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Abstract The asymptotic behavior, as T — 00, of some functionals of the form I7(¢) =
Frér () + fé g ET(s))dWr(s), t > 0 is studied. Here &7 (¢) is the solution to the time-
inhomogeneous It stochastic differential equation

dér (1) = ar (t, 67 (1)) dt +dWr (1), =0, £&7(0) = xp,

T > Ois a parameter, ar (¢, x), x € R are measurable functions, |ar (¢, x)| < Cr forallx € R
and t > 0, Wy (¢) are standard Wiener processes, Fr(x),x € R are continuous functions,
g1 (x), x € R are measurable locally bounded functions, and everything is real-valued. The
explicit form of the limiting processes for I (¢) is established under nonregular dependence of
ar(t, x) and g7 (x) on the parameter 7.

Keywords Diffusion-type processes, asymptotic behavior of functionals, nonregular
dependence on the parameter

2010 MSC 60H10, 60F17, 60J60

*Corresponding author.

© 2017 The Author(s). Published by VTeX. Open access article under the CC BY license.

www.i-journals.org/vmsta VTeX


https://doi.org/10.15559/17-VMSTA83
mailto:zag_mat@univ.kiev.ua
mailto:bksv@univ.kiev.ua
http://www.ams.org/msc/msc2010.html?s=60H10
http://www.ams.org/msc/msc2010.html?s=60F17
http://www.ams.org/msc/msc2010.html?s=60J60
http://creativecommons.org/licenses/by/4.0/
http://www.i-journals.org/vmsta
http://www.vtex.lt/en/

200 G. Kulinich, S. Kushnirenko

1 Introduction

Consider the time-inhomogeneous It6 stochastic differential equation

dér(t) = ar(t, &r(1)) dt +dWr (1), t >0, &r(0) = xo, )]

where T > 0 is a parameter, ar (f, x), x € R are real-valued measurable functions
such that |ar (¢, x)| < Lt for all (¢, x) and some family of constants L7 > 0, and
Wr = {Wr(t),t = 0}, T > 0is a family of standard Wiener processes defined on a
complete probability space (£2, J, P).

It is known from Theorem 4 in [12] that for any 7 > 0 and x¢ € R equation (1)
possesses a unique strong solution é7 = {£7(¢), t > 0}.

In this paper, we study the weak convergence, as T — oo, of the processes
It(t) = Frér(t)) + fot gr (&7 (s)) dW7(s), where &7 (¢) is the solution to stochastic
differential equation (1), Fr(x) is a family of continuous real-valued functions, g7 (x)
is a family of measurable, locally bounded real-valued functions. All the results about
asymptotic behavior are obtained under the condition which provides certain proxim-
ity of the coefficients ar (¢, x) of equation (1) to some measurable functions ar (x). In
such situation, the limit processes, obtained under condition 7 — oo, are some func-
tionals of the limits of the solutions ér (t) to the homogeneous stochastic differential
equations . .

dér (1) = ar (Er () dt + dWr (). )

The present paper generalizes similar results from [8] for the unique strong so-
lutions &7 to homogeneous stochastic differential equations (2) to the case for the
solutions &7 (¢) to inhomogeneous equations (1). Some results about solutions é‘T to
homogeneous equations (2), which obtained in [8], have been extended to solutions
&r to inhomogeneous equations (1). Under the certain proposed conditions, which
present a novelty in comparison with [8], we prove that the asymptotic behavior of
the solutions and some functionals of the solutions to inhomogeneous Itd stochastic
differential equations (1) is the same as that for the solutions to homogeneous Itd
stochastic differential equations (2). The present paper also complements results of
paper [9]. Moreover, we assume that the drift coefficient a7 (¢, x) in equation (1) can
have nonregular dependence on the parameter 7. For example, the drift coefficient
ar(t, x) can tend, as T — 00, to infinity at some points x; and at some points #;
as well, or it can have degeneracies of some other types. Such a nonregular depen-
dence on T of the coefficients in equation (1) appeared for the first time in [4] and
[5], where the limit behavior of the normalized unstable solution of It6 stochastic
differential equation, as t — 00, was investigated for homogeneous equations. In
those papers, a special dependence of the coefficients ar (x) = ~/Ta(x~/T) on the
parameter 7 was considered with a(x) € L1(R). The special dependence of the co-
efficients ar (¢, x) = JVTa (T, xNT ) on the parameter 7 was considered in [6] for
inhomogeneous stochastic differential equations (1).

A more detailed review of the known results in this area is presented, for example,
in [7] and [8].

The paper is organized as follows. In Section 2, we set the notations and formulate
basic definitions. Section 3 contains the statements of the main results. In Section 4,
they are proved. Auxiliary results are collected in Section 5. Section 6 gives examples.
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2 Main definitions

In what follows we denote by C, L, N, Cn, Ly any constants that do not depend on
T, x and t. To formulate and prove the main results we introduce the functions of the
form

frx) = /X exp{—Z/u &T(v)dv}du, T > 0. 3)
0 0

Throughout the paper we use the following notations:

t t
B (1) = /0 er(er())ds, B (1) = fo er(Er(s)) dWr (s),

t

Ir(t) = Fr(&7 (1) + /O g7 (67(5)) dWr (s),

where £7 and Wr are related via equation (1), g7 (x) is a family of measurable, locally
bounded real-valued functions, Fr(x) is a family of continuous real-valued functions.

Definition 2.1. We say that a family of stochastic processes ¢ = {{7(¢),t > 0}
weakly converges, as T — 0o, to a process { = {¢(¢),t > 0} if, for any L > O,
the measures w7 [0, L] generated by the processes ¢r on the interval [0, L] weakly
converge to the measure [0, L] generated by the process ¢ considered on the interval
[0, L].

To study the weak convergence, as T — 00, of the processes I7(¢) = Fr(é7(t))+
fé gr (&7 (s)) dWr(s), where &7 is the solution to stochastic differential equation (1),
we suppose additionally that the drift coefficients satisfy the following assumption:
there exists a family of measurable, locally bounded functions a7 (x) such that for

any L > 0
L

lim suplar (t, x) — ar(x)| dt = 0. (Ao)
T—ooJo «x
Note, that due to condition (Agp), some results about solutions éT to homoge-
neous equations (2), which are obtained in [8], have been extended to solutions &7
to inhomogeneous equations (1). Therefore, by analogy to the paper [8], consider
equations (1) from the class K (GT).

Definition 2.2. The class of equations of the form (1) will be denoted by K(Gr), if
there exist families of functions ar (x) and G (x), x € R, such that:

1) ar(x) are measurable locally bounded real-valued functions, satisfying condi-
tion (Ap);

2) Gr(x) have continuous derivatives G’ (x) and locally integrable second deriva-
tives G7.(x) a.e. with respect to the Lebesgue measure such that, for all 7 > 0,
x € Rand ¢ > 0, for some constant C > 0 the following inequalities hold:

1 2
[G/T(x)aT(t,x) + 5G/;(x)] + [G’T(x)]z <C[1+ |GT(x)|2],

|Gr(x0)| < C; (A1)
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3) there exist constants C > 0 and @ > 0 such that, for all x € R,

|Gr(x)| = Clx|*;

4) there exist a bounded function ¥ (|x|) and a constant m > 0 such that ¥ (|x|) —
O as |x] — Oand, forall x € Rand T > 0 and for any measurable bounded set
B, the following inequality holds:

G
frlx )/ XB; (T()”)) ‘5 v OB)[1 + ], (A2)
T

where xp(x) is the indicator function of a set B, A(B) is the Lebesgue measure
of B, f; (x) is the derivative of the function fr(x) defined by equality (3).

Assume that, for certain locally bounded functions g7 (x) and any constant N > 0,
the following condition holds:

lim sup
T—)OO'X‘<N

qr (v)
=0. A
fT( )/ fT( ) U‘ (A3)

3 Statement of the main results

We are in position to obtain the main result (Theorem 3.1) concerning the weak com-
pactness of stochastic processes {7 = {¢r(t) = Gr(§r(¢)),t > 0}, and use it in
further investigation of asymptotic behavior of the solutions (Theorem 3.2) and some
functionals of the solutions (Theorems 3.3-3.7) to inhomogeneous Itd stochastic dif-
ferential equations (1).

Theorem 3.1. Let &7 be a solution to equation (1) and let there exist a family of
continuous functions Gt (x), x € R for which the derivative G’T (x) is continuous and
the second derivative G} (x) exists a.e. with respect to the Lebesgue measure and is
locally integrable. Let the functions Gt (x) satisfy assumption (A1), for all T > 0,
t > 0, x € R. Then the family of the processes {7 = {{7(t) = Gr (&7 (1)), t > 0} is
weakly compact.

Theorem 3.2. Let &7 be a solution to equation (1) from the class K(Gt) and
Gr(xg) — yo, as T — oo. Assume that there exist measurable locally bounded
functions aog(x) and oo(x) such that:

1) the functions

(D / A 1 /"
qr’ (%) = Gr()ar () + 567 (x) — ao(Gr(x)),
g @ =[G ] - o3 (Gr ),

satisfy assumption (A3);
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2) the Ito equation
' '
g(1) = yo +/0 ao(¢(s)) ds +/0 a0(¢(s)) dW (s) )

has a unique weak solution (¢, W).

Then the stochastic processes {t = Gt (E7(t)) weakly converge, as T — 00, to the
solution ¢ to equation (4).

Theorem 3.3. Let &7 be a solution to equation (1) from the class K(Gt) and let
assumptions of Theorem 3.2 hold. Assume that for measurable and locally bounded
functions g (x) there exists measurable and locally bounded function go(x) such that
the function

qr(x) = gr(x) — go(Gr (%))

satisfies assumption (Az). Then the stochastic processes ﬂ(Tl)(t) = fot grér(s))ds
weakly converge, as T — oo, to the process

t
BV = /0 20(¢(5)) ds

where ¢ is a solution to equation (4).

Theorem 3.4. Let £ be a solution to equation (1) from the class K (G ), and let the
assumptions of Theorem 3.2 hold. Assume that, for measurable and locally bounded
functions gt (x), there exists a measurable locally bounded function go(x) such that

y gr(v)
d x[< = C 9
fr(x)/o ) V(Xxj<N < Cn
lim sup fT(x)/ g7 (v ) dv — go(Gr(x))Gr(x)| = (A4)
—% [x|<N fr@)

for all N > 0. Then the stochastic processes By )(t) = fo gr (&7 (s)) ds weakly con-
verge, as T — o0, to the process

B ¢(t) t R
0 =2< / go(x)dx — /0 go(as))ao(;(s))dvv(s)),
Yo

where (¢, W) is a solution to equation (4).

Theorem 3.5. Let &7 be a solution to equation (1) from the class K (G), and let the
assumptions of Theorem 3.2 hold. Suppose that the functions ar (x) satisfy assump-
tion (A3). Assume that, for measurable and locally bounded functions gr(x), there
exist two constants co and by such that for all N > 0

y gr(v)
fT(x)/o o

x / gT()
dv — d
/o[fT(u)/o JAC CO} “

v({Xxj<N < Cn,

lim sup =0,

T%oo‘x|<N
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and the functions

2
0r(x) = [fT( )/ ffﬁ”i v—coj| R
T

satisfy assumption (A3z). Then the stochastic processes

t
B (1) = /O er(&r(s)) ds

weakly converge, as T — 00, to the process 2boW (t), where {(W(t),t > 0} is a
Wiener process.

Theorem 3.6. Let &7 be a solution to equation (1) from the class K(Gt) and let
assumptions of Theorem 3.2 hold. Assume that, for measurable and locally bounded
functions g (x), there exists a measurable locally bounded function go(x) such that
the function

ar(x) = [gr(®) — go(Gr(x))Gr)]’

satisfies assumption (Az). Then the stochastic processes

t
B (1) = /0 g1 (67()) dWr (s),

where £ and Wt are related via equation (1), weakly converge, as T — oo, to the
process

t A
BP ) = /0 20(¢())00(£()) dW (s),

where (¢, W) is a solution to equation (4).

Theorem 3.7. Let &7 and Wr be related via equation (1) from the class K(Gr) and
let the assumptions of Theorem 3.2 hold. Assume that, for continuous functions Fr(x)
and locally bounded measurable functions gr(x), there exist a continuous function
Fo(x) and locally bounded measurable function go(x) such that, for all N > 0

lim sup |Fr(x) — Fo(Gr(x))| =0,

T—o00 |x|<N

and let the functions gr(x) and go(x) satisfy the assumptions of Theorem 3.6. Then
the stochastic processes

t
Ir(t) = Fr(er(0) + /0 o1 (E7(5)) dWr (s)

weakly converge, as T — oo, to the process
1
1) = Fole ) + [ 2o(c)an(c) aive),

where (¢, W) is a solution to equation (4).
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4 Proof of the main results

In the proofs of theorems, which are performed similarly to the proofs of the corre-
sponding theorems in [8], we emphasize the differences associated with inhomoge-
neous equations. The proof of the Theorem 3.2 is given for a better understanding of
the brief proofs of the other theorems.

Proof of Theorem 3.1. The functions G (x) have continuous derivatives G’T(x) for
all T > 0, their second derivatives G’f(x) exist a.e. with respect to the Lebesgue
measure and are locally integrable. Therefore (see [3], Chap. II, §10), we can apply
the It6 formula to the process {7 (f) = G7(£7(t)), and with probability one, for all
t > 0, we obtain

t t
¢r (1) ZGT(XOH-/O LT(ET(S))dS-F/(; G (57 (s)) dWr(s), %)

where :
Ly(x) = ’T(X)ar(t,X)JrE 7(x).

Let
I, supg<s< IET(8)| < N,

1 =
e iO, SUPg<s<; 16T (5)| > N.

It is clear that for s < r we have xy (t) xn (s) = xn (t) with probability one. Thus,
according to (5), the following equality holds with probability one:

t
Sr( ) xn (1) = ¢r ) xn (@) + )(N(t)/0 L7 (&7())xn(s)ds

t
+XN(t)/O G7(67())xn (s) dWr (s). (6)

Hence, using condition (A ) and the properties of stochastic integrals, we obtain
that

t 2
Ei(xn () < 3[E cFO)xw (1) + E( /0 LT(sT<s))xN(s)ds>
t 2
+E</0 G/r(§T(S))XN(S)dWT(S)> ]
t
< 3[E cFO)xn (1) +1 /O E L} (67(s)) xn (s) ds

t
+ fo E[G} (67 ()P xw (5) ds

t
< 3[C +t/ C[1+E¢f(s)xn(s)]ds
0

t
+ C/ [1+E¢F ) xn(s)]ds
0

t
<cf’ +c /0 E ¢2(s)xw (s) ds. A
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where Cg) =3C(1 +1+1?), Cf) = 3C(1 4+ 1), C > 0is a constant from condi-
tion (A;),0 <t < L.

Using the Gronwall-Bellman inequality, we conclude that there exists a constant
K1, which is independent of 7', and for 0 <t < L

Eci(xn(t) < Ki.

Let N 4 oo, then {% ®Oxn@ 1 {% (1), and we get the inequality

sup E{%(z‘) <K;. ®)
0<t<L

Similarly to (7), using (5) and the inequality
t 2 L 5
E sup [/ G/T(gT(S))dWT(S)} 54/ E[G) (5r())] ds
o<t=<LLJO 0

we conclude that

L L
E sup |er()] <3|:G (xo)+L/ c[1+E;%(s)]ds+/ C[1+E;%(s)]ds]
0 0

0<t<L
(1 ~o [* 2
< c§)+cz>/ E[¢r ()] ds
0
Therefore, considering (8), we obtain the inequality

E sup |¢r ()| < Ky )
0<t<L

for all L > 0, where the constants K 1, are independent of T'.
Using the inequalities for martingales and for stochastic integrals (see [2], Part I,
§3, Theorem 6), we obtain that

2m

E sup

0<t<L

2m
< (2 > ‘/ T (Er () xn () dWr(s)
m—1

2 L "
f(z = > [n@m = D]" 1! / E[G) (6r ()" xw(s) ds.
m— 1 0

for any natural number m. Therefore, similarly to (9) we have inequality

t
/0 G7(7()) xn(s) dWr(s)

2m

E sup |7 < Kim. (10)
0<t<L

Furthermore, for all « > 0 there exists m € N such that « < 2m and, for random
variable 1, we have
Elnl® < 1+En*.
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The last inequality together with (10) implies that

E sup |¢r(®)|” < Kia (11)
0<t<L

for all @« > 0 and L > 0, where the constants K, are independent of 7.
Since fort; <t <L

E[¢r () — ET(M)]4

15 4 %) 4
< 8|:E</ Lr(&7(s)) dS) +E</ G (&r(s)) dWT(S)> :|
n 1

123 n
< 8[(& —1)? / E|LT(ST(S))|4dS +36(12 — 11) / E[G/T(ET(S))]4 dS],
131 1
considering condition (A ) and inequality (11), we get

E[¢r(12) — cran)]' < Crlin — 1%, (12)

where the constants Cy, are independent of 7.
According to (8) and (12), we have convergences

lim lim sup P{|{T(t)| > N} =0,

N—ooT—00(g<s<,

lim lim sup Pi|¢r(t2) —¢r(t)| >¢e; =0 (13)
h—0T—00 | —1y|<h {| | }
ti<L

forany L > 0, ¢ > 0.

It means that we can apply Skorokhod’s convergent subsequence principle (see
[11], Chapter I, §6) for the processes ¢ (¢) for all 0 < ¢t < L. According to this prin-
ciple, given an arbitrary sequence 7, — 0o, we can choose a subsequence 7, — 00,
a probability space (fZ, f‘s, IS), and stochastic processes é:Tn (1), ¢(¢) defined on this
space such that their finite-dimensional distributions coincide with those of the pro-

cesses {7, g), and, moreover, ETn (1) —P> t(t),as T, — oo, forall0 < r < L. The
processes {7, (t) and £ (¢) can be considered separable.
Using (12), we have

E[Zr, () — &1, i)]* < Crln — 1

forall0 <t <t < L.
By Fatou’s lemma,

E[¢(t2) — ¢an)]' < Crln — 11 2.

Thus, the processes é:T,. (t) and ¢(¢) are continuous with probability one. We have
that finite-dimensional distributions of the processes ¢, (f) converge, as T, — 00,
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to the correspondent finite-dimensional distributions of the process ¢ (). For a weak
convergence of the processes ¢, (¢) it is sufficient (see [1], Chapter IX, §2) to prove

lim Tim P{ sup |¢7, (1) — &7, ()| > s} =0 (14)
h=>0Ty=00 L —n|<h
ti<L

forany L > 0, ¢ > 0.
Due to inequalities (see [1], Chapter IX, §3)

P{ sup |er, () — g7, ()| > e}
e

< Z P{ sup |§Tn(f) —an(kh)| > %}

kh<L kh<t<(k+1)h

4\* 4 N
-] 8 E L d
= <8) Z { khgzsgu(gﬂ)h( /kh n, (7)) s)

kh<L

t 4 4 4
+E  sup (/k G/Tn(sr(s))dwr(w) }5 <g> KL Yo (h*+ 1),

kh<t<(k+Dh \ Jkh Kh=l

where K are independent of T;,, we obtain (14). The proof of Theorem 3.1 is com-
plete. U

Proof of Theorem 3.2. Rewrite equality (5) as

t
er(t) = Gr(xo) + /0 ao(er () ds +nr () + o 0) + o (1),  (15)

where
nr(t) = /O t G (57(5)) dWr (s),
ay (1) = fo l Gy (er())Aar(s)ds,  Aar(s) = ar(s.&r(s)) — ar (Er(s)).
(1) = /O OEr @) s g = /T(X)&T(X)—F%G/T/(X)—aO(GT(X))-
The conditions (A¢) and (A1), together with inequality (11), imply that
o a0 < 167 (6 )] [dar o) ds

1 oL
=[c(1+ sup |gT(s)}2)]2f suplar (s, x) — ar(x)| ds 5> 0,
0<s<L 0 X
(16)

as T — oo forany L > 0.
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The functions q}l) (x) satisfy conditions of Lemma 5.2. Thus, for any L > 0

sup [l (1)) 5 0, (17

0<t<L

as T — oo.
It is clear that 7 (¢) is a family of continuous martingales with quadratic charac-
teristics

t t
(@) = /0 (G (1 ()] ds = /0 (er)ds +a@@).  (18)

where
'
2 2 2 2
o (1) = /0 a7 (Er () ds, a7’ () = (Gr () = o (Gr ().
The functions q(Tz) (x) satisfy conditions of Lemma 5.2. Thus, for any L > 0

sup o (1)) 5 0, (19)

0<t<L

as T — oo.

According to Theorem 3.1, the family of the processes {7 (¢) is weakly compact.
It is easy to see that compactness conditions (14) are fulfilled for the processes n7(z).
Using convergences (16), (17), (19), we have that relations (14) hold for the processes
(x;f( ) (), k = 0,1,2 as well. It means that we can apply Skorokhod’s convergent
subsequence principle (see [11], Chapter I, §6) for the processes

(er@, nr@), &), k=0,1,2).

According to this principle, given an arbitrary sequence 7, — 0o, we can choose
a subsequence 7, — 00, a probability space (2, 3, P), and stochastic processes

G, ), iz, (0. @), k=0,1,2)

defined on this space such that their finite-dimensional distributions coincide with
those of the processes

(e1,). 01, @), ¢ (1), k=0,1,2),
and, moreover,
- p - 3 P 3 P
i, () > L0, A0 > a0, apo->a®o, k=01,2,

as T, — oo, forall0 <t < L, where ;:(t), i), a® @),k = 0, 1,2 are some
stochastic processes.
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Evidently, relations (16)-(19) imply that @® (1) = 0, k = 0, 1,2 a.s. According

to (12), the processes ¢ (¢) and 7(¢) are continuous with probability one. Moreover,
applying Lemma 5.3 together with equalities (15) and (18), we obtain that

t
&1, (1) = Gr, (x0) + /O ao(Zr, () ds + a5 ) + a5 ) + g, (1), (20)

t
(i) (6) = /0 02 (Er, () ds + &2 1),

where

N P i p

i, () = £, A, > A0, supge< @ (0] >0, k=012,
as T, — oo.

An analogue of convergence (14) holds for the processes ZT,, (t) and 17, (¢). There-
fore, according to the well-known result of Prokhorov (Lemma 1.11 in [10]), we con-
clude that for any L > 0

- N y . P
sup |¢r, (1) — £ ()| = 0, sup |iiz, 1) — /()| = 0, 1)
0<t<L 0<t<L

as T,, — o<.
According to Lemma 5.4, we can pass to the limit in (20) and obtain

t
) = yo+/0 ao(E () ds + (1),

where 7(¢) is the almost surely continuous martingale with the quadratic characteris-
tic

(i) (1) = fo o (£(s)) ds.

Now, it is well known, that the latter representation provides the existence of a
Wiener process W(¢) such that

t
i) = /0 00(2(5)) AW (s).

Thus, the process (E, W) satisfies equation (4), and the processes Q:T,, (t) weakly

converge, as T, — 00, to the process Z. Since the sequence Tn/ — 00 is arbitrary
and since a solution to equation (4) is weakly unique, the proof of the Theorem 3.2 is
complete. 4

The proof of Theorems 3.3-3.4, 3.6-3.7 is performed similarly to the proof of the
corresponding theorems in [8] with some differences that we discuss below.
Remark 4.1. The proof of Theorem 3.4 differs from the proof of Theorem 2.3 in
[8] by using other representation for the functional ,3;1) (1) = fot g7 (é7(s)) ds. In this
case we have

cr (1) t
B () =2 /G - go(u)du —2 fo 20(2r () dnr () + vV ) = v2 ) — v (),
T (X0
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where

0 () o '
Yr (I)Z/ gr (u) du, yr () 2/0 qr (£7(5)) dWr (s),

0

i) = /0 @4 (67 () [ar (s, &1 (s)) — ar (&r(s))] ds

ot “ g1 (v)
(Dr(x)_Z/O fT(u)< e dv) du,

gr(x) = P7(x) — 280(Gr(x))GF (%),
fr(x) is the derivative of the function fr(x) defined by equality (3).

The latter representation differs from the corresponding representation in [8] by
the term y )(t) For any constants ¢ > 0, N > 0 and L > 0, we have the inequalities

©) 2 [t
P{ sup |yp (0] >£} < PNT—i-EfO E|o7 (67(5))|

0<t<L

x lar (s, 67(5)) — ar (§7()) [ xigr i< ds
L
< Pnr + %CN/ sup[ar (s, x) — ar(x)]ds,
0 X

where Pyy = P{supg,<; |67 ()| > N}. Using condition 3) from Definition 2.2 and
inequality (11), we obtain the convergence limy_,~ lim7r_ o Pyr = 0. Using the
assumptions of Theorem 3.4, we conclude that

P
sup |y ()| = 0 (22)
0<t<L

forany L > 0, as T — oo. The rest of the proof of Theorem 3.4 is the same as that
of Theorem 2.3 in [8].

The proofs of Theorem 3.3 and Theorems 3.6-3.7 are literally the same as those
of Theorem 2.2 and Theorems 2.4-2.5 from [8].

Proof of Theorem 3.5. For the functional ﬁT )(t) = fo g7 (é7(s)) ds, with probabil-
ity one, for all # > 0, we have the representation

BV (1) = 2¢o [LarErs) ds +yr@) — @) — 00 + v ),

where
Er (1) )
yr(t) = 2/”) [m )/ ‘ZE”) - Co} du,

() = /0 [®4(£7(5)) — 2c0] W7 (5).

t
(1) = 2¢ /0 [ar (5. £r(5)) — ar (6 ()] ds

y}o) (t) and @7 (x) are defined in Remark 4.1.
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The functions dar (x) satisfy condition (A3). Thus, using Lemma 5.2, we conclude
that for any L > 0

sup —P> 0,

0<t<L

/0 ar (6 (s)) ds

as T — oo.
For any constants ¢ > 0, N > 0 and L > 0, we have the inequalities

P[ sup |yT(t)| > 8} < PNT+§E sup

0<t<L 0<t<L

Er (1) ,
f [®7 () = 2co] du|xigr oy 1<n)

gT()
_ du|,
fm[f“)/ @ CO} !

where Pyr is the same as that in Remark 4.1. Using the latter inequality and the
assumptions of Theorem 3.5, we conclude that

2
< Pyr + —N sup
€ |xl<N

sup |yr ()] 5 0,
0<t<L

as T — oo.
Since the term y}o) () is the same as that in Remark 4.1, we have (22).
The inequality

L
sup |y(3)(t)| < 2C0/0 sup[ar (s, x) — ar(x)]ds
X

0<t<L

implies that for any L > 0

3 P
sup |y ()] = o,
0<t<L

as T — oo.
Thus, we have for any L > 0

sup [B0 0y + 0P 0)| B o,

0<t<L

as T — oo.
Itis clear that n(Tl ) () is the almost surely continuous martingale with the quadratic
characteristic

t
(n$”)(6) = 4b31 + / ar(Er(s)) ds

where g7 (x) = [CD’T (x) = 2co]? — 4b%. The functions g7 (x) satisfy condition (A3).
Thus, using Lemma 5.2, we conclude that for any L > 0

sup |(n(Tl)>(t) — 4b(2)t’ —P> 0,

0<t<L

as T — oo.
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Then, using a random change of time (see [2], Part I, §4), we obtain n(Tl) ) =

W’Tk((n(Tl ))(t)), where W7 (¢) is a Wiener process. The same arguments as those used
to get (9) in [7] yield that

sup [0 (1) — Wi (4631)| S o,

0<t<L

as T — oo. Thus, the processes ﬂ(Tl)(t) weakly converge, as T — 00, to the process
2boW (1). O

5 Auxiliary results

Lemma 5.1. Let &7 be a solution to equation (1) from the class K(Gr). Then, for
any N > 0, L > 0 and any Borel set B C [—N; N], there exists a constant Cy, such
that

L
/0 P{Gr(6r(5)) € B} ds < CLy(A(B)).

where A(B) is the Lebesgue measure of the set B, y(|x|) is a certain bounded function
satisfying ¥ (Jx]) — Oas |x] — 0.

Proof. Consider the function

N “ x8(Gr(v))
cpT(x)_z/O fT(u)(/O de)du.

The function @7 (x) is continuous, the derivative @7.(x) of this function is contin-
uous and the second derivative @7 (x) exists a.e. with respect to the Lebesgue mea-
sure and is locally integrable. Therefore, we can apply the It6 formula to the process
@7 (&7 (1)), where &7 (¢) is a solution to equation (1).

Furthermore,

1
Dy (x)ar(x) + Ecbrjr’(X) = xp(x),

a.e. with respect to the Lebesgue measure. Using the Itd formula and the latter equal-
ity, we conclude that

L L
/o x8(¢7(s)) ds = @7 (&7 (L)) — Pr(x0) — /0 @7 (E7(5)) dWr(s) —ar(L),
with probability one for all # > 0, where {7(f) = G (€7(1)),
t
ar) = [ @ (ere)far (s, &) ~r (67 )] ds.

Hence, using the properties of stochastic integrals, we obtain that

L
/0 P{er(s) € B) ds = E[@r (67 (L)) — dr(x0)] — Ear(L). (23
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According to condition (A»), inequalities |Gr(x)|] > C|x|*, C > 0, ¢ > 0
and (11), we have

[E[o7 (67 (L) — @r(x0)]| < €1 ¥ (A(B)),
for a certain constant C 21). Condition (Ag) implies that
[Ear(L)] < €2y (1(B)),
for a certain constant Céz). Here the function ¥ (A(B)) is from condition (A3). The

latter inequalities and equality (23) prove Lemma 5.1. U

Lemma 5.2. Let &7 be a solution to equation (1) from the class K (Gr). If, for mea-
surable locally bounded functions qr (x), condition (A3 ) holds, then, for any L > 0,

t
sup /0 gr(Er(s)) ds| 5 0,

0<t<L

as T — oc.

Proof. Consider the function
X u
qr (v)
@T(x)=2/ f’(u)< —dv)du.
o T o fr

The function @7 (x) is continuous, the derivative @.(x) of this function is contin-
uous and the second derivative @7 (x) exists a.e. with respect to the Lebesgue mea-
sure and is locally integrable. Therefore, we can apply the It6 formula to the process
@7 (E7 (1)), where &7 (¢) is a solution to equation (1).

Furthermore,

1
Py (x)ar (x) + ECI#(X) =qr(x),

a. e. with respect to the Lebesgue measure. Using the latter equality, we conclude that
with probability one for all > 0

t t
/(; qr (§7(s)) ds = 1 (7(1)) — Pr(x0) — /0 D7 (57(s)) dWr(s) —ar (1), (24)

where ,
ar(t) = /0 7 (57(s))[ar (s, &7 () — ar (7 (9))] ds.

For any constants ¢ > 0, N > 0 and L > 0, we have

* g1 () dv’

P{ sup |ar (1) >s] < PNT—i—g sup fr(x)
- o fr(v)

0<t<L € |x|<N
L
X / sup[ar (s, x) — ar(x)] ds,
0 X

where Pyr = P{supg-, <, 167 (1) > N}.
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The same arguments as those used in [8] (see the proof of Lemma 4.2) and the
assumptions of Lemma 5.2 yield that

sup |aT(t)| —P> 0,
0<t<L

sup | @7 (Er(1)) — @1 (x0)| 5 0,

0<t<L

sup
0<t<L

t
/O O (E7(s)) dWr(s)| = 0

as T — oo. Thus, equality (24) implies the statement of Lemma 5.2. O

The statements and the proofs of the following lemmas are the same as those of
the corresponding lemmas from [8].

Lemma 5.3. Let &7 be a solution to equation (1) belonging to the class K(Gr),
and let the stochastic process ({r, nr), with {r(t) = Grér (1) and nr(t) =

fo G’ (¢7(s)) dWr (s) be stochastically equivalent to the process (;T, nt). Then
the process

t t
/Og(KT(S))der/O q(¢r(s)) dnr(s),

where g(x) and q(x) are measurable locally bounded functions, is stochastically
equivalent to the process

t » t -
[0 g(Gr(s)) ds + /0 q(Er(s)) diir (s).

Lemma 5.4. Let &7 be a solution to equation (1) from the class K(Gr), and let

tr(t) = Grér (b)) —P> ¢(t) as T — oo. Then for any measurable locally bounded
function g(x), we have the convergence

t t
/OS(KT(S))dS—/O g(¢(s)) ds

P
— 0,

sup
0<t<L

as T — oo for any constant L > Q.

6 Examples

We denote by br the family of such constants that by > 1 and by 1 coas T — oo.

Example 6.1. Consider equation (1) with the drift coefficient with nonregular depen-
dence on the parameter 7' of the form

tbr
ar(t,x) = b’ cos(xby) + ————sin((x — Dbr), 0<y < 1.
7 (t, x) = by cos(xbr) T (¢ )br) 14
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The family of measurable locally bounded real-valued functions ar(x) =
b; cos(xbr) satisfies condition 1) from Definition 2.2: for any L > 0

L L
. . thr
T]—l;noo/(; Sgp}aT(l, *) aT(X)| dr = Tl_r)ﬂOO/(; 1+ tzb% =0

The rest of conditions from Definition 2.2 are fulfilled for the family of functions
X u
Gr(x) = fr(x) = / exp{—Z/ ar(v) dv} du, T >0.
0 0

Since f; x) = exp{—Z% sin(xb7)}, then there exist two constants c¢g and Jg
such that, for all x € R, we have 0 < 59 < f; (x) < cp. Taking into account
that G7(x) = fox fr(v) dv, we obtain G’ (x)ar (x) + % G'.(x) = 0. Therefore, the
conditions of Definition 2.2 are fulfilled as follows:

condition 2)
’ 1 " ? / 2
[GT(x)ar(t,x)JrE T(x)] + [Gr ()]

/ tb . : / /
- [Gﬂx)ﬁ sin((x — l)bT)} +[Gr] < 2[Gr@]

< 26(2) < 2c(2)[1 + \GT(x)|2];

X0
|G7(x0)| = VO fr)dv

<co- x| =C;

condition 3)

> Clx|* withC =6y, a =1;

|Gr(x0)| = Vo fr()dv

condition 4)

o, “ xg(GT(v)) ) ‘

— “dv)d

fo fT(”)<f0 iy )
fo /0 x5(Gr () dvdu| < Cra(B) x| < ¥ (A(B)[1 + [x["]

with ¥ (Jx|) = Cilx|,m = 1.

&
= %

Thus, equation (1) belongs to the class K(Gr). According to Theorem 3.1, the
family of the processes ¢7(t) = Gr(&7(¢)) is weakly compact. We can find the form
of the limit process using Theorem 3.2 with ag(x) = 0, op(x) = 1. According to
Theorem 3.2, the stochastic processes {7 (t) weakly converge, as T — 00, to the
solution ¢ () to equation (4) and the limit process is {(z) = xo + W(z), where W(t)
is a Wiener process.
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Example 6.2. Let the conditions of Example 6.1 hold. For the family of functions

b

1+b%x2’

the assumptions of Theorem 3.3 hold with go(x) = 0.
According to Theorem 3.3, the stochastic processes

t t bV
D)y — r
Br (l‘)—/O gT(ST(s))ds—/O 1+b2T§%(s)d

weakly converge, as T — 00, to the process 81 (1) = 0.

gr(x) = O0<y<l,

s, 0<y<l
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