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1 Issues

We noted three issues about our article “A new confidence interval based on the
theory of U-statistics for the area under the curve”, Modern Stochastics: Theory and
Applications 13 (2026), 57-82:

1. The proof of Lemma 3 is not correct. We have not thought about the finiteness
of the integral

/ <V’”>/ dO0) -2 (BTW) - (v +w) - (1= 78T (v +w))) dw d
ere|gTv=0y 1Bl Jre

appearing on page 76, line 2. However, if both the positive part and the negative
part of that integral are infinite, the proof of Lemma 3 breaks down. We are
not sure whether Lemma 3 holds under the regularity assumptions made in the
article. Below we present a proof using different regularity assumptions.

'DOI of original article: https://doi.org/10.15559/25-VMSTA285.
*Corresponding author.

© 2026 The Author(s). Published by VTeX. Open access article under the CC BY license.

WWW.vmsta.org VTeX


https://doi.org/10.15559/26-VMSTA315
juergen.kampf@uk-essen.de
lukas.vogel@uk-essen.de
iryna.dykun@uk-essen.de
tienush.rassaf@uk-essen.de
amir-abbas.mahabadi@uk-essen.de
https://doi.org/10.15559/25-VMSTA285
http://creativecommons.org/licenses/by/4.0/
http://www.vmsta.org
https://www.vtex.lt/en/

2 J. Kampf et al.

2. On page 79, line 14/15, the central limit theorem for the maximum likelihood
estimator J of a logistic regression model from [2] is applied. However, in [2]
deterministic design points are considered, while in our article random design
points are considered. So this theorem cannot be applied.

3. It is assumed that the design points are absolutely continuous and a certain
functional of the design points has a bounded density. With some modest
change of the method of the proofs, this assumption can be relaxed to saying
that the probability of the design points lying in a hyperplane is zero for certain
hyperplanes. Notice that this does not mean that the results of the paper are
wrong, but only that they can be improved with little effort.

2 Corrections

The definition of Model 2 has to be modified as follows:

Model 2. Let ?g,i,i =1,...,n, be the fitted values of a logistic regression model (see
Section 2) with true parameter By € RP, applied to i.i.d. data points X» ;,i = 1,...,n,
andlet I;, 1,...,n, be the known true classification. We assume By # 0. We shall
assume that the design points have finite second moment, B | Xp,;||*> < 0, i = 1,...,n,
and that P(X,; € H) = 0 for every affine hyperplane H C RP perpendicular to B
and for every linear hyperplane H C RP (no matter whether it is perpendicular to By
or not). Moreover, the cardinality m of the training set and the cardinality n of the test
set should fulfill

lim inf m > 0, lim sup m < 0. @)
n—e  n noeo N
Lemma 3 and its proof have to be modified as follows:

Lemma 3. Put
1
2(B) =P(B X, <B'X, [y =0, = 1) + EIP’(,BTXl =p'X,, 1, =0,1,=1).

Then, under Model 2, 7 is differentiable in By with
d
ap

Notice, first, that the second summand in the definition of z has to be mentioned
explicitely now, since while P(,Bg X = ﬂg X,,1; = 0,1, = 1) = 0 still holds, it is not
sure that P(B7X; = 87Xy, 1I; = 0,1, = 1) = 0 holds for 8 # 8y any more. Notice,

moreover, that we do not get differentiability (not even continuity) for 8 # Sy any
more.

2(B)1g=p,-

Proof. Observe
1 1
2(B) = 3P(B" X, < f1Xo, = 0, = )+ SP(B' Xy > BT X0, [y = 1,12 = 0),

since (X1, I, X», Ib) = (X3, I, X1, I1) in distribution.
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Let (B,)nen be a sequence inRP \ {Byp} converging to Sy.

Recall 7(t) = 1+exp{t} so that P(I; = 0 | X;) = n(B{ X1). Then

1
2(Bn) = 2(Bo) =E[ SP(Bi X1 < B Xo, [ =0, 1= 1] X1, X2)

1
+§P(ﬁ£X1 >BIX, 11 =1, =0] X1, X»)

1
—EP(ﬁgXl <A X =0, =11 X1, X2)

1
—5P(Bg X1 > fiXo. i = 1,1 =0 | X1, X2)]
1

= /R ) /R Mgpazpton 7B - (1= 7(La2)
Hygraogray - (1= 2(BTx) - 7(BTx2)
L7 <pT ) -m(Bgx1) - (1 - m(Bx2))
gr gty - (1= 7(BLx0) - w(BL) du(x) du(x2).

Obviously, the integrand is zero outside the symmetric difference A, of {8Ix; <
BEx>} and {Bfx1 < Bfx2}. Ttis also zero on the set A- := {B]x| = Bl x,}. On the
whole of R” x R”, the absolute value of the integrand can be bounded from above by

7 (Byx1) - (1 = 7(Byx2)) = 7(Byx2) - (1 = mw(Byx1))
<lm(Byx1) = n(Byx2)| + (1 = w(Bix2)) = (1 = (B x1))]
<2-1/4-|Bjx1 — Bxal,
since 7 is Lipschitz continuous with Lipschitz constant %.
We must have |B](x; —x2)| < |(Bn — Bo)” (x1 — x2)| on A,, since B} (x; —
x2)| > [(Bn — Bo)T (x1 — x2)| implies that B] (x; — x2) and BY(x; — x2) have the

same sign and thus (x1,x2) ¢ A,. Using that the Cauchy-Schwarz inequality gives
|(Bn = Bo) (x1 = x2)| < [1Bn = Boll - lx1 = x2]|, we get

1
12(Bn) = 2(Bo)| < 711Bn = Boll '/RP /RP Li(xx)ennacyllxn = xoll du(xr) du(xz).

Now limy, —se0 1{(x;,x)ea,\a_} = O for any x1, x> € RP implies

i EE 2l L [ [
llm—g 1 x1—x2|| du(xy) du(x
=8 = ol 7 Jim o Jo, HGneana. pllxr —xall dp(x1) du(xz) =

since we are allowed to apply the dominated convergence theorem due to

//1{(x1,xz)eAn\A:}||xl_x2||d,u(x1)d/~‘(x2)

RP JRP

< / ] duaCr) + / sl dpe(xa) < oo
RP RP

This implies that z is differentiable in Sy with derivative 0. O
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Equality (4) on page 79 has now to be derived in a different way. Put
DB)={xesP | pTx<0,Blx >0 u{xesP | gTx>0,8x <0}

and
D_={xesP | plx=0}.
Then the strong consistency of 4 (Corollary 3 of [1]) implies (,;cx U Nen D(BN) C
D a.s. Hence
P(Vr - UL () —E[U1(B) | B] = Ur(Bo) + EU1 (Bo)| > €)
=E[P(Vu - [U1(B) = E[Ui(B) | B = Ui (Bo) + EU1(Bo)| > € | B)]

8 X - X — A oA 8
sE[—- e i B +—}
2 g x PP 1A+
8 X, - X _ 8
sE[—z- 274 D(/S'N)UD:|,B)+—2]
€ X2 = Xill - 5, ne
8 X - X, )
—>E[—-P ek }
a2 P =xg <=9
8
=§~P(/30TX1 =BiX2)

= O,
where the first inequality is derived by arguments of page 78 of the article.

On page 79, line 14/15, the central limit theorem of [2] cannot be used. Instead
one has to use Corollary 3 of [1].
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