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Abstract Distribution of the sum of independent identically distributed symmetric lattice 
vectors is approximated by the accompanying compound Poisson law and the second-order Hipp
type signed compound Poisson measure. Bergström-type asymptotic expansion is constructed. 
The accuracy of approximation is estimated in the total variation metric and, in many cases, is 
of the order 𝑂 (𝑛−1).

Keywords Compound Poisson approximation, convolution of distributions, sums of random 
vectors, total variation metric, the first uniform Kolmogorov theorem
2020 MSC 60F99, 60G50

1 Introduction

Compound Poisson (CP) approximations have many applications and are one of the 
popular fields of research in modern probability theory, see, for example, [2, 3, 8, 
9, 15, 23, 24] and the references therein. Research papers in this field are numerous. 
However, the absolute majority of results are proved for one-dimensional random 
variables. The situation is very different for random vectors (r.v.s), where results 
are a few and usually obtained only for Kolmogorov, Prokhorov, or local metrics, see 
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[10, 12, 27] and the references therein. Note that, for sequences of r.v.s, a significant part 
of multidimensional research is devoted to normal approximation [4, 6] or behavior 
of tails of distributions [16]. We are primarily interested in triangular array of vectors.

In this paper, for sums of lattice identically distributed symmetric r.v.s, we adapt 
Le Cam’s convolution approach and properties of metrics to prove results for total 
variation. Apart from the general case, when no moment assumptions are imposed, we 
consider mixtures of distributions concentrated on separate lines with finite analogues 
of variances, demonstrating how known one-dimensional results can be applied to 
obtain the multidimensional estimates.

We introduce necessary notation. The sets of all integers and natural numbers are 
denoted respectively by ℤ and ℕ. By ℳ𝑑 and ℱ𝑑 ⊂ ℳ𝑑 we denote the set of all 
finite (signed) 𝑑-dimensional measures and the set of all 𝑑-dimensional distributions, 
respectively. Further on 𝑑 < ∞ is some fixed natural number. Let 𝐼𝑎 ∈ ℱ𝑑 be the 
distribution concentrated at 𝑎 ∈ ℝ𝑑 , 𝐼 = 𝐼0⃗, where 0⃗ = (0, 0, . . . , 0) ∈ ℝ𝑑 . Let 
𝑀,𝑉 ∈ ℳ𝑑 , then their convolution, for any 𝑑-dimensional Borel set 𝐴 is defined as 
(𝑀 ∗𝑉) {𝐴} =

∫
ℝ𝑑 𝑀 {𝐴 − 𝑥}𝑉 {d𝑥}.

By ℒ(𝑋) we denote the distribution of a r.v. 𝑋. Note that if 𝑆𝑛 = 𝑋1+𝑋2+· · ·+𝑋𝑛, 
where all r.v.s. are independent identically distributed (i.i.d.) and ℒ( 𝑋⃗1) = 𝐹, then 
ℒ(𝑆𝑛) = 𝐹∗𝑛, where power is understood in the convolution sense. In this paper 
we prefer measure notation over r.v.s, since the main tools used for the proofs are 
properties of norms and convolutions.

Exponential measure for 𝑀 ∈ ℳ𝑑 is defined as exp(𝑀) =
∑︁
𝑗⩾0 𝑀∗ 𝑗/ 𝑗!, where 

𝑀∗0 = 𝐼.
Compound Poisson distribution with parameter 𝜆 > 0 and compounding distribu

tion 𝐹 ∈ ℱ𝑑 is defined as exp(𝜆(𝐹 − 𝐼)). Note that CP distribution can be expressed 
also as a distribution of random sum 𝑌 =

∑︁𝜋𝜆
𝑗=0 𝑋 𝑗 , where 𝑋, 𝑋1, 𝑋2, . . . are i.i.d. 

r.v.s independent from Poisson random variable 𝜋𝜆 and ℒ( 𝑋) = 𝐹. CP distribution 
exp(𝐹 −𝐼) is called accompanying distribution to 𝐹 ∈ ℱ𝑑 . If 𝐹 ∈ ℱ𝑑 , but 𝜆 < 0, then 
exp(𝜆(𝐹 −𝐼)) is called signed compound Poisson measure (SCP). All CP distributions 
are infinitely divisible.

For 𝐹, 𝐺 ∈ ℱ𝑑 total variation distance and total variation norm are defined as

𝑑𝑇𝑉(𝐹, 𝐺) := sup
𝐵

|𝐹 {𝐵} − 𝐺 {𝐵}| =:
1
2
∥𝐹 − 𝐺∥𝑇𝑉 ,

where supremum is taken over all 𝑑-dimensional Borel sets. Total variation norm can 
also be defined via Hahn decomposition, see [8], p. 228. For 𝐹, 𝐺 ∈ ℱ𝑑 with supp 𝐹, 
supp 𝐺 ⊂ ℤ𝑑

∥𝐹 − 𝐺∥𝑇𝑉 =
∑︂
𝑚⃗∈ℤ𝑑

|𝐹 {𝑚⃗} − 𝐺 {𝑚⃗}| .

To make proofs more concise the same symbol 𝐶 is used to denotes all positive 
constants. If ambiguities can arise we supply 𝐶 with indices. Symbol 𝐶 (𝑁) denotes 
quantity, which depends only on 𝑁 . Notation 𝑓 (𝑛) = 𝑂 (𝑛−𝑘) means that 𝑓 (𝑛)𝑛𝑘 is 
bounded by some 𝐶 for all 𝑛. Multiplication is superior to division. For any 𝑥 ∈ℝ let 
⌊𝑥⌋ denote the integer part of 𝑥.
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2 Known results

General CP approximations for independent symmetric vectors in Kolmogorov and 
Prokhorov metrics were investigated in [10, 28] (see also references, therein). In 
this paper, we consider stronger total variation metric. Multidimensional estimates in 
total variation for CP approximations are few. Dependent vectors were investigated in 
Theorem 6.8 [17]. Non-symmetric vectors were considered by Roos [20--22], who used 
the so-called Kerstan’s method. In [14], Kerstan’s method was applied for symmetric 
vectors concentrated on coordinate axes of ℤ𝑑. Set 𝑒1 = (1, 0, . . . , 0),. . . , 𝑒𝑚 =
(0, . . . , 0, 1, 0, . . . , 0), 𝑒𝑑 = (0, . . . , 0, 1). Let 𝑋1, . . . , 𝑋𝑛 be independent r.v.s taking 
values in ℤ𝑑 and let for 𝑚 = 1, 2, . . . , 𝑑, 𝑖 = 1, 2, . . . , 𝑛:

ℒ(𝑋𝑖) = 𝑞𝑖 𝐼 +
𝑑∑︂
𝑚=1

𝑝𝑖,𝑚𝐹𝑚, 𝑞𝑖 = IP(𝑋𝑖 = 0⃗), 𝑞𝑖 +
𝑑∑︂
𝑚=1

𝑝𝑖,𝑚 = 1,

supp 𝐹𝑚 ⊂ {𝑘𝑒𝑚, 𝑘 = ±1,±2, . . . } , 𝐹𝑚 {𝑘𝑒𝑚} = 𝐹𝑚 {−𝑘𝑒𝑚} ,

𝜆𝑚 =
𝑛∑︂
𝑖=1 

𝑝𝑖,𝑚, 𝜎2
𝑚 = 2

∞ ∑︂
𝑘=1 

𝑘2𝐹𝑚 {𝑘𝑒𝑚} , 0 ⩽ 𝑞𝑖 , 𝑝𝑖,𝑚 ⩽ 1,

𝛼 =
𝑛∑︂
𝑖=1 

𝑔(2(1 − 𝑞𝑖)) min

{︄
2−3/2

𝑑∑︂
𝑚=1

𝑝2
𝑖,𝑚

𝜆𝑚
,
(︂ 𝑑∑︂
𝑚=1

𝑝𝑖,𝑚

)︂2
}︄

,

𝑔(𝑥) = 2
∞ ∑︂
𝑠=2 

𝑥𝑠−2

𝑠! 
(𝑠 − 1) = 2e𝑥 (e−𝑥 − 1 + 𝑥)

𝑥2 , 𝑥 ≠ 0.

Observe that in above setting coordinates of 𝑋⃗𝑖 are uncorrelated and, for example, 
IP(𝑋𝑖 = (1, 1, 1, . . . , 1) = 0. In [14] it was proved that if 2𝛼e < 1, 𝜎2

𝑚 < ∞, 
(𝑚 = 1, 2, . . . , 𝑑), then

𝑑𝑇𝑉

(︄ ∗𝑛 ∏︂
𝑖=1 

ℒ(𝑋𝑖),
∗𝑛 ∏︂
𝑖=1 

exp(ℒ(𝑋𝑖) − 𝐼)
)︄

⩽
15.98 

(1 − 2𝛼e)3/2

𝑑∑︂
𝑙=1 

(1 + 𝜎𝑙)
𝑑∑︂
𝑚=1

1 

𝜆2
𝑚

𝑛∑︂
𝑖=1 

𝑝2
𝑖,𝑚. (1)

If 𝑑, 𝜎𝑚, 𝑝𝑖,𝑚 ≍ 𝐶, then the rate of accuracy in (1) is 𝑂 (𝑛−1).
In the case of i.i.d r.v.s. 𝑋𝑖 ≡ 𝑋 , when 𝑝𝑖,𝑚 ≡ 𝑝𝑚 and 𝑞 = IP(𝑋 = 0⃗) ⩾ 4/5, it 

was proved that

𝑑𝑇𝑉

(︄(︄
𝑞𝐼 +

𝑑∑︂
𝑚=1

𝑝𝑚𝐹𝑚

)︄∗𝑛

, exp

{︄
𝑛

𝑑∑︂
𝑚=1

𝑝𝑚 (𝐹𝑚 − 𝐼)
}︄)︄

⩽
17.34

𝑛 

(︄
𝑑∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄2

, (2)

see [14], Theorem 3.2. Kerstan’s method has obvious restrictions. For (1) and (2) to 
hold, probabilities IP(𝑋𝑖 = 0⃗) must be large. Consider, for example, the case 𝑑 = 1, 
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𝑞𝑖 = 𝑝𝑖 = 1/2. Then 2𝛼e > 1 and (1) cannot be applied. Moreover, 𝜎𝑚 can be large 
even if supp 𝑋𝑖 is finite. The assumption that all coordinate vectors are uncorrelated 
is also very restrictive.

Note that any distribution with 𝑞 = 𝐹{0⃗} > 0 can be written as 𝐹 = 𝑞𝐼 + (1−𝑞)𝑉 . 
From one-dimensional Poisson approximation to the binomial law it follows then that

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))

)︁
⩽ min(1 − 𝑞, 𝑛(1 − 𝑞)2), (3)

see [8], p. 207 and (3.15) for details. However, (3) does not take into account the 
symmetry of 𝐹 and requires 𝑞 to be very close to 1, much closer than needed for (2).

3 Results

3.1 The general case of vectors with possibly correlated coordinates

We will demonstrate that for identically distributed symmetric r.v.s, the assumptions 
used for (2) can be significantly weakened. Let

𝑋 ∼ 𝐹 ∈ ℱ 𝑠
𝑑 , supp 𝐹 ⊂ ℤ

𝑑 , 𝑞 := 𝐹{0⃗} = IP(𝑋 = 0⃗) ∈ (0, 1). (4)

Assumptions (4) are more general than used in (1), (2). Indeed, in (2) it was required 
that 𝑞 ⩾ 4/5, meanwhile in (4) 𝑞 can be reasonably small. Moreover, non-zero 
probabilities are not restricted to coordinate axes. Further let 𝑝𝑥 := IP(𝑋 = 𝑥) = 𝐹 {𝑥}
and let 

∑︁
𝑥 denote the summation over all 𝑥 ∈ supp 𝐹 \ {0⃗}. Let

𝛿(𝑦) =
∑︂
𝑥

min (1, 4𝑦𝑝𝑥) . (5)

Note that 𝛿(𝑦) ⩽ 4𝑦(1 − 𝑞), 𝛿(𝑦/𝑘) ⩽ 𝛿(𝑦) if 𝑘 ⩾ 1 and 𝛿(𝑦) ⩽ 2𝑁 if supp 
𝐹 = {0⃗,± ⃗𝑥1, . . . ,± ⃗𝑥𝑁}.

The following theorem gives a general idea about what constant can be expected 
for large 𝑛.

Theorem 1. Let assumption (4) hold. Then, for any 𝑛 ∈ ℕ

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))

)︁
⩽

𝛿2 (𝑛/2)
4𝑛 

(︃
1 + 𝐶 (𝛿(𝑛𝑞) + 1)

𝑞4√𝑛

)︃
+ 𝐶 (1 − 𝑞)9/2

𝑞5𝑛
√
𝑛

. (6)

The following shorter version of Theorem 1 with the smaller power of 𝑞 in 
denominator holds.

Theorem 1*. Let assumption (4) hold. Then, for any 𝑛 ∈ ℕ

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))

)︁
⩽

𝐶 (1 + 𝛿2 (𝑛))
𝑛𝑞7/2 . (7)

Theorem 1 can be used even if (1) and (2) are not applicable.
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Example 1. Let 𝑑 = 2 and 𝑋, 𝑋1, . . . , 𝑋𝑛 be i.i.d. random vectors with

IP
(︁
𝑋 = (0, 0)

)︁
=

1
2
, IP

(︁
𝑋 = (±𝑘, 0)

)︁
=

1 
2𝑘 (𝑘 + 1)(𝑘 + 2) , 𝑘 = 1, 2, . . .

IP
(︁
𝑋 = (0,± 𝑗)

)︁
=

1 
2 𝑗 ( 𝑗 + 1)( 𝑗 + 2) , 𝑗 = 1, 2, . . . .

Observe that (2) is not applicable, since 𝑞 = 1/2 < 4/5 and 𝜎1, 𝜎2 = ∞. On the other 
hand,

𝛿(𝑛) ⩽ 2

⎛
⎝2

⌊𝑛1/3 ⌋+1∑︂
𝑘=1 

1 + 𝑛e
∞ ∑︂

𝑘=⌊𝑛1/3 ⌋+2

1 
𝑘 (𝑘 + 1)(𝑘 + 2)

⎞
⎠ < 10𝑛1/3

and from (7) follows estimate 𝑑𝑇𝑉(𝐹∗𝑛, exp(𝑛(𝐹 −𝐼))) ⩽ 𝐶𝑛−1/3.
Next we use SCP approximation of Hipp’s type, see [11, 21] and [24], Ch. 10.7. 

Let for any real 𝑎

𝐷 := exp
(︃
(𝐹 − 𝐼) − (𝐹 − 𝐼)∗2

2 

)︃
, 𝐷∗𝑎 := exp

(︃
𝑎(𝐹 − 𝐼) − 𝑎(𝐹 − 𝐼)∗2

2 

)︃
(8)

Theorem 2. Let assumption (4) hold. Then, for any 𝑛 ∈ ℕ,

𝑑𝑇𝑉(𝐹∗𝑛, 𝐷∗𝑛) ⩽ 15.75𝛿3(𝑛𝑞/6)
𝑞7/2 𝑛2

(︃
1 + 𝐶

𝑞7/2√𝑛

)︃
+ 𝐶 (1 − 𝑞)15/2

𝑞8 𝑛2√𝑛
. (9)

SCP approximation 𝐷 can be viewed as first order asymptotic expansion in the 
exponent. Next we consider more usual first order asymptotic expansion to accompa
nying CP distribution.
Theorem 3. Let assumption (4) hold. Then, for any 𝑛 ∈ ℕ

𝑑𝑇𝑉

(︃
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼)) ∗

(︃
𝐼 − 𝑛(𝐹 − 𝐼)∗2

2 

)︃)︃

⩽
𝐶 (𝛿3 (𝑛𝑞) + 𝛿4 (𝑛𝑞))

𝑞11/2 𝑛2 + 𝐶 (1 − 𝑞)6

𝑞13/2 𝑛2 . (10)

It is easy to check that for the Example 1 the accuracy in (9) (respectively (10)) is 
of the order 𝑂 (𝑛−1) (respectively 𝑂 (𝑛−2/3)).

It is known that in Kolmogorov metric the closeness of subsequent convolutions 
𝐹∗𝑛 and 𝐹∗(𝑛+1) can be estimated by 𝐶 (𝑑)𝑛−1, see [26]. Assumption (4) allows for 
similar estimate in total variation.
Theorem 4. Let assumption (4) hold. Then, for any 𝑛 ∈ ℕ

𝑑𝑇𝑉

(︁
𝐹∗𝑛, 𝐹∗(𝑛+1))︁

⩽
𝐶 (𝛿2 (𝑛) + 1)

𝑞7/2 𝑛 
. (11)

Orders of accuracy in (6)--(11) are explicit, when 𝑋 takes only finite number of 
values.
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Corollary 1. Let assumption (4) hold and let supp 𝐹 =
{︂

0⃗,± ⃗𝑥1,± ⃗𝑥2, . . . ,± ⃗𝑥𝑁
}︂

, 
𝑁 ⩾ 𝑑. Then

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))

)︁
⩽

𝑁2

𝑛 

(︃
1 + 𝐶𝑁 

𝑞5√𝑛

)︃
,

𝑑𝑇𝑉(𝐹∗𝑛, 𝐹∗(𝑛+1) ) ⩽ 𝐶𝑁2𝑞−7/2 𝑛−1, 𝑑𝑇𝑉(𝐹∗𝑛, 𝐷∗𝑛) ⩽ 𝐶𝑁3𝑞−7/2 𝑛−2,

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp

(︁
𝑛(𝐹 − 𝐼)) ∗ (𝐼 − 𝑛(𝐹 − 𝐼)∗2/2)

)︁)︁
⩽ 𝐶𝑁4𝑞−13/2 𝑛−2.

Note that only the number of points matter, not their values. The following example 
shows that even for r.v.s with bounded supports estimate (6) can be more accurate than 
(2).

Example 2. Let 𝑑 = 2, IP(𝑋 = (±1, 0)) = IP(𝑋 = (±𝑛, 0)) = IP(𝑋 = (0,±1)) =
IP(𝑋 = (0,±𝑛)) = 0.025, IP(𝑋 = (0, 0)) = 0.8. Then (2) gives trivial order of 
approximation 𝑂 (1). Meanwhile from Corollary 1 it follows that approximation by 
exp(𝑛(𝐹 − 𝐼)) is of the order 𝑂 (𝑛−1).

Observe that estimates in Corollary 1 remain meaningful even if 𝑞 → 0, 𝑁 → ∞
slowly. For example, if 𝑞 = 1/ln 𝑛, 𝑁 = ln 𝑛 the estimates still have quite good order 
of approximation.

Though absolute constant in Corollary 1 is very reasonable, the following result 
shows that, at least in the scheme of sequences, it might be much smaller.

Proposition 1. Let supp 𝐹 =
{︂

0⃗,± ⃗𝑥1,± ⃗𝑥2, . . . ,± ⃗𝑥𝑁
}︂

, 𝑁 ⩾ 𝑑 and let 𝑁, 𝑞, 𝑝𝑥 and 
support of 𝐹 do not depend on 𝑛. Then

lim 
𝑛→∞

𝑛 𝑑𝑇𝑉(𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))) ⩽ 0.17504𝑁 + 0.05855𝑁 (𝑁 − 1). (12)

Explicit constants can be obtained for the difference of two CP distributions with 
the same compounding distribution 𝐹.

Theorem 5. Let assumption (4) hold and let supp 𝐹 =
{︂

0⃗,± ⃗𝑥1,± ⃗𝑥2, . . . ,± ⃗𝑥𝑁
}︂

, 
𝑁 ⩾ 𝑑. Then, for any 𝑎, 𝑏 > 0, the following estimate holds

𝑑𝑇𝑉

(︁
exp(𝑎(𝐹 − 𝐼)), exp(𝑏(𝐹 − 𝐼))

)︁
⩽

(︃
1 + 2𝑁 + 1

e 

)︃
|𝑏 − 𝑎 | 

max(𝑎, 𝑏) .

If 𝑞 is very large (𝐹 is almost degenerate) the following trivial estimate can be 
used

𝑑𝑇𝑉

(︁
exp(𝑎(𝐹 − 𝐼)), exp(𝑏(𝐹 − 𝐼))

)︁
⩽ 2|𝑏 − 𝑎 | (1 − 𝑞).

So far we considered short asymptotic expansions. Next we demonstrate that, at 
least for 𝐷, it is possible to construct long so-called Bergström-type [5] asymptotic 
expansion. Let

𝑀𝑘 := 𝐹∗𝑛 −
𝑘∑︂
𝑚=0

(︃
𝑛 
𝑚

)︃
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚, 𝑘 ⩽ 𝑛 − 1. (13)
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Theorem 6. Let assumption (4) hold. Then, for any 𝑛 ∈ ℕ, 𝑘 < 𝑛, the following 
estimate holds

∥𝑀𝑘 ∥𝑇𝑉 ⩽
𝐶 (𝑘)𝛿3(𝑘+1) (𝑛𝑞)
𝑞6𝑘+11/2𝑛2(𝑘+1) + 𝐶 (𝑘)(1 − 𝑞)6(𝑘+1)

𝑛2(𝑘+1)𝑞6𝑘+13/2 .

Corollary 2. Let assumption (4) hold and let supp 𝐹 =
{︂

0⃗,± ⃗𝑥1,± ⃗𝑥2, . . . ,± ⃗𝑥𝑁
}︂

, 
𝑁 ⩾ 𝑑. Then

∥𝑀𝑘 ∥𝑇𝑉 ⩽
𝐶 (𝑘)𝑁3(𝑘+1)

𝑞6𝑘+13/2𝑛2(𝑘+1) .

Theorem 6 can be used as intermediate result for construction of longer expansions.

3.2 The case of r.v.s concentrated on finite number of lines
Observe that for some cases estimate (2) is more accurate than the one in (6).
Example 3. Let 𝑑 = 2 and 𝑋, 𝑋1, . . . , 𝑋𝑛 be i.i.d random vectors with

IP(𝑋 = (0, 0)) = 7
9
, IP(𝑋 = (±𝑘, 0)) = 1 

2𝑘 (𝑘 + 1)(𝑘 + 2)(𝑘 + 3) , 𝑘 = 1, 2, . . .

IP(𝑋 = (0,± 𝑗)) = 1 
2 𝑗 ( 𝑗 + 1)( 𝑗 + 2)( 𝑗 + 3) , , 𝑗 = 1, 2, . . . .

Then, arguing similarly to Example 1, we get

𝛿(𝑛) ⩽ 2

⎛
⎝2

⌊𝑛1/4 ⌋+1∑︂
𝑘=1 

1 + 2𝑛e
∞ ∑︂

𝑘=⌊𝑛1/4 ⌋+2

1 
𝑘 (𝑘 + 1)(𝑘 + 2)(𝑘 + 3)

⎞
⎠ ⩽ 𝐶𝑛1/4.

From (7) it follows that 𝑑𝑇𝑉(𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))) ⩽ 𝐶𝑛−1/2. Meanwhile, 𝜎2
1 , 𝜎

2
2 ⩽ 2

and from (2) it follows that 𝑑𝑇𝑉(𝐹∗𝑛, exp(𝑛(𝐹 −𝐼))) ⩽ 𝐶𝑛−1.
Below we obtain some generalizations of (2). We assume that random vectors are 

concentrated on a finite number of lines and satisfy certain moment conditions. As 
before we assume that 𝑋, 𝑋1, . . . , 𝑋𝑛 are i.i.d. r.v.s in ℝ𝑑 , ℒ(𝑋) = 𝐹. We also assume 
that

1. For some natural integer 𝐾 ⩾ 𝑑

𝐹 = 𝑞𝐼 +
𝐾∑︂
𝑚=1

𝑝𝑚𝐹𝑚, 𝑞, 𝑝1, . . . , 𝑝𝑚 ∈ (0, 1), 
𝐾∑︂
𝑚=1

𝑝𝑚 = 1 − 𝑞. (14)

2. There exist non-zero vectors 𝑦1, 𝑦2, . . . , 𝑦𝐾 ∈ ℝ𝑑 such that

supp 𝐹𝑚 ⊂ {𝑘𝑦𝑚 : 𝑘 ∈ ℤ \ {0}} , supp 𝐹𝑚 ∩ supp 𝐹𝑘 = ∅, 𝑘 ≠ 𝑚. (15)

3. All supp 𝐹𝑚 ≠ ∅ and 𝐹𝑚 are symmetric:

𝐹𝑚
{︁
𝑘𝑦𝑚

}︁
= 𝐹𝑚

{︁
− 𝑘𝑦𝑚

}︁
, 𝑘 ∈

{︁
1, 2, . . .

}︁
, 𝑚 = 1, . . . , 𝐾. (16)
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4. There exist 𝑘0
𝑚 such that

𝐹𝑚
{︁
𝑘0
𝑚𝑦𝑚

}︁
> 0, 𝐹𝑚

{︁
(𝑘0
𝑚 + 1)𝑦𝑚

}︁
> 0. (17)

Distribution considered in (2) is special case of above setting, since it suffices to 
take 𝐾 = 𝑑 and 𝑦𝑚 = 𝑒𝑚. We can define ‘projection’ of 𝐹 to 𝑦𝑚 by considering 
one-dimensional integer-valued random variable 𝑌 such that

IP(𝑌 = 𝑘) := 𝐹𝑚
{︁
𝑘𝑦𝑚

}︁
, 𝑘 ∈ ℕ. (18)

Then (17) is an assumption that 𝑌 is concentrated on a lattice with the maximal span 
equal to one. Though not formulated explicitly, assumption (17) was used for the proof 
of (2) in [14]. We denote the variance of 𝑌 by

𝜎2
𝑚 =

∞ ∑︂
𝑘=−∞

𝑘2𝐹𝑚 {𝑘𝑦𝑚} = 2
∞ ∑︂
𝑘=1 

𝑘2𝐹𝑚 {𝑘𝑦𝑚} .

First we show that assumption 𝑞 ⩾ 4/5 used in (2) can be dropped.
Theorem 7. Let assumptions (14)--(17) hold. Then, for any 𝑛 ∈ ℕ,

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))

)︁
⩽

1.76
𝑛 

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄2 (︄
1 + 𝐶

√
𝑛 𝑞5

𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄
. (19)

A shorter version with non-explicit constant can also be proved.
Theorem 7*. Let assumptions (14)--(17) hold. Then, for any 𝑛 ∈ ℕ,

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))

)︁
⩽

𝐶

𝑛𝑞7/2

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄2

. (20)

Next we consider SCP approximation by 𝐷.
Theorem 8. Let assumptions (14)--(17) hold. Then, for any 𝑛 ∈ ℕ,

𝑑𝑇𝑉(𝐹∗𝑛, 𝐷∗𝑛) ⩽ 𝐶

𝑛2 𝑞13/2

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄3

. (21)

We can formulate analogues of Theorems 3 and 4.
Theorem 9. Let assumptions (14)--(17) hold. Then, for any 𝑛 ∈ ℕ,

𝑑𝑇𝑉

(︁
𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼)) ∗ (𝐼 − 𝑛(𝐹 − 𝐼)∗2/2)

)︁
⩽

𝐶

𝑛2 𝑞13/2

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄4

. (22)

Theorem 10. Let assumptions (14)--(17) hold. Then, for any 𝑛 ∈ ℕ,

𝑑𝑇𝑉(𝐹∗𝑛, 𝐹∗(𝑛+1) ) ⩽ 𝐶

𝑛𝑞7/2

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄2

.
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Table 1. 𝑑𝑇𝑉(𝐹∗𝑛, exp(𝑛(𝐹 − 𝐼))) for small 𝑛

𝑝 n=10 n=100 n=500 
0.01 0.0028088 0.0018381 0.0003544 
0.10 0.0182749 0.0017669 0.0003509 
0.25 0.0185827 0.0017586 0.0003503 
0.45 0.0544728 0.0017514 0.0003503 

Finally we formulate analogue of Theorem 5.

Theorem 11. Let assumptions (14)--(17) hold. Then, for any 𝑎, 𝑏 > 0,

𝑑𝑇𝑉

(︁
exp(𝑎(𝐹 − 𝐼)), exp(𝑏(𝐹 − 𝐼))

)︁
⩽

1.7|𝑏 − 𝑎 | 
max(𝑎, 𝑏)

𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚.

Note that by assumption 𝐾 ⩾ 𝑑. Therefore, strictly speaking, estimates in Theo
rems 7--11 depend on 𝑑 and become trivial if 𝑑 → ∞.

3.3 Some numerical simulations

From the results of this paper it follows that the accuracy of approximation is very good 
for large 𝑛. We give some examples of estimates for simulated data when 𝑛 is small. 
We begin from the case 𝑑 = 1. Let IP(𝑋 = −1) = IP(𝑋 = 1) = 𝑝, IP(𝑋 = 0) = 1 − 2𝑝, 
𝐹 = ℒ(𝑋), that is ˆ︁𝐹 (𝑡) = 𝑞 + 𝑝(e−i𝑡 + ei𝑡 ).

Estimates for different simulations are given in Table 1. On one hand, we see 
that the accuracy of approximation is very good. On the other hand, if we consider 
𝑛 ⩾ 100, then the accuracy of approximation is ≈ 0.175/𝑛, which is better than ≈ 1/𝑛
from Corollary 1 and very close to the estimate in Proposition 1. Note also that, for 
𝑛 = 10 and small 𝑝, the accuracy of approximation is determined by (3).

Next let us consider direct extension of the previous simulation to 2-dimensional 
case. Let 𝑞𝑖 = 1 − 2𝑝𝑖 , ˆ︁𝐹𝑖 (𝑡𝑖) = 𝑞𝑖 + 𝑝𝑖 (ei𝑡𝑖 + e−i𝑡𝑖 ), 𝑖 = 1, 2, ˆ︁𝐹 (𝑡1, 𝑡2) = ˆ︁𝐹1(𝑡1)ˆ︁𝐹2(𝑡2). 
For approximation we use convolution of accompanying distributions ˆ︁𝐻(𝑡1, 𝑡2) =
exp(ˆ︁𝐹1(𝑡1) − 1) exp(ˆ︁𝐹2 (𝑡2) − 1).

In Table 2 we present some simulated estimates for 𝑑𝑇𝑉(𝐹∗𝑛, 𝐻∗𝑛). From the trian
gle inequality 𝑑𝑇𝑉(𝐹∗𝑛

1 ∗𝐹∗𝑛
2 ; exp(𝑛(𝐹1− 𝐼)) ∗exp(𝑛(𝐹2− 𝐼))) ⩽ 𝑑𝑇𝑉(𝐹∗𝑛

1 ; exp(𝑛(𝐹1−
𝐼))) +𝑑𝑇𝑉(𝐹∗𝑛

2 ; exp(𝑛(𝐹2− 𝐼))) and the first simulation, one can expect the accuracy at 
least of the order ≈ 0.34/𝑛, 𝑛 ⩾ 100. From Table 2 we see that, in reality, the accuracy 
is even better ≈ 0.25/𝑛.

Table 2. 𝑑𝑇𝑉(𝐹∗𝑛, 𝐻∗𝑛) for small 𝑛

𝑝1 𝑝2 n=10 n=100 n=500 
0.01 0.01 0.0048421 0.0025247 0.0004952 
0.10 0.10 0.0258073 0.0024872 0.0004974 
0.10 0.45 0.0552711 0.0024914 0.0004976 
0.45 0.45 0.0678198 0.0024953 0.0004978 
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4 Auxiliary results

First we formulate general facts about exponential measures. Let 𝑀,𝑉 ∈ ℳ𝑑 , 𝑘 ∈ ℕ. 
We have exp(𝑀) ∗ exp(𝑉) = exp(𝑀 +𝑉). From definition of exponential measure it 
follows that

e𝑀 = 𝐼 + 𝑀 + 𝑀∗2

2! 
+ · · · + 𝑀∗𝑘

𝑘! 
+ 𝑀∗(𝑘+1)

𝑘! 
∗
∫ 1

0
e𝜏𝑀 (1 − 𝜏)𝑘d𝜏. (23)

Let 𝐹 ∈ ℱ𝑑 , 𝑎 > 0. The following well-known relations hold: ∥𝐹∥𝑇𝑉 = 1,

∥𝑀 ∗ 𝑉 ∥𝑇𝑉 ⩽ ∥𝑀 ∥𝑇𝑉 ∥𝑉 ∥𝑇𝑉 , ∥ exp(𝑀)∥𝑇𝑉 ⩽ exp(∥𝑀 ∥𝑇𝑉 ), (24)
∥(𝐹 − 𝐼)∗𝑘 ∗ exp(𝑎(𝐹 − 𝐼))∥𝑇𝑉 ⩽ ∥(𝐹 − 𝐼) ∗ exp(𝑎(𝐹 − 𝐼)/𝑘)∥𝑘

𝑇𝑉
, (25)⃦⃦⃦ ∞ ∑︂

𝑗=0 
𝛼 𝑗𝐹

∗ 𝑗
⃦⃦⃦
𝑇𝑉

⩽

∞ ∑︂
𝑗=0 

|𝛼 𝑗 | =
⃦⃦⃦ ∞ ∑︂
𝑗=0 

𝛼 𝑗 𝐼 𝑗

⃦⃦⃦
𝑇𝑉

, (26)

where 𝐼 𝑗 ∈ ℱ1 is one-dimensional distribution concentrated at 𝑗 . Sometimes inequality 
(26) is formulated in terms of random sums, see Eq. (3.1), [25]. It allows to reformulate 
many one-dimensional results for multidimensional case. Next lemma exemplifies 
such reformulation.
Lemma 1. If 𝜆 > 0, 𝑘 ∈ ℕ, 𝑥 ∈ ℝ𝑑 . Then

∥(𝐼−𝑥 + 𝐼𝑥 − 2𝐼) ∗ exp (𝜆(𝐼−𝑥 + 𝐼𝑥 − 2𝐼)) ∥𝑇𝑉 ⩽
1 
𝜆
, (27)

sup 
𝑃∈ℱ𝑑

∥(𝑃 − 𝐼)∗𝑘 ∗ e𝜆(𝑃−𝐼 ) ∥𝑇𝑉 ⩽

(︃
2𝑘
e𝜆 

)︃𝑘/2
. (28)

Estimate (27) follows from Lemma 4.6 in [7] and (26). Estimate (28) follows from 
Proposition A.2.7 in [1], (26) and (25).

The following technical estimates follow from Eq. (31) in [13] and from [19] 
Lemma 6.
Lemma 2. Let 𝜆 > 0. Then∫ 𝜋

−𝜋
sin2 (𝑡/2)e−2𝜆 sin2 (𝑡/2)d𝑡 ⩽

√
𝜋

𝜆3/2 , 
∫ 𝜋

−𝜋
e−2𝜆 sin2 (𝑡/2)d𝑡 ⩽

𝜋
√

3𝜆

(︃
1 +

√︃
𝜋

2 

)︃
.

Next we present generalization of Lemma B.2 from [8].
Lemma 3. Let 𝑝𝑖 ∈ (0, 1), (𝑖 = 𝑖, 2, . . . , 𝑛), 𝑝0 = max𝑖 𝑝𝑖 , 𝜏 ∈ [0, 1]. Then

sup 
𝐹∈ℱ𝑑

⃦⃦⃦
⃦⃦exp

(︄
(1 + 𝑝0)

2 

𝑛∑︂
𝑖=1 

𝑝𝑖 (𝐹 − 𝐼) − 𝜏

2 

𝑛∑︂
𝑖=1 

𝑝2
𝑖 (𝐹 − 𝐼)∗2

)︄⃦⃦⃦
⃦⃦
𝑇𝑉

⩽
3.5 √︁

1 − 𝑝0
.

Particularly, if 𝑝𝑖 ≡ 𝑝, then

sup 
𝐹∈ℱ𝑑

⃦⃦⃦
⃦exp

(︃
𝑛𝑝(1 + 𝑝)

2 
(𝐹 − 𝐼) − 𝑛𝑝2𝜏

2 
(𝐹 − 𝐼)∗2

)︃⃦⃦⃦
⃦
𝑇𝑉

⩽
3.5 √︁
1 − 𝑝

. (29)
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Proof. In view of (26), it suffices to prove lemma for one-dimensional case 𝐹 = 𝐼1 ∈
ℱ1. Let

𝑀 :=
(1 + 𝑝0)

2 

𝑛∑︂
𝑖=1 

𝑝𝑖 (𝐼1 − 𝐼) − 𝜏

2 

𝑛∑︂
𝑖=1 

𝑝2
𝑖 (𝐼1 − 𝐼)∗2.

We denote by i complex unit, that is, i2 = −1. Set ei𝑥 := cos 𝑥 + i sin 𝑥 and let ˆ︁𝑀 (𝑡) be 
Fourier transform of 𝑀 . Set 𝑎 =

∑︁𝑛
𝑖=1 𝑝𝑖 , 𝜈 = 𝑎(1 + 𝑝0)/2 and

ˆ︁𝑀𝑐 (𝑡) := ˆ︁𝑀 (𝑡) − i𝑡𝜈 =
𝑎(1 + 𝑝0)

2 

(︁
ei𝑡 − 1 − i𝑡

)︁
− 𝜏

2 

𝑛∑︂
𝑖=1 

𝑝2
𝑖 (ei𝑡 − 1)2,

𝑏 = 2.634
√︃

𝑎 
1 − 𝑝0

.

Then ⃓⃓⃓
eˆ︂𝑀𝑐 (𝑡 )

⃓⃓⃓
⩽ exp

(︂
−(1 + 𝑝0)𝑎 sin2(𝑡/2) + 𝑝0

2 
𝑎 |ei𝑡 − 1|2

)︂
⩽ exp

(︁
−(1 − 𝑝0)𝑎 sin2(𝑡/2)

)︁
.

Observe that

| ˆ︁𝑀 ′
𝑐 (𝑡) | ⩽

𝑎(1 + 𝑝0)
2 

|ei𝑡 − 1| + 𝑎𝑝0 |ei𝑡 − 1| ⩽ 4𝑎 | sin(𝑡/2) |.

Therefore, ⃓⃓⃓(︂
eˆ︂𝑀𝑐 (𝑡 )

)︂′ ⃓⃓⃓2
⩽ 16𝑎2 sin2(𝑡/2)e−2(1−𝑝0 )𝑎 sin2 (𝑡/2) .

and by Lemma 2

𝑏

∫ 𝜋

−𝜋

⃓⃓⃓
eˆ︂𝑀𝑐 (𝑡 )

⃓⃓⃓2
d𝑡 + 1 

𝑏

∫ 𝜋

−𝜋

⃓⃓⃓(︂
eˆ︂𝑀𝑐 (𝑡 )

)︂′ ⃓⃓⃓2
d𝑡 ⩽

21.54 
1 − 𝑝0

.

If 𝑏 > 2.5, then lemma’s statement follows from formula of inversion (see (D.10) in 
[8])

∥e𝑀 ∥2
𝑇𝑉

⩽
1 + 𝑏𝜋

2𝜋 

𝜋∫
−𝜋 

(︃⃓⃓⃓
eˆ︂𝑀𝑐 (𝑡 )

⃓⃓⃓2
+ 𝑏−2

⃓⃓⃓(︂
eˆ︂𝑀𝑐 (𝑡 )

)︂′ ⃓⃓⃓2)︃
d𝑡

and a simple estimate

1 + 𝑏𝜋

2𝜋 
⩽

𝑏

2 

(︃
1 + 2 

5𝜋

)︃
⩽ 0.5637 𝑏.

If 𝑏 ⩽ 2.5, then 𝑎 ⩽ 0.901(1− 𝑝0), 𝑎(1+3𝑝0) ⩽ 0.901(1− 𝑝0)(1+3𝑝0) ⩽ 1.2014
and

∥e𝑀 ∥𝑇𝑉 ⩽ exp
(︃

𝑎(1 + 𝑝0)
2 

∥𝐼1 − 𝐼 ∥𝑇𝑉 + 𝑎𝑝0
2 

∥𝐼1 − 𝐼 ∥2
𝑇𝑉

)︃
⩽ e𝑎 (1+3𝑝0 ) ⩽ 3.33.

□
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Lemma 4. Let 𝑃 ∈ ℱ1 be a symmetric distribution concentrated on ℤ \{0}. Assume 
that 𝑃 has a finite variance 𝜎2 . Then for any 𝜆 > 0 and 𝑗 ∈ ℕ

⃦⃦
(𝑃 − 𝐼)∗ 𝑗 ∗ e𝜆(𝑃−𝐼 )

⃦⃦
𝑇𝑉

⩽
3.6

√
1 + 𝜎 𝑗 𝑗+1/4

𝜆 𝑗e 𝑗

Lemma 4 is part of Lemma 4.6 from [7]. Similar bounds are valid for the compound 
binomial distribution. Next lemma is Lemma 4 in [18].
Lemma 5. Let 𝑞 =1 −𝑝. If 0 < 𝑝 < 1, 𝑗 , 𝑛 ∈ ℕ, then

sup 
𝐹∈ℱ𝑑

∥(𝐹 − 𝐼)∗ 𝑗 ∗ (𝑞𝐼 + 𝑝𝐹)∗𝑛∥𝑇𝑉 ≤
√

e 𝑗1/4
(︃

𝑛 
𝑛 + 𝑗

)︃𝑛/2(︃
𝑗

(𝑛 + 𝑗)𝑝𝑞

)︃ 𝑗/2
.(30)

We recall that notation Θ is used for all measures satisfying ∥Θ∥𝑇𝑉 ⩽ 1.
Lemma 6. Let 𝐹 = 𝑞𝐼 + 𝑝𝑉 ∈ ℱ𝑑 , 𝑞 = 1 − 𝑝 ∈ (0, 1), 𝑚 ∈ ℕ. Then for any 𝑚 ∈ ℕ, 
𝑎 ∈ ℝ

𝐷 − 𝐼 = 𝐶 (𝐹 − 𝐼) ∗ Θ, ∥𝐷∗𝑎 ∥𝑇𝑉 ⩽ e4 |𝑎 | , (31)

𝐷∗𝑚 =
3.5
√
𝑞

exp
(︃

𝑚𝑞(𝐹 − 𝐼)
2 

)︃
∗ Θ𝑚, 

⃦⃦
𝐷∗𝑚⃦⃦

𝑇𝑉
⩽

3.5
√
𝑞
, (32)

𝐹 − 𝐷 =
(𝐹 − 𝐼)∗3

3 
+ 𝐶1 (𝐹 − 𝐼)∗4 ∗ Θ = 𝐶2 (𝐹 − 𝐼)∗3 ∗ Θ

= 𝐶2𝑝
3 (𝑉 − 𝐼)∗3 ∗ Θ. (33)

Proof. The first estimate in (32) follows from (29). The second estimate in (32) 
follows from the fact that the total variation norm of any CP distribution is equal to 1 
and, therefore,

⃦⃦
𝐷∗𝑚⃦⃦

𝑇𝑉
⩽

3.5
√
𝑞

⃦⃦
exp (𝑚𝑞(𝐹 − 𝐼)/2)

⃦⃦
𝑇𝑉

∥Θ𝑚∥𝑇𝑉 ⩽
3.5
√
𝑞
.

Observe that ∥𝐹 − 𝐼 ∥𝑇𝑉 ⩽ ∥𝐹∥𝑇𝑉 + ∥𝐼 ∥𝑇𝑉 = 2 and, therefore, by (24)

∥𝐷∗𝑎∥
𝑇𝑉

⩽ exp(|𝑎 | ∥𝐹 − 𝐼 ∥𝑇𝑉 + |𝑎 | ∥𝐹 − 𝐼 ∥2
𝑇𝑉

/2) ⩽ e4 |𝑎 | .

Expressions (31) and (33) follow directly from definition of exponential measure. □

The following result is of special interest, since it shows that long asymptotic 
expansions can be constructed without assumptions of symmetry. Let 𝑀𝑘 be defined 
by (13).
Lemma 7. Let 𝐹 = 𝑞𝐼 + 𝑝𝑉 ∈ ℱ𝑑 , 𝑞 = 1 − 𝑝 ∈ (0, 1), 𝑘, 𝑛 ∈ ℕ, 𝑘 ⩽ 𝑛 − 1. Then

∥𝑀𝑘 ∥𝑇𝑉 ⩽
𝐶 (𝑘)𝑝3(𝑘+1)/2

𝑛(𝑘+1)/2𝑞 (3𝑘+4)/2 .

Proof. If 𝑛 ⩽ 12, then

∥𝑀𝑘 ∥𝑇𝑉 ⩽ 1 +
𝑘∑︂
𝑚=0

(︃
𝑛 
𝑚

)︃
e4(𝑛−𝑚) (1 + e4)𝑚 ⩽ 1 + (1 + 2e4)12 = 𝐶 =

𝑛𝑘𝐶

𝑛𝑘
⩽

12𝑘𝐶
𝑛𝑘

.
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Therefore, we further assume 𝑛 ⩾ 13. Bergström identity [5] allows to write

𝑀𝑘 =
𝑛∑︂

𝑚=𝑘+1

(︃
𝑚 − 1

𝑘

)︃
𝐹∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗(𝑘+1) ∗ 𝐷∗(𝑚−𝑘−1) .

Noting that
𝑛∑︂

𝑚=𝑘+1

(︃
𝑚 − 1

𝑘

)︃
=

(︃
𝑛 

𝑘 + 1

)︃
(34)

and applying (33), (32), (28), (30), (34) we obtain

∥𝑀𝑘 ∥𝑇𝑉 ⩽

𝑛∑︂
𝑚=𝑘+1

(︃
𝑚 − 1

𝑘

)︃⃦⃦
𝐹∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗(𝑘+1) ∗ 𝐷∗(𝑚−1) ⃦⃦

𝑇𝑉

⩽ 𝐶 (𝑘)
∑︂

𝑚⩽ ⌊𝑛/2⌋

(︃
𝑚 − 1

𝑘

)︃⃦⃦
(𝐹 − 𝐼)∗3(𝑘+1) ∗ 𝐹∗(𝑛−𝑚) ⃦⃦

𝑇𝑉

⃦⃦
𝐷∗(𝑚−𝑘−1) ⃦⃦

𝑇𝑉

+ 𝐶 (𝑘)
∑︂

𝑚>⌊𝑛/2⌋

(︃
𝑚 − 1

𝑘

)︃⃦⃦
𝐹∗(𝑛−𝑚) ⃦⃦

𝑇𝑉

⃦⃦
(𝐹 − 𝐼)∗3(𝑘+1) ∗ 𝐷∗(𝑚−𝑘−1) ⃦⃦

𝑇𝑉

⩽
𝐶 (𝑘)𝑛𝑘+1

√
𝑞

𝑝3(𝑘+1) ⃦⃦(𝑉 − 𝐼)∗3(𝑘+1) ∗ (𝑞𝐼 + 𝑝𝑉)∗⌊𝑛/2⌋ ⃦⃦
𝑇𝑉

+ 𝐶 (𝑘)
√
𝑞

𝑛𝑘+1𝑝3(𝑘+1)
⃦⃦⃦
(𝑉 − 𝐼)∗3(𝑘+1) ∗ e𝑛𝑝𝑞 (𝑉−𝐼 )/6

⃦⃦⃦
𝑇𝑉

⩽
𝐶 (𝑘)𝑝3(𝑘+1)/2

𝑛(𝑘+1)/2𝑞 (3𝑘+4)/2 .

□

Lemma 8. Let assumptions (4) hold. Then, for any 𝑎 > 0, 𝑘 ∈ ℕ, the following 
estimate holds

∥(𝐹 − 𝐼)∗𝑘 ∗ exp(𝑎(𝐹 − 𝐼))∥𝑇𝑉 ⩽

(︃
𝑘

2𝑎

)︃𝑘
𝛿𝑘 (𝑎/𝑘) ⩽ 𝐶 (𝑘)𝛿𝑘 (𝑎)

𝑎𝑘
, (35)

where 𝛿(𝑎) is defined by (5).

Proof. Since 𝐹 is symmetric, we can write

𝐹 − 𝐼 =
∑︂
𝑥

𝑝𝑥 (𝐼𝑥 − 𝐼) =
∑︂
𝑥

𝑝𝑥 (𝐼−𝑥 − 𝐼) = 1
2

∑︂
𝑥

𝑝𝑥 (𝐼𝑥 + 𝐼−𝑥 − 2𝐼) . (36)

Total variation of CP distribution equals 1. Therefore,

exp(𝑎(𝐹 − 𝐼)) = exp (𝑝𝑥 (𝐼𝑥 + 𝐼−𝑥 − 2𝐼)) ∗ Θ,

for any 𝑥 from 𝐹 support and some Θ = Θ(𝐹) such that ∥Θ∥𝑇𝑉 ⩽ 1.
Therefore, applying (27) we get

∥(𝐹 − 𝐼) ∗ exp(𝑎(𝐹 − 𝐼))∥𝑇𝑉
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⩽
1
2

∑︂
𝑥

𝑝𝑥 ∥(𝐼𝑥+ 𝐼−𝑥− 2𝐼) ∗ exp (𝑝𝑥 (𝐼𝑥 + 𝐼−𝑥 − 2𝐼))∥
𝑇𝑉

⩽
1
2

∑︂
𝑥

𝑝𝑥 min
(︃

4,
1 

𝑎𝑝𝑥

)︃
=

1 
2𝑎

𝛿(𝑎).

Estimate for 𝑘 > 1 follows from (25). □

Lemma 9. Let assumptions (14)--(17) hold. Then, for any 𝑎 > 0, 𝑘 ∈ ℕ, the following 
estimate holds

∥(𝐹 − 𝐼)∗𝑘 ∗ exp(𝑎(𝐹 − 𝐼))∥𝑇𝑉 ⩽
(3.6𝑘)𝑘

e𝑘𝑎𝑘

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄𝑘

. (37)

Proof. Observe that e𝑎 (𝐹−𝐼 ) can be expressed as convolution of two CP distributions

e𝑎 (𝐹−𝐼 ) = exp(𝑎𝑝𝑚(𝐹𝑚 − 𝐼)) ∗ Θ, ∥Θ∥𝑇𝑉 =

⃦⃦⃦
⃦ exp

(︃
𝑎

𝐾∑︂
𝑗≠𝑚

𝑝 𝑗 (𝐹𝑗 − 𝐼)
)︃⃦⃦⃦
⃦
𝑇𝑉

= 1,

where the last equality follows from the fact that total variation norm of any distribution 
equals 1. Noting that estimates for convolutions of 𝐹𝑚 can be treated as estimates for 
one-dimensional distributions (see (18)) and applying Lemma 4 we get

∥(𝐹 − 𝐼) ∗ exp(𝑎(𝐹 − 𝐼))∥𝑇𝑉 ⩽

𝐾∑︂
𝑚=1

𝑝𝑚 ∥(𝐹𝑚 − 𝐼) ∗ exp(𝑎𝑝𝑚 (𝐹𝑚 − 𝐼))∥
𝑇𝑉

⩽
3.6
𝑎e 

𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚.

For the proof, when 𝑘 > 1, we use (25). □

Lemma 10. Let 𝐹 = 𝑞𝐼 + 𝑝𝑉 ∈ ℱ𝑑 , 𝑞 ∈ (0, 1), and let 𝐷 be defined by (8). Then for 
any 𝑛 ∈ ℕ the following equalities hold

𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) =
3.5𝑛
2√𝑞

(𝐹 − 𝐼)∗2 ∗ e𝑛𝑞 (𝐹−𝐼 )/2 ∗ Θ, (38)

𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) = −𝑛

2 
e𝑛(𝐹−𝐼 ) ∗ (𝐹 − 𝐼)∗2 + 3.5𝑛2

4√𝑞
e𝑛𝑞 (𝐹−𝐼 )/2∗ (𝐹 − 𝐼)∗4∗ Θ. (39)

Proof. Observe that 𝐹 − 𝐼 = 𝑝(𝑉 − 𝐼). Then applying (23) and (29) we obtain

𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) = e𝑛(𝐹−𝐼 ) ∗
(︂

e−𝑛(𝐹−𝐼 )
∗2/2 − 𝐼

)︂
= −𝑛

2 
e𝑛(𝐹−𝐼 ) ∗ (𝐹 − 𝐼)∗2 ∗

∫ 1

0
e−𝑛𝜏 (𝐹−𝐼 )

∗2/2d𝜏

=
𝑛

2 
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗2 ∗

∫ 1

0
(−1)e𝑛𝑝 (1+𝑝) (𝑉−𝐼 )/2−𝜏𝑛𝑝2 (𝑉−𝐼 )∗2/2d𝜏
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=
3.5𝑛
2√𝑞

e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗2 ∗ Θ,

which proves (38). The proof of (39) is similar:

𝐷∗𝑛 − e𝑛(𝐹−𝐼 )

= −𝑛

2 
e𝑛(𝐹−𝐼 ) ∗ (𝐹 − 𝐼)∗2 + e𝑛(𝐹−𝐼 ) ∗

(︂
e−𝑛(𝐹−𝐼 )

∗2/2 − 𝐼 + 𝑛(𝐹 − 𝐼)∗2/2
)︂

= −𝑛

2 
e𝑛(𝐹−𝐼 ) ∗ (𝐹 − 𝐼)∗2 + 3.5𝑛2

4√𝑞
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗4 ∗ Θ.

□

For the proof of Proposition 1 we need the following lemma.
Lemma 11. Let 𝑥 ∈ ℝ𝑑 , 𝜆 > 0. Then⃓⃓⃓

⃓⃓⃦⃦(𝐼−𝑥 + 𝐼𝑥 − 2𝐼) ∗ exp
(︁
𝜆(𝐼−𝑥 + 𝐼𝑥 − 2𝐼)

)︁⃦⃦
− 1 

𝜆

√︃
2 
𝜋e

⃓⃓⃓
⃓⃓ ⩽ 𝐶

𝜆
√
𝜆
,

⃓⃓⃓
⃓⃦⃦(𝐼−𝑥 + 𝐼𝑥 − 2𝐼)∗2 ∗ exp

(︁
𝜆(𝐼−𝑥 + 𝐼𝑥 − 2𝐼)

)︁⃦⃦
− 𝐶∗

𝜆2

⃓⃓⃓
⃓ ⩽ 𝐶

𝜆2
√
𝜆
.

Here

𝐶∗ = e−3/2
√︃

3 
𝜋

(︃
e
√︁

3/2
√︂

3 −
√

6 + e−
√︁

3/2
√︂

3 +
√

6
)︃

.

For 𝑑 = 1 both estimates were proved in [7], Lemma 4.7. In view of (26), the same 
proof holds for 𝑑 > 1.

5 Proofs

Proofs of Theorem 1 and 7. We recall that total variation distance is half of the total 
variation norm. From Lemma 7 it follows that⃦⃦⃦

𝐹∗𝑛 − e𝑛(𝐹−𝐼 )
⃦⃦⃦
𝑇𝑉

⩽
𝐶 (1 − 𝑞)9/2

𝑛
√
𝑛 𝑞5 +

⃦⃦⃦
𝐷∗𝑛 − e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+
2 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

. (40)

Taking into account (32), (33) and (28) and observing that ∥𝐹 − 𝐼 ∥𝑇𝑉 ⩽ 2 we 
obtain

2 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

⩽ 𝐶
2 ∑︂
𝑚=1

𝑛𝑚∥𝐷−𝑚∥𝑇𝑉

⃦⃦
𝐷∗𝑛 ∗ (𝐹 − 𝐼)∗3𝑚⃦⃦

𝑇𝑉

⩽
𝐶
√
𝑞

2 ∑︂
𝑚=1

𝑛𝑚
⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗3𝑚

⃦⃦⃦
𝑇𝑉

⩽
𝐶
√
𝑛

√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗2

⃦⃦⃦
𝑇𝑉

×
2 ∑︂
𝑚=1

𝑛𝑚−1/2
⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗(2𝑚−1)

⃦⃦⃦
𝑇𝑉

∥𝐹 − 𝐼 ∥𝑚−1
𝑇𝑉
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⩽
𝐶
√
𝑛

𝑞2

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗2

⃦⃦⃦
𝑇𝑉

.

Applying (35) we get
2 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

⩽
𝐶𝛿2 (𝑛𝑞/4)

𝑛
√
𝑛 𝑞4 ⩽

𝐶𝛿2 (𝑛/2)
𝑛
√
𝑛 𝑞4 . (41)

Applying (37) we get

2 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

⩽
𝐶

𝑛
√
𝑛 𝑞4

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄2

. (42)

From (39) and (28) it follows that

∥𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) ∥𝑇𝑉 ⩽
𝑛

2 

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+ 3.5𝑛2

4√𝑞

⃦⃦⃦
(𝐹 − 𝐼)∗4 ∗ e𝑛𝑞 (𝐹−𝐼 )/2

⃦⃦⃦
𝑇𝑉

⩽
𝑛

2 

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+3.5𝑛2

4√𝑞

⃦⃦⃦
(𝐹 − 𝐼)∗3 ∗ e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

⃦⃦⃦
(𝐹 − 𝐼) ∗ e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

⩽
𝑛

2 

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+ 𝐶𝑛
√
𝑛

𝑞 

⃦⃦⃦
(𝐹 − 𝐼)∗3 ∗ e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

.

Applying (35) we get

∥𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) ∥𝑇𝑉 ⩽
𝛿2 (𝑛/2)

2𝑛 
+ 𝐶𝛿3 (𝑛𝑞/4)

𝑛
√
𝑛 𝑞4 ⩽

𝛿2 (𝑛/2)
2𝑛 

+ 𝐶𝛿2 (𝑛/2)𝛿(𝑛𝑞)
𝑛
√
𝑛 𝑞4 . (43)

Applying (37) we get

∥𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) ∥𝑇𝑉 ⩽
25.92
e2 𝑛 

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄2

+ 𝐶

𝑛
√
𝑛 𝑞4

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄3

. (44)

Substituting (41) and (43) into (40) we complete the proof of (6). Substituting (42) 
and (44) into (40) we complete the proof of (19). □

Proofs of Theorem 1* and Theorem 7*. Applying Lemma 7, (38), (32), (33) we get⃦⃦⃦
𝐹∗𝑛 − e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

⩽ ∥𝑀1∥𝑇𝑉 +
⃦⃦⃦
𝐷∗𝑛 − e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+ 𝑛
⃦⃦⃦
𝐷∗(𝑛−1) ∗ (𝐹 − 𝐷)

⃦⃦⃦
𝑇𝑉

⩽
𝐶 (1 − 𝑞)3

𝑛𝑞7/2 + 𝐶𝑛 
√
𝑞

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

+𝐶𝑛 
√
𝑞
∥𝐷∗(−1) ∥𝑇𝑉

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

∥𝐹 − 𝐼 ∥𝑇𝑉

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

⩽
𝐶 (1 − 𝑞)3

𝑛𝑞7/2 + 𝐶𝑛 
√
𝑞

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛𝑞 (𝐹−𝐼 )/4

⃦⃦⃦
𝑇𝑉

.

It remains to apply (35) or (37). □
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Proof of Theorem 2. From Lemma 7 it follows that

∥𝐹∗𝑛 − 𝐷∗𝑛∥𝑇𝑉 ⩽
𝐶 (1 − 𝑞)15/2

𝑞8 𝑛2√𝑛
+

4 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

. (45)

Therefore, applying (32), (33), (27) and (35) we prove that

4 ∑︂
𝑚=2

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

⩽

4 ∑︂
𝑚=2

(︃
𝑛 
𝑚

)︃
∥𝐷∗𝑛 ∗ (𝐹 − 𝐷)∗𝑚∥

𝑇𝑉
e4𝑚

⩽
𝐶
√
𝑞

4 ∑︂
𝑚=2

𝑛𝑚
⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗3𝑚⃦⃦

𝑇𝑉
⩽

𝐶
√
𝑞

⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗3⃦⃦

𝑇𝑉

×
4 ∑︂
𝑚=2

𝑛𝑚
⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗(2𝑚−1) ⃦⃦

𝑇𝑉
∥𝐹 − 𝐼 ∥𝑚−2

𝑇𝑉

⩽
𝐶
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/12 ∗ (𝐹 − 𝐼)

⃦⃦⃦3

𝑇𝑉

4 ∑︂
𝑚=2

𝑛𝑚2𝑚−2

(𝑛𝑞)𝑚−1/2 ⩽
𝐶𝛿3 (𝑛𝑞/12)

𝑞7𝑛2√𝑛

⩽
𝐶𝛿3 (𝑛𝑞/6)
𝑞7𝑛2√𝑛

. (46)

Similarly applying (33), (31), (32), (28) and (35) we get

𝑛∥𝐷∗(𝑛−1) ∗ (𝐹 − 𝐷)∥𝑇𝑉 ⩽ 
𝑛

3 
∥𝐷∗(𝑛−1) ∗ (𝐹 − 𝐼)∗3∥𝑇𝑉 + 𝐶𝑛∥𝐷∗(𝑛−1) ∗ (𝐹 − 𝐼)∗4∥𝑇𝑉

⩽
𝑛

3 
∥𝐷∗𝑛 ∗ (𝐹 − 𝐼)∗3∥𝑇𝑉 + 𝑛

3 
∥𝐷∗(−1) ∥𝑇𝑉 ∥𝐷∗𝑛 ∗ (𝐼 − 𝐷) ∗ (𝐹 − 𝐼)∗3∥𝑇𝑉

+𝐶𝑛∥𝐷∗(−1) ∥𝑇𝑉 ∥𝐷∗𝑛 ∗ (𝐹 − 𝐼)∗4∥𝑇𝑉

⩽
3.5𝑛
3√𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹 − 𝐼 )/2 ∗ (𝐹 − 𝐼)∗3

⃦⃦⃦
𝑇𝑉

+ 𝐶𝑛 
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗4

⃦⃦⃦
𝑇𝑉

⩽
31.5 𝛿3 (𝑛𝑞/6)

𝑞7/2𝑛2 + 𝐶𝑛 
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)

⃦⃦⃦
𝑇𝑉

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗3

⃦⃦⃦
𝑇𝑉

⩽
31.5 𝛿3 (𝑛𝑞/6)

𝑞7/2𝑛2 + 𝐶
√
𝑛

𝑞 

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗3

⃦⃦⃦
𝑇𝑉

⩽
31.5 𝛿3 (𝑛𝑞/6)

𝑞7/2𝑛2 + 𝐶𝛿3 (𝑛𝑞)
𝑞4 𝑛2√𝑛

. (47)

Collecting estimates (45), (46) and (47) we complete the proof of Theorem. □

Proofs of Theorems 3 and 9. From Lemma 7 it follows that⃦⃦⃦
𝐹∗𝑛 − e𝑛(𝐹−𝐼 ) ∗

(︂
𝐼 − 𝑛

2 
(𝐹 − 𝐼)∗2

)︂⃦⃦⃦
𝑇𝑉

⩽
𝐶 (1 − 𝑞)6

𝑛2𝑞13/2 +
3 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉
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+
⃦⃦⃦
𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) ∗

(︁
𝐼 − 𝑛(𝐹 − 𝐼)∗2/2

)︁⃦⃦⃦
𝑇𝑉

(48)

Taking into account (32), (33) and (28) we obtain

3 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

⩽ 𝐶
3 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃
∥𝐷∗(−𝑚) ∥𝑇𝑉

⃦⃦
𝐷∗𝑛 ∗ (𝐹 − 𝐼)∗3𝑚⃦⃦

𝑇𝑉

⩽
𝐶
√
𝑞

3 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃
e4𝑚

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗3𝑚

⃦⃦⃦
𝑇𝑉

⩽
𝐶𝑛 
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹 − 𝐼 )/4 ∗ (𝐹 − 𝐼)∗3

⃦⃦⃦
𝑇𝑉

×
3 ∑︂
𝑚=1

𝑛𝑚−1
⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗2(𝑚−1)

⃦⃦⃦
𝑇𝑉

∥𝐹 − 𝐼 ∥𝑚−1
𝑇𝑉

⩽
𝐶𝑛 
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗3

⃦⃦⃦
𝑇𝑉

3 ∑︂
𝑚=2

𝑛𝑚−12𝑚−1

𝑛𝑚−1𝑞𝑚−1

⩽
𝐶𝑛 
𝑞5/2

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗3

⃦⃦⃦
𝑇𝑉

. (49)

From (39) it follows that
⃦⃦⃦
𝐷∗𝑛 − e𝑛(𝐹−𝐼 ) ∗

(︂
𝐼 − 𝑛

2 
(𝐹 − 𝐼)∗2

)︂⃦⃦⃦
𝑇𝑉

⩽
𝐶𝑛2
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗4

⃦⃦⃦
𝑇𝑉

. (50)

To proof (10) (respectively (22)) it suffices in (49)--(50) to use (35) (respectively 
(37)) and substitute resulting estimates into (48). □

Proofs of Theorems 4 and 10. By the triangle inequality⃦⃦⃦
𝐹∗𝑛 − 𝐹∗(𝑛+1)

⃦⃦⃦
𝑇𝑉

⩽

⃦⃦⃦
𝐹∗𝑛 − e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+
⃦⃦⃦
e𝑛(𝐹−𝐼 ) − e(𝑛+1) (𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+
⃦⃦⃦
𝐹∗(𝑛+1) − e(𝑛+1) (𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

.

From definition of exponential measure it follows that⃦⃦⃦
e𝑛(𝐹−𝐼 ) − e(𝑛+1) (𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

=
⃦⃦⃦
e𝑛(𝐹−𝐼 ) ∗

(︁
𝐼 − e𝐹−𝐼

)︁⃦⃦⃦
𝑇𝑉

⩽ 𝐶
⃦⃦⃦
e𝑛(𝐹−𝐼 ) ∗ (𝐹 − 𝐼)

⃦⃦⃦
𝑇𝑉

.

It remains to apply (7) and (35) or (20) and (37). □

Proof of Theorem 5. Without loss of generality let 𝑎 < 𝑏. From definition of ex
ponential measure (23), the fact that total variation of any distribution equals 1 and 
Lemma 8 we obtain⃦⃦⃦

e𝑏 (𝐹−𝐼 ) − e𝑎 (𝐹−𝐼 )
⃦⃦⃦
𝑇𝑉

=
⃦⃦⃦
e𝑎 (𝐹−𝐼 ) ∗

(︂
e(𝑏−𝑎) (𝐹−𝐼 ) − 𝐼

)︂⃦⃦⃦
𝑇𝑉

=

⃦⃦⃦
⃦(𝑏 − 𝑎)e𝑎 (𝐹−𝐼 ) ∗ (𝐹 − 𝐼) ∗

∫ 1

0
e𝜏 (𝑏−𝑎) (𝐹−𝐼 )d𝜏

⃦⃦⃦
⃦
𝑇𝑉
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⩽ (𝑏 − 𝑎)
⃦⃦⃦
e𝑎 (𝐹−𝐼 ) ∗ (𝐹 − 𝐼)

⃦⃦⃦
𝑇𝑉

∫ 1

0

⃦⃦⃦
e𝜏 (𝑏−𝑎) (𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

d𝜏

⩽ (𝑏 − 𝑎)
⃦⃦⃦
e𝑎 (𝐹−𝐼 ) ∗ (𝐹 − 𝐼)

⃦⃦⃦
𝑇𝑉

⩽
2(𝑏 − 𝑎)𝛿(𝑎)

𝑎e 

⩽
2(𝑏 − 𝑎)(2𝑁 + 1)

𝑎e 
. (51)

If 𝑏 ⩽ 𝑎(1 + e/(2𝑁 + 1)), then

2(𝑏 − 𝑎)(2𝑁 + 1)
𝑎e 

⩽
2(𝑏 − 𝑎)

𝑏 

(︃
1 + 2𝑁 + 1

e 

)︃

and theorem’s statement follows from (51). If 𝑏 > 𝑎(1 + e/(2𝑁 + 1)), then directly
⃦⃦⃦
e𝑏 (𝐹−𝐼 ) − e𝑎 (𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

⩽
⃦⃦
e𝑏 (𝐹−𝐼 )

⃦⃦
𝑇𝑉

+
⃦⃦
e𝑎 (𝐹−𝐼 )

⃦⃦
𝑇𝑉

= 2 ⩽
2(𝑏 − 𝑎)

𝑏 

(︃
1 + 2𝑁 + 1

e 

)︃
.

Recall that total variation distance is half of the total variation norm. □

Proof of Theorem 6. Applying Lemma 7, (32), (28), (33) and (35) we obtain

∥𝑀𝑠 ∥𝑇𝑉 ⩽ ∥𝑀4𝑠+3∥𝑇𝑉 +
4𝑠+3 ∑︂
𝑚=𝑠+1

(︃
𝑛 
𝑚

)︃ ⃦⃦⃦
𝐷∗(𝑛−𝑚) ∗ (𝐹 − 𝐷)∗𝑚

⃦⃦⃦
𝑇𝑉

⩽
𝐶 (𝑠)(1 − 𝑞)6(𝑠+1)

𝑛2(𝑠+1)𝑞6𝑠+13/2 + 𝐶
4𝑠+3 ∑︂
𝑚=𝑠+1

𝑛𝑚∥𝐷∗(−𝑚) ∥𝑇𝑉

⃦⃦
𝐷∗𝑛 ∗ (𝐹 − 𝐼)∗3𝑚⃦⃦

𝑇𝑉

⩽
𝐶 (𝑠)(1 − 𝑞)6(𝑠+1)

𝑛2(𝑠+1)𝑞6𝑠+13/2 + 𝐶 (𝑠)
√
𝑞

4𝑠+3 ∑︂
𝑚=𝑠+1

𝑛𝑚
⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗3𝑚

⃦⃦⃦
𝑇𝑉

⩽
𝐶 (𝑠)(1 − 𝑞)6(𝑠+1)

𝑛2(𝑠+1)𝑞6𝑠+13/2 + 𝐶 (𝑠)𝑛𝑠+1
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗3(𝑠+1)

⃦⃦⃦
𝑇𝑉

×
(︄

1 +
3𝑠+2∑︂
𝑚=1 

𝑛𝑚
⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗2𝑚

⃦⃦⃦
𝑇𝑉

∥𝐹 − 𝐼 ∥𝑚
𝑇𝑉

)︄

⩽
𝐶 (𝑠)(1 − 𝑞)6(𝑠+1)

𝑛2(𝑠+1)𝑞6𝑠+13/2 + 𝐶 (𝑠)𝛿3(𝑠+1) (𝑛𝑞)
𝑞6𝑠+11/2 𝑛2(𝑠+1) .

□

Proof of Theorem 8. Applying Lemma 7, (32), (33), (28) and (37) we get

∥𝐹∗𝑛 − 𝐷∗𝑛∥𝑇𝑉 ⩽ ∥𝑀3∥𝑇𝑉 + 𝐶
3 ∑︂
𝑚=1

(︃
𝑛 
𝑚

)︃
∥𝐷∗(−𝑚) ∥𝑇𝑉 ∥𝐷∗𝑛 ∗ (𝐹 − 𝐼)∗3𝑚∥𝑇𝑉

⩽
𝐶 (1 − 𝑞)6

𝑛2𝑞13/2 + 𝐶
√
𝑞

3 ∑︂
𝑚=1

e4𝑚𝑛𝑚
⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/2 ∗ (𝐹 − 𝐼)∗3𝑚

⃦⃦⃦
𝑇𝑉

⩽
𝐶 (1 − 𝑞)6

𝑛2𝑞13/2 + 𝐶𝑛 
√
𝑞

⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗3

⃦⃦⃦
𝑇𝑉
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×
3 ∑︂
𝑚=1

𝑛𝑚−1
⃦⃦⃦
e𝑛𝑞 (𝐹−𝐼 )/4 ∗ (𝐹 − 𝐼)∗2(𝑚−1)

⃦⃦⃦
𝑇𝑉

2𝑚−1

⩽
𝐶 (1 − 𝑞)6

𝑛2𝑞13/2 + 𝐶

𝑛2𝑞7/2

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄3 3 ∑︂
𝑚=2

𝑛𝑚−12𝑚−1

𝑛𝑚−1𝑞𝑚−1

⩽
𝐶

𝑛2 𝑞13/2

(︄
𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚

)︄3

.

□

Proof of Theorem 11. Without loss of generality let 𝑎 < 𝑏. Repeating the proof of 
(51) but using (37) we prove that

⃦⃦⃦
e𝑏 (𝐹−𝐼 ) − e𝑎 (𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

⩽ (𝑏 − 𝑎)
⃦⃦⃦
e𝑎 (𝐹−𝐼 ) ∗ (𝐹 − 𝐼)

⃦⃦⃦
𝑇𝑉

⩽
3.6(𝑏 − 𝑎)

𝑎e 

𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚.

If 𝑏 ⩽ 2.5𝑎, then

3.6(𝑏 − 𝑎)
𝑎e 

𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚 ⩽

3.4(𝑏 − 𝑎)
𝑏 

𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚.

and theorem’s statement follows from analogue of (51). If 𝑏 > 2.5𝑎, then directly

⃦⃦
e𝑏 (𝐹−𝐼 ) − e𝑎 (𝐹−𝐼 )

⃦⃦
𝑇𝑉

⩽ 2 ⩽
3.4(𝑏 − 𝑎)

𝑏 
⩽

3.4(𝑏 − 𝑎)
𝑏 

𝐾∑︂
𝑚=1

√︁
1 + 𝜎𝑚.

□

Proof of Proposition 1. All characteristics of 𝐹 are constants. Therefore, we can 
write 𝐶 instead of 𝐶 (𝐹). From the proof of Theorem 1 we see that

𝑛∥𝐹∗𝑛 − exp(𝑛(𝐹 − 𝐼))∥ ⩽ 𝑛2

2 

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

+ 𝐶
√
𝑛
.

By assumptions

𝐹 − 𝐼 =
𝑁∑︂
𝑗=1 

𝑝𝑥 𝑗

(︂
𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼

)︂
, (𝐹 − 𝐼)∗2 =

𝑁∑︂
𝑗=1 

𝑝2
𝑥 𝑗

(︂
𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼

)︂∗2

+
𝑁∑︂
𝑗≠𝑘 

𝑝𝑥 𝑗

(︂
𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼

)︂
𝑝𝑥𝑘

(︁
𝐼−𝑥𝑘 + 𝐼𝑥𝑘 − 2𝐼

)︁

exp (𝑛(𝐹 − 𝐼)) = exp
(︂
𝑛𝑝𝑥 𝑗 (𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼)

)︂
∗ exp

(︁
𝑛𝑝𝑥𝑘 (𝐼−𝑥𝑘 + 𝐼𝑥𝑘− 2𝐼)

)︁
∗ Θ

= exp (𝑛(𝐹 − 𝐼)) = exp
(︂
𝑛𝑝𝑥 𝑗 (𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗− 2𝐼)

)︂
∗ Θ.



Multidimensional compound Poisson approximations for symmetric distributions 21

Therefore, taking into account Lemma 11, we get

𝑛2

2 

⃦⃦⃦
(𝐹 − 𝐼)∗2 ∗ e𝑛(𝐹−𝐼 )

⃦⃦⃦
𝑇𝑉

⩽
𝑛2

2 

𝑁∑︂
𝑗=1 

𝑝2
𝑥 𝑗

⃦⃦⃦
⃦(︂𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼

)︂∗2
∗ exp

(︂
𝑛𝑝𝑥 𝑗

(︂
𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼

)︂)︂⃦⃦⃦⃦
𝑇𝑉

+ 𝑛2

2 

𝑁∑︂
𝑗≠𝑘 

𝑝𝑥 𝑗

⃦⃦⃦(︂
𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼

)︂
∗ exp

(︂
𝑛𝑝𝑥 𝑗

(︂
𝐼−𝑥 𝑗 + 𝐼𝑥 𝑗 − 2𝐼

)︂)︂⃦⃦⃦
𝑇𝑉

× 𝑝𝑥𝑘
⃦⃦(︁

𝐼−𝑥𝑘 + 𝐼𝑥𝑘 − 2𝐼
)︁
∗ exp

(︁
𝑛𝑝𝑥𝑘

(︁
𝐼−𝑥𝑘 + 𝐼𝑥𝑘 − 2𝐼

)︁)︁⃦⃦
𝑇𝑉

⩽
𝐶∗𝑁

2 
+ 𝑁 (𝑁 − 1)

𝜋 e 
+ 𝐶
√
𝑛
.

To complete the proof recall that the total variation metric is half of the total variation 
norm. □

Remarks on simulations. R-studio, library(cubature) and formulas of inversion were 
used. Example of the program is given below

1 > n < -1 0 ; p 1 < -0 . 1 0 ; p 2 < -0 . 1 0 ; q 1 < -1 -2 ⁎ p 1 ; q 2 < -1 -2 ⁎ p 2 ; S < -0 ; Z < -0 ; U < -0 ; 
f o r ( m i n -n : n ) { i n t e g r a n d z 1 < - f u n c t i o n ( x ) ( q 1 + 2 ⁎ p 1 ⁎ c o s ( x [ 1 ] ) ) ̂  n ⁎ 

c o s ( m ⁎ x [ 1 ] ) / ( 2 ⁎ p i ) ; z 1 = h c u b a t u r e ( i n t e g r a n d z 1 , l o w e r L i m i t = -p i , 
u p p e r L i m i t = p i ) ; i n t e g r a n d a 1 < - f u n c t i o n ( x ) e x p ( 2 ⁎ n ⁎ p 1 ⁎ ( c o s ( x [ 1 ] ) 
-1 ) ) ⁎ c o s ( x [ 1 ] ⁎ m ) / ( 2 ⁎ p i ) ; a 1 = h c u b a t u r e ( i n t e g r a n d a 1 , l o w e r L i m i t = -p i , 
u p p e r L i m i t = p i ) ; 

2 f o r ( k i n -n : n ) { i n t e g r a n d z 2 < - f u n c t i o n ( x ) ( q 2 + 2 ⁎ p 2 ⁎ c o s ( x [ 1 ] ) ) ̂  n ⁎ c o s ( k 
⁎ x [ 1 ] ) / ( 2 ⁎ p i ) ; z 2 = h c u b a t u r e ( i n t e g r a n d z 2 , l o w e r L i m i t = -p i , 
u p p e r L i m i t = p i ) ; i n t e g r a n d a 2 < - f u n c t i o n ( x ) e x p ( 2 ⁎ n ⁎ p 2 ⁎ ( c o s ( x [ 1 ] ) -1 ) 
) ⁎ c o s ( x [ 1 ] ⁎ k ) / ( 2 ⁎ p i ) ; a 2 = h c u b a t u r e ( i n t e g r a n d a 2 , l o w e r L i m i t = -p i , 
u p p e r L i m i t = p i ) ; S = S + a b s ( z 1 $ i n t e g r a l ⁎ z 2 $ i n t e g r a l -a 1 $ i n t e g r a l ⁎ a 2 $ 
i n t e g r a l ) ; Z = Z + a 1 $ i n t e g r a l ⁎ a 2 $ i n t e g r a l ; U < -U + z 1 $ i n t e g r a l ⁎ z 2 $ 
i n t e g r a l } } ; p r i n t ( U ) ; p r i n t ( S ) ; p r i n t ( Z ) ; v a r < -S + 1 -Z ; d t v < -v a r / 
2 ; p r i n t ( d t v ) 

3 
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[3] Barman, K., Upadhye, N.S., Vellaisamy, P.: Approximations related to tempered stable 
distributions. Mod. Stoch. Theory Appl. 12(3), 325--346 (2025). MR4917904. https://doi.
org/10.15559/25-vmsta275

[4] Barbour, A.D., Luczak, M.J., Xia, A.: Multivariate approximation in total variation II: 
discrete normal approximation. Ann. Probab. 46, 1405--1440 (2018). MR3785591. https://
doi.org/10.1214/17-AOP1205

[5] Bergström, H.: On asymptotic expansion of probability functions. Skand. Aktuarietidskr. 
1, 1--34 (1951). MR0043403. https://doi.org/10.1080/03461238.1951.10432122

[6] Bobkov, S.G., Götze, F.: Berry–Esseen bounds in the local limit theorems. Lith. Math. J. 
65, 50--66 (2025). MR4885697. https://doi.org/10.1007/s10986-025-09659-1

[7] Čekanavičius, V., Roos, B.: Compound binomial approximations. Ann. Inst. Stat. Math. 
58, 187--210 (2006). MR2281210. https://doi.org/10.1007/s10463-005-0018-4

[8] Čekanavičius, V., Novak, S.: Compound Poisson approximation. Chapman & Hall/CRC 
Press, Boca Raton, London, New York (2024) 

[9] Genest, C., Marceau, E., Mesfioui, M.: Compound Poisson approximations for individual 
models with dependent risks. Insur. Math. Econ. 32(1), 73--91 (2003). MR3600678. 
https://doi.org/10.1016/j.insmatheco.2016.10.012

[10] Götze, F., Yu, Z.A.: On alternative approximating distributions in the multivariate ver
sion of Kolmogorov’s second uniform limit theorem. Teor. Veroâtn. Primen. 61(1), 3--22 
(2022). Transl.: Theory Probab. Appl., 67, 1, 1--16. MR4466409. https://doi.org/10.1137/
s0040585x97t99071x

[11] Hipp, C.: Improved approximations for the aggregate claims distribution in the individual 
model. ASTIN Bull. 16(2), 89--100 (1986). https://doi.org/10.2143/AST.16.2.2015001
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