n—1,i

(d) (d)
| —p<|S"’i i + Sil” ) =0
p p/(p-1) '
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where the last inequality follows from xy < x— + = Wlth +L=1 forall p,g > 1

ty
and x,y > 0.
If p =1, then

d
(d) (d) _ (d) (d) (d) (d) ¢ |1
T" _Tn Z('S N |_|S | X Sn 11|Sn—l,i’ )

n—1,i
i=1

d (d) (d) (d)
=2, { S<d>| Sf'd'f y S(d) Tv =0
S, 1 +S, i8S <0,
Thus, the sequence T,Ed) is monotone increasing.
Next, Q,(,d) is a martingale, since
(d) _ (d) (d) (d) (d) |g(d) |P=2| r(d)
E( n "F ) < X Sn llSI’l 11| fn—l)

= pSY, IS\, )P at - rEE = o,

n—1,i

where }',5‘_”1 is the o-algebra generated by X l(d>, ce Xr(l‘f)l Then, by Doob’s inequality,

P{ sup [0\ | = Pl } <n P 2E(Q\D)2. )
te[0,1]

We shall now estimate the second moment of Qf,d) for p > 1. Firstly, by Lemma
1, for all § > 0, there exists an integer N (&) such that for all j > N(6),
2p-2
<M, p-2+ 0.

Jj-1
2

1,1
N d
Vi = TE(X(])?

My 2 -6 <E

Using this inequality we infer

n

d
(@2 _ 2 (@) () ) () p-2g(d (D o2
EQ)=p Y > § § (x XD S (s (28D st P )

i=1 j=li'=1j'=
d n
d d —
pZZ E(X( ))2E|Sj )1,|2p 2
i=1 j=1

—psz(X(d)) Z(\/—)ZP Z(E(X(d)) ) 1E

21 1 X(d) 2p-2

E(X(d)

(d) 2p-2

N(6)

<p2dE(X(d))2 Z (\/—)Zp Z(E(X(d)) ) 1E

Vi TYEXD)?

+p2dE(x<‘”>2Z(J 2 (B 7) T (s 4 0)
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Hence,

d Do S S d
E(Q\")? < p*dE(X[))? E)ZXI(’I) + p* (M +8)nP d(E(X[9)?)”
< psz(X(d))zN(é)sz 2 max(N(6)"~", N(6))E| X PP~

+ P2 (Mapa +6)nPd(E(X[V)?)",

where Lemma 2 is used to bound the first term and B3, > is a constant which depends
on p. The right-hand side is bounded above by

P*N(8)Bop—r max(N(6)P ', N(6))d 'EEE|E]*P~2 + p*enPd ™" (E&?)”.
For p > 2, a direct application of Lemma 2 yields the alternative bound

EQ") =p Z Z E(X[7 RIS\ PP

i=1 j=1
< pzdnE(Xl,l )232,,_2np—1E|x1<ﬁ>|2P—2 = p*nP By, 2d”'EE2E|E|PP 72,
Secondly, for p =1,

n

d
2
(d) (d) g(d) gld) -1
By =E( 2 D 7SI
i=1 j=
)
i=1

n
ZE(X,(d)X(d)S(d) N 1S<q>ll|s(gl>“ |—1)
1

J-Li'"™"j-1,i
d

i=1 j

M&

N §M=

i’

1l
—_

J'=1

E (d))Z dE(X(d))z d_lEfz.

1l
—

Then we conclude that

nPePE(QY)? 50 asn — oo,
and
nP sup |QEZ,)J| L0 asn— .
te[0,1]
By Theorem 3,
- d - d )\ P
n P/ZTL(m)J =n P/Z(”anzjllg _ QEnt)J) LA tp/ZO_pMp as 1 — oo,
for all t € [0, 1]. By monotonicity of the function ¢ TL(dI)J, Dini’s theorem yields
that
sup |n p/ZTL(dt) t”/zo—”Mp‘ 20 as 71 —s 0o,

tel0,1]
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Therefore,
sup n*P/2||SEZt)J||§—t”/ZO'I’Mp| sup |n p/zT(d) tPPaP M,
te[0,1] 1€[0,1]
+n"P? sup IQ(d) |ﬁ>0,
refon]
which completes the proof. O

Theorem 5 (Uniform convergence of the £,,-metric of differences). Let p € [1, c0).
Consider a random walk with increments given by (1). Then

sup n_l/zllS(d) —S(d)Jllp—Vt—sa-M},/p| 20 asn — oo,

0<s<r<1 LntJ Lns

Proof. Take some m € N. By Theorem 3, foreveryi =0,...,m — 1,

—1/2 ¢(d) P 1/p
n ||SLn(l./m)J||p—>\/l/ma'Mp .

Moreover, for every integer 0 < i < j < m, by stationarity of the increments of
random walks, we obtain that

—1/2) o(d) (d) T 1/p
ISy = Statigm o = NG =D moMy/P.

By the union bound, it follows that, for every fixed m € N,

—1/2) ¢(d) (d) _ - 1/p| P
max [ 12YSi0 = sl = NG = D ime | Do,

0<i<j<m

IfO0<s<t<laresuchthats e [i/m,(i+1)/m)andt € [j/m,(j+1)/m), then by
the triangle inequality,

125 @ _ g(@

- d d
) LnSJ“p_n 1/2||S( ) ( ) || ‘

ln(j/m)] Ln(l/rn)J

-1/2 (d) (d) a2 (d) (d)
sn Sup WSz ) = Sinismy o * Sup Sy = Sy -
ze[ L., el L. 2]
Consider the random variable
— ,-1/2 (d) (d)
Em.d =1 ie{OfI.l..a,)riz—l} E[S,UP,+1J ”SLHZJ Ln(i/m)J Ip-

To complete the proof, it suffices to show that, for every € > 0,

lim limsupP{e,,.q > €} =0.

M= pn—eo

By the union bound, it follows that, for every fixed m € N,

P{Sm,d > 8} < mP{ Sup] ||S(d)J||p > nP/ng}.
IE[O ]
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. d d d) . d d .
Since ||Sfm)J ||§ = TL(m)J + QEM)J with TL(m)J and QEM)J defined by (4), it suffices to show
that

: : (d) p/2.p _
Wllgnoohnm_gme{TLn/mJ >nPl7el [2} =0, (6)
and
lim limsupmP{ sup QEZ? | = nP2eP 2} = 0. 7
m-—o00 n—oo tE[O,#]

For fixed m € N,

n_‘D/ZTL(nd/)mJ LN m_p/zo'pM,, asn — oo.

Hence, (6) holds for every m > 22/Po2(M p)z/ P /2. By Doob’s inequality,

mP{ sup QEZI)J > nP2gP 2} < mn*”(e”/2)*2E(QEZ;mJ)2 -0,
tel0,5,]

where the last step is implied by (5), hence (7) holds. |

Proof of Theorem 1. By Corollary 7.3.28 of [1], the Gromov-Hausdorff distance
between (n~'/2Z,,, || - Il,) and ([0, 1], /]t — s|0'MIl,/P) is bounded by

- d d 1
2 sup |n I/ZHSEm)J - anzjﬂp -Vt - SO’Mp/p’.
0<s<t<l1
The proof is completed by referring to Theorem 5. O
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