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Abstract A tempered Hermite process modifies the power law kernel in the time domain
representation of a Hermite process by multiplying an exponential tempering factor A > 0
such that the process is well defined for Hurst parameter H > % A tempered Hermite process

is the weak convergence limit of a certain discrete chaos process.
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1 Introduction

The Hermite processes of order k = 1,2, ... are defined as multiple Wiener—Ito
integrals
/ t k
Zy (1) = /R/ <]‘[(s—y,~>i‘1) ds B(dy) ... Bdy). (1)
0 \:
i=1
where d = % — % € (% - % %) and % < H < 1 (the prime ’ on the integral

sign shows that one does not integrate on the diagonals x; = x;, i # j). They are
self-similar processes with stationary increments (see [8, 26]).

In this paper, we introduce a new class of stochastic processes, which we call tem-
pered Hermite processes. Tempered Hermite processes modify the kernel of Z];{ by
multiplying an exponential tempering factor A > 0 such that they are well defined for
Hurst parameter H > % Tempered Hermite processes are not self-similar processes,
but they have a scaling property, involving both the time scale and the tempering pa-
rameter. The scaling property enable us to show that the tempered Hermite processes
are the weak convergence limits of certain discrete chaos processes.
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The paper is organized as follows. In Section 2, we define tempered Hermite
processes and derive some their basic properties. In Section 3, we present our main
result on the weak convergence to tempered Hermite processes.

2 Tempered Hermite process

Let B = {B(t),t € R} be a real-valued Brownian motion on the real line, a process
with stationary independent increments such that B(¢) has a Gaussian distribution
with mean zero and variance [¢| for all # € R. Then the Wiener—Itd integrals

It (f) = A;k f(x1, ..., xx)B(dx1) ... B(dxy)

are defined for all functions f € L?(R¥). The prime ’ on the integral sign shows
that one does not integrate on the diagonals x; = x j. i # J. See, for example, [12,
Chapter 4].

Definition 1. Let H > % and A > 0. The process

Zp (1) = / / H (s =) 'e P00 ds B(dy)) ... Bldw),  (2)

where (x);+ = xI(x > 0)andd = % — I_T € (% — ﬁ, 00), is called a tempered

Hermite process of order k.
The next lemma shows that Z]I{-I, ,. (1), given by (2), is well defined for any ¢ > 0.

Lemma 1. The function

he(y1, .oy i) = / n(s _ )d le—A(s—yi)Jr ds 3)

is well defined in L*(R¥) for any H > % and A > 0.

Proof. To show that A;(y1, ..., y¢) isin L%(R¥), we write

fhz(y1,..-,yk)2dy1.--dyk
Rk

k

t t

= f [ f / [Jes1 =y e 20105 (s — y)§ !
RELJo Jo iy

e M2+ gy dsz} dyy...dyg

—2/ dslf dSz[/ H(Sl_)’z)d 1e=h 100 (5, — 3,4

e M=y + dyi .. ~dyk:|
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_2/ ds/ du |:/ de Le=Wi (4 u)@=Te= Wit gop, dwki|
0 0

+tl

(s =81, u =18 —S1,W; =51 — Vi)

t t—s k
2/ ds e Mk gy [/ wd N (w + u)d e 2w dwi|

0 0 Ry

_ k

2/-tds t Se_)‘“kukad_l)du |:/ xd_l(x+ 1)d—le—2)»ux dxi|

0 0 Ry

1

t t—s r'd 1 \92 k
2/ ds e Mk kA= gy, a1 MKy, Ou)

0 0 7T\ 2Au 2

I k pt t—s

2[%} / ds/ [w' =2k, _,0m)]" du

NCZOZ8 b ’

At— s)
:2[ I'd) ] /ds/ K] dz, 4)
Jr2d-132d-1 2

where we applied the standard integral formula [13, p. 344]

1

/Ooox“—l(x+ﬁ)“—1e—“x dx = %(g) Vet rw K1 V(’%“) 5)

for |arg 8| < m,Re u > 0,Re v > 0. Here K, (x) is the modified Bessel function of
the second kind (see [1, Chapter 9]). Next, we need to show that

' A(t—s)
/0 ds/o (72K, @] dz

is finite for d > % — ﬁ (equivalently, for H > %). First, suppose % - ﬁ <d < % (or
% < H < 1). Since k,(z) < z7"2"~'I"(v) for z > 0 (Theorem 3.1 in [11]), we have

t A(t—s)
f ds/ (73K, @] dz
0 0
x(z—)
frdoan(a)] [ [ e

_ R AR NCR)) S 6
T kQd—1D)+ DH(kQd—1)12) ’ ©

which is finite, and, consequently, from (4) and (6) we get

I d)r—d)
21 2% ] 2kd—k+2
kQd — 1)+ D)(k@d —1)+2)

/ ht()’h..-,yk)zdyl codyg <
Rk

for % - ﬁ <d < % Next, suppose d > % (equivalently H > 1). In this case,
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0
' At —s) ' A(t—s)
fo dsfo [zd_%K%fd(z)]kdz=/o ds/o (2K, @) dz

t A(t—s) 1\ ¥ A4 M(d — LYk
sf ds/ 2-ir(a-1)] a2 < 2 @=p
o o 2 2

where we applied the fact that K,,(z) = K_,(z) and k,,(2) < 772Vl ) forz > 0.
Hence, from (4) and (7) it follows that

rard-yie. ,
NI ]

ford > % Finally, letd = % (equivalently, H = 1). Consider

At—s) X n x A(t—s) k
/0 (Ko(2)) dz=/0 (Ko(2)) dz+/ (Ko(2))" dz

Ui
=1+ 1. 8)

/ hi(yis .. v dyr ... dy < |:
Rk

Since Ko(z) ~ —log(z) as z — 0 (see [1, Eq. 9.6.8], we have

k
L= / "(KO(Z) log(z)> dz < (1+ o / (- 10g@)" dz
0 IOg(Z) 0

400 +o00
=1+ e)k/ wke™dz < (1+ E)k/ wke ™ dz
—log(n) 0

=(1+rk+1). 9)

K, ()

Now, we find an upper bound for /5. It can be shown that 0

and an arbitrary real number v (see [4]). Therefore,

A(t—s) k At—s) k k
I = f (Ko(2)) dz < f (Ko(me"%)" dz[Ko(me"]" (At — 5) — n).

>e’ Ffor0<x <y

n n
(10)

From (8), (9), and (10) we can see that

A(t—s)
f (Ko@) dz < (1 + )} Tk + 1) + [Kotme"] (At —5) = n)
0
and hence
t At—s) X 2 A2
[Fas [ k)] d < (@ +f e+ D)+ [Kome'] (7 - nt)
0 0

(11)

for € > 0, and this shows that
/ PGPS L7 A B 5
]Rk

rd)
2[\/;)\2‘1_1

ford = % (H = 1), which completes the proof. g

ki k A2
26“7} [((1+e)kF(k+1))t+[Ko(77)e”] (7 —mﬂ
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The next result shows that although a tempered Hermite process is not a self-
similar process, it does have a nice scaling property. Here the symbol £ indicates the
equivalence of finite-dimensional distributions.

Proposition 1. The process Z’;L , 8iven by (2) has stationary increments such that

{leil,k(Ct)}teR { HZk c)n(t)}teR (12)
for any scale factor ¢ > 0.

Proof. Since B(dy) has the control measure m(dy) = o2 dy, the random measure
B(c dy) has the control measure c'/?02 dy. Given ti,j=1

: ., n, by the change of
variables s = ¢s” and y; = cy, fori =1..

., k we have

ctj (& —(A41=H, .
Z@“aﬂ:%?ﬁ (FFS—th f e”“ﬂm>d53umy”3mﬁ)

fok
— [ (T et e Yeas ey .. o)
RYJO

i=1
2ot [ [P =) 4000 s p(ay) . B(a)
= CHZIIC-I,C)»(tf)’

so that (12) holds. Suppose now that s; < ¢; and change the variables x = x’ + s,
yi=sj+y/ (for j=1,...,n)toget

(Z51.5.)) = Ziy 5.(5)))
e -G+ :
= /l‘g ) / (]"[ @ =—y)y T e—“x—yt”)dx B(dyy) ... B(dy)
SjNj=
tj—sj s K 1, 1-H
/R/ (l_[ ¥ sy = yi) 2T e ”*) dx' B(dy) ... B(dyy)

tj—s; k I-H
l_[ (+—) —)»(x—V)+>d B(dy}) ... B(dy,
:Z]Iil,)»(tj )

which shows that a tempered Hermite process of order k has stationary increments

O
As a consequence of Lemma 1 and Proposition 1, we get the following:
Proposition 2. The stochastic process Z 1;{ 5. (t) has a continuous version
Proof. According to the proof of Lemma 1,
cilt —s|2H 1 -H< 1,
E|Z% 1) — 2 o) < 2 13
|71 ® ”“)’—CW—QZ H>1, (13)
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where c¢; and ¢, are some constants. Kolmogorov’s continuity criterion states that a
stochastic process X () has a continuous version if there exist some positive constants
P, B, and ¢ such that

E|X(t) — X()|" < clt —s|'TF. (14)

Apply (14) for tempered Hermite process Z];, ,(t) by taking p = 1, B = min{l,
2H — 1}, and ¢ = min{cy, ¢} to get the desired result. O

We next compute the covariance function of Z’;, , (t). Unlike Hermite processes,
the covariance function of a tempered Hermite process is different for different k > 1.

Proposition 3. The process Z];, ;. 8iven by (2) has the covariance function

')
VT3

for x> 0andd > % - 21_k (equivalently, H > %).

k pt ps
R(t,s):z[ ] / / [|u—v|d*%K%_d(A|u—u|)]"dudu
0 JO

Proof. By applying the Fubini theorem and the isometry of multiple Wiener—It6 in-
tegrals we have

t ps k
R(t.s) =2 — ) — -t
(t, s) /H{{k(/ofoll(u ) w =yt

x e MUY+ =AU gy du) dyy...dyx

t ps k
-9 _ l_d—l _ id—l
/O/O/RDJ(” S CRp O

x e MUY+ o= A=)+ dyi.. .dyki| dvdu

t opsT k
= 2/0 /0 A;{(u — y)i_l(v — y)‘i_lef)‘("fy”e*)‘(“*y>+ dy] dvdu

t psr pmin(u,v) k
= 2/ / / (u — y)d_l(v - y)d_le_)‘(“_y)e_)‘(”_y) dy:| dvdu
0 JO

LJ —0O0

t s p+oo d—1 k
= 2/ / / w! (|u —v|+ w) e MW e Mu—vl+w) dw] dvdu
0 JO 0

t N
— 2/ / e—)»khl—v\ |M _ vlk(Zd—l)
0 Jo
+o00

k
x U O (r 4 1) GHFD e vl dx] dv du
0
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t N
— 2] / e—kklu—v\ |M _ vlk(Zd—l)
0 JO

d-1} k
x [%(ﬁ) M= "‘Kl (A|u—v|)] dvdu

k pt ps
:2[%] / / [|u—u|d*%K%_d()\|u—v|)]kdvdu
T(20)42 0o Jo

for any H > % and A > 0, and hence we get the desired result. O

Let B 1 and Bz be 1ndependent Gaussian random measures with 31 (A) = B 1(—A),
BZ(A) —Bz( A), and E[(B (A)?] = m(A)/2 where m(dx) = 02 dx, and define
the complex-valued Gaussian random measure B = 31 + sz

Proposition4. Let H > % and ). > 0. The process Z’I‘i) ;. given by (2) has the spectral
domain representation

" eit(wl-‘r“'-‘ra)k) -1

Z 1 =C /—
na 0 =Crk | e

k 1 H
< [T tin) T Bdw) ... Bdw), (15)
Jj=1
~ . rag-%
where B(-) is a complex-valued Gaussian random measure, and Cp = (#)

is a constant depending on H and k. The double prime " on the integral indicates that
one does not integrate on the diagonals w; = wj, i # j.

Proof. We first observe that
hi(y1. .oy = / H(s—y,d le M0+ ds (16)

has the Fourier transform

he(o1, ..., o)
1 Sk r ok
= T /kgl Z_/:] wj)’_// H(s_yj)i—le—k(s—yj)Jr dsdy ...dy
(2m)2 JR 0 j=1

/ / o Thor - ”’)1_[(” Ve ds duy . duy
Rk

/ / H‘Zj | 0j l_[(u -1 e~ Hiwju; duy ...duy ds
(27'[)2 Rk

() k it (@1+-+wg)
_[«/_] i) + - +w)]_[(x+m,) -

(271)2
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L 1-Hyqk it(oj+tw) _ 1 K _
_ [r(z x )} ¢ 11_[(“”"“]’)_(%_%)’
NGz i@+ o) ;]

using the well-known formula for the characteristic function of the gamma density.
Then (2), together with Proposition 9.3.1 in [21], implies that

/

Z (1) = /R By, OBy . Bdyo)

é/AE(wl,...,a)k)ﬁ(dwl)...ﬁ(da)k)
-

" pit@itaor) _ K o R
=C o 4t o) Atiw) 27 F 'Bdwr) ... Bldwy),
H'k/Rkl(a)l-k..._ka) ]1:[1( j) (dwy) (dowx)

which is equivalent to (15). O

3 Limit theorem

In this section, we show that the process Z];i, , (1) is the weak convergence limit of
a certain discrete chaos process. Our approach follows the seminal work of Bai and
Taqqu [3]. When £k = 1 and A > 0, the discrete process Y*k(n), (18), is a time se-
ries that is useful to model turbulence [20, 24]. When £k = 1 and A = 0, Davydov
[7] (see also Giraitis et al. [12, p. 276] and Whitt [27, Theorem 4.6.1]) established
the corresponding invariance principle for Y***(n), where the limit involves a frac-
tional Brownian motion. When k > 1 and A = 0, Taqqu [26] showed that the weak
convergence limit of Y*¥(n) is the Hermite process (1).

The following proposition gives a powerful tool for proving the result of this
section.

Proposition 5. Let

’

Ok(en) = D eNGloeees J)E) -8, (17

(s ) EZK
for N =1,2,..., where gn € LQ(Zk)fork > 1, and {e,} is an i.i.d. sequence with
mean zero and variance 1. Assume that, for some f € LZ(RI‘),

fk |§N(u1,...,uk)—f(ul,...,uk)’zdul...duk — 0, asN — oo,
R

where
~ k
gn@ur, ... u) = N2gy(utN)+ci, ... [N+ ), (ct, ..., cx) € ZE.
Then
fd.d.
Ok(gn) — /Rk fi,...,u)B(duy) ... B(duy)
as N — oo.

Proof. See Proposition 4.1 in [3] and also Corollary 4.7.1 in [12]. O
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Define the discrete chaos process

’

YEmy = Y CMrd e i)Eniy By (18)
(i1,02,.ees ix)eZF
where the prime " indicates exclusion of the diagonals i, = iy, p # q, {&,} is as

before, and

k
CHit iz, ik) = 1"[(i,->f‘;1e*”ff>+ (19)

ford e (% 2k’ o00) and A > 0. Now, consider

[N1]
SN =YY" @), 0=<r<l

n=1
Theorem 1. Let Y**(n) be the discrete chaos process given by (18). Then

NHS 1) = Z¥, ), (20)

where = means weak convergence in the Skorokhod space D0, 1] with uniform met-
ric, ZII‘_M(Z) is the tempered Hermite process in (2), and H = 1 + kd — %

Remark 1. The Lamperti’s theorem [15] states that if

[N1]

d(N) ZYk 0

and d(N) — oo as N — oo, where {Y;} is stationary, then {Z(t)};>0 is self-similar
. . . d.d. . . . .
with stationary increments (f—> means the convergence of finite-dimensional dis-
A

tributions). In our case, since the stationary processes {Ykﬁ} depend on N through
the parameter A, the limit process {21;1 5 (H)}>0 need not be a self-similar process.
Therefore, the result of Theorem 1 does not contradict the Lamperti theorem.

Proof of Theorem 1. First, we show that

[Nt]

A
~aSv (O = NH ZY )
[N1]
= Z HZCN (n—ir,....,n— )& ... &,
(i1yeees ir)eZk
fdd.
= Qk(hsN) — Zy @) as N — oo, 201
where
[N1]

Bt in) = g DOV (=1 on = i),

n=1
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and Qg () is defined by (17). In order to show (21), we just need to check that

len sy = e 30 | ey — 0 (22)
as N — oo, where
~ k
RNy = N2 v (INyi]+ 1, ... [Nyl + 1)

k [Nt]

N2
= Na ZC%(n—[Nyl]— L,....n—[Ny]—1),
n=1

and h:(y1, ..., yx) is given by (3). Write
% [Nt]

~ L
hv (o) = NHZCN n—[Nyil=1.....n—[Ny]—1)

[Nt] k

- N1+kd Sz 2 L ”—[Nyz]—l)d L= (n=INyil=D+

n=1i=1
[Nt] k

SREACE
+

n=1i=1

Ns] N -1 [NsI=[Ny;1
:/ <[ s]—1 )’z]> R e N
+

Let d = 1. In this case,

d—1
([Ns] - [Ny]) e—x([NS];,[Ny])+ _ eﬁ(w.ﬂ;wﬂ” < Mo
N -
+

for all N > 1, and hence

NA] N)[

ek 1_[ e MY+

=581(S—y1,.-.,s—yk)-

Next, consider 0 < d < 1. Since [Ns] — [Ny] > Ns — Ny — 1, we get

d—1 d—1
e N e
N N N +

for all N > 1, and hence

‘ﬁ([Ns] - [Nyi])d_le_u[ Nl
i=1 N +

k

<l_[(s_yl _1)d 1 —)\,(b V,—1)+
i=1

=20 = Y1, 8 — Vi)
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Finally, suppose that d > 1. Since [Ns] — [Ny] < Ns — Ny + 1, we get

d—1 d—1
e N e B
N N N +

for all N > 1, and hence

k d—1
1 [Ns] — [Ny;] ELEETS H Ul re 1
i—1< N + T < (=it Dy e e

=: ga(s—yl,..-,s — Yk)-
By the similar argument of Lemma 1, we can verify that

/ 2

t
f (/ gi(s—yl,--.,s—yk)dS) dyy,...,dyr <00
Rk 0
for i = 1,2,3. On the other hand, since C’\(il,...,ik) is continuous a.e.,
C)‘([NS];,[N”], . [Ns]jv[Nyk]) converges a.e. to C*(s — y1,...,5 —yx) as N — oo.

Now apply the dominated convergence theorem to get the desired result (22).
In order to show the tightness, we need to verify that

E|N—H(S§(t) - Sﬁ(s))yzy <C|F) - Fas)[®, 0<s<i<1, (23

where y > 0 and o > % (here {F,},>1 is a sequence of nondecreasing continuous
functions on [0, 1] that are uniformly bounded and satisfy

lim lim sup ws (Fy,) = 0,

=0 n—oo

where ws(F) := sup,_; s |F(t) — F(s)| for § > 0). See Lemma 4.4.1 in [12] for
more details. Observe that

[N1] r N
Sy (t)_ZYNk(n) Z ZCN (n—i1,...,n—ip)ei ... &,
n=1 (i1,.rig)EZ n=1
! [Nt] k

SO 3)  CRTar Ca

(i1,.-ig)eZ n=1 j=1

' [Nf] k
_ Z de—k+1|: ZH(n ’/) e%(n—ij)+j|8il.“8ik

(U ik)eZ n=1 j=1
[Ny +1—i
_ Z wkd— k+l|:/ H( j
(i1, i) €L +

A | .
x ¢~ N (INYIHI=i)s dyi|8il NI
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, k
d— 1 _A .
=N Z [/0 H (INy]+1— i) Z (INyl+1 l/)+dy]8i]~-~8ik-
[yl i=1

Therefore, we get

BN (sY 0 -5y o)

_ N22H
I—s 4 2
y ' [/ 1—[ [Nyl + 1 — i)t e hamo- l,)+dy]8”__.8ik
(i1yeees tk)eZ
s k 2
< kIN>2H Z [ f [Tyl +1 = i) e R@II=ins dy}
(1, iez=’0 =1
KIN2-2H+
! 1—s k 2
X/k|: H([Ny] — [Nx; ])d Lo~ N INYHI=INx; D+ dyj| dxy...dxg.
rLJo S
j=l1

Now, we consider two different cases corresponding with the range of d. First, assume
that % — ﬁ < d < 1 (equivalently, % < H<1+ %): Since [Ny] — [Nx;] +1 >
Ny — Nxj, we can write

A A
E[NT"(Sy () = Sy )|
< k!N2_2H+k

—s k 2
x/ |: 1_[ [Ny]+1—[Nx; ]) o= N AN IHI=INx; D+ dyi| dxy...dxy
RKLJO
t—s 2
< k!N2—2H+2kd—k/ [/ H(y _ xj)i—le—x(y—xjn dy} dxi ...dx
rLJo )
4 t—s k 2
=k! /k [/ H(y — xj)fiflef)‘(y*"-")+ dyi| dxy...dx
R 0 .
j=1

Now, letd > 1. Since Ny — Nx; < [Ny] —[Nx;j]+1 < Ny — Nx; + N, we have

A A
E|N"H (SN @) - SY ()|
< k!N2_2H+k

!

t—s k 2
x/k[/ ]"[ [Ny]+1—[NxJ])d L= % (INYIH1-[Nx; D+ dyi| dxi ...dxx
R 0 _

k 2
< k! | | + D024 gy | dxy ... d
Ak [/ y—x;+ )+ e y X1 Xk
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! 1—s k 2
= k! /k [/ [ —xj+ D4 le 079t 1 dy:| dxi ...dxy
R 0

j=1

! 1—s k 2
e2)»kk! /Rk [/0\ l_[(y _ Zj)d*]e*)\(yfzj)l{y>zj+l} dy] dZ] .. .de
j=1
! 1—s k 2
Pk /Rk UO [T —zpg e dy] dzy...dzy
j=1

Therefore,

E|NH (ST (1) — S5 (5))
1—s k

2
2)»]( d—1 —k() i)+
k! || — +d d .dz
\/l\{kl:/\ (y ZJ) y] o *

for any d > % - ﬁ (equivalently, H > %). According to the proof of Lemma 1,

’

1—s k 2
Pk /k[/ [ —zpi e dy] dzi...dz < Clt —s|*H
R 0

j=l1

for%<H<land

! t—s k 2
ew‘k!fk [/ [Jo—zpi e dy] dzi...dz; < Clt —s|?
R 0

j=1

for H > 1. Now, it remains to apply (23) by selecting y = 1, « = min{H, 1}, and
F, (t) = t to get the desired result. O
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