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Abstract Distribution of the sum of independent identically distributed symmetric lattice
vectors is approximated by the accompanying compound Poisson law and the second-order Hipp-
type signed compound Poisson measure. Bergstrom-type asymptotic expansion is constructed.
The accuracy of approximation is estimated in the total variation metric and, in many cases, is
of the order O(n1).
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1 Introduction

Compound Poisson (CP) approximations have many applications and are one of the
popular fields of research in modern probability theory, see, for example, [2, 3, 8,
9, 15, 23, 24] and the references therein. Research papers in this field are numerous.
However, the absolute majority of results are proved for one-dimensional random
variables. The situation is very different for random vectors (r.v.s), where results
are a few and usually obtained only for Kolmogorov, Prokhorov, or local metrics, see
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[10, 12,27] and the references therein. Note that, for sequences of r.v.s, a significant part
of multidimensional research is devoted to normal approximation [4, 6] or behavior
of tails of distributions [16]. We are primarily interested in triangular array of vectors.

In this paper, for sums of lattice identically distributed symmetric r.v.s, we adapt
Le Cam’s convolution approach and properties of metrics to prove results for total
variation. Apart from the general case, when no moment assumptions are imposed, we
consider mixtures of distributions concentrated on separate lines with finite analogues
of variances, demonstrating how known one-dimensional results can be applied to
obtain the multidimensional estimates.

We introduce necessary notation. The sets of all integers and natural numbers are
denoted respectively by Z and N. By M, and F; ¢ M, we denote the set of all
finite (signed) d-dimensional measures and the set of all d-dimensional distributions,
respectively. Further on d < oo is some fixed natural number. Let I; € F,; be the
distribution concentrated at @ € RY, I = I3, where 0 = (0,0,...,0) € RY. Let
M,V € My, then their convolution, for any d-dimensional Borel set A is defined as
(M +V){A} = [, M{A -}V {dx}.

By E()?) we denote the distribution of a .v. X. Note that if S, = }?1 +)?2 +- .- +)?n,
where all r.v.s. are independent identically distributed (i.i.d.) and E()?l) = F, then
L(S,) = F'™, where power is understood in the convolution sense. In this paper
we prefer measure notation over r.v.s, since the main tools used for the proofs are
properties of norms and convolutions.

Exponential measure for M € My is defined as exp(M) = 3 ;50 M 7 /i1, where
MO =1

Compound Poisson distribution with parameter A > 0 and compounding distribu-
tion F € Fy is defined as exp(A(F — I)). Note that CP distribution can be expressed
also as a distribution of random sum ¥ = Z;.’io )-fj, where )?, )?1,)?2, ... are i.i.d.

r.v.s independent from Poisson random variable 7 and £( X ) = F. CP distribution
exp(F—1) is called accompanying distribution to F € F4.If F € F4,but A < 0, then
exp(A(F-1)) is called signed compound Poisson measure (SCP). All CP distributions
are infinitely divisible.

For F,G € F, total variation distance and total variation norm are defined as

1
A (F.G) = sup|F {B} = G (B}| == 5IIF Gl

where supremum is taken over all d-dimensional Borel sets. Total variation norm can
also be defined via Hahn decomposition, see [8], p. 228. For F', G € F; with supp F,
supp G c Z4

IF=Gllyy = D) IF {iii} - G {3

mezd

To make proofs more concise the same symbol C is used to denotes all positive
constants. If ambiguities can arise we supply C with indices. Symbol C(N) denotes
quantity, which depends only on N. Notation f(n) = O(n~%) means that f(n)n* is
bounded by some C for all n. Multiplication is superior to division. For any x e R let
Lx] denote the integer part of x.
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2  Known results

General CP approximations for independent symmetric vectors in Kolmogorov and
Prokhorov metrics were investigated in [10, 28] (see also references, therein). In
this paper, we consider stronger total variation metric. Multidimensional estimates in
total variation for CP approximations are few. Dependent vectors were investigated in
Theorem 6.8 [17]. Non-symmetric vectors were considered by Roos [20-22], who used
the so-called Kerstan’s method. In [14], Kerstan’s method was applied for symmetric

vectors concentrated on coordinate axes of Z¢. Set e; = (1,0,...,0),..., e, =
,...,0,1,0,...,0),e4 =(0,...,0,1). Let X3, ..., X,, be independent r.v.s taking
valuesinZ4 and letform = 1,2,...,d,i=1,2,...,n:
d
LX) = qil+ Z PimFm, qi=P(X;=0), q;+ Zpi,m =1,
m=1 —

suppF,, < <{key, k==+1,£2,...}y, Fy,{ké,}=F,{-ken},

n o]
An = ) Pims Op =2 KFu{kén}, 0<qnpim<l,

n d pg d 2
a = leg(Z(l — ¢;)) min {2_3/2 Z:l Z, (lei,m) },
1= m= m=

_2ef(e™ = 1+x)
2 9

2 x#0.

g(x) r

Observe that in above setting coordinates of )?i are uncorrelated and, for example,
P(X; = (1,1,1,...,1) = 0. In [14] it was proved that if 2ae < 1, 0',2” < 09,
(m=1,2,...,d), then

dry (ﬂ LX), ﬂ exp(L(X;) - 1))
i=1 i=1
15295)3/22( +m>z Zp,m (M)

If d, o, pi,m = C, then the rate of accuracy in (1) is o).
In the case of i.i.d r.v.s. X; = X, when Dim = pm and g = IP()_f =0) > 4/5, it
was proved that

d n d
dTV<(ql+2mem) , exp {anm(Fm—I)}>
m=1 m=1

d 2
L1734 (Z (—1+0'm) | )
n m=1

see [14], Theorem 3.2._) Kers}an’s method has obvious restrictions. For (1) and (2) to
hold, probabilities IP(X; = 0) must be large. Consider, for example, the case d = 1,
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qi = p; = 1/2. Then 2ae > 1 and (1) cannot be applied. Moreover, o, can be large
even if supp X; is finite. The assumption that all coordinate vectors are uncorrelated
is also very restrictive.

Note that any distribution with ¢ = F {6} > (0 can be writtenas F = gl + (1 —¢q)V.
From one-dimensional Poisson approximation to the binomial law it follows then that

dTV(F*”,exp(n(F—I))) < min(1-¢,n(1-¢)?), 3)

see [8], p. 207 and (3.15) for details. However, (3) does not take into account the
symmetry of F and requires g to be very close to 1, much closer than needed for (2).

3 Results

3.1 The general case of vectors with possibly correlated coordinates

We will demonstrate that for identically distributed symmetric r.v.s, the assumptions
used for (2) can be significantly weakened. Let

X~FeFs, suppFczd, q:=F{0}=P(X=0)e(0,1). (4

Assumptions (4) are more general than used in (1), (2). Indeed, in (2) it was required
that ¢ > 4/5, meanwhile in (4) g can be reasonably small. Moreover, non-zero
probabilities are not restricted to coordinate axes. Further let p; := ]P()_() =X)=F{X}
and let )’ denote the summation over all X € supp F \ {6}. Let

§(y) = Y min (1,4yps). §)

Note that 6(y) < 4y(1 —¢q), 6(y/k) < 6(y) if k > 1 and 6(y) < 2N if supp
F = {6,1)_6)1, e ,ifN}.

The following theorem gives a general idea about what constant can be expected
for large n.

Theorem 1. Let assumption (4) hold. Then, for any n € N

dTV(F*”,eXp(n(F—I))) <

6%(n/2) (1 , Co(ng) + 1)) L Cu- q)9/2. ©

4n q*\n nn

The following shorter version of Theorem 1 with the smaller power of g in
denominator holds.

Theorem 1*. Let assumption (4) hold. Then, for any n € N

C(1+6%(n)

d, (F™, exp(n(F-I))) < przra (7

Theorem 1 can be used even if (1) and (2) are not applicable.
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Example 1. Let d = 2 and )_(), )?1, e, )_(),, be i.i.d. random vectors with

» 1 e 1
]P(XZ(O,O))ZE, ]P(X:(ik,O)):m, k=1,2,...
1

]P(Xz((),ij))zm, j=12,....

Observe that (2) is not applicable, since ¢ = 1/2 < 4/5 and o7, 03 = 0. On the other
hand,

[n'3]+1 o0 1
on)<2|2 Z 1 +ne — | <10n'3
p ke o 12 k(k+1)(k+2)

and from (7) follows estimate d,.(F*", exp(n(F—1))) < Cn~'/3.

Next we use SCP approximation of Hipp’s type, see [11, 21] and [24], Ch. 10.7.
Let for any real a

D :=exp ((F -I)- w) , D" :=exp (a(F -I) - a(%_l)*z) 8)

Theorem 2. Let assumption (4) hold. Then, for any n € N,

15.756%(nq/6) (1 . C ) . C(1-q)1"?
g2 n? q"2\n @ nivn
SCP approximation D can be viewed as first order asymptotic expansion in the

exponent. Next we consider more usual first order asymptotic expansion to accompa-
nying CP distribution.

dp (F™, D) < ©)

Theorem 3. Let assumption (4) hold. Then, for any n € N

dry, (F*",exp(n(F—I)) * (I - n(F—;I)*Z))

< C(6°(ng) +6*(ng))  C(1-¢)°
= q'1/2 n2 q'3/2 n2 )

(10)

It is easy to check that for the Example | the accuracy in (9) (respectively (10)) is
of the order O (n~") (respectively O(n=2/3)).

It is known that in Kolmogorov metric the closeness of subsequent convolutions
F* and F*"*1) can be estimated by C(d)n~", see [26]. Assumption (4) allows for
similar estimate in total variation.

Theorem 4. Let assumption (4) hold. Then, for any n € N

C(5*(n)+1)
q"%n

dTV(F*n,F*(n+l)) < (]1)

Orders of accuracy in (6)—(11) are explicit, when X takes only finite number of
values.
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-

Corollary 1. Let assumption (4) hold and let supp F = {6, +X1, X2, ..., i)_c'N},
N > d. Then

*1 N2 CN
d, (F*", exp(n(F-1))) < - (1 + 6]5\/5) ,

dTV(F*n’ F*(n+1)) < CN2q—7/2 l’l_], dTV(F*n’ D*n) < CN3q—7/2 n—2’
dyy (F*", exp (n(F—I)) x (I — n(F—I)*z/Z))) < CN*q~13/2p72,

Note that only the number of points matter, not their values. The following example

shows that even for r.v.s with bounded supports estimate (6) can be more accurate than
.
Example 2. Let d = 2, P(X = (£1,0)) = P(X = (£n,0)) = P(X = (0,%1)) =
P(X = (0,+n)) = 0.025, P(X = (0,0)) = 0.8. Then (2) gives trivial order of
approximation O(1). Meanwhile from Corollary 1 it follows that approximation by
exp(n(F = I)) is of the order O(n™").

Observe that estimates in Corollary 1 remain meaningful even if g — 0, N — oo
slowly. For example, if ¢ = 1/lnn, N = Inn the estimates still have quite good order
of approximation.

Though absolute constant in Corollary 1 is very reasonable, the following result
shows that, at least in the scheme of sequences, it might be much smaller.

Proposition 1. Let supp F = {6, +X1, X, ..., -i_-)?N}, N>dandletN,q,pz and
support of F do not depend on n. Then

lim nd, (F", exp(n(F-1I))) < 0.17504N + 0.05855N(N — 1). 12)
Explicit constants can be obtained for the difference of two CP distributions with
the same compounding distribution F.

Theorem 5. Ler assumption (4) hold and let supp F = {6 +X1, %, ..., i)_c’N},
N = d. Then, for any a, b > 0, the following estimate holds

(&

d,(exp(a(F-I)),exp(b(F-I))) < (1 L 2N+ 1) |b—al|

max(a, b)’

If g is very large (F is almost degenerate) the following trivial estimate can be
used

d,l.v(exp(a(F—I)), exp(b(F—I))) < 2|b-al(1-q).

So far we considered short asymptotic expansions. Next we demonstrate that, at
least for D, it is possible to construct long so-called Bergstrom-type [5] asymptotic
expansion. Let

k
My = F*"_Z (H)D*("‘m)*(F—D)*m, k<n-1. (13)
m
m=0
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Theorem 6. Let assumption (4) hold. Then, for any n € N, k < n, the following
estimate holds

C(k)6** D (ng) = C(k)(1 - q)°*k+D
GOk HT1/22(k+1) n2 (k1) g6k+13/2

1Ml 7y <

Corollary 2. Let assumption (4) hold and let supp F = {6, +X1, %, ..., ifN},

N > d. Then
C(k)N3(k+l)

IMill 7y < O3 2 20 T)

Theorem 6 can be used as intermediate result for construction of longer expansions.

3.2 The case of r.v.s concentrated on finite number of lines
Observe that for some cases estimate (2) is more accurate than the one in (6).

Example 3. Letd =2 and )-f, )?1, e, )?,, be i.i.d random vectors with

7 1

P(X = (0,0)) = =, P(X = (+k,0)) = . k=1,2,...
X=0.0)=5. PX=Ek0)= oo G+ k+3)
> 1
P(X = (0,4))) = 57— _ — ., j=12....
2j(G+DG+2)( +3)
Then, arguing similarly to Example 1, we get
|_nl/4J+l o 1
on)<2|2 Z 1 +2ne Z < cnl/*,
k=1 k=|n!/4 |42 k(k+ 1)(k+2)(k+3)

From (7) it follows that d,.,(F*",exp(n(F—1I))) < Cn~!/2. Meanwhile, 02, 07 < 2
and from (2) it follows that d,.(F*",exp(n(F-1))) < Cn~!.

Below we obtain some generalizations of (2). We assume that random vectors are
concentrated on a finite number of lines and satisfy certain moment conditions. As

before we assume that )?, }?1, el }?,, are i.i.d. r.v.s in R, E(}?) = F. We also assume
that

1. For some natural integer K > d

K K
F:q1+2mem, q,P1,--->pm € (0,1), mezl—q. (14)
m=1 m=1
2. There exist non-zero vectors y1, yo, .. ., yx € R such that

supp Frn C {k¥m : k € Z\ {0}}, suppF,NsuppFr =0, k#m. (15)

3. All supp F,, # 0 and F},, are symmetric:

Fu{k¥m} = Fu{ - k¥m}, ke{l,2,...}, m=1,...,K.  (16)
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4. There exist k9, such that
Fuf{kS3m} >0,  Fu{(ky + 1)Fm} > 0. (17)

Distribution considered in (2) is special case of above setting, since it suffices to
take K = d and y,, = e,,,. We can define ‘projection’ of F to ¥,, by considering
one-dimensional integer-valued random variable Y such that

P(Y = k) := Fu{k¥m}, keN. (18)

Then (17) is an assumption that Y is concentrated on a lattice with the maximal span
equal to one. Though not formulated explicitly, assumption (17) was used for the proof
of (2) in [14]. We denote the variance of Y by

Z K2 Fp {kFpm} = zzk F {k¥m} .

k=—o00

First we show that assumption ¢ > 4/5 used in (2) can be dropped.
Theorem 7. Let assumptions (14)—(17) hold. Then, for any n € N,

dTV(F*", exp(n(F—I)))

176<Zm)( \Fsim>. (19)

A shorter version with non-explicit constant can also be proved.
Theorem 7*. Let assumptions (14)—(17) hold. Then, for any n € N,

d, ( F™, exp(n(F - I)) (Z \/1+0'm) (20)

Next we consider SCP approximation by D.
Theorem 8. Let assumptions (14)—(17) hold. Then, for any n € N,

K 3
C
d, (F*",D"") < ——— § Vitom| . @21
n2 g13/2 {
m=

We can formulate analogues of Theorems 3 and 4.
Theorem 9. Let assumptions (14)—(17) hold. Then, for any n € N,

dp (F™, exp(n(F=1)) * (I = n(F- I)*2/2) 13/2 (Z \/1+0'm) (22)

Theorem 10. Let assumptions (14)—(17) hold. Then, for any n € N,

K 2
c
s«n px(n+l)
d, (F™, Fmh)y < e (Zl \/1+0’m>
m=
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Table 1. d,., (F*", exp(n(F —I))) for small n

p n=10 n=100 n=500

0.01 | 0.0028088 | 0.0018381 | 0.0003544
0.10 | 0.0182749 | 0.0017669 | 0.0003509
0.25 | 0.0185827 | 0.0017586 | 0.0003503
0.45 | 0.0544728 | 0.0017514 | 0.0003503

Finally we formulate analogue of Theorem 5.

Theorem 11. Let assumptions (14)—(17) hold. Then, for any a,b > 0,

dr(expla(F=D).exp(b(F-1) < 10— Z V5 om.

Note that by assumption K > d. Therefore, strictly speaking, estimates in Theo-
rems 7—11 depend on d and become trivial if d — oo.

3.3  Some numerical simulations

From the results of this paper it follows that the accuracy of approximation is very good
for large n. We give some examples of estimates for simulated data when n is small.
We begin from the case d = 1. Let P(X = -1) =P(X = 1) = p, P(X =0) = 1 - 2p,
F = L(X), thatis F(1) = g + p(e” +&l").

Estimates for different simulations are given in Table 1. On one hand, we see
that the accuracy of approximation is very good. On the other hand, if we consider
n > 100, then the accuracy of approximation is ~ 0.175/n, which is better than ~ 1/n
from Corollary 1 and very close to the estimate in Proposition 1. Note also that, for
n = 10 and small p, the accuracy of approximation is determined by (3).

Next let us consider direct extension of the previous simulation to 2-dimensional
case. Let ¢; = 1 = 2p;, Fi(t;) = qi + pi(ei +e7%),i = 1,2, F(t1,12) = Fi (1) Fa(12).
For approximation we use convolution of accompanying distributions H (t1,12) =
exp(Fi(t1) = 1) exp(F2(t2) = 1).

In Table 2 we present some simulated estimates for d,., (F*", H*"). From the trian-
gle inequality d;. (F[" * F3"; exp(n(F — 1)) xexp(n(F2—1))) < dp. (F"; exp(n(F) -
1)) +d,(F;";exp(n(F2—1))) and the first simulation, one can expect the accuracy at
least of the order ~ 0.34/n, n > 100. From Table 2 we see that, in reality, the accuracy
is even better ~ 0.25/n.

Table 2. d,., (F™, H™) for small n

P1 P2 n=10 n=100 n=500

0.01 | 0.01 | 0.0048421 | 0.0025247 | 0.0004952
0.10 | 0.10 | 0.0258073 | 0.0024872 | 0.0004974
0.10 | 0.45 | 0.0552711 | 0.0024914 | 0.0004976
0.45 | 0.45 | 0.0678198 | 0.0024953 | 0.0004978
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4 Auxiliary results

First we formulate general facts about exponential measures. Let M,V € My, k € N.
We have exp(M) * exp(V) = exp(M+V). From definition of exponential measure it
follows that

M*z M*k M*(k+1)
+---+ +

M _
e =1+ M+ K k!

1
*/ e™(1-1)kdr.  (23)
0

Let F € Fy4, a > 0. The following well-known relations hold: ||F||,, = 1,

IMVIipy < 1My VI lexp(M)]l,, < exp(IM]ly). (24)
|(F = I)** x exp(a(F = D)ll;,, < II(F = 1) =exp(a(F - D/k)|IX . (25)

TV’
(o] (o] (o]
.
DT BEDWIE DICRE
7=0 ™o 520 =0

where /; € F is one-dimensional distribution concentrated at j. Sometimes inequality
(26) is formulated in terms of random sums, see Eq. (3.1), [25]. It allows to reformulate
many one-dimensional results for multidimensional case. Next lemma exemplifies
such reformulation.

Lemma 1. IfA1 >0, k € N, ¥ € R?. Then

; (26)

TV

1
(I_z + Iz = 2I) xexp (A(I_z + Iz = 2D)) ||y < 7 27
2% k/2
sup [|(P = 1) x|, < (—) : (28)
PeFy, ed

Estimate (27) follows from Lemma 4.6 in [ 7] and (26). Estimate (28) follows from
Proposition A.2.7 in [1], (26) and (25).

The following technical estimates follow from Eq. (31) in [13] and from [19]
Lemma 6.

Lemma 2. Let A > 0. Then

/n sin?(¢/2)e" 245 (112) g5 < %, /ﬂe‘z“inz(’/z)dt <= (1 + \/E) )
- 3/ -z V31 2

Next we present generalization of Lemma B.2 from [8].

Lemma 3. Let p; € (0,1), (i =1,2,...,n), po =max; p;, 7 € [0,1]. Then

exp (“ 20N puF 1) - %Zp?(F—I)*Z)
i=1 i=1

Particularly, if p; = p, then

exp (M(F —1)- #(F - 1)*2)

3.5

VIi=po

sup
FeFy

=<

TV

sup
FeFy

’I'V\ Vl—p'
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Proof. In view of (26), it suffices to prove lemma for one-dimensional case F =[] €

Fi.Let
(1+p0)" Tn 2 %2
M= —LEN pin =D -2 pRn - D2,
> i:1P(1 ) 2i:1pl(1 )

We denote by i complex unit, that is, i2 = 1. Set e™* := cosx +isinx and let M (t) be
Fourier transform of M. Seta = 3.7, p;, v = a(1 + pg)/2 and

7 Ny . _a(l+po) i . TN oo 2
Mc(t).—M(t)—ltv—i(e —1—1t)—§;pi(e - 1),

2
b=2.634 —2 .
—Po
Then
‘eﬁ“m < exp (—(1 + po)asin®(t/2) + %cﬂeit - 1|2)
< exp (=(1 - po)asin®(t/2)) .
Observe that
—~ 1+ . .
|M(1)] < wm'f “ 1) +apole” — 1] < 4alsin(t/2)].
Therefore,
|(eﬁ4‘c(z))')2 < 1642 SinZ(t/z)e—Z(l—pO)asinz(t/Z).
and by Lemma 2

Me(0)

(eﬁc(t))/r’d[ < 21.54 )
1 -po

n 2 1 n
b dr+ —
/_n b /_n

If b > 2.5, then lemma’s statement follows from formula of inversion (see (D.10) in

) )
— 2 — 712
112, < 5o [ (| 4025 0) [ e
T

-7

and a simple estimate

b 2
<z | 1+=)<0.5637b.
2 ( " 57r)

If b < 2.5, thena < 0.901(1—po), a(1+3pg) < 0.901(1-pe)(1+3pg) < 1.2014
and

a(l + po) apo
1™ ll7, < exp (#Ilh =y + =l = 115, ) < e < 3.33,



12 V. Cekanavicius, S. Jokubauskiené

Lemma 4. Let P € F| be a symmetric distribution concentrated on Z\{0}. Assume
that P has a finite variance o> . Then for any 1 > 0 and j € N

3 3.6VI+o jIHH

L

Lemma4 is part of Lemma 4.6 from [7]. Similar bounds are valid for the compound
binomial distribution. Next lemma is Lemma 4 in [18].

Lemmas. Let g=1-p.If0<p <1, j,neN, then
. \/_ 14 n n/2 J Jjl2
sup [[(F=D)" = (gl +pF)"|l;,, < Vej ( ) (— ) -(30)
FeFq v n+j (n+))pq

We recall that notation © is used for all measures satisfying ||®||,, < 1.

Lemma 6. Let F =gl +pV € Fg,q=1—-p € (0,1), m € N. Then for any m € N,

a€R
D-1=C(F-1)%®, [D*|,, <&, (31
3.5 mq(F —1) 3.5
D= 22 ) xe,, |Ip™m| < ==, 32
Sep (M=) 0, o7, <22 @
F_1*3
Fop=F"1" 3) +CI(F-D"+@0=C(F-)"+0

=Cp3(V-D*%0. (33)

Proof. The first estimate in (32) follows from (29). The second estimate in (32)
follows from the fact that the total variation norm of any CP distribution is equal to 1
and, therefore,

3.5
v
Observe that ||F — ||, < ||F|l;+ + ll{|l;, =2 and, therefore, by (24)

|| *m

|TV

< 2exp (mg(F = 1/, 1Ol <

ID*,,, < exp(lalllF =1l +lallF =113, /2) < e,
Expressions (31) and (33) follow directly from definition of exponential measure. O

The following result is of special interest, since it shows that long asymptotic
expansions can be constructed without assumptions of symmetry. Let M} be defined

by (13).
Lemma7. Let F=ql+pV e Fg,q=1-pe(0,1), k,neN, k<n-1.Then

C(k)pS(k+1)/2
IMllry < o Grea
n q

Proof. If n < 12, then

LS nk k

C 12kc

||Mk||w<1+§ (”)e4<"-m)(1+e4)m <1+(1+2e4H12 = c——< —.
m=0 m

}’l n
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Therefore, we further assume n > 13. Bergstrom identity [5] allows to write

S m—1 #(n— * *(m—k—
My = Z ( L )F(” M) 4 (F = D)***D y pr(m=k=1),

Noting that

< m— 1) < n )
E = (34)
] ( k k+1

and applying (33), (32), (28), (30), (34) we obtain

n
IMelly, < D) (m,: 1)||F*(”"”> # (F = D))y prm=b||
m=k+1
m-—1 * *(n—m x(m—k—
< C(k) Z ( k )H(F—I) 3(k+1) e )”TVHD (m—k 1)||TV
m<|n/2]
m—1 *(n—m * *(m—k—
+ C(k) Z ( L )HF ( )HTV”(F_I) 3(k+1) , p*(m—k 1)””
m>|n/2]
C(k)n*+! . “Ln
.\ C(k)nk+1p3(k+1) H(V_ [)30k+l)  npa(V=D)/6
\/6 TV
3 C(k)p3 ke .
n(k+1) /24 (3k+4) 2

O

Lemma 8. Let assumptions (4) hold. Then, for any a > 0, k € N, the following
estimate holds

k
COH@ )
a

k
I(F =D s exp(a(F = D)l < (Zi) 6*(a/k) <

where §(a) is defined by (5).

Proof. Since F is symmetric, we can write
1
Fol=)ps(z=D=) pe(Lz=D=5) ps(lz+lz=2D). (0

Total variation of CP distribution equals 1. Therefore,
exp(a(F —1)) =exp (pz (Iz + -z = 21)) * O,

for any X from F support and some ® = @(F) such that ||®]|,, < 1.
Therefore, applying (27) we get

I(F=1) * exp(a(F=1I))ll;y
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<5 > pellUz+lg=20) s exp (pz (Iz + 1z = 2D),,,

22 mln( }) :ié(a).

Estimate for k£ > 1 follows from (25). |

= N

Lemma 9. Let assumptions (14)—(17) hold. Then, for any a > 0, k € N, the following
estimate holds

k K
I(F = 1)* s exp(a(F = 1)l < (3 6") (Z Vi+ am> (37)

Proof. Observe that e*¥~1) can be expressed as convolution of two CP distributions

exp( ZPJ(F —I))

VEL

e’ F=D = exp(apu(Fm = 1)) *©, ||O]l, = =1,

where the last equality follows from the fact that total variation norm of any distribution
equals 1. Noting that estimates for convolutions of F,, can be treated as estimates for
one-dimensional distributions (see (18)) and applying Lemma 4 we get

M=

I(F = 1) «exp(a(F = D)l < Pm |(Fm = 1) % exp(apm(Fm — D).,

.6

(&

w3

V1 + o

M=

N

1

3
I

For the proof, when k > 1, we use (25). a

Lemma 10. Let F = gl + pV € Fy, q € (0, 1), and let D be defined by (8). Then for
any n € N the following equalities hold

D — en(F—I) — 3%(1; I) enq(F—I)/2 %0, (38)
D*n_en(F—I) — _Een(F—I)*(F_I)*Z 3?/”_ nq(F l)/Z*(F I)*4*® (39)
q

Proof. Observe that F — I = p(V — I). Then applying (23) and (29) we obtain

D _ on(F=I) _ gn(F=I) (e—n(F—[)*z/z B 1)

1
_ _gen(F—I) . (F—1)2 */ e nT(F=I)2/2 4
0

1
_ genq(F—I)/Z «(F-D? */ (=1)emP (+p) (V=D 2=tnp*(V=D)2/2 4
0



Multidimensional compound Poisson approximations for symmetric distributions 15
= 2\/5
which proves (38). The proof of (39) is similar:

enq(F—I)/Z % (F_I)*Z %0,

D — en(F—I)
= —g e"(F=1) 4 (F — )2 4 en(F-D) (e—”(‘”‘”*z/2 —I+n(F - 1)*2/2)

3.5n°
- _g =D (F )2 4 ﬁenqw—mz < (F—1)* + 0.

For the proof of Proposition 1 we need the following lemma.
Lemma 11. LetX € RY, A > 0. Then

1 [2 o)
(- + Iz —21) « exp (A(I_z + Iz - 2D))|| - TV el < v
. C* o)
‘||(1_;+1;—21) Zwexp (A(I_z + Iz - 21))| - 5| < o

Here
Cc* =e_3/2‘/3 (eV3/2 3-V6+e V32 3+\/8) )
Pl

For d = 1 both estimates were proved in [7], Lemma 4.7. In view of (26), the same
proof holds for d > 1.
5 Proofs

Proofs of Theorem 1 and 7. We recall that total variation distance is half of the total
variation norm. From Lemma 7 it follows that

’ C(1-q)°?
TV - n\/ﬁ q5
‘ T

2
£y " HD*“H") « (F — D)™
m=1 m v

Taking into account (32), (33) and (28) and observing that ||F — I, < 2 we
obtain

(0l

Fo_ en(Ffl)

+ ||D*n _en(F-D)

TV

2
) < C Z nm”D—m”TV ”D*n % (F _ I)*Sm”TV
m=1

|T

m=1
2
< £ an enq(F—l)/Z % (F_I)*3m < C_\/ﬁ enq(F—I)/4* (F_I)*Z
Vi & W v

2
% Z nm—l/Z

m=1

¢ (F=D/4 , (F — 1)*(2m—1)“ IF - Ill:l;l
TV
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< C\z/ﬁ ena(F=DI4 , (p _ )2
q TV
Applying (35) we get
2 /n C8%(ng/d)  C8%(n/)2)
§:<)“UM””MF—DW” < < (1)
= \m v nyngt n\ngq*
Applying (37) we get
2 /n
Z( )”D*<"—m> « (F = D)™ Z\/I T o, (42)
o m TV n\/_q

From (39) and (28) it follows that
3 5n?

D™ - en(F—I)”TV < g ”(F _ )2 e (F-D)

“(F N « ena(F=D)/2

TV TV

E H(F_I)*Z *en(F—I)

TV

35n

H(F 3w F-DAI(F ) enaF-D/4

TV TV

(F I)*Z n(F—I)

. Cnvn H(F _ 1) s ena(F-D/4

n
2 TV TV

Applying (35) we get
5 (n/2) N Co*(ng/4) _ 6°(n/2) . C6>(n/2)6(nq)
2n nng*t  2n nn g*

D™ —e"FI < . (43)

Applying (37) we get

K 2 K 3
B _ 25.92 C
|D n—enF I)“TV < Zn (Z Vl"‘o'm) +W <ZV1+0‘m> . 44
m=1 m=1

Substituting (41) and (43) into (40) we complete the proof of (6). Substituting (42)
and (44) into (40) we complete the proof of (19). |

Proofs of Theorem 1* and Theorem 7*#. Applying Lemma 7, (38), (32), (33) we get

[P =0 < il + 07— +n|prrD
TV
3
L CU-g) Cn ”(F _ 12 enaF-DA| - |lenatr-n/s
nq7/2 A% TV
+@||D*H>||rv (F =12 wenaF-DAl |7 - 1||TV| na(F=1)/4
\/q TV TV
3
(cd-a" Cn |(F_1)*2 o ena(F-D)/4
nq’/? v

It remains to apply (35) or (37). O
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Proof of Theorem 2. From Lemma 7 it follows that
4

* * C(l_q)IS/z n *(n— *
||F"—D"||TV<7+Z:1 " HD(" ™ 4 (F - D)™™ (45)

472\

Therefore, applying (32), (33), (27) and (35) we prove that

TV

4 4
n *(n—m) _ *m| n *1 _ *m 4m
mzz(m) |pet=m s (- D) szz(m) ID*" 5 (F = D)™,
C
WZ R e A LRI

S e

m=2
4 m m-
< & ||enatr-ni2 Z 2" €8 (ng/12)
4 (ng)m=1/2 q'n\n
_ C8(ng/6
(2i]//—) (46)

Similarly applying (33), (31), (32), (28) and (35) we get
n||D*"D s« (F-D)]|,, < ||D*<" Do (F=D) |l +Cnl|D* 1 s (F=D)*,,
< 21D (F—1>*3||TV + 2D Dl D™ (1= D) # (F=1)

+Cn||D* V|, 1D 5« (F=1)" |,

3.5n Cn
< 22 enatr-nr2y (pops|| ¢ E eraF-Dr2 y (p_py
3va (F-1I) e (F-I) .
3
315 67/2(11261/6) + % na(F=1)/4 (F—I)“ ena(F=D/4, (F _ [)"3
g’ n q TV TV
31.56%(nq/6) N Cyn ena(F=D/4 , (p_[)3
72,2
q'n q TV

_ 315 53(ng/6) C&3(ng)
q72n? * gt n2\n’

(47)

Collecting estimates (45), (46) and (47) we complete the proof of Theorem. |

Proofs of Theorems 3 and 9. From Lemma 7 it follows that

|F*n _en(F-D) (1_ g(F _ ])*2>

TV

3
C(I_Q)G . n *(n—m) *m
<—n2q13/2 +Z1 . ”D «(F - D)
m=

TV
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+“D*" —e"F=D) (I—n(F—I)*z/Z)“ (48)

TV

Taking into account (32), (33) and (28) we obtain

3 3
n x(n— *, n *(— * *
O ()

m=1
3
C (n) 4m
< — e

enq(F—I)/Z % (F_I)*3m

TV

< 2 enq(F—I)/4 " (F_I)*3
\/a TV
3
><Z:nm—l enq(F—I)/4>I< (F_I)*Z(m—l) ||F—I||;”V_1
m=1 TV
Cn 3 nm—lzm—l
< = enq(F—I)/4 % (F_I)*3 Z
\/q v = nmflqul
< ﬂ enq(F—I)/4 « (F_I)*3 (49)
PRE v
From (39) it follows that
n Ccn?
”D*n_en(F—I) % (I__(F_I)*Z) < == enq(F—I)/Z*(F_I)*4 (50)
2 TV \/6_1 TV
To proof (10) (respectively (22)) it suffices in (49)—(50) to use (35) (respectively
(37)) and substitute resulting estimates into (48). O
Proofs of Theorems 4 and 10. By the triangle inequality
|F*n _ prlnsn) < ’F*n _enF-D|| 4 ||erF-D _ o+ (F-D)
TV TV TV
+ )F*(n+l) _ et (F-D)
TV
From definition of exponential measure it follows that
o (F=1) _ o(n+1)(F-I) = |lenF-D (I _ eF—I) <Cle"®D « (F -1
TV TV TV
It remains to apply (7) and (35) or (20) and (37). |

Proof of Theorem 5. Without loss of generality let a < b. From definition of ex-
ponential measure (23), the fact that total variation of any distribution equals 1 and
Lemma 8 we obtain

||eb(F—I) _ a(F-D)

= ||eatF-D (e(b—a)(F—I) _ I)

TV TV

1
:H(b—a)e“(F_”*(F—I)*/ er(bra)(F=Dgr
0

TV
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1
< (b-a) ea(F—I) « (F—1) / eT(b—(l)(F—I) dr
v Jo TV
< (b -a)llexF-D < 2b-a)s(a)
ae
_2b-@@N+]) o)
ae

Ifb<a(l+e/(2N +1)), then

2(b-a)2N+1) _2(b-a) (1+2N+1)

ae b e

and theorem’s statement follows from (51). If b > a(1 +e/(2N + 1)), then directly

“eb(F—I) _ea(F—I)H < ”eb(F—I)” +“ea(F—1)|| P 2(b-a) (1 N 2N+1).
Vv TV TV b e

Recall that total variation distance is half of the total variation norm. O
Proof of Theorem 6. Applying Lemma 7, (32), (28), (33) and (35) we obtain

45+3

m=1

n *(n— *
IMillry < IMagillyy + Y ( )HD (=) s (F = D)™
- m TV
m=s+1
) 4543
C(S)(l_q)6(3+1) m *(—m) %N *3m
n2(s+1) g6s+13/2 +C Z n"||D [P “D «(F 1) “TV
m=s+1
4543
C(5)(1-g)56+D C(s) i m||ena(F=D/2  (p  ysm
n2(s+1)q6s+13/2 TV
m=s+1
< C(S)(l_q)6(s+l) + C(S)I’l enq(F—I)/4 % (F _ I)*3(s+l)
= n2(s+1) 46s+13/2 Ve v
3s5+2
> (1 + Z nm |lena(F=D/4 (F - I)*2m N I|F - I”?\/)

C(s)(1-q)%t*D)  C(5)83*) (ng)
n2(s+1) g6s+13/2 + g6 H1/2 p2(s+1)

Proof of Theorem 8. Applying Lemma 7, (32), (33), (28) and (37) we get
3 n
”F*n _D*n”TV < ||M3||TV+CZ ( )”D*(_m)”]"v”D*n * (F_I)*Sm”TV
m
m=1
C(l Q)6 Z dm ,m |
n2q T2q13/2 \/—

6
C(21 1362 N \/_ﬁ e (F=D/4 , (p _ 1)
n-q q

ng(F-1)/2 % (F 1)*’3m

TV

TV
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3
< S
1

m=

enq(Ffl)/4 % (F _ [)*Z(mfl)

2m71
TV

3 _ _
n'’m lzm 1

K 3
Cl-¢)° ¢ I
n2qB7 | gl Z T+ om Z =1 gm=1

<
m=1 m=2
c = ’
< 77126]13/2 (Z \/1+0’m> .
m=1

O

Proof of Theorem 11. Without loss of generality let a < b. Repeating the proof of
(51) but using (37) we prove that

< (b-a)

TV

Heb<F—1> _ ea(F-I) e s (F - 1)

TV

3.6(b—a) =
< TmZ:lVI-FO-m'

If b < 2.5a, then

3.6(b—a) & 3.4(b-a) &
= ’;M< —— n;m

and theorem’s statement follows from analogue of (51). If b > 2.5a, then directly

K
”eb(F—I) _ ea(F—I)”TV <2< 3'4(2_@ < 3'4(i_a) Z Vi+op,.
m=1

O

Proof of Proposition 1. All characteristics of F' are constants. Therefore, we can
write C instead of C(F). From the proof of Theorem 1 we see that

C
+_

TV \/ﬁ

2
nllF" = exp(n(F = D)) < 5 |[(F = 12 x e

By assumptions

N N .
F-1= szj (1_55j +1z, — 2]) , (F-D"?= Zp% (I_;j +1z, - 21)
j=1 j=1

N
+Zp;j (I_;J_ +[7€j —2[) Py (I_;k +I;k —21)
Jj#k

exp (n(F-1)) =exp (np;j (I_;J,+I;j —21)) * eXp (np;k (I_z, +1z, —21)) * @

=exp (n(F-1I)) =exp (npgj (I_z;+I3, —21)) * 0.
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Therefore, taking into account Lemma 11, we get

ﬁ H(F _ ])*2 * en(F—I)

2

n N %2

2 Z ?? ( -5ty _21) * EXp (”P}j (I_gj +13; —2[))
n N

k
X Dxy ”( -3ty - 21) * EXp (np)?k (I—ffk + 1z~ 21))”TV
C'N N(N-1)
—_—t —+ —.
2 me Vn
To complete the proof recall that the total variation metric is half of the total variation
norm. o

TV

N

TV

TV

N

Remarks on simulations. R-studio, library(cubature) and formulas of inversion were
used. Example of the program is given below

I >n<-10; pl<-0.10; p2<-0.10; gl<-1-2xpl; g2<-1-2xp2; S<-0; Z<-0; U<-0;
for (m in -n:n) {integrandzl<- function(x) (gl+2x*plxcos(x[1]))*n*
cos(mxx[1])/(2%*pi); zl= hcubature(integrandzl, lowerLimit=-pi,
upperLimit=pi); integrandal<- function(x) exp(2*n*pl*(cos(x[1l])
-1))*cos(x[1]*m)/ (2*pi); al= hcubature (integrandal, lowerLimit=-pi,
upperLimit=pi) ;
for (k in -n:n) {integrandz2<- function(x) (g2+2*p2*cos(x[1]))*n*cos (k

*x[1])/(2xpi); 2z2= hcubature (integrandz2, lowerLimit=-pi,
upperLimit=pi); integranda2<- function(x) exp(2*n*p2+*(cos(x[1])-1)
) *cos (x[1]1%k)/(2%*pi); a2= hcubature(integranda2, lowerLimit=-pi,
upperLimit=pi); S=S+abs(zl$integral*z2$integral-al$integral=*a2$
integral); Z=Z+ al$integralxa2$integral; U<-U+zl$integral*z2$
integral }}; print(U); print(S); print(Z); var<-S+1-Z; dtv<-var/
2; print(dtv)
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