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Abstract We establish an exact martingale ®-entropy balance on a Brownian—Poisson prod-
uct filtration with deterministic jump compensator. For terminal variables with positive lower
and finite upper bounds, the balance separates the Gaussian energy from the nonlinear jump
remainder on an explicit representation domain. We formulate the Brownian—Poisson pre-
dictable representation and L2-Clark projection formulas in the form needed for this identity.
Marked predictable projections provide compatible versions of the add-one difference and pre-
serve the positivity required by the entropy remainder; finite-window arguments justify the
passage between integrable and square-integrable representations. This first part supplies the
entropy-balance framework used for the evolution-family formulas and concentration estimates
in Part II.
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1 Introduction

The entropy of a terminal random variable can be expressed through the predictable
integrands of its conditional-expectation martingale. We study this identity on a prod-
uct filtration generated by a Brownian motion and an independent Poisson random
measure with deterministic compensator. The main result is the martingale ®-entropy
balance in Lemma 3.2, with separate Gaussian and jump contributions. Part II [11]
identifies these contributions for terminal additive functionals f(X7) through the
evolution family P, 7, and derives functional inequalities and concentration estimates.

The representation theory builds on the Malliavin—Skorohod calculus of Di Nunno
and Vives [6]. That work treats nonstationary additive processes, gives L? and L'
Clark—Ocone—Haussmann (COH) formulas, and identifies the Poisson derivative with
the raw add-one difference; see Sections 3, 5 and 6 therein. The Brownian—Poisson
representation and derivative formulas used here belong to this established theory. Our
contribution is their formulation as an entropy-balance framework on the completed
product space, with the representation domain and the nonlinear energy terms treated
together. The use of martingale representation to prove entropy inequalities follows the
path-space approach of Capitaine, Hsu and Ledoux [3]; the convexity of the energy
integrands is part of the ®-entropy framework of Chafai [4].

The passage from a linear representation to the entropy balance requires several
compatibility checks. The jump remainder A®(u,v) = ®(u +v) — ®(u) — @' (u)v is
defined for u > 0 and u + v > 0. Thus its predictable arguments must be identified on
the same v ® P-class. Lemmas 2.21-2.24 construct the marked projection and show
that M,_ + P (¥WF),, = P(F o &), ., preserving a positive lower bound. Lemma 2.15
then identifies the integrands of an integrable representation of a bounded martingale
with its L? integrands. This permits the use of the stochastic-integral isometry for
the linear terms, while the nonlinear jump remainder is handled by an L' compensa-
tion argument. These are the entropy-specific steps that connect the additive-process
calculus to the exact identity; the final calculation uses 1t6’s formula.

Section 2 sets out the product realization, derivative domains, representation for-
mulas and predictable projection calculus. Section 3 proves the entropy balance under
the stated positivity and energy assumptions. The concluding remarks describe its use
in Part IIL.

2 Product Brownian-Poisson additive noise spaces

We write R, = [0, o) and Rg =R\ {0}, and fix the R?-valued product noise space
below. The norms || - |lus and || - ||lop are the Hilbert—Schmidt and operator norms.
Background on additive and Lévy processes, Gaussian Malliavin calculus, and Poisson
add-one calculus is taken from [1, 2, 6-9, 12, 13, 15, 17, 18].

Assumption 2.1 (Product Brownian—Poisson realization). Fix a finite horizon [0, T'].
The underlying filtration is the usual augmentation of the product filtration generated
by a k-dimensional Brownian motion B and an independent Poisson random measure
N on [0,T] x Rg with deterministic compensator v(df,dz). The Gaussian covari-
ance of the additive process is absolutely continuous in time and is represented by a
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deterministic measurable field o : [0, 7] — R4*¥ satisfying

t T
C; =/ ooy ds, / llosllfg ds < oo.
0 0

The jump compensator satisfies the finite-horizon Lévy condition
/ (1 A |z]?) v(dt, dz) < oo.
[0,T]xRZ

It is diffuse in time: v({z} X Rg) = 0 for every deterministic ¢ € [0, T']. This temporal

regularity is used in the predictable add-one invariance arguments. We write N =
N — v. All predictable projections, martingale representations, Clark projections, and
stochastic integrals are taken with respect to this product filtration.

The product space is
Q=QpxQy,  Qp=Co([0.TI:RY),

where Qp carries the canonical Brownian path. Put Ey := [0, 7] X Rg and A, =
[0,T] x {n~ " < |z] < n}.Thenv(A,) < coand A,, T E7. We take Q; to be the space
of counting measures 7 on E7 such that 7(A,) < oo for every n, equipped with the
Poisson law of intensity v. We write

F=B(Qp)®J,

where J is generated by n +— n(A) for all A € B(Er), with values in Ny U {0},
where Ny = {0, 1,2,...}. A finite-v window is a Borel set A C E7 with v(A) < oo;
for each such fixed set, n(A) < oo almost surely. The law P is the product of Wiener
measure and this Poisson law. For w = (w®, 1),

B/(w)=w®(1),  No(A)=n(A), AeB(Er),
and the add-one map is
a;z(wB,n) = (wB,n+5(,’Z)), (t,z) € ET.

The add-one map is measurable. We use P also on the completion Fr of F; Borel
representatives refer to F. The filtration (F;) is the usual augmentation in Assump-
tion 2.1. Predictable fields are measurable with respect to its predictable sigma-field,
with marks adjoined. Martingales are taken in their cadlag versions, with My_ = M.
In the case of Remark 2.4, the filtration coincides with the natural path filtration.

Lemma 2.2 (Canonical add-one representatives). Let F, G be Fr-measurable real-
valued functionals. If F = G P-a.s., then

F(ef ,w) =G(gf ,w) forv@P-ae. (1,z,0).

Consequently, after choosing any Borel representatives, ¥; . F := F(&f ,w) — F(w)
is a well-defined L°(v ® P)-class independent of that choice.
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Proof. Choose F-measurable representatives of F,G and put D := {F # G}, so
P(D) = 0. For a finite-v window A, apply Mecke’s identity on the Poisson coordinate
and integrate over the Brownian coordinate to obtain

/ P(s} ,w € D) v(dt,dz) =E / 1p (s} ,w) v(dt,dz) = E[1pN(A¢)] = 0.
Ao Ao

Choose an increasing sequence of finite-v-measure sets A, T E7; applying the pre-
ceding identity to each A, and then passing to the union proves the claim. This is
the canonical add-one convention used for Poisson random measures; compare [6,
Section 5] and [18, Section 4]. |

Remark 2.3 (Choice of Borel representatives). Whenever a positive functional is
specified only up to P-null sets, we choose a Borel representative on a full-measure set
where the required pointwise bounds hold. On the exceptional set we assign a fixed
value in the same positive interval whenever a two-sided bound is assumed, for instance
a value in [, M] when € < F < M; if only strict positivity is needed, we assign the
value 1. With this convention, ¥, . F is a well-defined L°(v ® P)-class independent
of the representative, and Lemma 2.2 transfers the convention to F (&7  w) for v ® P-
a.e. (¢, 7z, w). This convention is used whenever WF and the positivity conditions for
entropy remainders are written pointwise.

The symbol D? denotes the Malliavin derivative with respect to the Brownian

driver. With . .
W, :=/ o dBy, C, ::/ osoy ds,
0 0

we use the shorthand
i, dCyvy) = o v [P dr

for R?-valued vector fields v;. Brownian stochastic integrals are written in driver
form /Ot(es,st), with predictable R*-valued integrand 6. We take deterministic
characteristics (I', C, v) relative to the truncation A(z) = z1yz|<1}-

2.1 Canonical additive processes and evolution families

By an additive process we mean a cadlag process with independent increments,
stochastic continuity, and initial value zero. On [0, T], let X be the R9-valued additive
process with deterministic characteristics (I'y, Cy, v), where I is continuous of finite
variation, C; = /Ot o0y ds, and v satisfies the Lévy condition of Assumption 2.1. We
use the Lévy-Itd decomposition

t
Xt=1—‘t+Wt+J,, Wt=/ O—SdBS’
0

where

Ji =/ zﬁ(ds,dz)+/ ZN(ds, dz).
(0.1x{]z1<1} (0.1 {]z>1}

The compensator is non-atomic at deterministic times, so replacing (0, ¢] by [0, 7] in
predictable representations causes no ambiguity.
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Remark 2.4 (Comparison with the natural filtration). The main results are formulated
on the product Brownian—Poisson filtration. Under the additional nondegeneracy con-
dition d = k, with o invertible for Lebesgue-a.e. t and measurable t — 0'[1 , the usual
augmentation of the natural filtration of X coincides with it: the jumps of X recover
the Poisson coordinate, and the Brownian coordinate is recovered from fOt oy L dw,
after subtracting drift and jumps.

Lemma 2.5 (Add-one identity for the additive path). For each fixed r € [0,T],
X (ef ,w) = Xp(w) + 2y forv @ P-ace. (1,z,w).
Consequently, for every bounded Borel function f and each fixed r € [0,T],
(X (g7 ,w) = f(Xr(w) + 21 <ry) v @P-ace.
Proof. Fix r € [0,T] and set E, := {z € R : n”! < |z| < n}. Let X" be
the truncated Lévy—It6 representative obtained by retaining only jumps with marks

in E, in the jump part. For every n, the set [0,7] X E, has finite v-measure. The
finite-window add-one identity holds for the chosen representatives:

X" (6] ,0) = X" () + 211201, (2) @.1)
for v ® P-a.e. (1, z, w), after intersecting the corresponding countable family of conull
sets. Indeed, on a finite window the identity is pathwise for the Poisson configuration,
and Lemma 2.2 transfers it to the fixed canonical representatives.

The truncated variables converge to the fixed Lévy—Ito representative X, in prob-
ability. The omitted small compensated part has squared L?(P) norm equal to

/ z|?v(ds, dz) — 0,
[0.r1x{|z|<n 1}

and the omitted large-jump part is absent with probability tending to one because

v([0,r] x {|z] > n}) | 0. Choose a subsequence n; such that Xr("f) — X, P-a.s., and
let A be the exceptional set. By Lemma 2.2,

g, w¢A forveP-ae. (1,z,w).
Thus, on a common v ® P-conull set,
X" () - X (), X" (e w) - X (5] ).
Passing to the limit in (2.1) and using 1 En, (z) — 1 for every z # 0 gives
X (& ,w) = Xp(w) +21<,y v @P-ae.
The deterministic drift and Brownian coordinate are unchanged by &7 _, so this is the

add-one identity for the full additive path. The assertion for bounded Borel functions
follows by composition. O



6 Y. Mukai et al.

For0 <s <t < T, we write
P, f(x) =E[f(x+X, - X,)], xeR%

for bounded Borel f : RY — R, and denote by i, ; the law of X; — X, . In the stationary
Lévy case, I'; = ty, C; = tQ and v(dt,dz) = dfvo(dz), with constant y € R? and
symmetric positive semidefinite Q, the evolution family reduces to a one-parameter
convolution semigroup.

2.2 Malliavin operators, entropy functionals, and admissible classes

We next introduce the analytic classes used in the entropy identities. The class C is the
standard Chafai class for conditional Jensen arguments, and the admissible core records
the positivity and integrability hypotheses entering the Itd entropy computation.

The assumptions are expressed in terms of the Brownian-driver derivative D?
and the raw add-one difference defined by the add-one map. In the L? theory
these derivatives are the graph-closure derivatives of Definition 2.7. The L' Clark—
Ocone—Haussmann hypotheses below specify derivative integrability and identifi-
cation of the representation integrands; Part II verifies them for concrete terminal
classes. When a reference uses a mark-normalized jump derivative, the conversion
to the present notation is obtained by multiplying by the mark; see Part II for the
stationary normalization.

For a measurable functional F : Q — R, we define the raw jump difference
operator by

¥, . F(w) := F(g] ,w) - F(w), (t,z) € [0,T] xRE,

where &7 ,w denotes the path obtained by adding a jump of size z at time ¢ on the
jump coordinate. Lemma 2.2 makes WF an intrinsic L°(v ® P)-class. We write DEF
for the Gaussian Malliavin derivative, whenever it exists.

Definition 2.6 (Bounded finite-window product core). Let %}0q be the linear span of
bounded random variables of the form

T T
F=¢(/O <h1(r),d3t>,...,/0 (o (1), dB,),
/ pi(t.2) N(dr,dz2), ..., / pz(t,Z)N(dt,dZ)),
Er Er

where m, £ > 0, h; € L*([0,T];R¥) are deterministic, each pj is a bounded Borel
function supported on a set of finite v-measure, and ¢ € C li (R™*¢). Throughout,
C]L means bounded with bounded first derivative. If vector-valued mark integrals are
used, each component is listed as a separate coordinate, so the dimension of ¢ is the
total number of displayed scalar coordinates. Here X}") denotes the Lévy-It6 variable
obtained by retaining marks n~! < |z| < 7 in both jump integrals and leaving the drift
and Brownian terms unchanged, as in Lemma 2.5. Thus f (X;") ), f € CZL (R?), belongs
to the core by expressing the retained jump part through bounded mark integrals.
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Definition 2.7 (L? Brownian—Poisson graph domain). Let

T
IFIR s = WP e, +E [ IDEFE a

+E [ |¥, . F|?v(dt,dz).
Er

We denote by D}B”ZN the completion, modulo equality in L?(P), of the core ©Gprod from
Definition 2.6 under this graph norm. Thus every element is represented by an L? limit
F, a Brownian derivative DBF € L*([0,T] x Q;R¥,dr ® P), and a jump difference
YF € L*(v ®P) obtained as graph-norm limits of core approximants. The closedness
statement for the raw Poisson add-one operator, recalled in Lemma 2.8, identifies this
limit with F (¢} _w) — F (w) for a Borel representative of F. The pair (DB, %) is jointly
closable on the core: if F,, — 0 in L*(P) and DBF, — U, YF, — V in the two
derivative spaces, then the closability of each component gives U = 0 and V = 0.

Lemma 2.8 (Closedness of the Poisson add-one difference). The operator
¥ Gpoa € L*(P) — L*(v®P), W, .F=F(sf,)-F,

is closable. Its closed domain is understood with the graph norm induced by this
operator. If F,, belongs to this closed domain, F,, — F in L*(P), and YF,, — U in
L*(v ® P), then F belongs to the closed domain and admits a Borel representative,
still denoted by F, such that

Urz(w) = F(ef ,w) = F(w) inL*(v®P).

Consequently the ¥ component of the graph-norm completion in Definition 2.7 is the
raw add-one difference of the chosen representative.

Proof. First consider a core sequence. Let G, € Gproq satisfy G, — G in LZ(P) and
¥G,, — Vin L?(v ® P). Choose a subsequence m such that G,;, — G P-as. and,
after passing to a further subsequence if necessary, ¥G,,; — V v ® P-a.e. Let A be
the exceptional P-null set for the first convergence. By the Mecke null-set transfer in
Lemma 2.2, s;“’zw ¢ A for v ® P-a.e. (t, z, w). Hence, on a common v ® P-conull set,

ij(s;r’za)) - G(gf w), Gm;(w) = G(w).

For core variables, ¥, ;Gm; = G, (&7 ;w) - Gm;(w) pointwise outside the fixed
representative null set. Taking limits along the subsequence gives

Vi,. =Gl ,w) - G(w) v®P-ae.

If G = 0 and G,, — O, this identity gives V = 0, so ¥ is closable. It also identi-
fies the graph limit of every core graph-convergent sequence with the raw add-one
representative.

Now let F,,, be a sequence in the closed domain such that F,, — F in L?(P) and
¥F,, — U in L?>(v ® P). For each m, choose Gm,j € Cproa With G, j — Fp, and
YG,,,j — YF,, in graph norm. Choose j(im) so large that

G, jm) = Funllr2 ) + 1¥Gomjm) = ¥Fmll 2 (vapy < m ™"
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Then the core diagonal sequence G, := Gy, j(m) satisfies G, — F in L*(P) and
¥G,, — U in L*(v ® P). Applying the core case just proved identifies U with the
raw add-one difference of a Borel representative of F', and shows that F belongs to the
closed domain. O

Three domains are used. The graph domain D}B”zN is the L? domain for the
Brownian—Poisson projection formula and for terminal observables. The analytic
entropy core OQ{T“‘:(D combines bounded positivity with the L' jump-difference and
entropy-remainder assumptions needed in derivative inequalities. The COH domain
@]SOH is the representation class on which the L' Clark-Ocone—Haussmann identifi-
cation of predictable integrands is imposed.

For a convex function @ : R, — R of class C! on (0, 00), define

AP, v) = O(u+v) - ®(u) — D (u)v, u>0, u+v>0.
For nonnegative F with F, ®(F) € L' (P), define the ®-entropy by
Ente(F) := E[D(F)] — ®(E[F]).
For ®(u) = ulogu, with 0log 0 := 0, we write
Ent(F) :=E[Flog F] —E[F]logE[F].

The exact identities below use the integrability assumptions in their stated domains.

Definition 2.9 (Chafai class C). Let C denote the class of functions ® : R, — R such
that @ is continuous on R,, convex, of class CZ on (0, ), and either affine or else
@ (u) > 0 for all u > 0 and 1/®” is concave on (0, ).

Remark 2.10 (Non-negativity of ®-entropy). For convex @, Jensen’s inequality gives
Ente (F) > 0 whenever the terms are integrable; if @ is strictly convex on the convex
hull of the essential range of F, equality holds only for a.s. constant F.

Definition 2.11 (Derivative core o7 ;). Fix ® € C and & > 0. We denote by &7,
the class of all Fp-measurable functionals F : Q — (0, co0) such that:

g < F<M* as. forsome M* < oo,

FelLl (Q, Fr,P) and admits a Brownian derivative representative DBF,

WF is the raw add-one difference, with PF € L' (ET XQ,v®P),

T
E U |IDBF? dt] < oo,
0
T
E [/ @ (F)|DBF? dt] < oo,
0
A®(F,WF) e L"(Er xQ,v ®P).
If @ is affine, both the ®” -term and the A®-term vanish. Otherwise, the bound & <

F < M* and the unweighted Gaussian energy condition imply the weighted Gaussian
condition, since ®” (F)|DFF|* dt < sup,,c( .« D" (u)|DFF|* dt as measures. We
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keep the weighted term in the definition because it is the Gaussian contribution
appearing in the derivative inequality.

The class szTf o supports the derivative inequalities. Its assumptions encode the
Gaussian energy, the jump remainder, and the positivity of the arguments of @ and
A®. The main entropy identity is formulated on a representation domain stated directly
in terms of the predictable integrands of the conditional-expectation martingale.

Definition 2.12 (Representation domains under P). Fix ® € C and ¢ > 0.

(i) We denote by Z5. ,(P) the class of all Fr-measurable functionals F' : Q —
(0, 00) such that e < F < M* a.s. for some M* < oo, and the martingale

M, =E[F|F], 0<:t<T,

admits a predictable representation
t
Mo=2F1+ [onase [ 6N
0 [0,7]xRY

for a predictable R*-valued process 6, identified up to d¢ ® P-null sets, and a
predictable real-valued function & on [0, T'] X Rg x Q, identified up to v ® P-null
sets, where the stochastic integrals are integrable martingales on [0,7]. We
require these integrands to satisfy

M +&.,>0 forveP-ae. (t,z,w),

and

T
E[ / " (M,-)|6,* dr] < o,

0

E/ A®(M,_, & ;) v(dr,dz) | < co.
[0.T]xRg

(ii) We denote by %7 »(P) the class of all F € L>(Q, Fr,P) such that
T
FoBlrl= [ @namys [ g Rina
0 [0.T]xRg
for some predictable integrands, with  R¥-valued and ¢ real-valued, satisfying
T
E[/ 16, |? dt] <o,  £eL*([0,T] xRI x Q,v(dr,dz) ® P).
0

Remark 2.13 (Representation-domain convention). Definition 2.12(i) records the posi-
tivity and integrability hypotheses used in the martingale entropy balance. For bounded
functionals the product L? predictable representation property (PRP) gives a square-
integrable representation, and Lemma 2.15 identifies its integrands with those of any
finite-horizon integrable representation. Thus all representation energies depend only
on the corresponding d ®P- and v ® P-classes. The condition M;_+¢; ; > Oisincluded
because A®(u,v) requires u > 0 and u +v > 0. When & = P (PF), Lemma 2.24 gives
M- +& ;=P (F(&f ")), so positivity of the canonical representative of F transfers
to the compensator class.
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The following results give the representation inputs for the entropy balance. The
Brownian projection part is the classical Clark—Ocone mechanism [5, 12, 14], while the
Poisson projection and add-one duality are based on the martingale representation and
Mecke calculus for Poisson random measures [9, 10]. The finite-window localization,
density, and closedness arguments are given in the proofs below.

Proposition 2.14 (Brownian—Poisson L> predictable representation). Let
M = (M;)o<i<T be a square-integrable martingale on the usual augmented
Brownian—Poisson product filtration. Then there exist predictable integrands 6 and &
such that

t
M, = M, +/ (0s,dBy) +/ &2 N(ds,dz),
0 [0,t]xRZ

with
0e L*([0.T] xuR* dr@P), ¢eL*(v®P).

The two stochastic-integral martingales are orthogonal, and the It6 isometry gives

B[(Mr - Mo)?] =E/0T|9t|2 dr+E/

o el V(@40
LT %

0

The Brownian integrand 0 and the jump integrand & are unique in these L* equivalence
classes.

Proof. The Brownian and compensated-Poisson stochastic integrals are continuous
and purely discontinuous martingales, respectively, and hence are orthogonal. Their
isometries show that the map sending a pair of square-integrable predictable integrands
to the sum of its terminal integrals is an isometry. Its range H is therefore a closed
subspace of centered L?(Fr).

Fix a finite-v window A. Let U be a bounded Brownian-coordinate variable and
V a bounded variable measurable with respect to N|4. In their coordinate filtrations,
the classical Brownian and Poisson representation theorems give

t
U, =E[U] +/ (hg,dBy), V: = E[V] +/ ks.z N(ds,dz),
0 AN([0,1]xRg)

where U, and V, are the coordinate conditional-expectation martingales; see [12]
and [10, Theorem 3.1]. Independence of the coordinates and of the Poisson restrictions
to A and A€ gives E[UV | F;] = U,V;. The coordinate martingales retain their
martingale property in the product filtration. Since [U, V] = 0, integration by parts
yields

t
U, - BUIEVI = [ Vi (hoan s [ Us-ky2 N(ds, d2).
0 AN([0,1]xRT)

The integrands are square-integrable because U; and V; are bounded. Thus UV —
E[UV] € H. Finite linear combinations of these products are dense in the finite-
window product L2-space: bounded coordinate indicators generate its sigma-field,
and the monotone-class theorem followed by truncation gives density. Closedness of
‘H therefore gives the representation on each finite window.
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Choose increasing finite-v windows A, T E7, and let G, be the sigma-field
generated by the full Brownian coordinate and N|4,,. For Y € L?(Fr), setY, = E[Y |
Gn]. Then Y, — Y in L?, since \/,, G, generates Fr up to completion. Let (6", &™)
represent ¥, — E[Y], extending £" by zero outside A,,. Orthogonality and the two
isometries give

”0n - 0m”i2(dt®]p) + ”{:n _§m||i2(v®]p) = ”Yn - Ym”iz(P)
The integrands therefore converge in their completed predictable L-spaces, and their
integrals represent Y — E[Y]. Taking ¥ = M7 and conditioning at time ¢ proves the

assertion; Jy is trivial up to null sets. The same isometry gives the stated energy
identity and uniqueness. O

Lemma 2.15 (Uniqueness of finite-horizon representation integrands). Let (6, &) and
(0", &) be predictable integrands such that the stochastic integrals appearing below
are integrable martingales on [0, T]. If

t t
/ <0s’ dB\> +/ ‘fs,z N(ds, dZ) = / <9;s st> +/ f; ZN(dS, dZ)
0 [0,]xRd 0 [0.t1xRrd

0

for every QO <t < T, up to indistinguishability, then
0=0" dreP-ae., &E=¢ ve@Pae

Consequently, if a bounded martingale has a finite-horizon representation in the sense
of Definition 2.12(i), its integrands agree with the integrands of the square-integrable
representation of Proposition 2.14 on the corresponding null-set classes.

Proof. Subtract the two representations and write the difference as Z = Z¢ + Z¢,
where

t
Z¢ = | (05 —0.,dBy), zd = / (&5,2 — &,) N(ds, dz).
0 [0.£]xRY

The local martingale Z€ is continuous and Z< is purely discontinuous. Since Z = 0,
uniqueness of the decomposition of a local martingale into its continuous and purely
discontinuous parts gives Z¢ = 0 and 74 = 0; see, for instance, Jacod—Shiryaev [8,
Theorem 1.4.18]. Localizing the continuous stochastic integral and applying the Brow-

nian isometry yield
TAT,
E/ 165 — 021> ds =0
0

for a reducing sequence (7,), and monotone convergence gives 6 = 6’ dr ® P-a.e.

We first verify that no two Poisson atoms share a time coordinate. On a finite-v
window A with v(A) > 0, conditional on N(A) = m, the points have the law of m
independent samples from v|4/v(A). Its time marginal is atomless by Assumption 2.1,
so any two sampled times agree with probability zero. The assertion is immediate if
v(A) = 0. Applying this argument to increasing finite windows covering E7 gives a
single event of probability one on which every pair of distinct atoms has distinct times.
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For the jump part, Z¢ = 0 implies that every jump is zero. The jump formula
defining compensated random-measure integrals [8, Definition II.1.27], together with
time-diffuseness and the preceding time-simplicity, gives AZ,d =&, — &, ateach
atom (¢, z) of N. With

Hpz = 1A =&

we therefore have /ET H; ; N(dt,dz) = 0 a.s. The compensation formula gives

E/ H, ,v(dt,dz) = E/ H; ,N(dt,dz) =0,
ET ET

and hence ¢ = ¢’ v ® P-a.e. The final assertion follows because a bounded terminal
martingale is square-integrable, so Proposition 2.14 supplies an L? representation and
the preceding uniqueness argument compares it with the given integrable representa-
tion. ]

Lemma 2.16 (Predictable add-one invariance). Let K : [0,T] x Rg X Q — R be
bounded and P ® B (Rg )-measurable, where P is the predictable o -field of the usual
augmented product filtration. Then

K (gf ,w) =K, (w) forv®@P-ae. (t,z,w).

Proof. First work with the unaugmented product filtration, denoted by (.7-“,0). Its
predictable sigma-field is generated by sets of the form (s,u] x A, with A € F?,
together with the time-zero sets. For an elementary field

Kz (w) = 1501 (O 1s(2)14(w), AeF, SeBRY),

the equality is pointwise apart from the harmless endpoint r = 0: if r € (s,u],
then the map &/ , adds a Poisson atom strictly after time s and leaves the Brownian
coordinate unchanged, so it does not change the F0-measurable event A. The time-
zero exceptional set is v-null because the deterministic compensator has no fixed time
atoms under the standing product realization. A monotone-class argument extends the
identity to all bounded unaugmented predictable fields.

For the usual augmentation, the raw-version argument in the proof of Lemma 2.19
gives a bounded unaugmented predictable field K and a P-null set D such that
K .= Kg , forallz > 0,z whenever w ¢ D. Enlarge D to a raw measurable null set.
Lemma 2.2, applied to 1p, gives SZz‘U ¢ D for v ® P-a.e. (¢, z,w). Thus K and KO
agree both before and after insertion, and the raw identity proves the claim. O

Lemma 2.17 (Mecke duality for random predictable tests). Let F be bounded and
Fr-measurable, and let K be bounded predictable with support contained in a deter-
ministic set A C Et satisfying v(A) < co. Then

E[F / K., ﬁ(dt,dz)] =E / ¥, .F K, . v(dr,dz).
Er Er

Proof. All terms are integrable because F and K are bounded and K is supported on
a finite-v set. Mecke’s identity applied to the N-integral gives

E[F/KdN] =E/F(£t+,zw)K,,Z(et+,zw) v(dt,dz).
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By Lemma 2.16, the last factor K; . (&7 ,w) may be replaced by K; .(w). Subtracting
the compensator term

E[F/K dv] :E/ F(w)K; ;(w) v(dt,dz)

gives the displayed identity. O

Lemma 2.18 (Fiberwise Gaussian integration by parts). Let F' € 604, and let H be
a bounded product-filtration predictable simple R*-valued process. Then

E[F/OT(H,,dBt)] :E/OT(DfF,H,) dr.

Proof. Write H, = }; h;1(, 4,,1(¢), with bounded F;,-measurable R*-valued co-
efficients. Denote the coordinate filtrations by F2, FV. Up to completion, F;, is
their product sigma-field. Conditional expectations onto finite product partitions ap-
proximate each h; in L? by finite sums of bounded products a(w?)b (1), with a
]—',? -measurable and b ]—'t]lv -measurable, while preserving its uniform bound. For these
coefficients, fixing 7 gives a bounded Brownian predictable simple process and a C }7
Brownian cylindrical functional F(-,n). Apply Wiener-space integration by parts on
each fiber and integrate over the Poisson law. The Brownian isometry and Cauchy—
Schwarz inequality permit passage to the L? limit. O

Lemma 2.19 (Density of predictable simple tests). Let (F°) denote the unaugmented
product filtration. Bounded unmarked predictable simple processes of the form

H, = Z hil(s;u;(0), hj bounded and ng-measumble,
j=1

are dense in the completed predictable space L*>([0,T] x Q, dt ® P). Bounded marked
predictable simple fields of the form

m

Kt,z :Zle(sj,uj](t)ISj(Z)lAj(a))’ AJ Ef:gf’
=1

wherecj €R, S; € B(Rg), and each S is contained in an annulus {n~ ! <|z| <n},
are dense in the completed predictable space L*(E7 X Q,v ® P).

Proof. For the unaugmented filtration, the predictable sigma-field is generated by
rectangles (s,u] X A, with A € ]—"?, together with the time-zero sets. On a finite
time—mark window, the marked predictable sigma-field is generated by rectangles
(s,u] x A x S. The class of bounded functions that can be approximated in L?> by
the displayed time-simple tests contains these generators and is closed under bounded
pointwise monotone limits by dominated convergence. The functional monotone-
class theorem therefore gives the approximation of bounded unaugmented predictable
processes and fields.

For an augmented predictable rectangle (s,u] X D, with D € F;, choose s; | s
in (s,u) and D, € FY), such that P(DAD;) = 0. Such sets exist by the definition of
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usual augmentation. The raw predictable indicators 1, ,]1p, converge to 1, ,11p
for every time outside one P-null event. Adjoining deterministic mark indicators and
applying the monotone-class theorem yields raw versions for all bounded predictable
fields, simultaneously in # > 0, z outside a P-null event. Time zero is null for both
integrand measures. Value truncation and finite-window exhaustion now give the stated
L? density, componentwise for vector-valued processes. O

Predictable projection notation. Let P be the predictable sigma-field of the product
filtration. On E7 X Q, we regard P ® B(Rg) as a sigma-field after the coordinate
rearrangement (1, w, z) — (t,z, w). For H € L?>(v ® P), write ”H for its orthogonal
projection onto the closed subspace of marked predictable fields. The same notation
denotes the unmarked orthogonal projection in L?(dt ® P), componentwise for vector
fields. The notation E[H,; , | F;-] below abbreviates this projection as a jointly
predictable field in the corresponding measure class. Lemma 2.21 gives the compatible
construction on finite windows in L.

Proposition 2.20 (L? Clark projection formula on the Brownian—Poisson product
space). Let F € D}?’zN, the L* Brownian—Poisson graph domain of Definition 2.7. Let
(0, &) be the predictable integrands in the Brownian—Poisson representation of

M, =E[F | F].

Then
0 ="(DPF), & =P(PF).

The projections are those just defined, and the equalities hold in L*(dt ® P) and
L*(v ® P), respectively.

Proof. For F' € 604, the formula is obtained by testing the martingale representation
against bounded predictable simple Brownian integrals and bounded predictable sim-
ple compensated-Poisson integrals. Lemma 2.18 gives, for every bounded predictable
simple H,

T T
E[F/O (H,,dB,)] =E/0 (DBF,H,)dr,

and Lemma 2.17 gives, for every bounded predictable simple K supported on a
finite-v-measure window,

E[F / K. N(dt, dz)] =E / ¥, .F K, .v(dt,dz).
Er ET

By orthogonality and the two stochastic-integral isometries, the left-hand sides equal
]E/OT(H,,H;) dr and EfET & K; ;v(dt,dz), respectively. The density of these tests

from Lemma 2.19 therefore identifies 8 = (DB F) and & = 7 (¥F) on the core.

We then pass to the graph-norm closure. Let F,, € Gjroq converge to F in ]D)g’ZN, and
let (9", &™) and (8, £) be the L? predictable-representation integrands of E[F,, | F]
and E[F | F;]. By the Brownian—Poisson isometry in Proposition 2.14,

16" = 0172 rgp) + 16" = 1172, p) = |Fu = F = E[Fy = FI]

12(dr®P) L2(veP) 0-

2
@)
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Graph-norm convergence gives D8F,, — DBF and WF,, — WF in their respective
derivative spaces. Predictable projection is an orthogonal projection in each space and
hence a contraction. Therefore

P(DBF,) - P(DBF) inL*(dt®P),

and
P(YF,) — P(PF) inL*(v®P).

Since the projection identities have already been proved on the core, the uniqueness
of limits in the two Hilbert spaces gives the identities for F'. O

Lemma 2.21 (Marked predictable projection). Let P denote the predictable o -field
of the product filtration on [0,T] X Q. In this lemma, P @ B (Rg) is understood on
[0,T] x Q% Rg, after the coordinate rearrangement from (t,w, 7) to (t, z, w). Let

H:ETXQ—>R

be B(ET) ® Fr-measurable and locally integrable in the sense that
E/ |H;,z| v(dt,dz) < oo
A

for every Borel set A C Et with v(A) < co. Then there is a P ® B(Rg)-measumble
field, denoted by P H, unique up to v ® P-null sets on finite windows, such that for
every bounded P ® B(Rg)—measurable K supported on a finite-v window,

E HI,ZKI,Z V(dt, dZ) ZE/ pHI,ZKt,Z V(dt, dZ) (22)
Er Er

The map H — PH is linear and local on finite windows. It is a contraction on L'
and on L? over each finite window. Moreover, if H > a v ® P-a.e. for a constant a,
then PH > a v @ P-a.e. In the applications below, whenever a jointly P ® B (Rg)-
measurable representative of E[H; ; | F;_] is constructed, that representative agrees
with P H in the v ® P-class.

Proof. The construction is local, so fix a finite-v window A. For nonnegative H
supported on A, define a finite measure on [0, 7] X Q X ]R(‘)l by

ug(C) = EAlc(t, w,2)H; ;(w) v(dt,dz), Ce B([0,T])) ® Fr® B(Rg).

Its restriction to P ® B(Rg) is absolutely continuous with respect to the reference
measure

ma(C) :=E/Alc(t, w, z) v(dt,dz).

Let ”H be the Radon-Nikodym derivative dﬂH|p®B(R0d) /dm 4. This gives (2.2) on
A. General integrable H follows by positive and negative parts, and a sigma-finite
exhaustion gives the local version on E7. Uniqueness follows from testing against
bounded predictable indicators on finite windows.
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Linearity and locality follow from uniqueness. Positivity and lower bounds follow
from the same Radon—Nikodym construction applied to H — a. The L' contraction
follows from [P H| < P|H| and the duality with bounded predictable signs. For L?, the
identity (2.2) says that P H is the orthogonal projection of H onto the closed subspace of
PeB (Rod)-measurable fields in L?(AxQ, v®P). Hence it is an L contraction. Finally,
a jointly predictable representative of the conditional expectation, when constructed,
satisfies the same duality first on predictable rectangles and then, by a monotone-class
argument, for all bounded predictable tests. Uniqueness then identifies it with PH. O

Lemma 2.22 (Marked predictable Jensen). Fix a finite-v window A C Et and let
ma(C) := E/ 1c(t, w, z) v(dt,dz)
A

for C € B([0,T]) ® Fr ® B(Rg). On A x Q, the marked predictable projection P
of Lemma 2.21 is the conditional expectation with respect to P ® B (Rg) under m4.
Consequently, if ¢ : R™ — (—c0, 00] is proper, convex and lower semicontinuous, if
H = (H',...,H™) has integrable components on A x Q, and if o(H)~ is integrable,
then

©(PH',...,PH™) < P(@o(H)) ma-a.e.

Here P (¢(H)) denotes the extended conditional expectation and may equal +co. The
unmarked version holds with dt ® P in place of v ® P.

Proof. The first assertion is exactly the duality in Lemma 2.21, restricted to the
finite measure space (A X Q,m4); uniqueness of conditional expectation identifies
PH withE,,,[H | P®B (Rg )]. For Jensen’s inequality, write the proper convex lower
semicontinuous function as the supremum of a countable family of affine minorants,
which is possible because R™ is separable. Conditional expectation preserves affine
functions and order, and taking the countable supremum gives the displayed inequality.
The unmarked statement is identical. |

Lemma 2.23 (Fixed-time predictable projection). Let F be bounded and Fr-
measurable, and let M; = E[F | F;] be its cadlag martingale version. Then, for
every deterministic t € (0,T], AM; = 0 a.s. and M;_ = E[F | F;_] a.s. Moreover,
with My- := My, the marked predictable projection of the field (t,z, w) — F(w) is
the field (t,z, w) — M;_(w).

Proof. By Proposition 2.14, the bounded martingale M has a Brownian—Poisson
representation. The Brownian part is continuous. The jump of the compensated-
Poisson integral at time ¢ is the integral of its integrand over N({t}, dz); this is the
standard jump identity for integrals with respect to integer-valued random measures.
Since the compensator is diffuse in time, N ({¢} X Rg ) = 0 a.s. for every deterministic
t, and hence AM; = 0 a.s. Therefore M, = M, = E[F | F;] a.s. at deterministic 7,
and the tower property gives M,_ = E[F | F;_] a.s.

Let K be a bounded marked predictable test supported on a finite-v window. By
the completion argument in Lemma 2.19, choose a bounded unaugmented predictable
version K with the same support and with K = K® v ® P-a.e. For each deterministic
(t,z) with ¢+ > 0, the section Kﬁ . 18 .F,(),—measurable: this holds for predictable
rectangles and extends by the monotone-class theorem. Apply the fixed-time identity
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to these sections and then use Fubini. Since the time-zero set is v-null, and replacing
KV by K changes neither integral, this gives

E/ FKI,Z V(dt,dz) =E MI—KI,Z V(dt, dZ).
Er Er

The uniqueness part of Lemma 2.21 therefore identifies ” F with M,_ as a marked
field. ]

Lemma 2.24 (Predictable add-one conditional representative). Let F' be bounded and
Fr-measurable, choose a Borel representative of F, and assume that WF € LllOC (veP),
meaning integrability on every finite-v window. Let

M, :=E[F | F:].

Suppose that a predictable field & is the marked predictable projection P (YF). In
particular, this holds for the jump integrand in the L* Clark representation whenever
F e DEZN. Then & has a predictable version such that

M, +& . ="P(F(sf ")) v ® P-a.e.,

where the right-hand side is the marked predictable projection of the field (t, z, w) +—
F(&f ,w). Consequently, if F > & > 0 a.s. and the representative is chosen as in
Remark 2.3, then M;_ + &, ; > € for v ® P-a.e. (1, z, w).

Proof. The identity is local on finite compensator windows. On such a window,
Lemma 2.2 gives

F(ef,w) = F(w) +Y¥  F(w) v®P-ae.
Taking the marked predictable projection and using the linearity in Lemma 2.21 gives
P(F(ef2)) = P(FO) + P (¥F)z.

By Lemma 2.23, the marked predictable projection of (¢,z,w) +— F(w) is M;_,
regarded as a field independent of z. By assumption 7 (WF) = &, and the displayed
identity follows. An increasing finite-window exhaustion gives the statement on Er.
If F > & for the chosen representative, then F (e ,-) > & on a v ® P-conull set. The
lower-bound preservation in Lemma 2.21 gives M;_ +&; ; > €. O

The derivative core dfi o records the positivity and integrability assumptions in
the derivative inequalities. It is paired with the Clark—-Ocone—Haussmann domain
.@]SOH, where predictable integrands are identified with Malliavin derivatives and
jump differences. The next proposition verifies the core conditions under a finite first
truncated-moment assumption.

Proposition 2.25 (Positive cylindrical functionals: analytic integrability verification).
FixO<t;<---<t, <T, and let

F: <P(X117'-~5X1n),
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where ¢ € C})((Rd)") satisfies
O<e<p<M*

for some constants e, M* > 0. Assume in addition that

«/[O,T]XR

Then F € o7, for every ® € C. More precisely,

(LA Tz]) v(dr,dz) < eo. (2.3)

a
0

DBF =¢7 Z Vie(Xeys - - Xo,) 10,01 (), 2.4)
i=1

and
W F =X, + i<y Xop + 2pzny) — 0Ky oo Xa). (2.5)

Moreover, there exist constants Cy,Cp > 0, with C| depending only on ¢ and Cp
depending only on ¢, ®, &, and M*, such that

IDPF| < Cillot]lop, [W:, . F| < C1(1 A lz]), A®(F, ¥, . F) < G (1A z).
2.6)

Proof. Fix the Poisson coordinate. Then each X;, is a deterministic translation of
/Oti o dB; on the Brownian fiber. Applying the finite-dimensional chain rule to the

bounded C! function ¢ gives (2.4). The resulting derivative is jointly measurable, and
the bound below permits integration over the Poisson coordinate. This is the fiberwise
interpretation of the Gaussian derivative in the additive-process calculus [6, Section 6].
Formula (2.5) follows from Lemma 2.5, applied at the finitely many times #;.

Since ¢ € C} ((R?)"), one has

IDPF| < V[Vl 107 llop-

. o T . .
The Brownian energy is finite because /0 lo: ||I2—IS dr < oco. For the jump difference,
the mean value theorem gives

¥ Fl < VnllVellolzl,  lzl <1,
whereas boundedness of ¢ yields
Wi F| < 2@lleo, [z > 1.

Hence
|¥; o F| < Ci(1Az])

for some constant C; > 0. The L'-integrability of WF follows from (2.3).
Finally, because ¢ < F(w) < M* and ¢ < F(&f ,w) = F(w) + ¥ ;F(w) <

M* (both bounds following from the global bounds on ¢), the convex combination
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F+r¥, . Fliesin [e, M*] forevery r € [0, 1]. Taylor’s formula with integral remainder
therefore gives

1
A®(F,¥, .F) = |lP,,ZF|2/ (1-r)®"(F +r¥, .F) dr
0
1 ’7” 2
= sup ®"(u)|¥ . F|

uele,M*]
<G (1A |z,

IA

A

for some constant C, > 0. This is integrable against v(dz,dz), so all terms in the
definition of .77 ; are finite. O

Remark 2.26 (Analytic core for cylindrical functionals). Proposition 2.25 verifies the
analytic positivity and integrability conditions under the finite first truncated-moment
assumption. The COH identification is a separate hypothesis in Definition 2.27; it is
verified for the finite-first-moment terminal class in Part II. The derivative inequalities
are applied on <7 ¢, N 75 M. Infinite-variation small jumps are treated by the terminal
L? theory developed in Part IT; cancellation-based derivative cores are naturally aligned
with the raw-difference normalization of the canonical Lévy-space inequality [16,
Section 3].

The raw difference normalization ¥; . F' = F(&] ,w) — F(w) is used throughout.
In the one-dimensional stationary Lévy reduction, the canonical Lévy notation is
recovered by writing DtJ’ZF =W, F/zforz #0.

2.3 Representation formulas and convexity input

Two ingredients are used below. The first is the predictable representation of the
conditional-expectation martingale, together with the Clark—Ocone—Haussmann iden-
tification of the integrands through Malliavin derivatives and jump differences. The
second is the convexity input for conditional Jensen estimates of the nonlinear entropy
integrands. All predictable projections in this subsection are taken with respect to the
product filtration fixed in Section 2.

Definition 2.27 (Finite-horizon COH hypotheses). Let 25°H be the class of all Fr-
measurable functionals F for which the following four hypotheses hold on the product
filtration of Assumption 2.1.

(COH1) F € LY(Q, Fr,P) and there are raw derivative representatives DBF and
YF, with WF understood through Lemma 2.2, such that

DBF e LY([0,T] xQ,dr ® P), WFe LY (Er xQ,voP).

(COH2) There exist predictable integrands 6 and ¢ such that

T
F—E[F] = /0 (61.dB,) + /E £ N(dr, dz2),

where both stochastic integrals are integrable martingales on [0, T'].
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(COH3) The Brownian and jump integrands are identified by the conditional
derivative projections

0, =E[DBF | F,_] di®@P-ae., &, =E[¥, F|F_] veP-ae.

(COH4) The predictable projections in (COH3) are taken after fixing the canonical
add-one representatives of Lemma 2.2; in particular, identities involv-
ing F(g; ) are understood on finite-v windows and then extended by
exhaustion.

In the standard scalar additive setting, (COH2)—(COH3) follow from the mixed Clark—
Ocone-Haussmann formula of [6, Section 6] under its domain assumptions. In the
present R¢-valued raw-difference notation, the formulas in this definition specify the
normalization used in this paper. Part I gives terminal examples in both finite-first-
moment and infinite-activity regimes.

Remark 2.28 (COH hypotheses and analytic cores). The COH domain contains only
representation and derivative-identification hypotheses. Positivity and integrability
assumptions for entropy, Poincaré, or exponential estimates are stated in the corre-
sponding analytic cores.

Lemma 2.29 (Finite-horizon COH representation under P). Let F € 250, Then the
martingale

M, :=E[F | ], 0<t<T,

admits the predictable representation
t —_—~
M=ElF]+ [OuaB)s [ e R, ex)
0 [0.£]xRY

where the predictable integrands satisfy
0; =E[DJF | Fo-]. &z =B[¥soF | Fi]

up to the corresponding null sets. The stochastic integrals in (2.7) are understood in
the finite-horizon L' representation sense specified by the representation hypotheses.
The stochastic integrals in this representation are integrable martingales on [0,T],
hence their future increments have zero conditional expectation. When an It6 isometry
or square-integrability is used below, it is obtained separately from boundedness
of the martingale or imposed in the relevant representation domain. In that case
the L' Clark-Ocone—Haussmann integrands and the L* martingale-representation
integrands agree on the corresponding null-set classes by Lemma 2.15.

Proof. Assumptions (COH2)-(COH3) give a finite-horizon Clark—Ocone—Hauss-
mann representation on the product filtration, with stochastic integrals that are in-
tegrable martingales on [0, T]. Taking conditional expectations with respect to J;
therefore eliminates the increments over (¢, 7] and yields (2.7). The Gaussian identi-
fication is written with respect to the Brownian driver: 8, = E[DBF | F,_]. O
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Proposition 2.30 (Convexity of the entropy integrands). Let @ € C. For every integer
m > 1 and every symmetric positive semidefinite matrix A € R™ ™ the map

01,4 (u,v) =@ (u)(v, Av), (u,v) € (0,00) X R™,
is convex. Moreover, with
Do :={(u,v) eR®>:u>0, u+v >0},

the map
O (u,v) = A®(u,v)

is convex on D . In particular, taking A to be the identity matrix gives the conditional
Jensen argument for the Brownian Gaussian energy term, and the second assertion
gives the corresponding argument for the jump remainder term.

Proof. If @ is affine, then both integrands vanish, so there is nothing to prove. Assume
that ® is non-affine, and set

By assumption, i is positive and concave on (0, o).
Fix m > 1 and a positive semidefinite matrix A € R”*"™ and write A'/? for its
symmetric square root. For (u;,v;) € (0,00) xR and A € [0, 1], concavity of ¢ gives

(Auy + (1 = Duz) 2 AW (uy) + (1 = D)y (u2).
Hence
®1,A(/lu1 + (l - /l)uz,/lvl + (l — /l)vz)

Ay + (1= DAy
A (ur) + (1 = D)y (u2)

The vector Cauchy—Schwarz inequality in the form

2 2
|Aay + (1 = Dazl* < (Aby + (1= )by) (A";—" +(1 —A)";L') . b1,by>0,
1 2

with a; = AY2v; and b; = ¥ (u;) yields
O a(Aur + (1 = Duz, Avy + (1 = Dva) <4071 o(u1,v1) + (1 = )O1 A(uz,v2).

Thus ©;_4 is convex.
For the jump term, Taylor’s formula with integral remainder gives

1
A®(u,v) = v2/ (1-r)®" (u+rv) dr.
0

This formula is valid because ® € C?((0, ©)) and the segment {u +rv:0 < r < 1}
is contained in (0, c0) whenever # > 0 and u + v > 0. For each fixed r € [0, 1],
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the map (u,v) +— @ (u + rv)v? is the scalar case of the already proved convexity
with A = 1, composed with the linear transformation (u,v) — (u + rv,v). Hence
A? is a nonnegative weighted average of convex functions. This is the same convexity
mechanism used in the ®-entropy framework of [4] and, in the canonical Lévy setting,
in [16]. ]

Corollary 2.31 (Conditional Jensen form). Let® € C andletG C Fr be asub-o-field.
For the Gaussian inequality, let U be positive and let V be R™-valued. Assume that U,
V, and the displayed conditional expectations are integrable, and that E[U | G] > 0
a.s. Then

" (E[U | GDIE[V | GI* < E[®"(U)IVI* | G].

For the jump inequality, let V be real-valued and assume in addition that U +V > 0
and B[U | G] +E[V | G] > 0 a.s.; then

A®(E[U | GL,E[V | G]) < E[A®(U,V) | G].

Both inequalities follow from conditional Jensen applied to the convex maps in Propo-
sition 2.30.

2.4 Role of the representation domains

The terminal L2-Clark argument in Part II uses the product graph domain Dg”zN and
the L? Clark projection formula.

The derivative-form inequalities are formulated on .Q/I‘f’:q) N 9]§OH. In concrete
cylindrical examples, Proposition 2.25 verifies the analytic entropy core under the finite
first truncated-moment condition, while Definition 2.27 supplies the representation
component. This separation distinguishes the terminal L? identity from the derivative-
form inequalities.

3 Martingale entropy balance

The representation results above now give the entropy balance used in Part II.

Lemma 3.1 (Jumps of compensated Poisson integrals). Let & be predictable and
suppose that

J, = / & N(ds,dz), 0<r<T,
[0,1]xRE

is defined as a finite-horizon L' or L* martingale. Under Assumption 2.1, the com-
pensator has no fixed-time atoms, and

AJ, = /d & Ny d2)  forallo<i<T
RO

up to indistinguishability. In particular, since the time projection of N is simple a.s.,
this jump is &z, on the event that N has a jump with mark Z, at time t, and is zero
otherwise.
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Proof. The general jump formula for a compensated random-measure integral gives
its jump as the integral over N ({t}, dz) minus the compensator atom; see [8, Defini-
tion I1.1.27]. The latter vanishes under Assumption 2. 1. For bounded simple integrands
on finite windows this is also immediate from the definition. In the L? case, the ex-
tension follows by the stochastic-integral isometry and Doob’s inequality: choose
approximants with summable squared errors, so that their integrals converge uni-
formly in time almost surely and the integrands converge at the atoms of N by the
compensation formula. The general compensated-integral jump formula applies to the
finite-horizon integrable representations as well. The time-simplicity argument in the
proof of Lemma 2.15 gives the final assertion. O

Lemma 3.2 (Martingale ®-entropy balance on the product representation domain).
Let® € C, lete > 0, and let F € #7 4, (P), with the representation taken with respect
to the product filtration. Write

y &z ﬁ(d& dz).
XRO

M, =E[F | F;] = E[F] +/Ot<9s,st>+/[0 |

Then .
1
Ente(F) = EE[/ @ (M,-)|6,* dt]
0

+E / A®(M,_, & ;) v(dt,dz)| .
[0,T]xRY

Proof. Choose M* < oo such that ¢ < F < M™*. The cadlag version of M, =
E[F | F;] takes values in [&, M*] simultaneously for all ¢, by the conditional bounds
on a countable dense set containing 7 and right-continuity. It is therefore square-
integrable. Proposition 2.14 and Lemma 2.15 identify the given integrands with their
L? representation classes. In particular,

3.1

T
]E/ 16,1 dt < oo, E [ |&..*v(dr,dz) < 0.
0 Er

Since @’ is bounded on [, M*], the Brownian integral with integrand ®’ (M;_)6, and
the compensated-Poisson integral with integrand ®’(M,_)é; , are square-integrable
martingales.

Put D = {(u,v) :u >0, u+v > 0}, and extend A® by zero off D to a nonnegative
Borel function A®. The field

H; = Kq)(Mt—’ é.2)

is predictable and satisfies E fET H dv < oo by Definition 2.12(i). The pair (M,_, &; ;)
lies in D outside a predictable v ® P-null set. By the compensation formula, this
exceptional set also has zero N-measure almost surely. Thus the extension changes
neither the jump sum nor the compensator integral, and E / HdN =E / H dv < .

To justify the L' compensated integral, take finite windows A, T E7 and set
H, = (H An)l,,,. Each H,, is square-integrable. The processes

Z" = / H, dN
[0,7]xRY
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are martingales of mean zero. Define Z;, = /[0 HxRd H dN — f[o xR H dv, whose
’ 0 ’ 0
two terms are finite almost surely. Then

E sup |Z;, -Z'| <2E (H-H,) dv — 0.
0<t<T Er

Consequently Z is an integrable martingale of mean zero, and this construction defines
[ H dN.

Apply Itd’s formula using a C?(R) extension of ® that agrees with it near [&, M*].
Lemma 3.1 identifies the jump correction with the N-integral of H. Hence

T —~
®(My) - D(My) = /0 © (M,_)(6,,dB,) + /E O (M, ), . AN

1 T
w3 [Corotras [ Hav.
2 Jo Er

The jump terms can equivalently be combined using the explicit identity
/ (P(M;- +&1.2) - (M) dN

= / @ (M; )¢ . AN+ | H, . dN.
Er Er

Here the left-hand side is interpreted as the sum on the right: its linear term is an L?
stochastic integral and its remainder is the L' integral just constructed. Values on the
exceptional set are immaterial. Both terms have zero expectation. Taking expectations
in 1t6’s formula, and using My = E[F], My = F and the compensation formula for
H, proves (3.1). |

Remark 3.3 (Automatic domain conditions and the entropy class). Under Assump-
tion 2.1, let F be Fr-measurable with 0 < £ < F < M* < oo a.s., and let (6, &) be
the L? representation integrands of M, = E[F | F;] supplied by Proposition 2.14.
The cadlag version of M takes values in [, M*] simultaneously in time. At ev-
ery atom (f,z) of N, Lemma 3.1 gives M,_ + &, = M,. The predictable field
Kiz = 1(p,_+¢, .¢[e,m*]} therefore satisfies /Er K dN = 0 a.s. Compensation yields

E[/ETK dv] =0, so
M,_ +&.; € [e,M™], &l < M*—e v®P-ae.

For @ € C, put Cop = Sup,¢[o p+) P’ (4) < o0 and H; ; = A®(M;_, ¢, ;). Taylor’s
formula gives

Co 2 2 Cé 2 2
0<H;,< 7|§t,z| , H;, < T(M* = &)1 "
The L? representation thus gives both energy conditions in Definition 2.12(i), so F €
Ri. (P); moreover, H € L*(v®P). These conclusions require no Clark identification;
the derivative hypotheses remain separate.
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The same bounded-range estimates and the proof of Lemma 3.2 show that (3.1)
holds for every convex ® € C?((0, c0)) under the same bounds on F. The additional
Chafai condition on 1/®" is used in Proposition 2.30 and the conditional Jensen
inequalities, not in the balance identity itself.

4 Concluding remarks

The product representation and Clark formulas identify the predictable Brownian and
jump integrands. Marked projections make the associated nonlinear entropy energies
well defined. Part II evaluates these energies for terminal additive observables through
P, T, using the martingale entropy balance proved here.
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