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Abstract We study the weak limits of solutions to SDEs
dXu(t) = an (X,,(z)) dt +dw(@),

where the sequence {a; } converges in some sense to (c— 1, g+ c4+1,~q)/x + v 8. Here &g is
the Dirac delta function concentrated at zero. A limit of {X,,} may be a Bessel process, a skew
Bessel process, or a mixture of Bessel processes.

Keywords Bessel process, skew Bessel process, limit theorems
2010 MSC  60F17, 60J60

1 Introduction
Consider the stochastic differential equation
dX(t) =a(X(t)) dt+ dW@), =0, (1)

where a is a locally integrable function.
The aim of this paper is to study convergence in distribution of the sequence of
processes {X (nt)//n, t = 0} asn — oo.
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Observe that

dX,(t) = v/na(v/nX, (1)) dt + dW, (1), >0,

where W, (t) = W(nt)/+/n, t > 0 is a Wiener process, and X, (1) = X(nt)//n,
t > 0.
Hence, to study the sequence {X (nt)/+/n}, it suffices to investigate the SDEs

dXn(t) = an(Xp (D) dt + dW (1), 1> 0,

where a,, (x) = na(nx).

Ifa € L1(R), then a, converges in generalized sense to a8y, where J¢ is the Dirac
delta function at zero, where @ = fR a(x)dx. It is well known that in this case the
sequence {X } converges weakly to a skew Brownian motion with parameter y =
th(a) = s +e*u’ see, for example, [14, 10]. Recall that [5, 10] the skew Brownian
motion Wy (t) with parameter y, |y| < 1, is a unique (strong) solution to the SDE

dWy (1) = dW (@) +y dLy, (©),

where L(v)vy (t) = lim6_>0+(2,9)_l f(; ]1|Wy(s)|<€ ds is the local time of the process
W, at 0. The process W), is a continuous Markov process with transition probabil-
ity density function p;(x, y) = ¢:(x—y) + v sign(y) ¢: (|x|+]y]), x, y € R, where
or(x) = ﬁe"‘z/ 2 s the density of the normal distribution N (0, ¢). Note also
that W), can be obtained from excursions of a Wiener process pointing them (in-
dependently of each other) up and down with probabilities p = (1 4+ y)/2 and
q = (1 — y)/2, respectively.

Kulinich et al. [8, 7] considered limit theorems in the case where a is noninte-
grable function such that

X

lim l/ |va(v) - ci|dv =0, \xa(x)| <C, 2)
x—>+o0 X 0

where c+ > —1/2 are constants. In this case, a,(x) converges in some sense to

c_Tlyc0+ C+]lx>() asn — o0.

For instance, if a(x) = c+/x for £x > xo, then, for c. < 1/2 < c4, the se-
quence X, converges weakly to a Bessel process. If c. = ¢y > —1/2, then | X,,| also
converges weakly to a Bessel process. The problem of weak convergence of X, for
(e.g)c— =c4 > —1/20rc_ < cy < 1/2 was not considered.

In this paper, we generalize the results of [14, 8] to the case

a(x) =d(x) + Q x € R,
where @ is integrable on (—o0; 00), and
cx)=cqy Lysy1+c- -1y, xe€eR.

We consider all possible limit processes (depending on cy4 and c_). In particular,
we show that, for c; = c_ < 1/2, the limit process is a skew Bessel process (see
Section 2).
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2 Bessel process. Skew Bessel process. Definition, properties

We recall the definition and some properties of Bessel processes.
Let § > 0 and xp € R. Consider the SDE

1
z(xg,z)=x02+2/0 VIZ(x3, s)[dw(s) +68t, t>0, 3)

where W is a Wiener process.

It is known (see [15], XI.1, (1.1)), that there exists a unique strong solution
Z (xg, -) of (3). This solution is called the squared §-dimensional Bessel process. The
process Z (xg, -) is nonnegative a.s.

Definition 1. The process B.(xo,t) =/ Z (xg, t) with xg > 0 is called the (nonneg-
ative) Bessel process with parameter ¢ = (6—1)/2.

We will call the process B, (xg, 1) = —Bc(xp, t) = —‘/Z(xg, t) with xo < 0 the
nonpositive Bessel process.

Recall the following properties of the Bessel process (see [15, Chap. XIJ).
The Bessel process £(t) = B¢ (xo, t) satisfies the SDE

dg = dW,+§idt, < T,
t

where Ty is the first hitting time of 0. If § > 2 (i.e., ¢ > 1/2), then the Bessel process
with probability 1 does not hit 0.

If0<dé <2(.e, —1/2 < c < 1/2), then with probability 1 the Bessel process
hits O but spends zero time at 0. In particular, if § = 1 (i.e., ¢ = 0), then the Bessel
process is a reflecting Brownian motion.

If§ = 0(i.e.,c = —1/2), then with probability 1 the process attains 0 and remains
there forever.

The scale function of the Bessel process B, equals

—x7xH i e > 12,
Ye(x) = {Inx if c=1/2, 4)
x72H i e < 12,

that is,
b) —
P.(T, <Tp) = M forany 0 <a < x < b,
Ye(D) — Ye(a)
where Ty = inf{t > 0: B.(t) = y}.
The transition density for ¢ > —1/2,x,y > 0, and # > 0 equals

peCx,y) =t (y/x) y exp(—(x* + y?)/2t) I, (xy /1),

where [, is a Bessel function of index v = ¢ — 1/2.
Let c € (—1/2,1/2), and let p?’c(x, y) be the transition density of the Bessel
process B, killed at 0.
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Set

0,
P 0, y) = pi (121, 1v1) - Ley=o

1+ ysigny, .
+ (P (xl. 1) = P (2L Iy])). %y R
It is easy to verify that this function satisfies the Chapman—Kolmogorov equation, is
nonnegative, and fR kew(x ydy =1, x e R.

Definition 2. A time-homogeneous Markov process with the transition density pf’“’w
is called the skew Bessel process Bs,k"w with parameters ¢ and y € [—1, 1].

Remark 1. We do not consider the skew Bessel process for ¢ > 1/2 because B.(xp, -)
does not hit 0 if xg # 0.

Remark 2. The skew Bessel process B*¢" can be obtained from a nonnegative Bessel
process by pointing its excursions up with probability p = IJEV and down with prob-

ability ¢ = =%

[1], Section 2
Thus, the scale function of the skew Bessel process equals

Vskew () = (qLyz0 — pLlico) x| 7T, x eR. )

, similarly to the case of a skew Brownian motion; see arguments in

For other properties of the skew Bessel process, we refer to [2].
Remark 3. If xo > Oand p =1 (i.e.,, y = 1), then BSkew(x(), -) is a (nonnegative)

Bessel process B, (xg, -) with parameter c: Bék‘w(x 2 4 B:(xg, *).
Also, the absolute value of the skew Bessel process |BSkeW| is a (nonnegative)

Bessel process B, (xg, -) with parameter c: |BSkeW(x0, )| = B, (xo, 2.

If c =0, then B‘kew is a skew Brownian motion: BSkew( ) =W,().

3 Main results

Let

a(x) =a(x )+@ x eR,

where @ € L{(R) and
cx)=cqy Lys1+c—-1y—1, xe€eR.
Let X, (t),t > 0, be the solution of the SDE

dX, (1) = na(nX, (1)) dt + dW ()

S(nX,
= <na(nxna))+-fg§—a%32

X, (0) = xo.

)dl +dW(@), t>=0,

The existence and uniqueness of a strong solution of this SDE follows from [3,
Thm. 4.53].
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Theorem 1. If ¢+ and c— > —1/2, then the sequence of processes {X,} converges
weakly to a limit process X . In particular:
Al If
(@) xo>0andcy > 1/2, or
(b) xo =2 0andc_ <cy <1/2, or
() xo=0andc— <1/2 < cy,

then

WV
o

Xoo(t) = BY (x0,1), 1
A2. Similarly, if

(@) xo <O0andc— > 1/2, or
(b) xo <Oandcy <c_- <1/2, or
(©) xo=0andcy <1/2 < c_,

then
Xoo(t) = B (x0,1), t=0.

A3 Ifxo <0, c— < 1/2, and c— < cy, then the limiting process evolves as B,
until hitting 0 and then proceeds as B:jr indefinitely, that is,

Xoo(t) = B (x0,1) - Lige + B (0,1 = 7) - Lyoy, 120,

where t = inf{t: Xoo(t) = 0} and Bcfci are independent (positive and negative)
Bessel processes.

A4. Similarly, if xg > 0, c+ < 1/2, and c4+ < c—_, then
Xoo(t) = BY (x0,1) - Li<e + B (0,1 —7) - Lyny, 120,
where T = inf{t: X, (t) < 0}.
AS. Ifcy = c— =: ¢ < 1/2, then, for any xo,
Xoo(t) = B (x0,1), 120,

1—exp{—2 [*X(z) dz)
Iexp{—2 [T d() dz)

A6. Finally, if xo = 0, cx > 1/2, and c— > 1/2, then the distribution of the limit
process X o equals

where y = th(fj—ozo d(z)dz) =

p'PBCtr + (1 _p)']P}B;,
where ~ ‘
_ JoZ A=)y v D)= dy
JAE) GV D72+ A (y v 1) 724) dy’

A(y) = exp{-2 foy d(z)dz}, and ]P)Bcii are the distributions of positive and

p (6)

negative Bessel processes Bi (0, -) starting from 0.
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Remark 4. Some results of the theorem follow from [8]. However, we apply here the
general approach applicable to all cases simultaneously. Condition (2) is somewhat
weaker thana € L1(R). However, we do not assume that sup, |xa(x)| < oo, contrary
to the paper [8].

4 Proof

It follows from [9, Section 3] or [11, Section 3.7] that if A1 is satisfied, then, for any
o > 0, we have the convergence

X,,(-/\t"‘“) = B;:(xo,-/\to’“), n— oo,

where 1% = inf{t > 0: X, (t) < «} and %% = inf{r > 0: BJr (x0,1) < «a}. Since
the process Bj; (x0, -) does not hit 0, this yields the proof. Case A2 is considered
similarly.

To prove all other items of Theorem 1, we use the method proposed in [13].

Let {£™ n > 0} be a sequence of continuous homogeneous strong Markov pro-
cesses. For o > 0, set

" =inf{r > 0: [P0 <o}, o™ :=inf{r > 0: [ (1)] > a}.

We denote by S)EZ)” a process that has the distribution of £ conditioned by
£(0) = xo.
The next statement is a particular case of Theorem 2 of [13].

Lemma 1. Assume that the sequence {€™ , n > 0} satisfies the following conditions:

£M0) = £90; ()
VT >0Ve > 035 >03ngVn > ng
P((sup [0 —EM(0)| =) <e; @®)
|s—t]<8,
s5,1€[0,T]
T
VT >0 li E|l 1, dt = 0; 9
> Jim. sup /0 EO(1)I<e ®)
o0
\/(; ]lg(())(t):o dt =0 a.s. (10)

Assume that, for any o > 0, xg € R, and any sequence {x,} such that lim,_, 5 x, =
X0, we have

(%.(n)( e Ol)’ _L_n,oz) = (%.(0)(. A _L,O,a)’ _L,O,a)’ n — 00; (11)
EM™) = ED(0"), n- . (12)

Then €™ = £© jn C([0, 00)) as n — oc.

We apply this lemma for €™ = X,,n > 1, and £© = X, in cases A1-A5 of
the theorem. Case A6 will be considered separately.
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Remark 5. Condition (12) is the only condition that is not true in case A6. It fails if
xo = 0. Indeed, for any x > 0, the process Bj.; (x, -) does not hit 0. So, we may select
a sequence {x,} C (0, co) that converges to 0 sufficiently slowly and such that, given
X,(0) = x,, we have X,(-) = B4+(0,-) and lim,,.o P(3t > 0: X,(t) = 0) =
0. The concrete selection of {x;} can be done using formulas (15) and (16). Since
B (0, 00"") = « a.s., we get X,,(c""*) = «o. However, if all x,, were negative, then
the limit might be —c.

Conditions (7) and (10) are obvious.
The convergence

Va>0 £EP(At) = DA%, n— oo, (13)
follows from [9, Section 3] or [11, Section 3.7]. Since
P(Ve > 03t e (1" 1% +&): 00| <a |17 <o0) =1,

convergence (13) yields the convergence of pairs (11).
Let us check condition (8). Set

y
A(y) = exp{—2/ a(z) dz},
0

Ay(y) = exp{—2 /y na(nz) dz} = A(ny), yeR,
0

Pp(x) = /Ox An(y)dy, xeR.
Observe that @, : R — R is a bijection, ¢, (0) = 0, and
3L >0 Vn Vax,ye R L7'x —y| < [@,(x) — @,(»)| < Llx — yl.
1t6’s formula yields

P, (Xn(l)) = A(an(l)) (M

X, dt + dW(z)).
So

| X0 (1) = Xu ()| < L|@u(Xn(1)) — @ (Xn(s))]

t
/ A(an(z))wdz‘ + L

<L
X, (2)

t
/ A(nX,(2))dW(2)|.

Let |s —t] < §, and let A > 0 be fixed. Denote f,(t) := fot AnX,(2)dW(z).
a) Assume that | X, (z)| > A, z € [s, t]. Then

. _
/ A(nxn(z))c(';x—’(’z()‘m dz‘ < C8/A,

where C = ||A|lco max(|c—|, |c+]) < co. Hence, we have the estimate

| X (t) — Xpn(s)| < LCS/A + Lo, (5),

where w¢(8) = supjs_;|<s, 5.ef0,77 1./ (#) — f(s)] is the modulus of continuity.
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b) Assume that | X, (zo)| < A for some zg € [s, t].
Denote t :=inf{z > s: | X,,(2)| < A} and ¢ :=sup{z < 7: |X,,(2)| < A}. Then

| X0 () — Xu ()| < |Xu(s) — X (0)| + | Xn(0) — Xn(t)l +24
< 2LCS/A +2Lwy, (8) + 2A.

Thus, in any case, we have the following estimate of the modulus of continuity:
wx, (8) <2LC§/A + 2Lwy, (8) + 2A.

Let A < ¢/6. Then, for § < 6—A we have

supP(a)x (8) > ¢) <supP(e/3+2Lwy, (8) +¢/3 > ¢)

n

supP(wfn((S) g/6L) >0, §—>0+.

The last convergence follows from the fact that the sequence of distributions of
{fu) = f(; A(nX,(z)) dW(z)},>1 in the space of continuous functions is weakly
relatively compact because the function A is bounded.

Let us prove (12) in cases A1-AS.
Remark 6. The proof below yields that condition (12) is true if x,, = O for alln > 0.

Let |x| < a. Itis easy to see that Py(c""* < o0) = 1, n € N U {oco}. Since the
process X, is continuous, we have | X, (c""%)| = « a.s.

By p?! = P, (X, (6™%) = a), n € NU {oco}, we denote the probability to reach «
before reaching —« when starting from x.

Using formulas (4) and (5) for the scale of a Bessel process and a skew Bessel
process, it is easy to check that

Tio—(1-— M)]lx<o in cases Al, A3,

Ye_ (o)
P = z‘* 8 B in cases A2, A4, (14)
o
Ye(lxD)

@ (@lxz0 — plico) + p incase A5,

where V. is given in (4).
For n € N, we have (see [4, Section 15] and [15])

n — (pl’l(x) - (pn(_a)
Y on(@) — (-’

/x exp{—Z/y an(z)dz}dy = /X exp{—Z/yna(nz)dz}dy

0 0 0 0
1 nx y 1

_ —f eXp{—Z/ a(2) dz} dy = ~g(nx), (16)
n Jo 0 n

o(x) ::/ exp{—Z/ya(z)dz}dy.
0 0

as)

where

@n(x)
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The function ¢ is increasing. It follows from the definition of a that ¢ is bounded
from above (below) iff c; > 1/2 (c— > 1/2). The function ¢ has the following
asymptotic behavior:

‘ .
o(x) ~ +A(Fo0)2 = 2( if cx <1/2, X - too, (17
+A(d00) In |x]| if cx =1/2,

where

)7

A(y) = exp{—2[ a(z) dz}, y € R,

0

and

lim @(x) = @(+o0) € R if ¢y > 1/2. (18)
x—£o0

Condition (12) follows from (14), (15), (16), (17), (18) in cases A1-AS5 (and in
case A6ifx, =0, n > 0).
Sett, =inf{t > 0: | X,,(t)| > 1}.

Lemma 2. Assume that

Tn
lim sup supE / ]llX,,(t)|<s dt =0. (19)
>0+ 51<1 n 0

Then (9) is satisfied, that is,

T
VT >0 Ilim supE/ 1x,m)<e dt = 0.
e—0+ 5

Proof. Introduce the notations

P =0, TF,=inflr = SE X, 0 = £1),
Sk = inf{s szi~ X, (t) = £e},
TY,=inf{t > S} .+ |X,(0)] =1},

o
ko |" k. ¢k k
Byt = /sk Iix,m<e dt, oy =8+ T, 4+, k=1L

Then

T
/ Lix, 1)< dt
0

T
1 k
</0 Lix,()i<e dt+Z(ﬂn,+ +'”+ﬂn,+)]1a,1h+<T ok <TofH =T

"""" n,+ =
k
1 k
+ Z(ﬂn,— +oot ﬂn,—)]lal, <T,..., ak7<T,ot],;.+l2T :
k
It follows from the strong Markov property that

i !
D EBBist+ ﬂn,+)]la,]l,+<T ok <Takti>T
k

""" n, n+ =
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o k 1 o
= ZkES/ Lix,i<e dt (1= pn4)" P+ = (Pn+) ™ Es/ Lix, (i< dt,
0 0
k

where p, + =Pi(S) > T).
Considering the last term similarly, we get the inequality

T Tn
E/ 1x,)<e dt < (1 + (pn,+)_l + (pn,f)_l) sup supEx/ 1x,0)<e dt.
0 0

|1 7

It is not difficult to see that sup, (p,.+)~' < 0o. The lemma is proved. O

Let us verify (19). It is known [6, Chap. 4.3] that

n
Upe(X) 1= Ex/ Lix,m)<e dt
0

is of the form

1
Un,e(X) 2/ Gn(x, YLy i<e ma(dy), (20)
-1
where Green’s function G, equals
(@n () =@n (1)) (@n (D —¢n ()
Gn(x, y) = on(D—gn(—1) XS,
Gn(y, x), xzy,

with ¢, given by formula (16), and

mu(dx) = exp{Z/ a, (2) dz} dx.
0

The function u, ¢ (x) is a generalized solution (because a, may be discontinuous) of
the equation

1/2uy ((x) + an(X)uy, () = =L (x), x| <1,

with boundary conditions u, ((£1) = 0.

A direct verification of the condition lime— 04 Sup|y|< SUp, Un,e(x) = 0 is possi-
ble but cumbersome. We prove the corresponding convergence using the comparison
theorem. We consider only the case where a, satisfies the Lipschitz condition. The
general case follows by approximation.

It follows from the It6—Tanaka formula that

d|Xn(1)| = sign(X, () an (Xa (1)) dt + sign(X, (1)) dW (1) + dly (1)
= sign(X,,(t)) an (Xn(t)) dt + dW,(t) + dl, (1),
where W, is a new Wiener process, and [, is the local time of X,, at zero.
Let —1/2 < ¢ < min(c_, c4, 0). It follows from the arguments of [12] on com-

parison of reflecting SDEs that | X, (#)| > Y,(¢), t > 0, where Y, satisfies the fol-
lowing SDE with reflection at zero:

dY,(t) = an(Ya(®)) dt + dWy (1) + dly(1).
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Here W, (t) = fot sign(X, (s)) dW (s) is a Wiener process, I, is the local time of Y,
at0, a,(x) = na(nx), a(x) = —(Ja(x)| + |a(—=x)|) — )%It|x|>1 + r(x), and r is any
nonpositive function such that a satisfies Lipschitz condition. We will also assume
that fR [r(x)|dx < fR |b(x)| dx. The Lipschitz property is used only for application
of comparison theorem.

To prove (19), it suffices to verify that

Tn
lim sup supu,(x):= lim sup supEx/ 1y, (s)ef0.61ds =0,
0

e=>0x¢e[0,1] n £=>05¢[0,1] n

where T, is the entry time of Y, into [1, 00).
It is known [6] that

1 y y y
Un,e(x) =2/ exp{—Z/ &n(z)dz}f T10.61(2) exp{Z/ Zzn(z)dz}dy
X 1 0 1

is a (generalized) solution of the equation
1/2) ,(xX) + @n (it o (x) = —Ljo,e,  x €0, 11,

with boundary conditions u;l’s(O) =0, uye(1) =0.So

sup sup i, ¢ (x)

xel[0,1] n
= lzn,s(o)
1 v y Y
=2/ eXp{—2/ an(z)dz}/ ﬂ[o,el(z)eXP{Z/ an(z)dz}dy
0 1 0 1
1 y y
< K/O exp{/o y—zfdz}fo Tj0.61(z) y* dy, Q1)

where K is a constant that depends only on fR |b(x)| dx and ¢ (and is independent
of n). By our choice, ¢ € (—1/2,0), so the right-hand side of (21) tends to O as
& — 0+ by the Lebesgue dominated convergence theorem.

The theorem is proved in cases A1-AS5.

Consider case A6. Note that conditions (7)—(11) are satisfied for €™ = X,
n>1,and & O = X, where X is given in the theorem. In particular, this implies
that the sequence of distributions of stochastic processes {X;} in the space of contin-
uous functions is weakly relatively compact. Choosing an arbitrary convergent subse-
quence, without loss of generality, we may assume that {X,} itself converges weakly
to a continuous process X. Let § > 0, and let o™ = inf{t > 0: X,(t) = 8}, o =
inf{r > 0: X (¢) = 4}. It follows from formulas for the scale function of the processes
{X,} that lim,_, oo P(X,,(6"%) = 8) = p, lim,_00 P(X,(c™%) = =8) = 1 — p,
where p is given by (6). Formulas (9) and (11) imply that the limit process exits from
the interval [—§, 8] with probability 1.

Observe that, for almost all § > 0, with respect to the Lebesgue measure, the dis-
tribution of X,,(¢”% + -) converges weakly as n — oo to the distribution of X (8 + -).
Indeed, by the Skorokhod theorem on a single probability space (see [16]), without
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loss of generality, we may assume that the sequence {X,} converges to X uniformly
on compact sets with probability 1. For simplicity, we will assume that the conver-

gence holds for all w and that also o3 6% < oo forall w,n,8 > 0. So we show
convergence
Xn(0™ +-) = X(o® +) (22)
if we prove that
o™ > o n—> 0. (23)

Convergence (23) may fail only if o® is a point of a local maximum of X. It follows
from the definition that 0% is a point of a strict local maximum of X from the left.
The set of points of local maximums that are strict maximums from the left is at most
countable. This yields that, for almost all @ and almost all § > 0 with respect to the
Lebesgue measure, we have convergence (23) and hence (22).

On the other hand, the distribution of X,, (6”94 -) converges weakly as n — 00 to
the distribution of the process 1o_B. (—4,-) + 1o, Bct (8,-), where P(2_) =1 —
p, P(£24) = p, and the o-algebra {0, £2_, £2,, £2} is independent ofa(Bi(:tS, 1),
t > 0).

Recall that assumptions of the theorem yield

P(3t > 0: BE (£6,1) =0) =0.

+

o0
P(/ ]IX(S)ZOdSZ()):l.
0

Thus, we have the almost sure convergence in C ([0, 00))

It follows from (9) that

X(@’+)—> X(), §—0.
The processes 1_ B, (—6,-) + 1g, B::r (8, -) converge in distribution to
1o B (0,))+1g, BJ (0,),
where the o-algebras {#J, £2_, £2, 2} and a(BgEi (0, 1), t > 0) are independent.
This completes the proof of Theorem 1.
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