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Abstract We find a multiplicative wavelet-based representation for stochastic processes that
can be represented as the exponent of a second-order centered random process. We propose
a wavelet-based model for simulation of such a stochastic process and find its rates of con-
vergence to the process in different functional spaces in terms of approximation with given
accuracy and reliability. This approach allows us to simulate stochastic processes (including
certain classes of processes with heavy tails) with given accuracy and reliability.
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1 Introduction

Simulation of random processes is a wide area nowadays, and there are many sim-
ulation methods (see, e.g., [9, 10]). There is one substantial problem: for most of
traditional simulation methods, it is difficult to measure the quality of approximation
of a process by its model in terms of “distance” between paths of the process and the
corresponding paths of the model. Therefore, models for which such distance can be
estimated are quite interesting.

There is a concept for simulation by such models called simulation with given
accuracy and reliability. Simulation with given accuracy and reliability is considered,
for example, in [7, 4, 6, 11, 12].
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Simulation with given accuracy and reliability can be described in the following
way. Suppose that an approximation X (t) of a random process X (¢) is constructed.
The random process X (t) is called a model of X(¢). A model depends on certain
parameters. The rate of convergence of a model to a process is given by a statement
of the following type: if numbers § (accuracy) and € (1 — ¢ is called reliability) are
given and the parameters of the model satisfy certain restrictions (for instance, they
are not less than certain lower bounds), then

PlIX - X|| > 8} <e. (1)

Many such results have been proved for the cases where the norm in (1) is the L),
norm or the uniform norm. But simulation with given accuracy and reliability has
been developed so far mostly for processes with one-dimensional distributions having
tails not heavier than Gaussian tails (e.g., for sub-Gaussian processes), and such a
simulation for processes with tails heavier than Gaussian tails deserves attention.

We consider a random process Y (t) = exp{X (#)} and an f-wavelet ¢ (x) with the
corresponding m-wavelet ¥ (x), where X (¢) is a centered second-order process such
that its correlation function R(z, s) can be represented as

R(t,s):/u(t,k)u(s,k)dk.
R

We prove that
o
Y (&) = [ [ exp{ocaoc®} [ | [ [exp{njibji®)}.
keZ j=01e7

where &, 17;; are random variables, and a(¢), bj;(¢) are functions that depend on
X (t) and the wavelet.
As a model of Y (), we take the process

No—1 N—-1 -1
Y= ] ewféwan®} [T [] exp{nibi®}.
k=—(No—1) j=0I=—(M;—1)

Let us consider the case where X (¢) is a strictly sub-Gaussian process. Note that
the class of processes Y (r) = exp{X (¢)}, where X (¢) is a strictly sub-Gaussian pro-
cess, is a rich class that includes many processes with one-dimensional distributions
having tails heavier than Gaussian tails; for example, when X (¢) is a Gaussian pro-
cess, one-dimensional distributions of Y () are lognormal.

We describe the rate of convergence of Y (t) to a process Y (¢) in C([0, T]) in
such a way: if ¢ € (0; 1) and § > O are given and the parameters No, N, M; are big
enough, then

P| sup [Y()/P () — 1| > 5} <e. )
t€l0,T]
A similar statement that characterizes the rate of convergence of )A’(t) to Y(¢) in
L, ([0, T]) is also proved for the case where (2) is replaced by the inequality

T ) l/p
P{ </ Y () — Y(t)|pdt> > 5} <e.
0
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If the process X (t) = In Y (¢) is Gaussian, then the model IA’(t) can be used for
computer simulation of Y (¢).

One of the merits of our model is its simplicity. Besides, it can be used for simula-
tion of processes with one-dimensional distributions having tails heavier than Gaus-
sian tails.

2 Auxiliary facts
A random variable £ is called sub-Gaussian if there exists a constant a > 0 such that
Eexp{r&} < exp{k2a2/2}

for all A € R.
The class of all sub-Gaussian random variables on a standard probability space
{§2, B, P} is a Banach space with respect to the norm

(€) =inf{a > 0 : Eexp{A£} < exp{a’a®/2}, 1 € R}.

A centered Gaussian random variable and a random variable uniformly distributed
on [—b, b] are examples of sub-Gaussian random variables.
A sub-Gaussian random variable & is called strictly sub-Gaussian if

1/2
() = (E£?)'""%.
For any sub-Gaussian random variable &,
Eexp{r¢) < exp{3’2%(§)/2}, 1 €eR, 3)

and
p p/2 »
El£]P < 2(;) (r®)", p=>o. (€]

A family A of sub-Gaussian random variables is called strictly sub-Gaussian if
for any finite or countable set / of random variables & € A and for any A; € R,

Tz(Z Ai&') = E(Z li&')z-

iel iel

A stochastic process X = {X(¢),t € T} is called sub-Gaussian if all the random
variables X (¢),t € T, are sub-Gaussian and sup,.p (X (#)) < oo. We call a sub-
Gaussian stochastic process X = {X(t),t € T} strictly sub-Gaussian if the fam-
ily {X(t),t € T} is strictly sub-Gaussian. Any centered Gaussian process X =
{X(),t € T} for which sup,cy E(X(1))? < oo is strictly sub-Gaussian.

Details about sub-Gaussian random variables and sub-Gaussian and strictly sub-
Gaussian random processes can be found in [1] and [3].

We will use wavelets (see [2] for details) for an expansion of a stochastic process.
Namely, we use a father wavelet ¢ (x) and the corresponding mother wavelet ¥ (x)
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(we will use the terms “f-wavelet” and “m-wavelet” instead of the terms “father
wavelet” and “mother wavelet,” respectively). Set

dok(x) =9 (x —k), keZ,
Vi) =22y (2/x 1), jlel
Note that {¢o;, Vjkx,l € Z,k € Z,j = 0,1, ...} is an orthonormal basis in L>(R).

We will further consider only wavelets for which both ¢ (x) and v (x) are real-valued.
We denote by f the Fourier transform of a function f € Lo(R):

Fo) = / e f (n)dx.
R

The following statement is crucial for us.

Theorem 1. ([5]) Let X = {X(¢),t € R} be a centered random process such that
E|X(t)|2 < ooforallt € R. Let R(t,s) = EX(¢t)X (s) and suppose that there exists
a Borel function u(t, 1), t € R, A € R, such that

/ ut, 2)[?dr < 00 forallt € R
R

and

R(t,s):/u(t,k)u(s,k)dk.
R

Let ¢ (x) be an f-wavelet, and ¥ (x) the corresponding m-wavelet. Then the process
X (t) can be presented as the following series, which converges for any t € R in
Lo($2):

X(t) =Y &wao(®)+ Y > njbj(t), (5)
keZ j=01eZ
where
1 = 1 - .
aok (1) = \/T_ﬂ/Ru(t,y)¢0k(y)dy= \/T—n/Ru(t,y)qb(y)e’ykdy, (6)
bi(t) = — )y = — 2712 expli 14 (2 )a
”(t)_ﬁ Ru(t,y)wjz(y) y—ﬁ Ru(t,y) eXpyisy 4 57 )4

7
and &o, 1j1 are centered random variables such that
E&océor = i, Enminal = Smndiis E&ona = 0.

Remark 1. There have been obtained explicit formulae for random variables &g, 1 j;
from an expansion more general than (5) under certain restrictions on the process
X (1) (see [8], Theorem 2.1). It seems that getting explicit formulae for &o; and 7 j; in
the general case is either impossible or quite nontrivial.
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Definition. Condition RC holds for stochastic process X () if it satisfies the con-
ditions of Theorem 1, u(z,-) € Li(R) N Ly(R), and the inverse Fourier transform
iy (t, x) of the function u(¢, x) with respect to x is a real function.

Remark 2. Condition RC guarantees that the coefficients agx (¢), b;;(t) of expansion
(5) are real. Indeed, this follows from the formulae

aopr(t) = m/Rﬁy(t,y)%k(y)dy,
bjn(t) = V21 fR ity (t, V)V (0)dy.

Suppose that X (¢) is a process that satisfies the conditions of Theorem 1. Let us
consider the following approximation (or model) of X (¢):

X(t)=X(No. N. My, ..., My_1,1)

No—1 N-—1 M;—1
= Y Ewan®+ Y, Y. nubu), ®)
k=—(No—1) j=0I=—(M;—1)

where &oi, 11, aok (1), bji (t) are defined in Theorem 1.
Approximation of Gaussian and sub-Gaussian processes by model (8) has been
studied in [5] and [13].

Remark 3. If X (¢) is a Gaussian process, then we can take as &, 7;; in (8) indepen-
dent random variables with distribution N (0; 1).

3 A multiplicative representation

We will obtain a multiplicative representation for a wide class of stochastic processes.

Theorem 2. Suppose that a random process Y (t) can be represented as Y (t) =
exp{X (t)}, where the process X (t) satisfies the conditions of Theorem 1. Then the
equality

Y(t) = Hexp{é()kaOk(l)} HHeXp{ﬂjzbjl(t)} )]
keZ j=01€eZ

holds, where product (9) converges in probability for any fixed t, and &o, nji,
aoi(t), bji(t) are defined in Theorem 1.

The statement of the theorem immediately follows from Theorem 1.

Remark 4. It was shown in [5] that any centered second-order wide-sense stationary
process X (¢) that has the spectral density satisfies the conditions of Theorem 1. The
process Y (t) = exp{X (¢)} can be represented as product (9), and therefore the class
of processes that satisfy the conditions of Theorem 2 is wide enough.

It is natural to approximate a stochastic process Y () = exp{X (¢)} that satisfies
the conditions of Theorem 2 by the model
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Y(t) = Y(No. N, Mo, ..., My_,1)

No—1 N—1 M;—1
= l_[ exp{&)ka()k(t)} 1—[ exp{nﬂbﬂ(t)} = exp{X(t)}.
k=—(No—1) j=0I1=—(M;-1)

(10)

Remark 5. If X(r) = InY(¢) is a Gaussian process, then we can use the model
Y () for computer simulation of Y (¢), taking as &g, n;; in (10) independent random
variables with distribution N (0; 1).

4 Simulation with given relative accuracy and reliability in C ([0, T'])

Let us study the rate of convergence in C ([0, T']) of model (10) to a process Y (t). We
will need several auxiliary facts.

Lemma 1. ([13]) Let X = {X(¢),t € R} be a centered stochastic process that
satisfies the requirements of Theorem I, T > 0, ¢ be an f-wavelet,  be the cor-
responding m-wavelet, the function qg(y) be absolutely continuous on any interval,
the function u(t, y) be absolutely continuous with respect to y for any fixed t, there
exist the derivatives u' (t, 1), &' (), ¥’ (v), the inequalities | (y)| < C, lu(t, )| <
|tlur (L), 5, (2, M| < [t uz(1) hold,

/ ui(y)lyldy < oo, [ ui(y)dy < oo, / ur(|¢' (»)|dy < oo, (11)
R R R

/Rm(y)\ci(y)ldy < o0, /Ruz()’)|,V|dy < o0, Auz(y)ldg()’)’dy < o0,
(12)

lim ut, NP (y/27) =0 Vj=0,1,..., V1 €[0,T],
y|—o00

and

Jim e, V() =0 VieloTl,
y|—o00

1 —~
E = —F d )
1 m/R”l(”"b(”' y
1 ~ —~
Ey = —— ! d d
) m(fRul(y)lcb )| y+/Ru2(y)|¢(y)| y),

C
Fi = — u dy,
] m/R 1(Myldy

C
Fh=— dy.
) m/R(ul(y)Jrlyluz(y)) y

Let the process )A((t) be defined by (8), § > 0. If No, N, M; (j =0,1,...,N—1)
satisfy the inequalities

6
No > EE§T2+ 1,
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T2F;T? 18F2T?
N > maxj1 +log, 55 , 1+ logg 75 ,

12
M;>1+ ?Fzsz,

then

sup E|x() - X0)|* < 6. (13)

t€[0,T]

Lemma 2. ([13]) Let X = {X (¢),t € R} be a centered stochastic process satisfying
the requirements of Theorem I, T > 0, ¢ be an f-wavelet, \ be the corresponding
m-wavelet, S(y) = (), Sp(y) = ¢(»). Suppose that ¢ (), u(t, 1), S(y), Sp(y)
satisfy the following conditions: the function u(t, y) is absolutely continuous with
respect to y, the function ¢(y) is absolutely continuous,

IS’ =M < o0,
lim u(t, y)S(y/2/) =0, j=0,1,...,1t€[0,T],
[y|—o00

lim u(t,y)Sp(y) =0, t€][0,T],
[y|—=o00

there exist functions v(y) and w(y) such that

|y (1, y) — (12, y)| < 12 — 11w (y),
lu(tr, y) —u(r2, )| < |62 — 11 |w(y),

and
f y(dy < oo, / v3)|Ss(Mdy < oo,
R R
/ w(y)[Ss(]dy < o0, f w(y)dy < oo,
R R
/ w(y)yldy < oo, / WS4y < oo;
R R

aok(t) and b (t) are defined by Eqs. (6) and (7),

1
a _— - /
AW = m(/ﬂ{{v(y)lsw)wy+wa(y>|S¢<y>|dy),

BO = M [ iyl
V27 JR '

B = M / (W) + Iy [o(3))dy
V27 Jr ’

N-1

2AM2Z  (BOY2  (B(D)2
No—1 ' 7.8V-1 7" 2N=3

1

Cax = —
ax 2-T(M; — 1)

j=0
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Then, fort;,t € [0, T]and N > 1, No > 1, M; > 1, we have the inequality

Z |aok (1) — 6101<(t2)|2 + Z Z |bji(t) — bjl(f2)’2

Ik|=No j=N IeZ
N—1
+ 0> i) — b))’
J=01l|=M;
< Chx(t— )% (14)

Remark 6. It is easy to see that the functions ao (t) and b;(¢) are continuous under
the conditions of Lemma 2.

Lemma 3. If
8(A(1))2
No>1+ 3 s
€
4(B®)? 4(BM)?
N > max{l + logg = 3 +log, —2 [
B()2
M;>1+ 16( 2)
: £
for some € > 0, then
Cax <e,

where AV, BO BD Cax are defined in Lemma 2.
‘We omit the proof due to its simplicity.

Definition. We say that a model f’(t) approximates a stochastic process Y (¢) with
given relative accuracy § and reliability 1 — ¢ (where ¢ € (0; 1)) in C([0, T]) if

Pl sup [y()/P )~ 1] > 0] <e.
tel0,T]

Now we can state a result on the rate of convergence in C ([0, T]).

Theorem 3. Suppose that a random process Y = {Y(t),t € R} can be repre-
sented as Y (t) = exp{X (¢)}, where a separable strictly sub-Gaussian random pro-
cess X = {X(t),t € R} is mean-square continuous, satisfies the condition RC and
the conditions of Lemmas 1 and 2 together with an f-wavelet ¢ and the corre-
sponding m-wavelet s, the random variables &y, nj; in expansion (5) of the pro-
cess X (t) are independent strictly sub-Gaussian, X (t) is a model of X (t) defined by
(8), )A’(t) is defined by (10), 8 € (0;1),6 > 0, ¢ € (0;1), T > 0, the numbers
AW BO B By Fi Fp are defined in Lemmas I and 2,

& =84/,
A(e):/‘“’ Ju+1
1

Jo) V2

dv,



A multiplicative wavelet-based model for simulation of a random process 317
el?g

T A+ )
1/2

7, = (32In(1 + 2%/60)) '~

3 = /In(1+23/8)/V2,

7, = min{t}, 72, 73},
el280(1 — 0)

71

Q=S maera 83/8)
8(A1)?
Ng =14+ T,
. 4(B™)? 4(BW)?
N™ = max 1+10g8 7,3+10g27 s
B2
M*=1+16( QZ) ,

6
N§* = T—2E§T2 +1,

*

. _ T2F;T? - 18F7T?
= max ) , 0 ,
82\ T2 8\ 702
12
M* =1+ < F3T2.
15
Suppose also that
sup E(X(1) — X(1))” > 0. (15)
t€[0,T]
If
No > max{Ng, N3*}, (16)
N > max{N*, N**}, (17
Mj>max{M*,M**} (j=0,1,...,N—=1), (18)

then the model )A’(t) approximates the process Y (t) with given relative accuracy §
and reliability 1 — ¢ in C([0, T)).

Proof. Denote
AX(1) = X(t) - X(1),
U =Y0)/Y () — 1 =exp{AX (D)} - 1,
lva) - U(s)||L2(Q)’

sup T(AX ().
tel0,7T]

pult,s)

TAX

Let us note that py is a pseudometric. Let N («#) be the metric massiveness of [0, T']
with respect to py, that is, the minimum number of closed balls in the space ([0, T],
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py) with diameters at most 2u needed to cover [0, T],

o= sup pyl(t,s).
1,5€[0,T]
We will denote the norm in L,(§2) by || - ||2.
Since U(t) € L2(£2),t € [0, T], using Theorem 3.3.3 from [1] (see p. 98), we
obtain

t

2
P{ sup |U(1)] > 5] <22 (19)
1€[0,T] 3

where

Oeg
2\1/2 1 1/2
S> = sup (E|U@®) —1-4/ N'/“(u)du.
2= o EVORTH 505 ),

We will prove that S, < §./¢ = &.
First, let us estimate E|U (¢)|*for 7 € [0, T].
Using the inequality

le® — €”| < |a — bl max{e?, e’} < |a — b|(e” + €) (20)

(we set b = 0) and the Cauchy—Schwarz inequality, we obtain

ElU®| = E(exp{ax®)} —1)° < (E|ax®[") " (E(exp{ax )} + 1))/,
It follows from (4) that
32
ElAX()|* < = Thy 1
Let us estimate G = E(exp{AX (¢)} + 1)*. Since
Eexp{kAX (1)} < exp{k2e2(AX(1))/2} = A < A", 1<k <4,
where A = exp{rix/2}, we have
/4
G < A% 41 =154 4 1.
<> <k> + 540 41 (22)
k=1
It follows from Lemma 1 and (16)—(18) that
tax = sup E(|axm[)"? <= (23)
t€[0,T]
Using (21)-(23), we obtain
Elumn)? <é/2. (24)

Let us estimate now

1) = L GSONW( Yd
= 9(1—9)/0 wat
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First, we will find an upper bound for N (u). For this, we will prove that
|U@) —U@)|, < Cult — 1l (25)

where
Cy = (29/4/6‘1/2)CAX exp{ZIix}

with C ox defined in Lemma 2.
Using (20) and the Cauchy—Schwarz inequality, we have:

U@ — U3
= E| exp{AX(ﬁ)} — exp{AX(tz)H2
< E|AX(11) — AX (1) (exp{AX (1)} + exp{AX (12)})

< (E(AX (1) — AX (1)) ") ?(E(explax )} + exp{aX i) }) ).
Applying (4), we obtain
(E(AX (1) — AX(1))Y)"? < (297 /e) Coyltr — 1. (26)

Let us find an upper bound for
H = E(exp{AX ()} + eXp{AX(tz)})4-
Since
Eexp{kAX (1)) +1AX (1)}
< exp{r2(kAX (11) +1AX (12))/2} < exp{(kt(AX (1)) + 1T (AX (12)))7/2)
< exp{87iyx ).

where k + [ = 4, we have

4
4
H < % (k) exp{Sth} = 16exp{8r§X}, (27)

and (25) follows from (26) and (27).
Using inequality (25), simple properties of metric entropy (see [1], Lemma 3.2.1,
p- 88), and the inequality
Ny w) <T/Qu)+1

(where N, is the entropy of [0, T'] with respect to the Euclidean metric), we have
TCy
Nu) < —+1.
2u

Since g9 < Cy T, we obtain

Oeg 1 Oeo 12
/ N'2u)du 5/ (TCy/Qu)+ 1) du
0 0
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_TCy [ NOES

2 Jreyioosy v

dv <TCyA®)/2.  (28)

It is easy to check using Lemma 3 that, under the conditions of the theorem,
Cax < 0. (29)
It follows from (23) and (29) that

26(1—0)
TA®©)

’

U=

and therefore, using (28), we obtain
1(0) <¢g/2. (30)

Now the statement of the theorem follows from (19), (24), and (30). O

Example. Let us consider the function u(t, A) = t/(1 + 2 4+ A5% and an arbitrary
Daubechies wavelet with the corresponding f-wavelet ¢ and m-wavelet . We will
use the notations

1 ~ 1 =
) = = fR e NGOy, ba() = = fR u(t, V)0 () dy

and consider the stochastic process

X(0) =) &oaoc() + Y_ Y njbj(t),

keZ j=0Il€eZ

where &k, nj; (k,] € Z,j = 0,1, ...) are independent uniformly distributed over

[—\/§ , \/5]. It can be checked that the process Y () = exp{X (¢)} and the Daubechies
wavelet satisfy the conditions of Theorem 3.

5 Simulation with given accuracy and reliability in L, ([0, T'])

Now we will consider the rate of convergence in L, ([0, T']) of model (10) to a process
Y(1).

Lemma 4. Suppose that a centered stochastic process X = {X(t),t € R} satisfies
the conditions of Theorem 1, ¢ is an f-wavelet, \ is the corresponding m-wavelet,
q’; and 1/} are the Fourier transforms of ¢ and , respectively, qg(y) is absolutely con-
tinuous, u(t, y) is defined in Theorem I and is absolutely continuous for any fixed t,
there exist the derivatives u/y(t, W, & 3, ' (y) and |9 ()| < C, lu(t, y)| < ui(y),
|u'y (¢, )| < |tlua(y), Egs. (11) and (12) hold,

lim u(t,y)|[¥(y/27)| =0 V¥j=0,1,..., V1 e R,
|y]l—>00

lim u(t,y)|¢()| =0 VteR;
[y]—00
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1 o 1 o
ST = — ! d . SH) = — d )
1 m/ﬂ;m(yncb(yn v S m/ﬂ{uz(yncb(y)! y

C C
= — dy, = — dy.
o JE/RL”(” v, 0 JE/R”Z(”M y

Then the following inequalities hold for the coefficients ap (t), bj; (t) in expansion
(5) of the process X (t):

1 R
laoo(1)] < ﬁ4u1<y>|¢<y)|dy, G1)
C .
Ibjo()] < W/Rm(ywdy, j=01,..., (32)
|a0k<r)|s%, k#0, (33)
+
|bjl(t)|§Q12T%|2|t|, 140, j=0,1,.... (34)

The proof of inequalities (31)—(34) is analogous to the proof of similar inequali-
ties for the coefficients of expansion (5) of a stationary process in [5].

Lemma 5. Suppose that a random process X = {X (t), t € R} satisfies the conditions
of Theorem 1, an f-wavelet ¢ and the corresponding m-wavelet \ together with the
process X (t) satisfy the conditions of Lemma 4, C, Q1, Q2, S1, S2, u1(y) are defined
inLemma4, T >0,p>1,65€(0;1),e >0,

51 = min| —© e p=-< / Mlyld
= , , =—— [ u .
! 277 In2/8) pT?/? V27 Je
If
6 2
No > 8—(51 + 87T)" +1,
1
72(01 + 02T)? 18D?
N>max{1+log2<5—81 , 1+ logg 78, )
12 5 1
Mj>1+—(01+ 01 (1-55 )
81 2
then

sup E|X(1) — X)) <61
te(0,7T]

Proof. We have

N—-1 00
EX) - X0 = Y JaaO+ Y > o)+ XY |buo)).

k:Jk|>No J=0 L= M, j=N IeZ

It remains to apply inequalities (31)—(34). g
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Definition. We say that a model Y () approximates a stochastic process Y (¢) with
given accuracy § and reliability 1 — & (where ¢ € (0; 1)) in L, ([0, T]) if

T R 1/p
P{(/ ’Y(t)—Y(t)|pdt> >3} <e.
0

Theorem 4. Suppose that a random process Y = {Y(t),t € R} can be repre-
sented as Y (t) = exp{X (t)}, where a separable strictly sub-Gaussian random pro-
cess X = {X(t),t € R} is mean-square continuous, satisfies the condition RC and
the conditions of Lemma 5 together with an f-wavelet ¢ and the corresponding m-
wavelet r, the random variables &y, nj; in expansion (5) of the process X (t) are
independent strictly sub-Gaussian, X (t) is a model of X (t) defined by (8), Y (t) is
defined by (10), D, Q1, Q2, S1, S2 are defined in Lemmas 4 and 5, § > 0, ¢ € (0; 1),
p>1,T>0.
Let

&P
" 220 (p /)PP T sup, e, 1y (E expl2pX (O) 72

h(t) = 17 (1 + exp{8p%2})*, 1 >0,
and x,, be the root of the equation
h(x) =m.
If
6 2
No > — (51 + ST)" +1, (35)
xm
72(Q1 + Q2T)? 18D2
N > max{l + logz<T , 1 +logg 72 , (36)

12 1
M,->1+x—2(Q1+Q2T)2(1—2—N> G=01....N=1, @7

m

then the model Y (1) defined by (10) approximates Y (t) with given accuracy § and
reliability 1 — ¢ in L ,([0, T]).

Proof. We will use the following notations:

AX() = X(t) — X(0),

Tx = sup 7(X(),
1€[0,T]

Tax = sup t(AX(D),
1€[0,T]

cp =24p/e)r.

We will denote the norm in L , ([0, T']) by || - [ .
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Let us estimate P{||Y — f/||p > §}. We have

EllY — Y5
oP
E [ lexp{X (1)} — exp{X (1)}|Pdt
bY4 )

P{IY =Y, >} <

Denote .
A(r) = E| exp{X(t)} - exp{X(t)}|p.

An application of the Cauchy—Schwarz inequality yields
A(t) = Eexp{pX(®)}|1 — exp{aX (1)}]”

< (Eexp{2pX ()})'*(E|1 —exp{ax®)}*")"/>.

We will need two auxiliary inequalities. Using the power-mean inequality

a+b a" +b" 1/r
< 9
2 2

where r > 1, and setting a = ¢“ and b = 1, we obtain
(e“+1) <277 e +1).
It follows from (20) that
le® — 1]? < la|?(e” +1)*

forg > 0.

Now let us estimate E|1 — exp{AX(t)}lzP, where t € [0, T], using (41):

E|l —exp{AX(D)}[*” < E[aX(D)[*" (1 + exp{AX (1)})*”
< (E|lax @) (E(1 + exp{ax®)})*)

Applying (40), we obtain:
E(1 + explAX(0))* <27 Efexp[4pAX () + 1).

It follows from (39), (42), and (43) that, for ¢ € [0, T],

A@) <2074 Eexp{2px 0)}) P (Elax @) ) * (1 + Eexp{4pax )})

Since, for ¢t € [0, T],
Elax®)|¥ < ¢, 7

(see (4)) and
Eexp{4pAX (1)} < exp{8p°Thy}

1/2
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(38)

(39)

(40)

(41)

(42)

(43)

1/4
(44)
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(see (3)), we have

Ay <2074/t sup (Eexp{2pX (D)) *h(Tax), 1 €10, TI. (45)
t€l0,T]

It follows from Lemma 5 and inequalities (35)—(37) that

Tax = sup (E(X1) — X(0)))"? < xn.

We obtain using (45) that
A(r) <e8”/T, tel0,T],
and hence ;
Ely —Y|h = / A(r)dr < e8P (46)
0

Now the statement of the theorem follows from (38) and (46). O

Example. Letus consider a centered Gaussian process X () with correlation function

R(t,s) = v/Ru(t, Yu(s, y)dy,
where
t
1 412 +exp{y?}’

and an arbitrary Battle-Lemarié wavelet. It can be checked that the process Y (¢) =
exp{X ()} and the Battle-Lemarié wavelet satisfy the conditions of Theorem 4.

u(t,y) =
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