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Abstract Let {£1, &, ...} be a sequence of independent random variables, and 7 be a count-
ing random variable independent of this sequence. We consider conditions for {1, &, ...} and
n under which the distribution function of the random sum S, = & + &, + - - + &, belongs
to the class of consistently varying distributions. In our consideration, the random variables
{&1, &>, ...} are not necessarily identically distributed.

Keywords Heavy tail, consistently varying tail, randomly stopped sum, inhomogeneous
distributions, convolution closure, random convolution closure
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1 Introduction

Let {&1, &, ...} be a sequence of independent random variables (r.v.s) with distribu-
tion functions (d.f.s) {Fg,, F%,, ...}, and let n be a counting r.v., that is, an integer-
valued, nonnegative, and nondegenerate at zero r.v. In addition, suppose that the r.v. n
and r.v.s {£1, &, ...} are independent. Let So =0, S, =& +& +---+§, forn € N,
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and let
n
Sy=) &
k=1

be the randomly stopped sum of r.v.s {§1, &, .. .}.
We are interested in conditions under which the d.f. of S,

Fs,(x) =P(S; < x) = Y _P(n=n)P(S, < x), (1)
n=0

belongs to the class of consistently varying distributions.

Throughout this paper, f(x) =o0(g(x)) means that lim,_, » f(x)/g(x) = 0, and
f(x) ~ g(x) means that limy_, f(x)/g(x) = 1 for two vanishing (at infinity)
functions f and g. Also, we denote the support of a counting r.v. n by

supp(n) = {n eNyg:P(n=n) > O}.

Before discussing the properties of Fg,, we recall the definitions of some classes
of heavy-tailed d.f.s, where F(x) =1— F(x) forall real x and ad.f. F.

* Adf. F is heavy-tailed (F € H) if for every fixed § > 0,
lim F(x)e® = oo.
X—>00
e Adf. F islong-tailed (F € L) if for every y (equivalently, for some y > 0),
F(x +y)~F(x).

e A df F has a dominatedly varying tail (F € D) if for every fixed y € (0, 1)
(equivalently, for some y € (0, 1)),

i F(xy)
imsup —— <
x—oo F(x)

e A d.f F has a consistently varying tail (F € C) if

o F(xy)
lim lim sup =

— =1.
WM x50 F(x)

e A df. F has aregularly varying tail (F € R) if

F
lim £8Y) _ -a
xX—>00 F(x)

for some o > 0 and any fixed y > 0.



Randomly stopped sums with consistently varying distributions 167

Fig. 1. Classes of heavy-tailed distributions.

* A d.f. F supported on the interval [0, 00) is subexponential (F € S) if
FxF
Frfe _,

X—>00 f(x)

)

Ifad.f. G is supported on R, then we suppose that G is subexponential (G € S)
ifthe d.f. F(x) = G(x)1[0,00)(x) satisfies relation (2).

Itis known (see, e.g., [4, 11, 13], and Chapters 1.4 and A3 in [8]) that these classes
satisfy the following inclusions:

RcCcLnNnDcSCLCH, DcCH.

These inclusions are depicted in Fig. 1 with the class C highlighted.

There exist many results on sufficient or necessary and sufficient conditions in
order that the d.f. of the randomly stopped sum (1) belongs to some heavy-tailed
distribution class. Here we present a few known results concerning the belonging of
the d.f. Fi, to some class. The first result on subexponential distributions was proved
by Embrechts and Goldie (see Theorem 4.2 in [9]) and Cline (see Theorem 2.13
in [5]).

Theorem 1. Let (&1, &, ...} be independent copies of a nonnegative r.v. £ with subex-
ponential d.f. Fg. Let 1) be a counting r.v. independent of {§1, &, ...}. IfE(1 + 8)" <
oo for some § > 0, then the d.f. Fs, € S.

Similar results for the class D can be found in Leipus and Siaulys [14]. We present
the statement of Theorem 5 from this work.

Theorem 2. Let {§1, &, ...} be i.i.d. nonnegative r.v.s with common d.f. Fz € D and
finite mean E&. Let n be a counting r.v. independent of {1, &2, ...} with d.f. F;, and
Jfinite mean En. Then d.f. Fs, € D iff min{Fg, F;} € D.

We recall only that the d.f. F belongs to the class D if and only if the upper
Matuszewska index J; < 00, where, by definition,

log (lim inf £ )>.
x—>00  F(x)

The random convolution closure for the class £ was considered, for instance, in
[1, 14, 16, 17]. We now present a particular statement of Theorem 1.1 from [17].
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Theorem 3. Let {£1, &, ...} be independent r.v.s, and n be a counting r.v. independent
of {61, &2, ...} with d.f. Fy. Then the d.f. Fs, € L if the following five conditions are
satisfied:

1) P(n =2 «) > 0 for some k € N;

(i) for all k > «k, the d.f. Fs, of the sum S is long tailed;

(iii) sup sup(Fs, (x) — Fs, (x — ))Vk < oo;
k>1xeR

. . FSk ()C - 1)
@iv) limsup sup sup — =1
>0 kzi xzk(z—D+z  Fg(x)

(v) Fyax) = o(y/x Fs, (x)) for eacha > 0.

We observe that the case of identically distributed r.v.s is considered in Theo-
rems 1 and 2. In Theorem 3, r.v.s {£1, &, ...} are independent but not necessarily
identically distributed. A similar result for r.v.s having d.f.s with dominatedly vary-
ing tails can be found in [6].

Theorem 4 ([6], Theorem 2.1). Let rv.s {&1, &>, ...} be nonnegative independent,
not necessarily identically distributed, and n be a counting r.v. independent of {&1,
&2, ...} Then the d.f Fs, belongs to the class D if the following three conditions are
satisfied:

(i) Fg, € D for some k € supp(n),

(i) 1 1 2”:7 -
ii) lim sup sup — . (x) < o0,
x—00 nze nFg, (x) =2

(iii) EnPt! < oo for some p > J;-; )

In this work, we consider randomly stopped sums of independent and not neces-
sarily identically distributed r.v.s. As noted before, we restrict ourselves on the class
C.Ifr.vs {£1, &, ...} are not identically distributed, then different collections of con-
ditions on {&1, &, ...} and n imply that Fs, € C. We suppose that some r.v.s from
{&1, &, ...} have distributions belonging to the class C, and we find minimal condi-
tions on {&1, &>, ...} and n for the distribution of the randomly stopped sum S, to
remain in the same class. It should be noted that we use the methods developed in [6]
and [7].

The rest of the paper is organized as follows. In Section 2, we present our main
results together with two examples of randomly stopped sums S, with d.f.s having
consistently varying tails. Section 3 is a collection of auxiliary lemmas, and the proofs
of the main results are presented in Section 4.
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2 Main results

In this section, we present three statements in which we describe the belonging of a
randomly stopped sum to the class C. In the conditions of Theorem 5, the counting r.v.
n has a finite support. Theorem 6 describes the situation where no moment conditions
on the r.v.s {§1, &2, ...} are required, but there is strict requirement for . Theorem 7
deals with the opposite case: the r.v.s {1, &, ...} should have finite means, whereas
the requirement for n is weaker. It should be noted that the case of real-valued r.v.s
{&€1, &, ...} is considered in Theorems 5 and 6, whereas Theorem 7 deals with non-
negative r.v.s.

Theorem 5. Let {£1,&2,...,&Ep}, D € N, be independent real-valued r.v.s, and n be
a counting r.v. independent of {£1, &, ..., &p}. Then the d.f. an belongs to the class
C if the following conditions are satisfied:

(@ Ph<D)=1,
(b) Fs €C,
(c) foreachk =2, ..., D, either Fg, € C or Fg,(x) =0(Fg (x)).

Theorem 6. Let {£1, &, ...} be independent real-valued r.v.s, and n be a counting r.v.
independent of {§1, &, ...}. Then the d.f. Fs, belongs to the class C if the following
conditions are satisfied:

(@) Fg €C,
(b) for each k > 2, either Fy, € C or Fg, (x) =o0(Fg, (x)),

(© I L S Few
¢) limsup sup — (x) < o0,
xo0 n>1 nFg () =

(d) EnP*! < oo for some p > J;-; )
1

When {&1, &, ...} are identically distributed with common d.f. F;¢ € C, conditions
(a), (b), and (c) of Theorem 6 are satisfied obviously. Hence, we have the following
corollary.

Corollary 1 (See also Theorem 3.4 in [3]). Let {&1, &, ...} be i.i.d. real-valued r.v.s
with d.f. F¢ € C, and n be a counting rv. independent of {£1, &, ...}. Then the d.f.
Fs, belongs to the class C if EnP*! < oo for some p > J;-;.

Theorem 7. Let {&1, &, ...} be independent nonnegative r.v.s, and 1 be a counting
r.v. independent of {§1, &, . . .}. Thenthe d.f. Fs, belongs to the class C if the following
conditions are satisfied:

(a) Fg €C,
(b) for each k > 2, either Fy, € C or Fg, (x) =0(Fg, (x)),

(c) E& < oo,
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(d) Fy(x) = o(Fg (x)),

@ I L S Few
e) limsup sup — L (x) < oo,
x—>00 nx1 hFg (x) i3 5

1 n
(f) limsup sup — Z E& = 0.

u—oo p>1 "N =1
E& >u

Similarly to Corollary 1, we can formulate the following statement. We note that,
in the 1.i.d. case, conditions (a), (b), (e), and (f) of Theorem 7 are satisfied.

Corollary 2. Let {£1, &, ...} be i.i.d. nonnegative r.v.s with common d.f. F¢ € C, and
1 be a counting r.v. independent of {§1, &2, . . .}. Then the d.f. Fs, belongs to the class

C under the following two conditions: E§ < oo and 7,7 (x)= 0(75 (x)).

Further in this section, we present two examples of r.v.s {§1, &2, ...} and 5 for
which the random sum F, has a consistently varying tail.

Example 1. Let {£1, &, ...} be independent r.v.s such that & are exponentially dis-
tributed for all even k, that is,

Fe(x)=e™, x>0,ke(2,4,6,...}
whereas, for each odd k, & is a copy of the r.v.
(14+U)29,

where U and G are independent r.v.s, { is uniformly distributed on the interval [0, 1],
and G is geometrically distributed with parameter g € (0, 1), that is,

PG=D=0—-q)q', 1=01,....

In addition, let  be a counting r.v. independent of {£1, &;, ...} and distributed accord-
ing to the Poisson law.
Theorem 6 implies that the d.f. of the randomly stopped sum S, belongs to the
class C because:
(a) Fg, € C due to considerations in pp. 122-123 of [2],

(b) Fg, € Cfork € {3,5,...},and Fg, (x) =0(Fg, (x)) fork € {2,4,6,...},

n

© I L S Fow<t
¢) limsup sup — () < 1,
X—>00 n>1anl(x) P &

(d) all moments of the r.v. 5 are finite.

Note that £; does not satisfy condition (c) of Theorem 7 in the case g > 1/2.
Hence, Example | describes the situation where Theorem 6 should be used instead of
Theorem 7.
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Example 2. Let {£1, &, ...} be independent r.v.s such that &; are distributed accord-
ing to the Pareto law (with tail index o = 2) for all odd k, and &, are exponentially
distributed (with parameter equal to 1) for all even k, that is,

1
)Cz7
Fe(x)=e™, x>0, ke(2,4,6,...).

Fe,(x) = x>1, kefl,3,5,...,

In addition, let n be a counting r.v independent of {£1, &>, ...} that has the Zeta distri-
bution with parameter 4, that is,

1 1
O

where ¢ denotes the Riemann zeta function.

Theorem 7 implies that the d.f. of the randomly stopped sum S, belongs to the
class C because:

(a) Fi, €C,
(b) Fe, €Cfork € (3,5,...},and Fe, (x) = o(Fe, (x)) fork € {2,4,6, ...},
(c) E& =2,

(d) Fy(x) = o(Fg (x)),

1 —
(e) limsup sup — Feg(x) <1,
X—>00 n>1 l’ngl (x) ; 5

(f) maxE& = 2.
keN

Regarding condition (d), it should be noted that the Zeta distribution with param-
eter 4 is a discrete version of Pareto distribution with tail index 3.
Note that 1 does not satisfy the condition (d) of Theorem 6 because Jlji; =2
1

and En3 = oo. Hence, Example 2 describes the situation where Theorem 7 should be
used instead of Theorem 6.

3 Auxiliary lemmas

This section deals with several auxiliary lemmas. The first lemma is Theorem 3.1 in
[3] (see also Theorem 2.1 in [15]).

Lemma 1. Let {X|, X5, ... X,,} be independent real-valued r.v.s. If Fx, € C for each
ke{l,2,...,n}, then

P(in > x) ~ foi(x).
i=1 i=1
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The following statement about nonnegative subexponential distributions was proved
in Proposition 1 of [10] and later generalized to a wider distribution class in Corollary
3.19 of [12].

Eemn_la 2. Let {X1, X2,...X,} be independent real-valued r.v.s. Assume that
Fyx,/F(x) — b; for some subexponential d.f. F and some constants b; > 0, i €
X—> 00

{1,2,...n}. Then

Fx, * FXZ_* sk Fy, (x) R Xn:bi.
F(x) xX—>00 P
In the next lemma, we show in which cases the convolution Fx, * Fy, *---* Fx,
belongs to the class C.

Lemma 3. Let {X{, X2, ..., X}, n € N, be independent real-valued r.v.s. Then the
df Fx, ofthe sum X, = X1+ Xy + --- + X,, belongs to the class C if the following
conditions are satisfied:

(a) Fx, €C,
(b) foreachk =2, ..., n,either Fx, € C or ka (x) =0(fx1 x)).

Proof. Evidently, we can suppose that n > 2. We split our proof into two parts.
First part. Suppose that Fx, € C forall k € {1,2,...,n}. In such a case, the
lemma follows from Lemma 1 and the inequality

3

aj+ay+ - +ap {al as am}
< max

bi+by+--+by b1 by by

fora; >0and b; >0,i =1,2,...,m.
Namely, using the relation of Lemma 1 and estimate (3), we get that
Fs,(xy)

n =
. F

lim sup — = lim sup M

xX—00 FE,, (x) xX—>00 Zk:l ka(x)

Fx, (xy)

< max limsup =
I<ksn x—o0 ka(x)

for arbitrary y € (0, 1).

Since Fy, € C for each k, the last estimate implies that the d.f. Fx, has a consis-
tently varying tail, as desired.

Second part. Now suppose that Fx, ¢ C for some of indexes k € {2,3,...,n}.
By the conditions of the lemma we have that ka (x) = o(fx1 (x)) for such k. Let
K c {2,3,...,n} be the subset of indexes k such that

Fx, ¢ C and Fx, (x) =o(Fx, (x)).

By Lemma 2, o o
Fz (x) ~ Fx, (),

where
T,=X1+ ) X
kekC
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Hence,

o Fe () Fx(xy)
limsup ="—— = limsup ———— “)
X—00 FE,, (x) x—oo  Fyx (x)
for every y € (0, 1).
Equality (4) implies immediately that the d.f. Fis belongs to the class C. There-
fore, the d.f. Fx, also belongs to the class C according to the first part of the proof

because R
—SeYn
k¢K
and Fy, € C for each k ¢ K. The lemma is proved. O

The following two statements about dominatedly varying distributions are
Lemma 3.2 and Lemma 3.3 in [6]. Since any consistently varying distribution is also
dominatingly varying, these statements will be useful in the proofs of our main results
concerning the class C.

Lemma 4. Let (X1, X5, ...} be independent real-valued r.v.s, and Fx, € D for some
v > 1. Suppose, in addition, that

lim sup sup ———— Fyx,(x) < oo.
X— 00 n>vl’l X, ()C) Z

Then, for each p > J;-'X , there exists a positive constant c| such that
v

Fs,(x) <cnPFy, (x) ®)

foralln > vandx > 0.

In fact, Lemma 4 is proved in [6] for nonnegative r.v.s. However, the lemma re-
mains valid for real-valued r.v.s. To see this, it suffices to observe that P(X; + X, +
-+ X, > x) <P(XT+X;--~+X,‘1" > x) and P(X; > x) :]P’(X,‘(|r > x), where
neN kel 2,...,n},x >0,and a* denotes the positive part of a.
Lemma S. Let {X1, X», ...} be independent real-valued r.v.s, and Fx, € D for some
v > 1. Let, in addition,

lim sup — Z]E | Xkl ixe<—u)) =0,

u— 00 n
n>v k=1

lim sup sup ——— Fyx;(x) < oo,
X—>00 n>v n X, (x) Z

and EX; = IEX,;|r —EX, = 0fork € N. Then, for each y > 0, there exists a positive
constant co = ¢ (y) such that

P(S, > x) < canFx, (x)

forallx > ynandalln > v
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4 Proofs of the main results

Proof of Theorem 5. It suffices to prove that

Fg, (x
limsuplimsupM < 1. ©6)
yt1 a—oo Fg (x)

According to estimate (3), forx > 0 and y € (0, 1), we have

Pl P(Sy > xy)P(y =n)

Fg (x P(S,

_S,,( y) _ n;supp(n) < max (Sp > xy)'

Fg, (x) P 1 P(S, > x)P(p=n) 1<n<p P(S, > x)
nesupp(n) nesupp(n)

Hence, by Lemma 3,

. . Fs, (xy) ) Fg,(xy)
limsuplimsup ——— < limsuplimsup max —
yt1 x—oo Fg (x) yt1 x—oo 1<n<D  Fg (x)
nesupp(n)
F
< max limsuplimsup = (y) =1
ISn<D 4 x—oo  Fg, (x)
nesupp(1n)
which implies the desired estimate (6). The theorem is proved. g

Proof of Theorem 6. As in Theorem 5, it suffices to prove inequality (6). For all
K € Nand x > 0, we have

o]

> )P(Sn > x)P(5 = n).

K
P(S, > x) = ( +
1 n=K+1

n=
Therefore, for x > 0 and y € (0, 1), we have
P(Sy > xy) _ Yt B(Sa > xp)B(y = n)
P(S, > x) P(S, > x)
S k1 P(Sh > xy)P(n = n)
P(S, > x)
=0+ 5. @)

The random variable 7 is not degenerate at zero, so there exists a € N such that
P(n =a) > 0.If K > a, then using inequality (3), we get

YKt P(Sy > x)P(y =n)

S P(S, >
Ji < n,?uPp(n) < max P > xy) xy).
Yt P(Sy > x)P(n =n) 1<n<k P(S, > x)
nesupp(n) nesupp(1)

Similarly as in the proof of Theorem 5, it follows that

Fs, (x
limsuplimsup J; € max limsuplimsup # =1 ®)
ypl x—00 Isn<K y41 x>0 FS”()C)
nesupp(n)
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Since C C D, we can use Lemma 4 for the numerator of 7, to obtain

o0 (0.¢]
Y PS> xy)P=n) <c3Fg(xy) Y n?HPOo =n)
n=K+1 n=K+1

with some positive constant c¢3. For the denominator of 7>, we have that

P(Sy > x) =Y P(Sy > x)P(n =n)

n=1

2 P(Sq > x)P(n =a).
The conditions of the theorem imply that

Sa=E+ Y &+ ) &

kek, k¢,

where Ky = {k € {2,...,a}: Fg ¢ C,fgk(x) = o(fgl )N}
By Lemma 2 . .
Fga(x)/Fgl(x) — 1,
X—> 00

where Fga is the d.f. of the sum
Sa=8+ ) &
ke,

In addition, by Lemma 3 we have that the d.f. g belongs to the class C.
If k ¢ KCq, then Fg, € C by the conditions of the theorem. This fact and Lemma 1
imply that

P(S, F,
lim inf M >14+ lim inf — Sk (x).
X—00 F§| (x) kglC,, X—00 FEl (x)
Hence,
1—
P(S, > x) > F&l x)P(n =a) )

for x sufficiently large. Therefore,

lim sup lim sup J>
yT] X—>00

2 00
< L(hmsuphmsup Fax y)) Z nPHP() = n). (10)
Phh=a)\' y117 xo0 Fg(0) /), 0
Estimates (7), (8), and (10) imply that
P(Sy > xy) 2¢3 1
limsuplimsup —— -~ < 14+ ———= FEpPtlq
v P x—>oop ]P)(S,’ > x) P(y = a) n {n>K}

for arbitrary K > a
Letting K tend to infinity, we get the desired estimate (6) due to condition (d).
The theorem is proved. |
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Proof of Theorem 7. Once again, it suffices to prove inequality (6).

By condition (e) we have that there exist two positive constants ¢4 and cs such

that
n
ngi (x) < csnfgl (x), x>c4, neN.
i=1

Therefore,

n n ¢y o\
ES, = Z]Eéj = Z(/O +/c4 )F;i (u)du < cqn + csnEE =:cen (11)
=

j=1
for a positive constant ¢ and all n € N.
If K € Nand x > 4K c¢, then we have

P(S, > x) =P(S; > x,n < K)

X
P{ S , K < —
+ (,,>x <n 4cﬁ>

+]P’<S,, >X,n > 4)%6)
Therefore,
P(Sy > xy)  P(S; >xy,n < K)
P(S, > x) P(S, > x)
IP’(S,7 >xy, K <n < %)
P(S, > x)
P(Sy > xy,n > %)
P(S, > x)
=L +Ih+1Is

ifxy >4Kcg, x > 0,and y € (0, 1).

12)

The random variable 7 is not degenerate at zero, so P(n = a) > 0 for some

a € N.If K > a, then
limsuplimsupZ; < 1
yT] X—> 00
similarly to estimate (8) in Theorem 6.
For the numerator of Z,, we have

= IP’(S,, >xy, K <n< Q)
4dcg
= Y. P(Z(& —E&) > xy — ZE$j>P(n =n)
K<n<% i=1 j=1
. 3
< Y P(Z(&—E&» ZXy>IP’(n=n)
K<n<XL i=1

g

by inequality (11).

13)

(14)
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The random variables &1 — E&q, & — E&,, ... satisfy the conditions of Lemma 5.
Namely, E(§; — E&) = 0 for k € N and Fg,_ge, € C C D obviously. In addition,

n

1
lim sup su P —E& > x) < o0
e n£ nP& —E& > x) ; l l

by conditions (a), (c) and (e). Finally,

1 n
limsup sup — > " E(|& — B& |15 ks <—u)

u—oo px1 N =1

. BN
= lim sup sup — ZE((E& — 8015 B <—u))
k=1

u—oo px1 N —

1
< lim sup sup — Z E& =0
u=oo nz1 My Gy
Ezk 2\'4
because of condition (f). So, applying the estimate of Lemma 5 to (14), we get

— (3
Ti<er Yy, anl(ny +Esl)ﬂ>(n =n)

Xy
K<n< g

— /3
S rFg ( ny)lEml{wk}
with a positive constant ¢7. For the denominator of Z,, we can use the inequality
o0
P(S, > x) = Z]P’(S,, > x)P(n = n)
n=1

> Y P& > )P =n)

n=1

> Fe (0)P(n = a) (15)
since the r.v.s {£1, &, . . .} are nonnegative by assumption. Hence,

Fal 3
7 Fg (3xy
I < 7Enﬂ{n>1(}¥.
P(n = a) Fg (x)

If y € (1/2, 1), then the last estimate implies that

. (3
limsupZ; < C—7En]l{,7>1<} lim sup M < cgEnlgs k) (16)
X—00 P(n=a) X—>00 Ffl X)

with some positive constant cg because Fg, € C C D.
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Using inequality (15) again, we obtain
L PO 1 i) Fal)
TPy >x) P =a) Fg(32) Fe )

4ce

Therefore, for y € (1/2, 1), we get

| Fo (X2 Fe (22
limsupZy < ——— limsup _L“;ﬁ) lim sup M - (17)
X—00 P(n=a) x—oo Feg, é) x—>o0  Fg(x)
by condition (d).
Estimates (12), (13), (16), and (17) imply that
. . P(S, > xy)
limsuplimsup ———= < 1 + cgEnly -k
yt1 x—>00 P(S, > x) tr=K)
for K > a.
Letting K tend to infinity, we get the desired estimate (6) because En < oo by
conditions (c) and (d). The theorem is proved. O
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