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Abstract For the heat equations driven by a stochastic measure on [—L, L] with the Dirichlet
boundary condition, we prove that solutions tend to the solution of the heat equations defined
on R as L — oo. The estimate of the convergence rate is obtained. For a stochastic measure, we
assume the o--additivity in probability only.
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1 Introduction

In this paper, we consider the stochastic heat equation with the Dirichlet boundary
condition, which can formally be written as

0 62 L
6ut = +f(txu (z, x))+0'(t x)— (LD
ub(t,-L) =ub(t,L) =0, u*(0,x) = up(x),

where (z,x) € [0,T] X [-L, L], and u is a stochastic measure defined on 5(R) (Borel
o-algebra in R). For  we assume only o-additivity in probability, assumptions for
f, o and ug are given in Section 3. We study the solution to the formal equation (1.1)
in the mild form (see (3.1) below).
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We study the convergence as L — oo, and prove that u” tends to the solution to
the equation

2
Z—IZ = % + f(t,x, u(t,x)) + a(t,x)(;—g, u(0,x) = up(x), (1.2)
where (z,x) € [0, T] X R. The solution to equation (1.2) is also considered in the mild
form (see (3.2) below).

As the main result of the paper, we obtain an exponential rate for the pointwise
convergence u’ — u. This is a natural result that follows from the form of the
Green’s functions. Zero Dirichlet conditions represent absorbing boundaries whose
effect decays exponentially as the domain expands.

For an equation driven by space-time white noise, this problem was studied in [2, 3],
where the Neumann and mixed boundary conditions were also considered.

The difference of the form |u’ — u| is often called a localization error and, in
different settings, has been studied in [I, 6]. The impact of localization on some
computational problems in financial mathematics is considered in [8].

Theory of equations driven by stochastic measures is developed in [15]. Existence
and uniqueness of mild solutions to (1.1) and (1.2), their boundedness and Holder reg-
ularity, are proved in [18] and [17] respectively. Also, generalization of equation (1.2)
is considered in [16], where the L,-continuity of the solution was proved. For the heat
equation on a bounded domain in R4, we can refer to [10].

Different classes of equations driven by space-time white noise are considered in
detail in [4], those driven by spatially colored Gaussian noise in [5], and those driven
by a Lévy process in [12].

The rest of the paper is organized as follows. Section 2 contains the basic infor-
mation concerning the integrals with respect to stochastic measures. In Section 3, we
formulate the problem and our main assumptions. In Section 4 we obtain an estimate
for the difference of the stochastic integrals from our equations. Section 5 contains the
main result of the paper.

2 Preliminaries

Let Ly = Lo(Q, F,P) be the set of all real-valued random variables defined on the
complete probability space (2, F,P). Convergence in Ly means the convergence in
probability. Let X be an arbitrary set and 5 a o-algebra of subsets of X.

Definition 1. A o-additive mapping u : B — Ly is called stochastic measure (SM).

We do not assume the moment existence or martingale properties for SM. We can
say that u is an Lo-valued measure.

Important examples of SMs are random orthogonal measure with finite structural
function (see [7, Section 5.3]), a-stable random measures defined on a o-algebra for
a € (0,1) U (1,2] (see [19, Chapter 3]). Many examples of the SMs on B(R) may be
given by the Wiener-type integral

u(A) = /R 1La(x) £(x) dYy, @1
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where f is a deterministic function, integrable on R. For instance, we can take in (2.1)
any square integrable martingale Yy, or Y, = W — the fractional Brownian motion
with Hurst index H > 1/2 (see Corollary 1.9.4 in [11]).

Other examples of SMs can be found in Section 1.2.1 [15].

For deterministic measurable functions f : X — R, an integral of the form fx fdu
is defined and studied in [9, Chapter 7], [15, Chapter 1]. In particular, every bounded
measurable f is integrable with respect to any u.

Below, we will use the following statement.

Lemma 1 (Lemma 3.1 [14], Lemma 2.3 [15]). Let u be an SM on (X, B), fx : X —
R, k > 1, be measurable functions such that f(x) = X7, | fx(x)| is integrable with

respect to u. Then
o 2
Z(/fkd,u) < oo a.s.
k=1 \/X

For any j € Z and all n > 0, put

() _ i 4 goon nAD = (g gD n
dg) =j+k27" 0<k<2" A =(dyl,, 4] 1<k<2".

The following lemma is a key tool for estimating a version of the stochastic integral.
In the sequel, we assume that SM u is defined on Borel subsets of R.

Lemma 2 (Lemma 2.8 [15]). Let Z be an arbitrary set, and the function q(z,x) :
Z X [j,j +1] — R be such that all paths ¢(z,-) are continuous on [j,j + 1],
A C (J,J + 1] be a Borel set. Denote

qn(z,x) = Z q(z,dfi)_l)n)lAm(x)-
1<k=on .

Then the random function

n(z) = /A d(ex) du(), zeZ,

has a version

n(z) =/Aqo(z,x) d#(x)+2(/Aqn(ZJ) dﬂ(x)—/Aqn-l(z,x) d#(X)) (2.2)

nx1

such that forall § >0, w e Q,z€ Z

[7(2)] < |a(z. HuA)|

+{22"ﬁ Z |q(z,dl(<fr'l))_q(z’dgi)_l)mz}l/z

nx1 1<k<2n
_ 1/2
x{Zr"ﬂ > |u(A](<Jn)mA)|2} : (2.3)
n>1 1<k<2n

In the sequel, by C and C(w) we denote the constants and random constants,
respectively, whose exact values are not important. Notations of the kind C,, Cs
means that these constants may depend of 4, ¢ respectively.
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3 The problem

We consider (1.1) in the mild form
= [ G ) dy
(-L,L]
t
f [ Gt Gt ) dvas
0 J(-L,L]
t
+/ / GL(t—s,x,y)0(s,y) ds du(y), 3.1
(-L.L] Jo

where equality holds a.s. for each (z,x) € [0,T] x [-L, L]. Here GL(¢,x,y) is the
fundamental solution of the heat equation with the Dirichlet boundary condition

0 9?

a_l: = 6—’/2!7 (t’x) € [07 T] X [_L’L]a u(t’ _L) = M(t, L) =0.
X

It is known that

(oS

GL(t,x,y) = Z (p(t,x —y+4nL) - p(t,x+y + (4n+2)L)),

n=—o0o

where

o= gmonl-5)
,X) = ——exp ——
P 4rt P 4t

is a standard heat kernel (see, for example, [13, Section 8.4.2], [4, Lemma 1.4.1]).
We will refer to the following assumptions on elements of (3.1).

Assumption Al. uo(y) = uo(y, w) : Rx Q — R is measurable and |uo(y)| < Cyy (w)
for some random constant Cy,, (w).

Assumption A2. f(s,y,v):[0,T] X RxXR — R is measurable, and bounded:

|f(s,y,v)| <Cy

for some constant Cr.
Assumption A3. f(s,y,v) is globally Lipschitz in v, y:

|f (s, y1.v1) = f(s,y2,92)| < Ly(Ivi = val +y1 = y2l), i, vi €R,

for some constant L.
Assumption A4. o (s,y) : [0,T] xR — R is measurable, and

lo(s.3)| < Cory o (s,31) = (5, 32)| < Lolyr = y2l P9

for some 1/2 < B(0) < 1 and constants Cy, L.

Assumption AS. |y|T is integrable w.r.t. u on R for some 7 > 1/2.
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Assumptions Al-A4 and Theorem 5.1 1) [18] imply that (3.1) has a unique
bounded solution.
Also, we consider (1.2) in the mild form

u(t, x) =/Rp(t,x—y)uo(y)dy+/0 Ap(t—s,x—y)f(s,y,u(s,y)) dy ds

+ /R /0 Pt = 5.3~ )or(5.y) ds du(y). (3.2)

The existence and uniqueness of the bounded solution to (3.2) follows from The-
orem 5.1 1) [17].
This paper aims to prove that

ub(t,x) - u(t,x), L — oo,

for each (z,x) € [0,7T] x R. Mainly, we will consider L = ié for some fixed 6 > 0,
i > 1, and obtain the estimate of |u” (¢, x) — u(¢, x)| for some versions of the solutions.
In the estimates below, we will use that

x-y)2
< G e (3.3)
t—s

ap
6—y(t—s,x—y)

for any A € (0, 1/4) and some constant C,.

4 Auxiliary lemma

In the sequel, we will use the notations Dy = (-L, L], D = R\ (=L, L],Z* = Z\{0}.
Consider the stochastic terms

9 (1,x) = /D L /0 G (1 = 5%, )0 (5, y) ds du(y),

B(1,x) = /R /0 plt = 5. — y)o (s, y) ds du(y).

In the following statement, we fix any ¢ > 0, and consider L =id,i € Z,.

Lemma 3. Let Assumptions A4 and AS hold. Then, for each § > 0 there exist versions
of 90X, 9 such that for all w € Q foreachx € Dy, L =i6,i € Z,, 0 <t < T, for any
0 <A< % holds

_AL-|x)?

|95 (1,x) = 9(t,x)| < Cs(w)Cpe™ " 7 . 4.1

Proof. For x € D, we will estimate
t
ﬁL(l,x)—ﬂ(l,x)=/ / GE(t = s,x,y)o(s,y) ds du(y)
D Jo
t
—/R/O p(t—s,x=y)o(s,y)dsdu(y)
t
=/D /0 (G (t = 5,x,y) = p(t = 5,x = y)) o (s, y) ds du(y)
L

),

t
/ Pt = s.x = V)or(s.y) ds du(y) = Iy - I,
0

c
L
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6
4.2)

First, consider . For x,y € Dy,
GL(t -5,x,y)—-plt—-s,x—y)

= Z p(t—s,x—y+4nL)
- Z p(t—s,x+y+(4n+2)L)—p(t—s,x+y+2L).

nez*
neZ*
For x,y € Dy we have that |x + y + 2L| > L — |x|.
We will take i large enough such that [x — y +4nL|,|x +y+ (4n+2)L| > T >
t—s, n € Z" here. (By Lemma 4.2 [17], ¢ is bounded. By (4.9) of [18], each 90 is
4.3)

bounded. Thus, excluding the finite number of i does not influence (4.1).)

For fixed ¢, x set

t
4@ = [ ple-sx-yr)ds, 2=t yeDr.
0
Our considerations will imply that this function is continuous in y; thus, the conditions

of Lemma 2 hold (for this purpose, we can use estimate (4.6) below).

Consider
0y i) =) = [ p=sx =) (et i) = olsy) ds
+/I(p(t—s,x—y—h) —p(t—s,x—y))O'(s,y+h)ds

= 11] + 112.
We will use the following simple estimate for b /7 > 1.
t 1 _ 0 1 [+
/ Loty VR / —e %z < / e idz=e"", (4.4)
o T b/t % b/t
dv) ds

We get for |[x —y|,|[x—y—h| > kL—-|x|>T,h< L
/" _ Av-yP?
e t—s

X

Ad 4
|I12| < C(T‘/ ’p(t—s,x—h—y)—p(t—s,x—y)|ds
0
ap(t—s,v— (3.3) tfc
p(t—s,v y)dvdSSCo-‘/<—/l
0 r—s
-
_Av-yl dv

/ ov
4.4) x
< C,Cy / e ‘
x—h

x—h

. "1 _awyP
/ dv / Rl
x—h 0

-
AkL—|x])?
t

-h

t
ch/
0

" CoC

—e
r

< Co-C/llh|€7

Also,
t
il s/ Pt = s.x— o (s.y + ) — o (5. )| ds

x—y[2 t L—|x[)2
e_%ds < Chﬁ(a)/ Le_(k“?’*lsg) ds
0 r—s
_ (kL-|x]?
a 4.5)

A4 !
< CLghﬁ(‘T)/
0 t—s
1
ds < ChP(7)e
Vt—s§

_ix])? t
< CHP(0) g~ Eigl /
0
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(The constants C, and C may also depend on o, though this plays no role in our
considerations.) Thus, forany 0 < 1 < i

A(kL-|x))?

la(z.y+h) = q(z,y)| < CahP D e 7. (4.6)
Similarly, consider p(t — s,x+y+ (4n+2)L),n € Z*, p(t — s,x + y + 2L), and for

67(Z,y)=/0l (Z p(t—s,x—y+4nL) - Z p(t—s,x+y+(4n+2)L)

nez* nez*
-pt—s,x+y+ 2L))0'(s, y) ds

we get

(o) —AL=lxD?

|7(z,y+h) = q(z. )| < CC1hP De™ "7, z=(t,x), y, y+heDy. (“&7)
As in (4.5), we obtain

AkL-|x])?

|g(z.y)| < CCae™
Therefore,

- _AL-|x)?
|7(z,y)| < CCre™" 7 —, z=(t,x), yeDy. (4.8)

We take 7 > 1/2 from A5 and some 8 > O such that 8+1-28(0) < 0. From (2.3),
for the version (2.2) of the stochastic integral (taking intervals [j§, (j + 1)§] instead
of [j,j+1] and d,((jn) = (j +k27)5), we get

nl=|[ [ (605500 = pa = sx =)o (s.) ds )

:'/ 7. < Zi(z,y)du(y)‘
Dy jez!/ (G 6, (j+1)slnDy,

@3 L=is Z |4z, jo)u((js. (G + 1)d])|

J:(jé.(j+1)6]cDr

1/2
A2 3 ) -a a1}

n>1 1<k<2n
) 1/2
AN 3 Wl
nx1 1<k<2n

|lu(js. (j + 1)d])]

J:(j6,(j+1)6]cDL

Z on(B+1-26(0)) Z |,U (A](cj))|2}l/2]

j:(ja,<j+1>6]cDL{nzl 1<k<2n

(4.8),(4.7) _aL-|x)?
< Cye 7

+
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< CCpe KZ(MH)” G ena))') (S0 ™)

JEZ JjeZ
RN 12
+<Z(|j|+1)2‘rz2n(,B+1—2,8(0')) Z |#(A](;1))’2) (Z(|j|+1)-2r) ]
JE€Z nx1 I1<k<2n JEZ
4.9

Here, the sums with ¢ have a form };°, (fR fidu)?, where

(), 121} ={(Ij1+ 1) s, a1y 610), J €Z},

{AG). 121} ={(lj1+1)

{fiG), 121} = {(1jl+1)72"BA2BON2Y ,(y), jezZ, n>1,1<k<2"}.
kn

We have 2.7, | fi(y)| < C(|y|+1)7 in both cases. From Lemma 1 it follows that

o 2
Z(/Xﬁd,u) < 400 a.s.
I=1

We take a set Q C Q such that for w € Qy, this series is finite for both sequences { fj }.
Thus P(2;) =1 and
_ AL=x]?
|I1| < Cs(w)Cpe G 4.10)
holds for all L =id,i € Z, and w € Q. The set Q; depends only on y, ¢ and S.
In I; we have |x — y| > L — |x|. Again we consider ¢(z, y) from (4.3), now with
|y| = L. Repeating the consideration from (4.3) to (4.6), we get here

AL-|x])?
t

lg(z.y +h) = q(z.y)| < CahPDe”

A(kL-|x])?

lg(z,y)| < CCre™ ™7, |yl > L.

Similarly to (4.9), we get

t
|| = //0 p(t—s,x—y)o(s,y)dsdu(y)
L
='/ SZ/ \q(z,y)du(y)'
Dy jezl (G 6,(j+1)élnDy
(2.3),L=i8
<

la(z, jo)u((j6. (j + 1)d])]
(6, 81cDs

1/2
A2 3 ) - atedll, )}

n>1 1<k<2n
i 1/2
(X2 3 e
nx1 1<k<2n

(4.8),(4.7),L=io6 _/I(L—|x\)2
< CCpe ‘

(s, (j +1)s])]

|J:(j6,(j+1)6]cDZ
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1/2
: (s 5 b} ]
j:(j6,(j+1)s1cDE “n>1 1<k<2n
_ALolx)? . 27 e 2\ . \'2
< CCre ™ (Z(m“) (u((](s,(]+1)5]))) (Z(lﬂ“) )
JEZ jEZ
2T ()12 172 -27 1/2
+(Z(|f|+1) Zzn(,BH—ZB((f)) Z |,u(AkJn)|) (Z(|j|+1) ) ]
jeZ nx1 1<k<2n jezZ
“4.11)
As in (4.10), we get that
_A-ixp?
|| < Cs(w)Cae™ 7+, (4.12)
(4.10) and (4.12) imply that (4.1) holds. m|

Remark 1. Let SM u be such that u((a, b]) < C(w), a, b € R. Then we can obtain
(4.1) for arbitrary L € Ry, and get

L _ALx)?
|95 (1,x) = (t,x)| < C(w)Cae™ " 7,

where C(w) is independent of L. To prove this, we can fix § = 1, and note that in this
case in (4.9) we get additional summands

|u((Go. LI n Dp)| + | ((—L, —jol)|

F ST )]+ Y2 (L)

n>1 n>1

for some jo, k, that depend on L (and similar summands in (4.11)). If u((a, b]) <
C(w), then these sums are uniformly bounded.
5 Main result

Theorem 1. Let Assumptions AI-A5 hold, ul is the solution to (3.1), u is the solution
to (3.2). Then, for each § > O there exist versions of u™, u such that for all w € Q for
eachxe Dy, L=i6,i€Z,,0<t<T,forany0 < A< % holds

AL-|x))?

|uL(t,x) - u(t,x)| < Cs(w)Che™ 1 . (5.1)

Proof. Consider

W (1,3) - ult,x) = ( /D G (1%, y)uo(y) dy - /R p(t.x = Yo (y) dy)

+ </0 /DL GL(Z—s,x,y)f(s,y’uL(s,y)) dy ds

—/ /p(t—s,x—y)f(s,y,u(s,y)) dde>
0 R
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' </DL /0 Gt = 5.x,)0°(s.y) ds dyu()

- / / p(r—s,x—wa(s,y)dsdu(y))
R JO

=J1+ o+ J3,

by Lemma 3, for some versions of the integrals, holds

_AL-|x)?

/3] < Cs(w)Cae™ 7

For J;, we have
[J1] S/ \GL(t,x,y)—p(t,x—y)||uo(y)|dy+/ p(t,x = y)|uo(y)| dy
Dy, DS

Al

< Cuo(a»/ |GL(r,x,y)—p(r,x—y)!dy+cuo(w)/ pltx - y) dy
Dy DS

=J+J1n.

We recall the Chernoff inequality (see, for instance, Example 2.1 [20]). For random
variable X ~ N(u, %) and r > 0 holds

2
P{X>u+r}< exp{—%}. 5.2)
ag

We have that p(z, y — x), as a function of y, is the density function of the distribution
N(x,2t).
Thus, for x € Dy, we obtain

=y—4
/ p(t,x—y+4nL)dyv - nL/ p(t,x—v)dv
DL (~(4n+1)L,—(4n—1)L]

52) { ((4ln| - 1)L - |x|)2}
exps — .

<
4¢

In a similar way, we consider p(¢t,x + y + (4n+2)L), p(t,x + y + 2L) in (4.2), and
obtain that

12
J11 SC(w)exp{—M}. (5.3)
4
Also, (5.2) implies that
12
Ji2 £2Cy, (w) exp{—%}. 5.4

For J;, we get

|12|S/0 [ I6H sk = pte=six = syt 5.3) dy s
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t
o [ p= s =)l (st 5i) = £ (s vts. ) dy s
L

t
+/ / p(t—s,x —y)|f(s,y,uL(s,y))|dyds
0 JD¢
= J21 + 122 + ]23.
Similarly to (5.3), we obtain

A2 1 L
Jai S/ Cf/ |G (t—s,x,y)—p(t—s,x—y)|dyds

(L= |x])? (L = |x])?
<C(a))/ ex { 20—y }dsSC(w)exp{—T}.

Asin (5.4), we get

A2 t L — 2
J23 S/ Cf/ p(t—s,x—y)dydsSC(w)exp{—%}.
0 L

Also
A3 ! L
Jn < Lf/ / p(t—s,x = )|u"(s,y) —u(s,y)| dy ds.
0 Dy

Gathering together all estimates of Ji, J,, and J3, we obtain that for any 4 < %

iML(t’x) - M(tvx)|1{xEDL}

< Cg(w)Cﬂexp{—M}
+C(a))/O /Rp(t—s,x—y)luL(s,y)—u(s,y)|l{y€DL}dyds.

For |u®(t,x))—u(t,x)|1 |x|<L» we will use the space-time Gronwall-type inequality
(see Lemma C.1.7 (d) [4]), and obtain

W (1,x) — u(t,2)] < €601 (1,3) + C(w) /0 /R K(t = 5% = y)ég.rs (s, y) dy ds
(5.5)

where /C denotes the series with iterated space-time convolutions
sk
K(t.x) =3 p™(1.x)
k=1
(see more details in Section C.1.3 [4]) and

A(L - |x])?
E5.2.0(t,x) = Cs5(w)Cy eXp{—%}l{xem}.
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It is well-known that
/p(n,x =y)p(t2,y)dy = p(t1 + 12, %),
R
therefore,
5 t t
pn = [ [ pumsxmypindvds= [ pands =,
R

and applying induction, we easily obtain that

k-1

(1 x) = (kt mpn = Ko =ep(t).

Further, we get
t
/ / K(t = s.x = Vs (s, y) dy ds

2
—C(w)‘A /’vp(t—sx y)exp{ AL |y|) }l{yeDL}dyds
—_v)2 _ 2
Ity oS B
Vrs Ax—y)*| V2 Ay-L)
sco [/ /m_s e G e
+exp{—(y+L)2}> dyds.

From the properties of the convolution of density functions of normal distributions,

we get
/ V4 exp{—/l(x_y)z}ﬂ exp{——l(y_L)z}dy
R A/7(t—5) t—s \rs s

_ﬂex {_/l(x—L)z}
= \/E P 7; S

/ Vi exp{—/l(x_y)z}ﬂexp{—iﬁ(y-%mz}dy
R A(1—s) t=s Jrs s

ﬂex {_/l(x+L)2}

N p 7

therefore

t _ 2
/ / K(t = s.x = V)Esar(s,y) dyds < Cro(w) exp{—M},
0 R t

and (5.5) implies the result of our Theorem. |
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Remark 2. Let SM u be such that u((a, b]) < C(w), a, b € R. Then we can obtain
(5.1) for arbitrary L € Ry, i.e.

L _ AL=lx]?
|u (t,x) —u(t,x)\ < C(w)Cye T,

where C(w) is independent of L. This follows from Remark 1, because we used form
L =i6 only in Lemma 3.
Remark 3. For the heat equation with a multiplicative noise driven by the Wiener

process, under some assumptions, Theorem 3.1 [2] states that for all (z,x) € [0,7T] X
Dy, p = 1holds

Hul‘(t,x) - ”(t’x)”Lp(Q)

< C(] + su§|uo(x)|) (exp{—%} +exp{—%}),

where C is independent of L, x, t, ug. In our paper, we have a similar convergence rate
for ul — u.
Also, note that Theorem 3.1 [2] includes the cases of the mixed boundary condi-

tions and the Neumann boundary conditions for the equation.
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