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Abstract In this paper we define the consistent criteria of hypotheses such as the probability
of any kind of errors is zero for given criteria. We prove necessary and sufficient conditions for
the existence of such criteria.
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1 Basic notions and consistent criterion on hypothesis for countable family of
probability measures

Let (E,S) be a measurable space with a given family of probability measures: {y;,
iell).

Definition 1. The family {y;, i € I} of probability measures is called orthogonal
(singular) if yi; and p; are orthogonal for each i # j.

Definition 2. The family {p;, i € I} of probability measures is called separable
if there exists a family of S-measurable sets {X;, i € I} such that the relations are
fulfilled:
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lifi =,
) VielVYjel pX;) =
(1) Vi J ui(X;) {Oifl.#j.

2) VielVjel card(XimXJ-) < cifi # j, where ¢ denotes a power of continuum.

Definition 3. The family {y;, i € I} of probability measures is called weakly separa-
ble if there exists a family of S-measurable sets {X;, i € I} such that the relations are
fulfilled:

1 ifi=j,

VielViel u;X;)=
/ #ilX;) {0 ifi#j.

Definition 4. The family {y;, i € I} of probability measures is called strongly sep-
arable if there exists a disjoint family of S-measurable sets {X;, i € I} such that the
relations are fulfilled: Vi € I p;(X;) = 1.

Remark 1. A strong separability implies separability, a separability implies a weak
separability, and a weak separability implies orthogonality, but not vice versa.

Example 1. Let £ = [0, 1] x [0, 1], S be a Borel g-algebra of subsets of E. Take
the S-measurable sets X; = {0 < x < 1, y =i, i € [0,1]} and assume that L, are
the linear Lebesgue probability measures on X;. Then the family {L;, i € [0, 1]} is
strongly separable.

Example 2. Let £ = [0, 1] x [0, 1], S be a Borel g-algebra of subsets of E. Take the
S-measurable sets

X, ={(.y)|0<x<1,y=iifiel0,1];x=i-2,0<y<1,ifie[23].

Let L; be the linear Lebesgue probability measures on X;. Then the family {L;, i €
[0,1] U [2,3]} is separable but not strongly separable.

Example 3. Let £ = [0,1] x [0, 1] x [0, 1], S be a Borel o-algebra of subsets of E.
Take the S-measurable sets:

X, ={(xy,210<sx<1,0<y<1,z=14 ifi €[0,1];
x=i-2,0<y<1,0<z<1,ifie[2,3];
O<x<l,y=i-4,0<z<1,ifie[45])

Let L; be the planar Lebesgue probability measures on X;. Then the family {L;, i €
[0,1] U [2,3] U [4,5]} is weakly separable but not separable.

Example 4. Let E = [0,1] x [0, 1], S be a Borel g-algebra of subsets of E. Take the
S-measurable sets

X, ={,y10<x<1,y=1i, i€ (0,1]}.

Let L, be the linear Lebesgue probability measures on X; and L be the planar Lebesgue
probability measure on E = [0, 1] x [0, 1]. Then the family {L;, i € [0, 1]} is orthog-
onal, but not weakly separable.
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Definition 5. We consider the notion of Hypothesis as any assumption that defines
the form of the distribution selection.

Let H be set of hypotheses and B(H) be o-algebra of subsets of H which contains
all finite subsets of H.

Definition 6. The family of probability measures { g, H € H} is said to admit a con-
sistent criteria of a hypothesis if there exists at least one measurable map é : (E,S) —
(H,B(H)), such that p;({x | §(x) = H}) = 1,forall H € H.

Definition 7. The following probability:
ap(8) = py({x|8(x) # H})
is called the probability of error of the H-th kind for a given criterion §.

Definition 8. The family of probability measures {yy;, H € Hj} is said to admit
a consistent criterion of any parametric function if for any real bounded measurable
function g : (H,B(H)) — R there exists at least one measurable functionf : (E,S) —
R such that ug({x | f(x) = g(H)}) =1, forall H € H.

Definition 9. The family of probability measures {uy, H € H}is said to admit an
unbiased criterion of any parametric function if for any real bounded measurable func-
tion g : (H,B(H)) —» R there exists at least one measurable function 8 : (E,S) - R,
such that [, B(x) puz;(dx) = g(H) forall H € H.

Remark 2. If M is a family of probability measures admitting a consistent criterion
for a hypothesis, then it is clear that M is a family of probability measures which
admits a consistent criterion for any parametric function and a family of probability
measures which admits an unbiased criterion of any parametric function.

Theorem 1. The family of probability measures {uy, H € H} admits a consistent
criterion § of a hypothesis if and only if the probability of error of all kinds is equal
to zero for the criterion §.

Proof. Necessity. As the family of probability measures {uy, H € H} admits a
consistent criterion of a hypothesis, so there exists such ameasurable map § : (E,S) —
(H,B(H)) that ugy({x | 8(x) = H}) = 1forall H € H. It follows ay(8) = pgy({x |
Sx)+#H}y=0.

Sufficiency. As the probability of error of all kinds is equal to zero, so ay(8) =
ny(x|8(x) #H}y =0forall H € H, we have

x|16x)=H)n{x|8x)=H}=0

forany H # H'.

On the other hand {x | §(x) = H} u{x | §(x) # H} = Eand ug({x | 8(x) =
H}) =1, forall H € H.

Therefore & is a consistent criterion of a hypothesis. The Theorem 1 is proved. [
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Theorem 2. LetH = {H|,H,, ..., H,, ...} be the set of hypotheses. The family of prob-
ability measures {”1‘1;’ i e N}, N ={1,2,...,n,...} admits the consistent criterion of
hypotheses if and only if the family of probability measures { iy , i € N} is strongly
separable. l

Proof. Necessity. Since the family {uy , i € N} admits a consistent criterion of
hypotheses, then there exists a measurable map S of the space (E,S) to (H,B(H))
such that ugy (x | §(x) = H;) =1, i € N.LetX; = (x : 8§(x) = H;), then it is
obvious, that lX,-nXi # @ foralli # j and tg, (X)) =1, Vi€ N. Therefore, the family
of probability measures {ug , i € N} is strongly separable.

Sufficiency. As the famiiy of probability measures {p1y;, i € N} is strongly
separable, then there exist such pairwise disjoint S-measurable sets X;, i € N that
ny (X;) =1, ¥Yie N.

Let’s define & as such a mapping (E,S) - (H,B(H)) that 6(X;) = H;, i € N.
We have {x : §(x) = H;} = X; and pugy {x : §(x) = H;} = 1, Vi € N. Therefore § is
a consistent criterion of hypotheses. The Theorem 2 is proved. U

Theorem 3. Let H = {H|,H,,....H,, ...} and the family of probability measures
{tp, i€ N} be separable or weakly separable. Then the family of probability mea-
sures {pp . i € N} admits a consistent criterion of hypotheses.

Proof. Since the family of probability measures {1, i € N} is separable or weakly
separable, then there exists a family X, X5, ..., X,,, ... of S-measures sets such that

w2 |1 =g
B9 700,  ifi 45

Let us consider the sets:

X, = (ka)

)_(2 =X2—sz <UX1<)
k22

)_(nzxn—xnn(ka)

k#n

It is obvious that {}_( I,Yz, ,_ ..} is a disjoint family of S-measurable sets and
U H( i) = 1, Vi € N. Therefore, the family of probability measures {1z, i € N}
is strongly separable and {p1;; , i € N} admits a consistent criterion of hypotheses by
the Theorem 1. The Theorem 3 is proved. O

Theorem 4. Let H = {H|,H,,....H,,...} and the family of probability measures
{up, i € N} N = {1,2,...,n,...} be orthogonal (singular). Then the family of
probability measures {1y , i € N} admits a consistent criterion of hypotheses.
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Proof. The singularity of probability measures implies an existence of the family
{Xjx} of S-measurable sets such that for any i/ # k we have pp (X;) = 0 and
1, (E = Xyp) = 0.

Let us consider the sets X; = U;.;(E — X;;.), then

i, X = g (U = X)) € Y g (E = X =0,
k#i k#i
Therefore, 1y (X;) = 0; py (E — X;) = 1. On the other hand, for k # i we have
B, (E-X;) = 0. This means that the family of probability measures { u Hy» i € N}
is weakly separable. By the Theorem 3 this family of probability measures admits a
consistent criterion of hypotheses. The Theorem 4 is proved. O

It follows from the Theorems 3, 4, that for the countable family of probability
measures {ip, | € N} the notions of weakly separable, separable, orthogonal and
strong separable are equivalent.

2 Consistent criteria in Banach space

Let M be a real linear space of all alternating finite measures on S.

Definition 10. A linear subset Mz c M7 is called a Banach space of measures if:

(1) anorm can be defined on My so that My will be a Banach space with respect
to this norm, and for any orthogonal measures p, v € My and any real number
A # 0 the inequality ||z + Av| > || p|l is fulfilled;

(2) if p € Mg, |f(x)| < 1, than v¢(A) = [, f(x) u(dx) € Mg, and |[v/|l < |vl,
where f (x) is a real measurable function, A € S;

3) ifv, eMp, v, >0,v,(E) <oco,n=1,2,...and v,, | 0, then for any linear
functional I* € M},

lim /*(v,) = 0.

n—oo

The construction of the Banach space of measures is studied in paper [8]. The
following theorem have also been proved in this paper:

Theorem S. Let My be a Banach space of measures, then in Mg there exists a family
of pairwise orthogonal probability measures {y;, i € I} such that

Mp = @MB(/‘[)’

iel

where Mg( ;) is the Banach space of elements v of the form:

v(B) = [ foudx), Bes, [ |f]udn <,

with the norm
IVllaz,(uy = fE|f(x)|ﬂi(dx)-

Let {H;} be a countable family of hypotheses. Denote by F' = F(Mjp) the set
of real functions f for which || gf(X) 1 Hl_(dx) is defined for all u H, € Mp, where

Mg = @ien Mp(1ty,)-
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Theorem 6. Let My = @;cn Mp(1iyy,) be a Banach space of measures. The family
of probability measures {u Hy I € N} admits a consistent criteria of hypotheses if
and only if the correspondence f — I defined by the equality

fEf(X) pp(dx) =1l (py), Ypy € Mg,

is one-to-one.
Here Iy is the linear functional on Mg, f € F(Mp).

Proof. Sufficiency. For f € F(Mp) we define the linear continuous functional /; by
the equality f, S (x) ppdx) = l;(pg). Denote as I, a countable subset in N, for which
fE f(x) u H (dx) = Ofori ¢ If Let us consider the functional lf on Mp(u H, ) to
which it corresponds. Then for py , ppy, € Mp(py,) we have:

fle(x ppdx) =1y, (py,) = ff1 (X)f2 (x) prg,(dx) ffH (x) g, (dx).

Therefore fy; = f; a.e. with respect to the measure y . Let f; > 0 a.e. with respect
to the measure py and

ffH x) pip,(dx) < oo, my, (C) = ffH x) py,(dx),

then
[ fu =1y, () =0, VjieN.

Denote Cpy = {x | fpy,(x) > O} then fEfH yH (dx) = I, (yH) =0, Vj € N.
Hence it follows, that Hh, (Cy) =0, Vj € N.On the other hand wp (E—Cq) =0.
Therefore the family {p , i € N} is weekly separable and

1, ifi=j,
Co ) =
i, (Cr) {0, ifi #J.

Let us consider the sets EH,- = Cy, \ Cy, N Upz; Cy, - It is obvious that {EH,-’
i € N} is a disjunctive family of S-measurable sets and u Hi(C Hi) =1, Vi € N. Let
us define a mapping 8 : (E,S) —» (H,B(H)) like that S(EH_) = H;, Yi € N. We
have qu_({x | §(x) = H;}) =1, Vi € N. Therefore § is a consistent criterion of
hypotheses.

Necessity. Since the family of probability measures {1, i € N} admits a con-
sistent criterion of hypotheses and this family is strongly sleparable, so there exist
S-measurable sets X;, i € N, such that

a2 [ iTi=
A T T

‘We put the linear continuous functional [y into the correspondence to a function Iy €
F(M ) by the formula:

I Ix,(0) pp (dx) =1 () = p gy
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We put the linear continuous functional lfH into the correspondence to the function
1

fr, () = f1 () (x) € F(Mp).

Then for any iz, € Mp(pt;)

fEle (x) pp, (dx) = I Fi(0)Ix, (x) pg, (dx) f J 1 )y, (x) ppy, (dx)
= lle ('qu) = ”’qunMB(IlH,-)'

Let Y = {lf} be the collection of extensions of the functional lf M B ( K, ) > R
v Y H 1

satisfying the condition /; < p(x) on those subspaces where they arle defined.

Let us introduce a partial ordering on X having assumed [, < I, if [ is defined
on a larger set than lfl and lfl (p) = lfz () where both of them are defined.

Let {lfi }ier be alinear ordered subsetin X. Let Mp( ,uH’_) be the subspace on which

lfH is defined. Define lf on @, MB(,uH’_), having assumed lf(p) = lfH (p)if p €

MB(,U -

It is obvious, that [, < [. Since any linearly ordered subset in 2" has an upper
bound, by virtue of Zorn lemma X contains a maximal element A defined on some
set X satisfying the condition A (x) < p(x) for x € X". But X’ must coincide with the
entire space My because otherwise we could extend A to a wider space by adding, as
above, one more dimension.

This contradicts with the maximality of A and hence X = Mp. Therefore the
extension of the functional is defined everywhere.

If we put the linear continuous functional /; into the correspondence to the function

S Y 0 (6) < FMy),
ieN

then we obtain
[ £ @ @0 = Mgl = Y Uit Ity
ieN
where py = Yicn [z 8, 1, (dx). The Theorem 6 is proved. O

Remark 3. It follows from the proven theorem that the indicated above correspon-
dence puts some functions f € F'(Mp) into the correspondence to each linear contin-
uous functional /;. If in F(M ) we identify functions coinciding with respect to the
measures { i H» i € N}, then the correspondence will be bijective.

In what follows B(E,S) will always denote a vector space formed by all real
bounded measurable functions on (E, §) having the natural order. It is an (AN)-space
with identity according to which a function is identically equal to one on E (see [5]).
Let B'(E, S) denote the topological conjugate space of B(E,S), which is an order-
complete Banach lattice. The elements of B’ (E, S) are called finitely-additive mea-
sures on (E,S) and the canonical bilinear form which puts B(E, S) and B'(E,S) in
duality is denoted by

(.= nif) = [ 0 pidx), f€BES). peB(ES)
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and called the integral of f with respect to p. In what follows B(H, B(H)) is the
space of measurable bounded functions and B’(H, B(H)) is the conjugate space of
all finitely-additive measures on (H, B(H)).

Equal units of B(H, B(H)) space are denoted by ey and elements B(H, B(H)) and
B’ (H, B(H)) are denoted by g and v respectively. Intersection of {v € B’ (H,B(H)) |
(ey, v) = 1} and positive cone is denoted by Sg. It is clear that Sy is a compact subset
of the simple share, so a set of extreme points of this cone is not empty.

It is also well known that in the (ZFC), (CH), (MA) theory there exists a continual
weekly separable family of probability measures which is not strongly separable. Here
and in the sequel we denote by (MA) the Martin’s axiom (see [3]).

Theorem 7. Let Mg = @ ey Mp(pty) be the Banach space of measures, E be the
complete separable metric space, S be the Borel o-algebra in E and cardH < c. Then
in the theory (ZFC) and (MA) the family of probability measures { ug;, H € H} admits
a consistent criteria of hypotheses if and only if the family of probability measures
{1y, H € H} admits an unbiased criterion of any parametric function and the cor-
respondence f — ¢ by the equality

[ Fomta) = lp(um), Vug € My
is one-to-one. Here l; is a linear continuous functional on M, f € F(Mp).

Proof. Necessity. As the family of probability measures {uy, H € H} admits a
consistent criterion of hypotheses, so the family {uy, H € H} admits an unbi-
ased criterion of any parametric function and it is strongly separable. So, the family
{puy, H € H} is weekly separable. The necessity is proved in the same manner as the
necessity of the Theorem 6.

Sufficiency. According to the Theorem 6 a Borel orthogonal family of probability
measures {uy, H € H}, card H < ¢ is weakly separable. We represent {y1;, H € H}
as an inductive sequence uy < w,, where w , denotes the first ordinal number of the
power of the set H. Since the family {y, H € H} is weakly separable, there exists a
family of measurable parts {Xz} ., of the space E, such that the following relations
are fulfilled: ‘

1, ifH=H

X/ =
o (Xpr) {O, ifH + H

forall H € [0,w,) and H € [0, w,).
We define w ,-sequence of parts By of the space E so that the following relations
are fulfilled:

(1) By is aBorel subsetin E forall H < w,,.
(2) By c Xy forallH < w,.
(3) BynBy =@ forallH < w,,H <w,, H+H.
4) py(By) =1forallH < w,.
Assume that By = X,. Let further the partial sequence {By} /.y be already
defined for H < w,,.
It is clear, that ™ (g Bys) = 0. Thus there exists a Borel subset Y of the
space E, such that the following relations are valid: | g/ g By € Yy and p(Yy) = 0.
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Assume By = Xy \ Yy, thereby the w,, sequence of {By}y.,  disjunctive measur-
able subsets of the space E is constructed. Therefore pp (By) = 1 forall H < w,,.
As a family of probability measures {uy, H € H} admits an unbiased criterion for
any parametric function, so there exists a subspace G C B(E, S), containing ey unit
and B(E, S) can be imagine as a topological sum of G and H, = ,u’1 (0), where the
functional

wf) = [ foudx), feBES), ueB ES)

and a family {uy;, H € H} is strongly separable, subspace G is a grid towards canon-
ical order on G (see [5]). We assume that S is a minimal o-algebra of subalgebra S,
all function on G are measurable towards S,. Then G € B(E, S,) C B(E,S).

Since a subspace G contains ey and represents a grid, then G > B(E, S) and that’s
why G = B(E, S).

As family {p1;, H € H) represents a dense subspace of exSy; (exSy; are extreme
points of Sy;), so /,, is an ideal in the set S which contains zero measured sets for all
1t € {uy, H € H} and consists only of an empty set.

Hence there exist such sets {Ay, H € H} that uy(Ay) = land Ay nAgy, = @ for
aH # Hyand E = |y Ay is aset Sy. It follows from the condition of this theorem
that for every 7T € B(H) in G there exists f; function, which is a consistent criterion
of g, parametric function. If A = {x | f,(x) # 0}, then Uycr Ay CA,ANA, =0
forall H ¢ T and hence gy Ay = A implying that Ugyer Ay C Sp-

Then, the mapping §(x) = H if x € Ay for all H € H is a consistent criterion of
hypotheses. The theorem is proved. O
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