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1 Introduction

Consider the model of linear regression

q
yj=29ixji+6j, j=1N, (H

i=1

where 6 = (61, 62, ..., 6,) is an unknown parameter, €; are independent identically
distributed (i.i.d.) random variables (r.v.-s) with distribution function (d.f.) F(x), and
X = (xj;) is aregression design matrix.

*Corresponding author.

© 2015 The Author(s). Published by VTeX. Open access article under the CC BY license.

www.i-journals.org/vmsta VI=X


http://dx.doi.org/10.15559/15-VMSTA40CNF
mailto:alexntuu@gmail.com
mailto:ivanmatsak@univ.kiev.ua
mailto:sergiy.polotskiy@gmail.com
http://creativecommons.org/licenses/by/4.0/
http://www.i-journals.org/vmsta

298 A. Ivanov et al.

Let 6 = (é} , ...,é;) be the least squares estimator (LSE) of 6. Introduce the
notation

q

5= Oixji. &=y —%. j=LN:
—

Zy = max ¢€;, ZN— max e/,
1<j<N 1<j<N

Zy = max e, Zy* = max I€51.
I<j<N 1<j<N

Asymptotic behavior of the r.v.-s Zy, Z}; is studied in the theory of extreme
values (see classical works by Frechet [10], Fisher and Tippet [3], and Gnedenko [5]
and monographs [4, 8]). In the papers [6, 7], it was shown that under mild assumptions
asymptotic properties of the r.v.-s Zy, Zy, Z% y» and Zy" are similar in the cases of
both finite variance and heavy tails of observation errors €.

In the present paper, we study asymptotic properties of minimax estimator (MME)
of 6 and maximal absolute residual. For MME, we keep the same notation 0.

Definition 1. A random variable 8 = (é} e é;) is called MME for 6 by the obser-
vations (1)

A= A®) = min A7), )

TeRY

where

A(T) = max
I<j<N

q
— E ‘L',‘xj',' .
i=1

Denote Wy = minj<j<ye€; andlet Ry = Zy — Wy and Oy = M be the
range and midrange of the sequence €, j =1, N.

The following statement shows essential difference in the behavior of MME and
LSE.
Statement 1. (i) If the model (1) contains a constant term, namely, xj1 =1, j =
1, N, then almost surely (a.s.)
Ry

A< - 3)

(ii) If the model (1) has the form

yi=0+¢€;, j=1,N, )
then a.s.

~ R —~

A:TN, 0-0=0y.

Remark 1. From the point (ii) of Statement 1 it follows that MME 9 is not consistent
in the model (4) with some €; having all the moments (see Example 2).
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Remark 2. The value A can be represented as a solution of the following linear
programming problem (LPP):

A=minA, 5)
q

Yi— Z TiXji
i=1

q q
={(T, A) e R? XRJr3ZTini+A2yj,—ZTixji+A > —=Yyj, j=1,N}-
i=1 i=1

D:{(‘L’,A) eRY xRy :

§A,j=1,N}

So, the problem (2) of determination of the values A and  is reduced to solving
LPP (5). The LPP can be efficiently solved numerically by the simplex method; see
[2, 12]). Investigation of asymptotic properties of maximal absolute residual A and
MME 9 is quite difficult in the case of general model (1). However, under additional
assumptions on regression experiment design and observation errors €, it is possible
to find the limiting distribution of A, to prove the consistency of MME 6, and even
estimate the rate of convergence 0 — 6, N — oc.

2 The main theorems

First, we recall briefly some results of extreme value theory. Let r.v.-s (€;) have the
d.f. F(x). Assume that for some constants b,, > 0 and a,, asn — o0,

b (Zn — an) —> ¢, ©6)

and ¢ has a nondegenerate d.f. G(x) = P(¢ < x). If assumption (6) holds, then
we say that d.f. F belongs to the domain of maximum attraction of the probability
distribution G and write F' € D(G).

If F € D(G), then G must have just one of the following three types of distribu-
tions [5, 8]:

Type I:
0, x <0,
Dy (x) = —a
exp(—x7%), a>0,x>0;
Type II:
exp(—(—x)¥), a>0, x <0,
By = |0 )
1, x > 0;
Type IlI:
Alx) = exp(—e_x), 00 < X < Q. @)

Necessary and sufficient conditions for convergence to each of d.f.-s @, ¥y, A
are also well known.
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Suppose in the model (1) that:
(A1) (e;) are symmetric 1.v.-s;

(A2) (¢;) satisfy relation (6), that is, F' € D(G) with normalizing constants a, and
b,, where G is one of the d.f.-s. @, ¥,, A defined in (7).

Assume further that regression experiment design is organized as follows:
Xj=(Xj1,...,Xxjq) €{v,v2, ..., v}, v =(v1,...,vy) €RY,
v F v, m#l ®)
that is, x; take some fixed values only. Besides, suppose that
xj=V, forjel, =16k, ©)

card(l)) =n, I, N[} = @, m # I, N = kn is the sample size,

V11 v1i2 ... Ulq

v v R
V= 21 22 2q

Ukl Vk2 ... UVUig

Theorem 1. Under assumptions (A1), (A2), (8), and (9),

Ay =by(A—ay) B Ay, n— oo, (10)
where

Ag = max L} (u),
ueD* 0

Li(u) = Z(ulg + uf{l’), u= (ul, ey Uk U, ...,u}c),

~

k
D* = {u >0: Z(ul —up)vi =0, Z(ul +u))=1,i= 1,61}, an
=1 =1
&, ¢ 1 =1,k areirv.-s having d.f. G(x).
For a number sequence b, — oo and random sequence (§,), we will write
£ 2 0b;) if

supP (b, &, > C) > 0 as C — oo.
n

Assume that k > ¢ and there exists square submatrix V C V of order q

_ vh1 ... Vg
V =
vlql e Uqu

such that

det V # 0. (12)
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Theorem 2. Assume that, under conditions of Theorem 1, k > q, assumption (12)
holds and

b, — 00 asn— oo. (13)

Then MME @ is consistent, and

b—6:Zo@b"), i=Tq.

Example 1. Let in the model of simple linear regression

vi=6+6ix;+¢, j=TN, (14)

xj=v,j=1,N,thatis,k =1andg = 2.

Then such a model can be rewritten in the form (4) with 8 = 6p+6;v. Clearly, the
parameters 6y, 61 cannot be defined unambiguously here. So, it does not make sense
to speak about the consistency of MME 0 when k < q.

Example 2. Consider regression model (4) with errors €; having the Laplace density
fx) = %e"x | For this distribution, the famous von Mises condition is satisfied ([8],

p. 16) for the type III distribution, that is, F € D(A). For symmetric F € D(A), we
have

1
lim P{2b, 0, < x} =

n—o00 1 —l,-e*X'

The limiting distribution is a logistic one (see [9], p. 62). Using further well-known
formulas for the type A ([9], p. 49) a, = F~'(1 — %) and b, = nf(ay,), we find
a, =1In % and b,, = 1. From Statement 1 it follows now that MME 9 is not consistent.
Thus, condition (13) of Theorem 2 cannot be weakened.

The following lemma allows us to check condition (13).
Lemma 1. Let F € D(G). Then we have:

1. If G = &, then

xF:sup{x:F(x)<l}:oo, V;1=F_1<l—l)—>oo,
by = n7]—>0 as n — oo.
Thus, (13) does not hold.
2. If G = Wy, then

xp <00, 1—F(xp—x)=x%L(x),

where L(x) is a slowly varying (s.v.) function at zero, and there exists s.v. at
infinity function L1(x) such that

by = (xF —yn) ' =n%Li(n) » 00 as n — oo.

So (13) is true.
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3. If G = A, then
by =r(yn), where r(x) = R'(x), R(x) = —In(1 — F(x)).
Clearly, (13) holds if

XF = 00, r(x) > oo as x — oQ.

Similar results can be found in [9], Corollary 2.7, pp. 44-45; see also [4, 8].
Set

Zy = maxe;, W, = mine;
JEL JEL
Ly + Wy
RnIZZnI_Wnl’ inz—a l:l,k.

2
It turns out that Theorems 1 and 2 can be significantly simplified in the case
k=gq.

Theorem 3. Let for the model (1) conditions (8) and (9) be satisfied, k = g, and a
matrix V satisfies condition (12). Then we have:

. ~ 1
)] A= — max R,, (15)
2 1<i<q
~ detVQ(,') .
6 — 0 = ————, =1,q, 16
i — 6 otV i q (16)

where the matrix V Q) is obtained from V by replacement of the ith column
by the column (Qp1, ..., an)T.

(i1) If additionally conditions (A1), (Az) are satisfied, then

lim P(2b,(A —a) <x) = (G*G(x))?, (17)

n—0o0
where G x G(x) = ffooo G(x — y)dG(y), and fori = m, asn — 0o,

p detVig

26, (0; — 6;) — v (18)

the matrix V {(;) is obtained from the V by the replacement of the ith column by
the column (§1 — &{, ..., ¢4 — ;;)T, where all the r.v.-s §;, {{ are independent
and have d.f. G.

Remark 3. Suppose that in the model Sl), under assumptions (8), (9), k < ¢, and
there exists a nondegenerate submatrix V C V of order k. Then

Remark 4. For standard LSE,
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therefore, if, under the conditions of Theorems 2 and 3,
n~12p, > 00 asn — oo, (19)

then MME is more efficient than LSE.

In [6] (see also [9]), it is proved that if FF € D(A), then for any § > 0, b, =
O (n®). From this relation and Lemma 1 it follows that (19) is not satisfied for domains
of maximum attraction D(®,) and D(A,). In the case of domain D(¥,), condition
(19) holds for @ € (0, 2). For example, assume that r.v.-s (¢;) are symmetrically
distributed on the interval [—1, 1] and

1—F(—h)=h%L(h) as h |0, « € (0,2),

where L(h) is an s.v. function at zero. Then b, = nt/er, (n), where L1 is an s.v. at
infinity function, and, under the conditions of Theorems 2 and 3, as n — oo,
A P -1 _
16 — 6;1 = O((n"*L1(m)) ") = o(n~"2).
The next example also appears to be interesting.

Example 3. Let (¢;) be uniformly distributed in [—1, 1], that is, F(x) = %, X €

[—1, 1]. It is well known that F € D(¥1), a, = 1, b, = 7. Then, under the condi-
tions of Theorem 3, as n — o0,

P(n(l1 - A) <x) — 1 = [P{c1+ & > x}]T =1 = (1 + x)7 exp(—qux),

where ¢1, ¢ are i.i.d. r.v.-s, and P(§; < x) = 1 —exp(—x), x > 0.
The following corollary is an immediate consequence of the Theorem 3.

Corollary 1. Iffor simple linear regression (14), conditions (8) and (9) are satisfied,

k=g =2 and
_ 1 V1
V - <1 vz) ’ v] ;é U27

then we have:

~ 1
) A= 3 max(R,1, R2),
él —h = On2 — Oni ’ éO — 6 = Oniv2 — QnZUI;
vy — V] vy — V]

(ii) under assumptions (A1) and (Az), relation (17) holds for ¢ = 2, and, as
n— oo,

R ——r 4t
20,6y — ) 2> 2270
vy — V)

an(éo — 6p) i) @ - Cl)vz — (& — §2)UI ’

U2 — V1

where the rv.-s {1, ¢{, {2, §, are independent and have d.f. G.

Remark 5. The conditions of Theorem 3 do not require (13). So it describes the
asymptotic distribution of 6 even for nonconsistent MME.
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3 Proofs of the main results

Let us start with the following elementary lemma, where Z,(¢), W, (¢), R, (¢), and
0, (¢) are determined by a sequence t = {f1, ..., t,} and are respectively the maxi-
mum, minimum, range, and midrange of the sequence 7.

Lemma 2. Letty,...,t, be any real numbers, and
@, = min max |t; — s|. (20)
seER1<j<n
Then o, = Ry,(t)/2; moreover, the minimum in (20) is attained at the point s =
On(2).

Proof. Choose s = Q,(¢). Then

1
max |t; — s| = Z,(t) — Qu(t) = Qu(t) — Wy (1) = =R, (1).

1<i<n 2

Ifs = Q,(t) + &, then, for § > 0,

1
max |t; — 5| = 5 — Wy (t) = = Ry(t) + 6,

1<i<n 2
and, for § < O,
1
max |t; —s| = Z,(t) —s = =R, (t) — 6,
I<i<n 2
that is, s = Q,(t) is the point of minimum. O

Proof of Statement 1. We will use Lemma 2:

A = min max
TeRI1I<j<N

. 1
< < min max |ej — (71 —91)| = —Ry
T11€RII<j<N 2

q
€j — Y (1 —0)x;i
i=1

(we put t; = 0,7 > 2). The point (ii) of Statement 2 follows directly from Lemma 2.
O

Proof of Theorem 1. Using the notation

dz(dla"‘ydq)y dlztl_el’lzlyqa

and taking into account Eq. (1), conditions (8) and (9), we rewrite LPP (5) in the
following form:

A= min A, 1)
AED]

q q
D, ={(d, A)eRY xRy Y dixji+A=ej,— Y dixji+A> —€j, j = 1,N}

i=1 i=1

q q
= {(d, A) eRT xRyt Y divi+A=Zu, =) divii + A= —Wa, | = Lk}.
i=1 i=1
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LPP dual to (21) has the form

max L* ), 22
max Ly, (u) 22)

where L* (1) = Zle (u1Zn1 — u;Wy;), and the domain D* is given by (11).
According to the basic duality theorem ([11], Chap. 4),

A = max L* L ).

ueD*

Hence, we obtain
bu(A — ap) = max bu (L) (u) — ay) = max g,(u),
ueD* ueD*

k

gn(u) = Z[“lbn(znl —an) + u;bn(_wnl - an)]
=1

Denote by I'* the set of vertices of the domain D* and

k

go(u) = Z(Ml(l + ug)).

=1

Since the maximum in LPP (22) is attained at one of the vertices I"*,

= > 1.
max g, (u) = max g, (u), n =
Obviously, card(I"*) < oco. Thus, to prove (10), it suffices to prove that, as n — oo

D
max g, (u) — max go(u)
uel™

or
(gn(u),u € I'*) 2> (go(u), u € I'*). (23)

The Cramer—Wold argument (see, e.g., §7 of the book [1]) reduces (23) to the
following relation: for any t,, € R , as n — oo,

Z gn(u(m))tm £> Z g()(u(m))lm
umerx* umer

The last convergence holds if for any ¢y, c;, asn — 00,

k k
Z[Cl(znl —ay) + C;(_Wnl - an) Z Clé-l + C[é-[ 24)
=1 =1
Under the conditions of Theorem 1,
D
Cnl = bn(znl - an) — &,
D —_—
{,/,1 =b,(—Wy —ay) — ;l’, =1,k 25)

The vectors (Z,;, Wy), | = 1, k, are independent, and, on the other hand, Z,; and
W, are asymptotically independent as n — oo ([8], p. 28). To obtain (24), it remains
to apply once more the Cramer—Wold argument. g
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A

Proof of Theorem 2. Letd = (31, cadg), A A be the solution of LPP 21),and y; =
>°9_, divy;. Then, for any [ = 1, k,

v+ A>Zu,
v+ A= =Wy (26)

Rewrite the asymptotic relation (25) and (10) in the form

/
an:an+@v _Wnl=an+ﬁ, 27
by bn
D r Dy
Ent — 41, gnl - é—l’
and
~ Ay
A=ay,+—, (28)
by

Ay, i) Ag asn — oo.
Combining (26)—(28), we obtain, for [ = 1, k,

Snl — Ay

nzzZn—A=>—"=0(;"),
n
/
. =+ A
Vi< Wa+ A= 7”’; = =0(b,").
n

Choose [y, ..., I, satisfying (12). Then

q
Z =y, =0(b,"), j=14q,

and by Cramer’s rule,

. L detVyg
0 -0 =dy = — 1O
detV

=0(b,"),

where the matrix \7)/(1) is obtained from V by replacement of the ith column by the
column (y;,, ..., qu)T. O

Proof of Theorem 3. (i) We have

A = min max max
TeRT 1<l<q jeI;

= min max max
" deRu I<l<q jeI

€; il 29)

q
Z Ti Vi
q
Z o
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By Lemma 2,

. 1
minmax|e; —s|= =Ry ass=Q0u, l=1,q.
SER jel 2

Therefore, the minimum in d is attained in (29) at the point d being the solution of
the system of linear equations

q
Zdivli:in9 l=1»‘]
i=1

Since the matrix V' is nonsingular, by Cramer’s rule

A o detV Qg
d=0 —0 =
l L detV

, i=1,q.

Obviously, for such a choice of c?, A= % max<j<q Ry, thats is, we have obtained
formulae (15) and (16).

(i1) Using the asymptotic independence of r.v.-s Z, and W,,, we derive the follow-
ing statement.

Lemma 3. Ifrv.-s (¢;) satisfy conditions (A1), (A2), then, as n — oo,

D
bu(Ry — 2ay) — ¢ + glv (30)
D
26y Qn —> ¢ = ¢/, (31
where { and ¢’ are independent r.v.-s and have d.f. G.

In fact, this lemma is contained in Theorem 2.9.2 of the book [4] (see also Theo-
rem 2.10 in [9]).

Equality (17) of Theorem 3 follows immediately from relation (30) of Lemma 3.

Similarly, from the asymptotic relation (31 ) and Eq. (16) we obtain (18) applying
once more the Cramer—Wold argument. O

Remark3 follows dire~ctly from Theorem 3. Indeed, let k < g, and let there exist
a nonsingular submatrix V C V,

- Uli4 e Ul
V =
Uki, ceo Ukig
Choosing in LPP (21) from Theorem 1, d; = O for all i # iy, io,...i (i.e., taking

7; = 6; for such indices i), we pass to the problem (29). It remains to apply Eq. (15)
of Theorem 3.

Remark 6. Using the notation ¢ — ¢’ = (¢1 —¢{, ..., &, — &))", the coordinatewise
relation (18) of Theorem 3 can be rewritten in the equivalent vector form

2,0 —0) 2> V(T =) asn— . (32)

If Var¢ = 0(2; of r.v. ¢ having d.f.G exists, then the covariance matrix of the limiting
distribution in (32) is Cg = 202 (VT V)~
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